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A simple extension of a model previously used for *He—*He solutions is
presented, in which the effective vertex functions between *He and *He density
Sluctuations are assumed to depend only on the momentum transfer. The
possible zero-concentration *He quasiparticle spectra are divided into two
classes, those that do and those that do not intersect the *He phonon spectrum.
The present model calculations of the coupled phonon spectrum demonstrate
that as the temperature is decreased the behavior of the shifts in the phonon
spectrum can be considered as a signature of the class of *He quasiparticle
spectrum used. Comparison with recent scattering experiments, however,
indicates.that the existing data are not sufficient to distinguish unambiguously
between the two classes of > He spectrum. It is suggested that a low-temperature
neutron scattering experiment be performed to settle this question.

1. INTRODUCTION

In a recent publication?® (hereafter referred to as I), the present authors
have reported a calculation of the density excitation spectrum of the system
consisting of a small molar concentration x of 3He atoms dissolved in
liquid “He. The model used consisted of the measured “He phonon spectrum
and the x = 0 *He quasiparticle spectrum, which was assumed to be quad-
ratic in the wave vector k and to intersect the “He phonon spectrum near the
“He roton wave vector k,. A simple J-function interaction between these
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bare excitations was assumed, the strength of which was determined by an
extrapolation of the phenomenological quantum hydrodynamic value into
the short-wavelength regime. As mentioned in I, such an extrapolation is not
justified, but was made toillustrate some qualitative features of a renormalized
coupled phonon spectrum produced by the interaction between “He phonons
and *He quasiparticles. ‘

The density excitation spectrum was determined in I for small x by the
peaks at w = w(k) of the *He dynamic structure function S(k, w), taken as a
function of the frequency w at a particular k. Approximating the phonon
polarization by a Hartree term and a term involving the virtual decay of a
phonon into a quasiparticle-hole pair, we found that the “He phonon
spectrum can be split by the *He quasiparticle-hole continuum into two
distinct branches lying outside the continuum. Similar splittings have been
calculated by Soda.? We found that the visibility of the splitting of the
phonon branches into two branches depended strongly on two physical
parameters : (a) the effective coupling y between the bare excitations near the
“He roton wave vector k, and (b) a parameter characterizing the intersec-
tion of the assumed *He quasiparticle spectrum with the measured “He
phonon spectrum. For example, if y is small enough (i.e., if y < 9K), the
splitting would not be large enough to push the phonon spectrum outside
the continuum and a single branch inside the continuum would result. Thus
the experimental determination of these physical parameters is important
for a quantitative theory.

The recent Raman scattering®* and neutron scattering® experiments,
which showed shifts in the phonon spectrum only of the order of tenths of a
degree, can be used to estimate the order of magnitude of the effective
coupling y near k,. Without detailed calculations, it is clear that the caveat
expressed in [ was appropriate, namely that the extrapolation of the quantum
hydrodynamic value would overestimate the magnitude of y. From the
above experiments we see that vy is overestimated in I by about one order of
magnitude (€.g., Y & 5 K). Clearly we need a new calculation of the *He—
“He coupled phonon spectrum that would take into account the smaller
value of the effective coupling y near k.

Another recent development concerns the x = 0 *He quasiparticle
spectrum. It was proposed by Pitaevski® that measurements of the normal
fluid density”’ in *He—*He solutions, which showed an additional exponential
dependence on the inverse temperature as x is increased, can be explained in
light of the above Raman scattering experiments by the Ansatz that the *He
quasiparticle spectrum exhibits a minimum (in energy as a function of k) that
lies below the *He roton minimum. This Ansatz was supported by a varia-
tional calculation by Stephen and Mittag.® On the other hand, Bagchi and
Ruvalds® have proposed that the slight nonlinearity* of the roton linewidth
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as'a function of x is due to the onset of a roton decay process forbidden at
small x, and the assumption of a quadratic *He quasiparticle spectrum
intersecting the “He phonon spectrum is an integral part of the argument.
Hence the nature of the *He quasiparticle spectrum is still unsettled.

The philosophy of I was to calculate the *He—*He density excitation
spectrum in the simplest model consistent with available data. While some
relevant microscopic calculations could be performed, e.g., using the method
of correlated basis functions, the very extensive numerical work required to
address the diversity of temperature- and concentration-dependent effects
which appear important is not yet justified by presently available experimental
information. Accordingly, in the present work we extend the model used in I
in a simple manner so as to accommodate the recent developments. In
particular we first replace the é-function effective interactions by k-dependent
vertex functions to take into account the smaller value of y near k,. Although
effective interactions are described by renormalized vertex functions which
are  dependent also, we consider only the static limit in the interest of
simplicity. We then divide the possible *He quasiparticle spectra into two
classes : those that intersect the *He phonon spectrum and those that do not.
To investigate if there exist any qualitative differences between the effects of
these two classes of *He spectra, we calculate the coupled phonon spectrum
using a *He spectrum of each class. We show that further experiments may
be able to yield not only detailed information concerning the vertex functions,
but also the qualitative features of the large-wavevector part of the *He
quasiparticle spectrum.

