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Abstract. Necessary conditions are obtained for the existence of a 2 - (v, k, X) design, for which the block inter- 
section sizes sl, s2, . �9 sn satisfy sl ---- s2 - - - . , .  --- s n =- s (mod 2e), where e is odd. These conditions are 
obtained by combining restrictions on the Smith Normal Form of the incidence matrix of the design with some 
well known properties of self-orthogonal binary codes with all weights divisible by 4. 

1. Introduct ion 

Let  63 be a 2 - (v, k, X) design where  the b lock  intersection sizes s1, s 2 . . . .  , sn satisfy 

sl  - s2 -- �9 �9 - sn -- s (mod pe), where  p is a p r ime  and e is odd. Let  A be the inci- 

dence  mat r ix  of  63 and put 

EAI X = and X '  = [A t - X2jt], 
X l j  

where  )k I is a power  o f p  such that )kl )k  2 = )k, )kl I)k 2 and 0 _< 0x2) p - (Xt)p --< 1. 

Using X and X', one  can const ruct  a sequence  of  nested codes over  Pp. Let  L and L '  

be the integral  lattices spanned by the rows of  X and the co lumns  of  X', respectively. Let  

~r: Z v ~ ~xp be the h o m o m o r p h i s m  that reduces every  entry modu lo  p. For  every integer 

j -> 0, we def ine  a code Xj over  Yp by 

Xj = 7r(p-JL N Zv). 

We define Xj' in like manner.  In fact, g iven any a • b integer matr ix  C, we can construct  

a sequence of  nested codes  Cj over  ~p in the same way as we did for X. 

In [1] Blokhuis  and Ca lderbank  prove a number  of  propert ies  of  Xj and Xj'. Using these 

results they der ive  necessary  condi t ions  for the existence of  a 2 - (v, k, X) design with 

all b lock  intersect ion numbers  congruent  modulo  pC. However ,  the nature of  these condi-  

tions are such that they are  nontr ivia l  only in the case where  p is odd. In this paper  we 

combine  the results of  Blokhuis and Calderbank on Xj and Xj' with known facts about self- 

or thogonal  b inary  codes to der ive  nontr ivia l  necessary  condit ions in the case p = 2. In 

particular,  we prove the fol lowing theorem.  

*Research done at AT&T Bell Laboratories. 
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TheOREM. Let  (B be a 2 - (v, k, X) design where the block intersection sizes s 1, s 2 . . . . .  

s~ satisfy s~ =- s2 - . . .  =- sn - s (rood 2 e) and e is odd. I f 2  ~ 1] r - X then afier possibly 
taking complements we have either 

i) v -= k + 1 - 0 ( m o d 2 )  a n d v  =- 2 (mod8)  
ii) v = k -- 1 ( m o d 4 )  a n d v  = 1 (mod8)  

iii) v = k -= - 1  ( m o d 4 )  a n d v  =- - 1  (rood8) 

k =- O ( m o d 2 )  ande i ther  ~ ( s ) 2  =- (v - k)2 = i (mod2)  or 
iv) V 

L v = 2 (mod 8) 

The proof of  the theorem is in the same spirit as the corresponding results of [1] in the 
ca sep  odd. By extending X or X '  if  necessary, a self-orthogonal code is constructed. How- 
ever, instead of appealing to the intrinsic geometry of the code as in [1], we appeal to restric- 
tions on the lengths of self-orthogonal codes to derive the existence conditions. This is 
an extension of the ideas in [2]. 

A similar application of self-dual codes to the existence of  certain quasi-symmetric 
2-designs can be found in [5]. 

2. Proof of Theorem 

The proof  o f  the theorem is broken into various cases, each of  which is handled by one 
of the lemmas proved in this section. First,  we set forth the results about binary codes 
that will be needed. 

LEMMA 1 ([3]). The length o f  a self-dual binary code C with all weights divisible by 4 

is divisible by 8. 

LEMMA 2 ([4]). For v odd, let C be an [v, lk(v - 1)] self-orthogonal code such that all 
weights in C are divisible by 4. Then v =- +1 (mod 8). 

The next three lemmas provide all the results necessary to prove the theorem. The nota- 
tion and terminology will be that of [1]. The 2-SNF (Smith Normal  Form) of an integral 
matr ix is the number ai of invariant factors h for which 2 i]l h. Fix  d = (e + 1)/2. 

LEMMA 3. I f  v =- k + 1 -- 0 (mod 2), then v - 2 (mod 8). 

Proof In Lemma 5.2 of [1] it was proved that in this case (k)2 is odd, that X and X '  have 
different 2-SNFs,  and that dim X~ >_ v/2. Rearranging the identity X(v - 1) = r(k - 1) 
gives k(v - k) = (r  - X)(k - 1) which implies (v - k) 2 --- (k - 1)~ (mod 2). Since 
v - k is odd,  we have (k - 1)2 -= 0 (mod 2) and therefore k - 1 (mod 4). The comple- 
mentary design also has the property that v is even and the block size v - k is odd, so 
we deduce that v - k --- 1 (rood 4) and v - 2 (rood 4). 
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Let 

c:EA 't 1 
X2j X2 

and D = diag[1, . . . ,  1, - k ] .  Recall that s ~ k (mod 2 e) and note that k - 1 is even 

so 2e+11 •  - k) l ~ ( v  - k). 
Let z = E /z i r /be  a vector in the integer lattice L spanned by the rows r / o f  C. Then 

the inner product  with respect to D of  z with itself is 

(Z, Z) = Z  #](ri, ri) + 2 Z #ilzj(ri, 9) 
i i> j  

where 

k - k  
(ri, ri) = ~- 0 (mod 2 e+l) 

X~(v - k)  

and 

s - k  
= ~ 0 (mod 2e). 

(ri, rfl X2(s - k) 

It follows that (z, z) - 0 (rood 2e+t). 
Next we prove that C a is self-orthogonal. If  the binary vector a ~ Cd, then there exists 

z E L such that z - 2aa (rood 2d+l). Thus z = 2da + 2d+lb and 

(z, z) = 22d(a, a) + 2 �9 22d+l(a, b) + 22d+2(b, b) - 0 (rood 22~+2), 

so (a, a) -- 0 (mod 4). 
Since k - 1 (mod 4), the code 

C~ = {(al . . . .  , av_l)l(a 1 . . . . .  a , _ l ,  0, 0) or (al . . . .  , av-1, 1, 1) E Ca} 

is self-orthogonal with all weights divisible by 4. Since dim C~ > dim X,~ - 1 _> v/2 - 1, 
we have by Lemma 2 that v - 1 =- +1 (mod 8), and since v - 2 (mod 4), we may con- 
clude that v -= 2 (mod 8). []  

LEMMa 4. I f  V = 1 (*nod 2) then after possibly taking complements either 

(1) k --- - 1  (mod 4) and v -- -1  (rood8), or 
(2) k - 1 (rood4) and v = 1 (rood 8). 
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Proof  After possibly taking complements we may suppose both k and v are odd. Let 

c l 
X2j X2 

and D = diag[1 . . . . .  1, -k ] .  Note that 2e+1 IX(v - k). Blokhuis and Calderbank prove 
that X and X '  have the same 2-SNF and that dim X~ _> (v + 1)/2. Note that dim Cd >- 

dim X~ _> (v + 1)/2. 
The argument employed in Lerrlma 3 proves that (a, a) ~ 0 (mod 4) for all a C Cd. 

If  k --- - 1  (rood 4) then the weight, wt(a) =- (a, a) - 0 (mod 4). Thus Cd is self-dual 
with all weights divisible by 4, and so by Lemma 1 v -- - 1  (mod 8). 

I f k  -~ 1 ( m o d 4 ) , l e t  

C a = {(al . . . . .  av-~)l(al . . . . .  av-1, 0, 0) or (al, . . . ,  av_l, 1, 1) ~ Ca}. 

Clearly wt(a ') =- 0 (mod 4) for all a '  ~ C a. Since dim C~ _> dim Ca - 1, C a is self-dual 
with all weights divisible by 4. Hence by Lemma 1 we have v =- 1 (mod 8). []  

LEMMA 5. I f  V =-- k =- 0 (mod 2) then either 

(1) (s)2 ~ (v - k)2 = 1 (mod 2), or 
(2) v - 0 (rood 8). 