In Section 2, we consider the details of the extension of the model used in
I, give a brief critique of the use of an effective interaction Hamiltonian, and
Indicate the approximation used here to calculate the coupled phonon
spectrum. In Section 3 we calculate the phonon spectrum using a *He quasi-
particle spectrum of the first class, namely quadratic in k as used in I. We
find that at T = 0 the shift in the phonon spectrum attains a maximum and
minimum which straddle the intersection or crossover wave vector k., and
that the maximal shifts are of order x*/3. In the high-temperature regime,
T >» T, however, the perturbations become of order x, in both the shift
and the increased width of the phonon spectrum. In Section 4 we examine the
effect on the phonon spectrum of a particular *He quasiparticle spectrum of
the second class, which is taken to have a minimum below the “He roton
minimum at roughly the same wave vector as k,. We find a positive contribu-
tion to the phonon shift at k, which increases markedly with decreasing
temperatures. This differs significantly from the low-T effects of intersecting
bare spectra, for which the phonon shift near k, becomes more negative as the
temperature decreases. Finally, in Section 5 we consider the existing experi-
mental scattering data,> > concentrating on the inelastic neutron scattering



554 David L. Bartley, Victor K. Wong, and John E. Robinson

experiment because of the direct k-dependent information obtained concern-
ing the density excitations. We show that the existing data are compatible
with either class of *He spectrum. In light of the distinctive temperature
dependence of the effects of the two classes of >He spectra, we suggest a low-
temperature neutron scattering experiment, which should be able to ascertain
whether the *He quasiparticle spectrum intersects the “He phonon spectrum
or not.

2. THE MODEL

2.1. The Effective Interaction Hamiltonian

The model used here is a simple extension of the model used in 1. A
restriction which we impose on the model is that in the long wavelength
limit at T = 0 it must reduce to thé quantum hydrodynamic (QHD)
model.1®~12 Following I, we take as the “bare” particles of our model bosons
with the measured *He one-phonon spectrum,'® w(k), evaluated at the
reduced solution density n, + on, and T = 0, and fermions with the x = 0
3He quasiparticle spectrum ¢, in the solution at T = 0. In other words, the
“bare” components are described by renormalized T = 0 propagators but
with no background. The “He background, for example, can then be
generated by allowing for a three-phonon vertex. Since wé are mainly
interested in the coupling between the “He and 3He spectra, we ignore the
above vertex (and thus the backgrounds) and center our attention on the
mixed vertices, e.g., on thé three-point mixed vertex that involves one
phonon and a quasiparticle-hole pair. This phonon—quasiparticle vertex,
when renormalized, is generally w dependent and complex, and as such
- would not make for a convenient interaction Hamiltonian. To obtain a
tractable Hamiltonian, we follow Bardeen, Baym, and Pines'® (BBP) and
assume that the effective vertex, which is taken here as our “‘bare” vertex,
depends only on the differefice between the position of the *He atom at x;
and the position of the “He atom at x;. This assumption effectively excludes
any retardation effects or velocity dependence in the ““bare” vertex and is
equivalent to taking the static and long-wavelength limit of the renormalized
vertex in such a way that the vertex depends only on the momentum transfer
between the *He and “He density fluctuations. The justification of such an
assumption lies in the fact that at long wavelengths the typical frequencies
of *He density fluctuations vgq are much smaller than the typical frequencies
of “He density fluctuations ck. At short wavelengths retardation and velocity-
dependent effects may be important and can be included via the vertex
corrections. In the QHD model, we find that a mixed four-point vertex
describing the scattering of phonons with quasiparticles also appears. We
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make the same assumption for the four-point vertex as for the three-point.
Since our small parameter is the concentration x, we expect in general the
appearance of mixed n-point vertices consisting of a quasiparticle-hole pair
with n — 2 phonons. For simplicity we terminate the infinite series of vertices
at n = 4, as was done in the QHD model. In this manner, we are led to
consider the following effective interaction Hamiltonian:

Ho = [ @ [ 5 11,6 = X003t 094 0) + 7,x = X)is(5. ) 5. 0]

+ f d3xJ- d3x'J d3x"

X [%gp(x - Xla X — X")p3(x9 t)p4(xr’ t)p4(xﬂa t)
+ 785X — X, X — X")p3(x, )X, 1) - julx", 1)] 1)

where (p3,J3) and (p4,j,) are respectively the *He and *“He density and
current operators given in (6) and (7) of I, y,(x) and y,(x) are the three-point
vertex functions, and g,(x, x') and g,(x, x') are the four-point vertex functions.
The basic formalism presented in I is not altered by the use of (1), apart
from the fact that the constants y,, y;, g,, and g; in I must now be replaced
by the k-dependent Fourier transforms of the vertex functions in (1).