Proof  If  (1) does not hold, then after taking complements if necessary, we may suppose 
s = 22nt7 where o is odd and n _> 1. If  2n > e then X~ is a self-dual code with all weights 
divisible by 4, and so v -= 0 (mod 8). 

Therefore, suppose 2n < e. Let 

c IA 1 
)x2j 2n)~2 

and D = diag[1, . . . ,  1, -k/22n]. By Lemma 5.2 of [1] ()k)2 is odd, X and X'  have differ- 
ent 2-SNFs, and dim X~ >__ v/2. Note 2 e II X(v - k), so that (v - k)2 is even. Hence v - 0 
(rood 4). Since (X)2 is odd, we have 2e+llX2(v - k) and the arguments employed in 
Lemma 3 give (a, a) - 0 (mod 4) for all a E Ca. 

If  k/22n - - 1  (rood 4) then (a, a) - wt(a) - 0 (mod 4). It follows from Lemma 1 
that v + 1 ~ _+1 (mod 8) and hence v --- 0 (mod 8). Ilk/22n =-- 1 (rood 4) then let C a 
be as in Lcmmas 3 and 4. It follows that v - 1 --- _+1 (rood 8) and we may conclude 
v -- 0 ( m o d  8). []  

The theorem is the result of combining Lemmas 3, 4 and 5. 
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3. Conclusion 

We conclude this paper with a list of  feasible parameter sets for which 2 e tt r - X, indicat- 
ing those excluded by the conditions of  the theorem (see Table 1). The following is a list 
for s2 - sl = 8 and v < 1500. A minus ( - )  indicates that the parameter set has been 

Table 1. Possible parameter sets for 2-designs. 

v k s I s 2 ~ s Case Test 

71 23 7 15 805 7 
93 45 21 29 690 5 

130 52 20 28 172 4 

161 65 25 33 520 l 
210 70 22 30 418 6 
217 105 49 57 540 l 
271 127 55 63 1905 7 
273 128 56 64 2176 0 
277 117 45 53 2691 5 
283 112 4 48 5264 0 
301 141 61 69 705 5 
302 106 34 42 4558 2 
309 144 64 72 672 0 
325 117 37 45 810 5 
331 91 19 27 1001 3 
331 155 67 75 465 3 
337 112 32 40 896 0 
341 165 77 85 510 5 
342 114 34 42 2046 2 
349 96 24 32 2784 0 
351 111 31 39 3885 7 
371 35 3 11 185 3 
378 108 28 36 1508 4 
391 55 7 15 715 7 
475 75 11 19 237 3 
477 189 69 77 357 5 
495 144 40 48 304 0 
511 175 55  63 425 7 
573 144 32 40 672 0 
649 73 1 9 657 1 
651 155 35 43 325 3 

657 81 9 i7 738 1 
715 187 43 51 357 3 
770 110 14 22 1538 6 
771 51 3 11 1309 3 
801 81 1 9 720 1 
806 140 20 28 3220 4 
961 465 217 225 480 1 

1066 246 54 62 426 6 
1179 171 19 27 589 3 
1198 172 20 28 1204 4 
1353 105 1 9 910 1 
1450 190 22 30 874 6 
1497 153 9 17 561 1 
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excluded by the theorem. An asterisk (*) indicates that though the theorem failed to eliminate 
this set, it is eliminated by results in [2]= We also indicate to which case of the theorem 

each parameter set corresponds, with a c denoting a need to take the complement. All 

together, 26 of the 44 parameter sets are eliminated, 18 by the theorem. 
Note that there exists a quasi-symmetric design with parameters v = 127, b = 2007, 

r = 651, k = 31, X = 155 with intersection numbers x = 7, y = 15; the blocks of this 

design are the 4-dimensional subspaces in PG(6, 2). These parameters do not appear in 
the table since r - X.=  496, which is divisible by 2 e+l = 16. 

One notes that case i) of the theorem does not occur in the list. In fact, it can be shown 
that for e = 1 this case is impossible (cf. [2]). It would be of interest to know whether 
or not this case can occur for e > 1. 
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