Some care must be exercised in the use of the perturbation expansion
that naturally arises from the effective interaction Hamiltonian (1). Even in
the long-wavelength limit, in which (1) becomes the H,,,, used in I, one must
be careful if the results of the QHD model are to be recovered. The point is
that the effective Hamiltonian H = H, + H;,, is defined in terms of re-
normalized propagators and vertices; hence renormalization terms must
be excluded to avoid overcounting. A formal exposition of this point for a
(pure) Bose liquid at T = 0 has been presented by Josephson,'* in which
the effective Hamiltonian H used in QHD is accorded the status of a pseudo-
Hamiltonian. We can illustrate the anomalous nature of the effective inter-
action Hamiltonian (1) by comparing the calculation of the x dependence
of the sound speed ¢ at T = 0 with that of the chemical potential ¢, and
effective mass m of *He atoms dissolved in liquid “He. The x dependence of

. ¢(x) was calculated straighitforwardly using the effective Hamiltonian in I
{cf. 1, (20)~(26)] and was shown to agree with QHD. In the calculations of
&, and m, however, an explicit subtraction of a renormalization term must
be made before the QHD results can be recovered. Physically, this term is
just the self-energy of a single isolated *He atom dissolved into liquid “He.
The formal distinction between the calculation of ¢(x) and that of g4(x) and
~m(x) arises from the fact that the one-loop integral in ¢(x), which is over
fermion lines only, obviously vanishes as x — 0, whereas the one-loop
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integral in gy4(x) and m(x), which is over a fermion line and a boson line,
need not vanish as x — 0. Details of the calculation can be found in Appendix
A. Similarly, in calculating temperature corrections, T = 0 renormalization
terms must be subtracted; in calculating vertex corrections, static long-
wavelength renormalization terms must be thrown away ; and in calculating
the background, renormalization terms that shift the peak of the spectral
function must be excluded.

With these provisos, the present model represents a straightforward
extension of the QHD model into the short-wavelength regime with allow-
ance for “bare” vertex functions that depend on the momentum transfer
between *He and “He density fluctuations. The model is clearly concocted
to make density excitations simple to calculate and illustrations of calcula-
tions of single-fermion properties are relegated to Appendix A. The model
also does not allow for new “bare” density modes at short wavelengths
other than those extrapolated from the QHD regime. There exist now no
indications that new modes would appear in the short-wavelength regime,
ie., of the order of k, . Thus the present model should be useful in analyzing
long- and short-wavelength density phenomena in dilute solutions of He
in “He.

2.2. The Approximation and Phonon Spectrum

The quantity of interest in the present model calculations is the phonon
spectrum c«(k), which can be obtained from the poles of the retarded density—

density propagator, i.e.,
Dq [k, (k)] — ZX[k, (k)] = O N
Dolk, ) = ny(hk?/my)[e* — wgk)] ™! ()

where wq(k) is the “He phonon spectrum, ZRX(k, ») is the exact retarded
phonon polarization, and the notation follows 1. If we assume that the
phonon shifts dw(k) are small, i.e.,

ow(k) = w(k) — wy(k), [dak)| <« 2wq(k) (3)

then we find from (2)
dex(k) = ny[hk?/2my0o(K)]ER[k, wo(K)] “4

The approximation for £® that we use here is the same as that in I, namely
>R is approximated by a Hartree term and a second-order one-loop polariza-
tion term [1°® as represented by Fig. 7 of I. There exists no exchange Hartree
diagram since the phonon polarization diagrams involve mixed external
vertices. The approximate X can be written as [see I, (13d)]

IRk, wo(k)] = y2(k) [2mawo(k)/nih* k>R [k, woo(k)] + O(x) )
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where the effective vertex function y(k) is defined as
(k) = nalhk?/2mywo(k)] 2 [y,(k) + wd(k)k ™2y (k)] (6)

The terms in (5) that are O(x) are the contributions from the first-order
Hartree diagrams in Fig. 7 of I. In the event that only the first term in (5) is
important, (4) and (5) can be combined to give the phonon shift (real and
imaginary parts)

h da(k) = y*(k)ng " Re T1% [k, wo(k)] ' (7a)
7 Im w(k) = y(k)ng ! Tm TI% [k, wo(K)] (7b)
The one-loop polarization TI°® is given by

IR (k, ) = —~ J &K n,?,[ 1 ! } ®)

(2n)3h O— g + i1 O+ o + i

where n = [e#®~# + 117! is the Fermi distribution function, wy, is the
quasiparticle-hole continuous spectrum

hoge = & — & )

and ¢, is the x = 0 3He quasiparticle spectrum.

In the next two sections the phonon shift dw(k) will be calculated for
specific examples of ¢, intersecting or nonintersecting, and for two limiting
cases of ny, zero temperature or high temperatures.

3. CALCULATION WITH INTERSECTING BARE SPECTRA

In this section we calculate the shift of the phonon spectrum at T = 0
and T » Ty under the assumption that the bare *He quasiparticle spectrum
intersects the bare “He phonon spectrum at some crossover wave vector k..
We pay particular attention to the shifts at wave vectors near k, since inter-
esting momentum and temperature dependences are thereby obtained. The
use of an effective interaction Hamiltonian (1) with renormalized frequency-
independent vertices together with the approximation (Fig. 7 of I) to the
phonon polarization Z® appears to be well justified in this region of k space.
This may be seen by examining low-order corrections to an “unrenormalized”
three-point vertex. It is found that at wave vectors near k. the contributions
of such vertex corrections to the real part of the proper self-energy are
approximately given by functions of k multiplied by the lowest-order self-
energy diagram. This is a consequence of the confinement of the quasi-
particle-hole continuum to a small region of (k, @) space, of the enhancement
of specific terms with vanishing energy denominators near k., and of the
assumed small shift in the phonon spectrum. Further details are given in
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Appendix B. The net result of vertex corrections then is to yield a phonon
polarization identical in form to that obtained by the use of the effective
interaction Hamiltonian (1) in the present approximation.

3.1. Zero Temperature

An interesting feature of the phonon shift at T = 0 with intersecting
bare spectra is the existence of a maximum and a minimum which straddle
the crossover wave vector k,. As an illustration, we present now a simple
calculation utilizing the *He quasiparticle spectrum &, used in I

ok) = & — o = Wk*2m + - - (10)

where m is an effective mass and k. is near k,, e.g., see Fig. 1 of L. It will be
shown that Re IT°* ~ O(x%/3); thus we can use (7a) to calculate the (real)
phonon shift. Near k,, [T°) is dominated by the first term in (8) and Re HOR
can be evaluated using (10) to get

N 2mkF 1 Av\? 1+ Av/g

2mk Av 2 AV
In (11b) the brace has been expanded in terms of Av/q, where Av = m Aw/hkE,
q = k/kg, and Aw is the difference between the “He phonon spectrum and

the *He quasiparticle spectrum
h Ao(k) = hoo(k) — &(k) (12)

which vanishes by definition at k,. Estimates of the positions of extrema in
the phonon shifts dw(k) can be obtained by substituting the series (11b)
truncated at the second term into (7a) and differentiating, assuming that,
relative to Av, g is roughly constant near k.. We find that near k, the largest
shifts occur roughly at Av = +q or

Aw = Aw, = +hkkg/m ~ O(x'3) (13)

i.e., at approximately the entry of the “He phonon spectrum into the quasi-
particle-hole continuum. Since the extrema occur at the limit of convergence
for the series (11b), the estimates are rather crude, as can be seen from the
numerical determination of dw(k) given in Section 5 (see Fig. 5).

To estimate the extrema in dw(k), we evaluate Re TI°® at the estimated
positions of the extrema Av = 4-g. From (11), we find to leading order in x

Re IT® ~ $n,x/(h Aw ) (14)
and Re II%® ~ O(x*”) as claimed. Substituting (14) into (7a), we find an



The Coupled Phonon Spectrum in *He~*He Solutions 559

estimate of the extrema in dw(k) to leading order in x
howy ~ 3y4k)x/(h Awy) ~ O(x*7) (15)

The maximum phonon shift dw, is at the low-k side of k., whereas the
minimum dew_ is at the high-k side of k.. Although the spectrum (10) is
used explicitly to evaluate (11a), the expansion (11b) and the steps thereafter
to (15) are relatively insensitive to the particular form of g but depend
essentially on the existence of a crossover wave vector k, at which point
Av vanishes. Thus the presence of extrema in (k) that straddle k, can be
considered a general feature of the T = 0 phonon shift for the case of inter-
secting bare spectra.

From (7b), we note that the phonon spectrum acquires an imaginary
part, the maximum of which is O(x?/?), whenever the phonon spectrum is
imbedded in the quasiparticle-hole continuum. Hence the phonon shift (real
and imaginary parts) at T = 0 is O(x*/?). This is to be contrasted with the
strong coupling case treated in I, where the splitting near k, resulted in two
distinct branches outside the quasiparticle-hole continuum and dw(k) ~
O(x'/%).

3.2. High Temperature 7 » T

We now consider the high-temperature regime T » Tg, for which the
quasiparticles are distributed according to a Boltzmann distribution. (Note
that for the solution in Ref. 5, Tz ~ 0.3 K.) We find that to leading order in
x the phonon shift is now O(x), in contrast to T = 0, where dw(k) ~ O(x2/3).
The direct Hartree contributions to ® cannot be ignored in (5) and are
given by [see I, (13d)]

{g,(k) — [y3kym™" — g,(k)]ewd(k)k ™ fnyx (16)

However, if the combination of vertex functions in (16) is not strongly k
dependent near k., this contribution is simply a constant shift for k’s near
k.. Thus the interesting contribution to the phonon shift still arises from
the second-order polarization term in (5) and dw(k) can be calculated from
(7a). Near k, the dominant part of Re I1°R can be evaluated using (10) in (8),

Re IT®(k, wo(k)) = naxh™ k™ Y (Bm/2) 20 pm/2]"? Aw/k)  (17)
where 8 = (kgT) ™%, kg is Boltzmann’s constant, and® (z) is defined by
®(z) = n_”sz dy(z — y)" Lexp(—y?) (18a)

~ 22(1 _ %22 + .. .), zx 1 (ISb)
~ Z—l(l + %Z_Z + - ..)’ z>»1 (180)
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We further expand (17) using (18b) to obtain

Re IT® (k, wo(k)) = n4xh_1k_2Bm(Aw)[1 — IPmAw/k)? + -] (19)

From the series (19) truncated at the second term, the positions of the extrema
in dw(k) can be estimated to be

hAw = hAw, = +[2e(k kg T]? (20)

which is approximately the width of the quasiparticle-hole continuum and
is well within the convergence limit of (19). Substituting (20) into (19) and
(7a), we find the extrema in dw(k)

héw, = 3y*(k)x[2e(k ks T~ 12 (21)

As the temperature is increased, the extrema are enhanced as T~ /2, which
is due to the narrowing of the width (20) of the quasiparticle-hole continuum.

To interpolate between the two limits T = 0 and T >» Tg, we note that
in both limits the extrema in dw(k) can be written as

hdw, o y2(k)x/(h Aw.) 22)

where the constant of proportionality is of the order of unity. Thus over a
wide range in temperature the extrema (22) can be interpreted in terms of
the width Aw. of the quasiparticle-hole continuum. As T decreases, Aw
decreases as T'/? and 6w, increases as T~ /2. As T'is decreased through T;
to zero, the width stops narrowing at T ~ Ty [where from (20) Aw, ~ O(x'/?)]
and the boundary of the quasiparticle-hole continuum begins to sharpen
for T < Ty; concomitantly dw, ceases to increase as T~ /%, bends over at
T ~ Tg, and saturates for T < Tg atits T = 0 value.

From (7b) the increase in the half-width of the phonon spectrum due
to *He can be obtained:

him o(k) = —(/2)'*y*(k)xlh Aw| ™" exp [~ B2 (Aw)?/4ek)]  (23)

The maximum width, which occurs at k, where Aw vanishes, is seen to have
a temperature dependence similar to dw.. Away from this maximum, the
width falls off as a Gaussian in Aw.

4. CALCULATION WITH NONINTERSECTING BARE SPECTRA

We investigate here the shift in the phonon spectrum for the case in
which the *He quasiparticle spectrum does not intersect the bare “He
phonon spectrum. As an example, we consider an x = 0 *He quasiparticle
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spectrum®® g, which is given by (10) in the long-wavelength region but

displays a minimum A, at wave vector k; approximately equal to k,,
ek)y=¢ — g
= A; + K2k — k3)*2u5, k& ks (4)
Here we take the parameters A5 and p3 ! to be less than the corresponding
“He roton parameters A, and u; .
4.1. Zero Temperature

Unlike the intersecting case, the Re TT°® must be calculated using both
terms in (8), since it is no longer clear that the first term will dominate. The
crudest approximation, which is useful for some applications, is to ignore
the k' dependence in wyy, in which case Re [1°F is simply

q i
Re I (k, ) = nax l:hw Z o) o + a(k):I (25)

To improve on (25), we expand wy, in powers of k',

o ldg. 1 [d%, 1ds, s
e = olk) — alk) + 7 kK +W[3ﬁ"zd—k (k-

1 de,
— —k'? k3
+ %2 dk + O(k’) (26)
Since we are mainly interested in the phonon shift near k3, oy, to O(k'?),
can be written

N 1 d%e(k) )
honge = e(k) — &(k') + ATz k'? cos? 0
21,72
~ 2g 27
Ay + o cos” 6 27

where in the second line we have used (10) for ¢(k’) and the fact that u; « m.
Substituting (27) into (8), we find for @ = wy(k) and k near k,

s [2u3 A\~ 1?2 2u; Aw
Re ™ =2, ( > ) ke |-
ke + Qus Aw/h)'?
kg — Qus Aw/h)'?
— nux[hwg(k) + ek)] 1 (28)

1/2

1 2us A
+§(k%— Ha 60)1

h
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where for some applications the last term can be ignored, since it is roughly
of the order A(Aw)/[Awy(k) + &(k)] down from the first term. Expanding (28),
we find from (7a) to leading order in x for k near k4

P2 (k)x [1 % Ao(k) ]+

hoolk) = 23 om | ™ Feog) + 0

(29)

which corresponds to using the simple form (25). Note that dw(k) ~ O(x),
in contrast to the intersecting case, where dw(k) ~ O(x*3). Although Re T1°}
represents only the contribution from the second-order polarization term
in Fig. 7 of I and the direct Hartree term (16) is also O(x), Re I[1°}? contains
the contribution of interest that depends strongly on Aw(k) and on the
temperature. The phonon shift at k = k;, calculated from (28) and (7a), is
plotted in Fig. 1 asafunction of x, using® A; = 5K, ky = L.9A" Ly, = 0.3m,,
and taking for the sake of illustration y(k;) = 7K. '

4.2. High Temperature 7 > T

.

At sufficiently high temperatures the distribution function in (8) can
be written n ~ e #*® ¢P# where e#* satisfies

nax = 2P 173 + (ug/m)*?(k3/nip) e P23, A2 = 2mh?/mkg T (30)

The large-k’ (=~ k3;) contributions to (8) depend logarithmically upon
(hw £ Aj) and are down by e~ #43, hence they can be neglected. The major
contribution to Re I1°* arises from the small-k’ region, in-which case (27)

0.6 T T 1 T
i T=0 i
Y =7K
X 04f g
£
3 L 4
i<
w 0.2F |
0 | 1 1 i
0 .01 .02 .03 .04 .05

X

Fig. 1. Calculated phonon shift at the quasiparticle
minimum wave vector k5 and at T = 0 as a function
of the concentration x assuming nonintersecting
bare spectra, For illustration the coupling y(k;) = 7K
has been chosen.
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can be used to obtain for w = wy(k) and k near k,
Re I1%% = (n®2Bh*) ™" pam e"2ps Aco/h)™ ' PO([Bpsh Acym]*?)
— 2473 ePlhwy(k) + e(k)] ™t (31

where @(z) is defined in (18). For large T, (31) can be expanded, and we find
from (7a)
f dck) = 2y (k)x(pes/m) (kg T) ™" (32)

in contrast to the intersecting case, where dw(k) ~ T~ '/2 In deriving (32)
we have ignored the last term in (31), which from (30) is T independent as
T — oo for a fixed x. Note that (31) can be used as an interpolation formula
for a wide range in temperature since it yields the correct T = 0 answer
in the limit of T — 0. Hence as the temperature decreases, the phonon shift
dax(k) becomes increasingly more positive as T~1, until T &~ Ty, where
dw(k) bends over to its T ~ 0 value. This is illustrated in Fig. 2, where the
phonon shift at k,, calculated from (7a) and the first term in (31), is plotted
as a function of T, for x = 0.05, A, = 5K, ky; = 1.9A7%, u; = 0.3m,, and,
as an example, y(k;) = 7 K. To recover the point at x = 0.05 in Fig. 1, the
whole curve in Fig. 2 needs to be shifted downward by —0.08 K corres-.
ponding to the contribution of the last term in (31), which was neglected
in Fig. 2. Moreover the neglected Hartree term (16) can also shift the whole
curve in Fig. 2 up or down. Nevertheless the phonon shift dw(k) becomes
increasingly more positive as the temperature is decreased in the range
T: < T

08 T T T T T T T T T
I
06
x L
=
3 04f
=
o L
0.2r
0 Il L I 1 1 1 1 1 ]

0 0.4 0.8 1.2 1.6 20
TinK .

Fig. 2. Calculated phonon shift at x = 0.05 and at the

quasiparticle minimum wave vector k5 as a function of

the temperature T assuming nonintersecting bare spectra.

For illustration the coupling y(k;) = 7 K has been chosen.
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Fig. 3. Measured phonon shift at x = 0.05and T =
1.6 K as a function of the wave vector k, and a one-
parameter fit assuming intersecting bare spectra.
Solid circles represent the data from neutron scatter-
ing.® Continuous curve represents a calculated one-
parameter fit assuming intersecting bare spectra.

5. THEORY AND EXPERIMENT

In this section we consider the existing scattering data~> and suggest
further experimentation which should be able to determine the qualitative
features of the large-momentum *He quasiparticle spectrum, as well as to
unravel partly the contributions of the various vertex functions to the phonon
shifts.

Since neutron scattering appears to be the most direct probe of the low-
lying excitations in the *He—*He system, and since the momentum depen-
dence of the excitation energies is thereby obtained, we concentrate on the
experiment of Ref. 5. In Figs. 3 and 4 the solid circles depict the experimental

2.0

2N in K

05 1.0 1.5 2.0 2.5
kin A

Fig. 4. Measured phonon width increase 2I" at x = 0.05

and T = 1.6 K as a function of the wave vector k, and a

one-parameter fit assuming intersecting bare spectra.

Notation and the one parameter used in the fit are the

same as in Fig. 3.
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phonon spectrum shift and width increase as a function of wave vector k
near the “He roton wave vector k,, for x = 0.05and T = 1.6 K. As is-easily
seen, the measured phonon shift dw(k) attains a maximum at k ~ 1.2 A~ 1,
where it is positive, and a minimum at k ~ 1.8 A1, where w < 0.

We may attempt to understand this oscillation in the measured dw(k)
by the use of various qualitatively different model inputs. First, the bare *He
quasiparticle spectrum may either intersect or lie below the “He phonon
spectrum in the momentum range of interest. Second, dw(k) depends upon
the four-vertex functions in a complicated manner, and there is considerable
leeway as to which vertices, if any, are dominant. Finally, the momentum
dependence near k, of the vertex functions may or may not be of primary
significance.

We consider first the situation in which the bare spectra do not intersect.
In this case, it appears that the experimentally observed oscillation in dw(k)
is to be interpreted (within the model) in terms of some kind of oscillation
in k of the vertices. Because of the plethora of possible vertex momentum
dependences and possible *He quasiparticle spectra, we do not at present
attempt a fit to the experimental data along these lines, although such an
endeavor is clearly possible. However, future experimental determination of
the temperature dependence of the shift dw(k) should make such a program
meaningful since it should then be possible to sort out the contributions
from the different vertices to some extent. This is due to the fact that only
the second-order IT°® contributions to the polarization (5) are temperature
dependent, with the result that the T-dependent contributions to dw(k)
may be expressed solely in terms of (k) defined in (6). Furthermore, in
accordance with-the results of (32) and Fig. 2, if the bare spectra do not
intersect, then dw(k) should become more positive as the temperature is
lowered. This behavior, if present, should provide simple experimental
evidence for nonintersection.

If, on the other hand, the bare phonon and *He spectra intersect at some
wave vector k, less than k,, then the observed oscillation in dw(k) can be
attributed to either (or both) the k variation of the vertex functions or the
change in sign upon crossing at k, of the shift produced by the second-order
polarization terms in Fig. 7 of [. Again T-dependent experimental results
may be able to untangle the contributions from the various vertices and
terms to dw(k). Furthermore, the results of Section 3 imply that for inter-
secting spectra dw(k) should have an oscillating contribution which becomes
enhanced as the temperature is decreased. Thus, it is clear that a low-
temperature neutron scattering experiment could provide invaluable infor-
mation as to the qualitative features of the spectra and their interactions.

We proceed now with an explicit demonstration that the measured
phonon shift dw(k) can be understood in terms of nonoscillating (near k,)
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vertex functions and intersecting bare spectra. We emphasize that this is a
highly specific explanation of the available experimental results. However,
the qualitative features of the calculation clearly illustrate the type of
information that T-dependent experiments could provide.

We parametrize the falloff with increasing k of the four-vertex functions
from their k& = 0 values given by QHD in a very simplified manner. We
assume that the vertices are scaled down by factors of a function (k) given by

Blk) = (1 + b2kt (33a)
according to
75k} = Blky,0),  v,k) = Blk}y 0)
g,(k) = g,k k) = p*(k)g,(0) (33b)
gk) = gk, k) = f(k)g(0)

where the k = 0 values of the vertex functions are taken from QHD, and
where the constant b is an adjustable parameter. The magnitude of b will
be henceforth specified by stating the value that y(k) assumes at the “He
roton wave vector k,, where y(k) is defined in (6). We further scale down the
effect of the “He density reduction by the presence of *He atoms by a factor
B2(k). The net effect of the scaling down is roughly to reduce by a factor (k)
all shifts of the phonon spectrum produced by assuming that the vertex
functions are constant in momentum space.

Having specified the vertices, and assuming the *He quasiparticle
spectrum depends quadratically upon momentum (10), we calculate S(k, w)
at T=0and T> 0. [At T = 0 we can find the phonon shift by solving (2)
numerically.] The solid curve in Fig. 3 depicts the peak in (k, ) space of
S(k, w) at T= 1.6 K, x = 0.05, and for y(k,) = 5.5K. As can be seen, we
obtain semiquantitative agreement with the data of Ref. 5. Variations from
the experimental results can be easily attributed to the oversimplification
of (33) in describing the momentum dependence of the vertices. Figure 4
shows a comparison between experiment and theory of the width 2I°(k) of
the peak in S(k, ), again at T = 1.6 K, x = 0.05, y(ko) = 5.5 K. Although
theory seems to yield the right order of magnitude for the width, discrepancies
with experiment are clear. This is possibly due to our neglect of certain higher
order processes, as well as to the fact that the widths are considerably more
difficult to ascertain experimentally than the spectrum shifts. In accordance
with the results of Section 3, upon lowering the temperature from T = 1.6 to
0 K the phonon shift increases as T~ /2 {Eq. (21)] and undergoes a transition
near T ~ T from a linear dependence on x [Eq. (21)] to one of order x?/3
[Eq. (15)] at T = 0. The phonon shift is thus considerably enhanced as
T — 0. In Fig. 5, we compare the calculated phonon shift as a function of &
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Fig. 5. Calculated phonon shift at x = 0.05 as a function
of the wave vector for T = Oand T = 1.6 K, based on the
one-parameter fit to the neutron data (Figs, 3—4). assum-
ing intersecting bare spectra,

at T= 1.6 K with that at T= 0K for x = 0.05 and y(k,) = 5.5K. Note
both the enhancement of the shift and the lessening of the separation in k
space between the extrema of the shift as the temperature is lowered. Clearly
the calculated temperature dependence of the phonon shift is of sufficient
magnitude as to make experimental confirmation or refutation of this type
of theory possible. Note, however, that if part of the experimental oscillation
in dw(k) is due to variation in the vertices as functions of k, then the low-
temperature enhancement of dw(k) should be less than predicted here,
although it should have the same qualitative behavior.

We now briefly consider the existing Raman scattering experiments. If
the Raman data are to be interpreted with allowance for a two-roton bound
state, it may be necessary to take into account the concentration dependence
of the binding energy (0.37 K for pure “He), since the phonon shifts deo(k)
of Figs. 2 and 5 not only displace but also distort the roton minimum. For
intersecting (nonintersecting) bare spectra, the x > 0 roton mass parameter
u is decreased (increased) and the two-roton binding energy is decreased
(increased). Such shifts in the binding energy, while certainly negligible on the
scale of the “He roton energy A,, need not be small in comparison to the
phonon shifts daw(k). A rough estimate of the change in the two-roton binding
energy for intersecting bare spectra gives a value of the order of 0.1 K. It
should be noticed that direction of the binding energy shift is to compensate



568 David L. Bartley, Victor K. Wong, and John E. Robinson

part of the phonon shift dw(k). If, however, the Raman experiments can be
interpreted rigorously as a direct measurement of the energy of pairs of
x > 0 rotons, then we can compare the existing Raman data at lower
(T = 0.6 K) temperature with the above theoretical results. From Fig. 5,
which is based on a fit to the neutron scattering data assuming intersecting
bare spectra, we deduce that the theory gives a much larger phonon shift at
T = 0.6 K than that («0.1 K) deduced from the Raman data. Although Fig.
2, which is based on nonintersecting bare spectra, also appears to give too
large a phonon shift at T = 0.6 K, the value of the effective coupling y(k;) =
7 K was chosen simply for illustration and is not based on any experimental
fit. Thus y(k;) in Fig. 2 could be readjusted as desired to give results consistent
with those deduced from Raman data. Concomitantly we would have to
adjust the k dependences of the vertices to fit the neutron data. Hence there
is a hint that intersecting bare spectra may be inconsistent while the non-
intersecting spectra need not be. However, until the x = 0 *He quasiparticle
spectrum is better known and also until it is clear how to analyze the Raman
data, such comparisons can only be preliminary and inconclusive. ,

We conclude that the existing scattering data are not yet sufficient to
distinguish even between the two classes of *He quasiparticle spectrum, i.e.,
intersecting or nonintersecting. The present model, although simple, still
contains too many unknown parameters and interdependences to give an
unambiguous conclusion. Further experiments would clearly help sort
things out. From the temperature dependence of the phonon shift character-
istic of intersecting or nonintersecting spectra, it appears that a low-tempera-
ture (T ~ Tp) neitron scattering experiment would-provide valuable informa-
tion about the vertex functions and the qualitative features of the *He quasi-
particle spectrum.

APPENDIX A. x = 0 RENORMALIZATION TERMS

As a further illustration of the use of the effective Hamiltonian (1), we
consider here the calculation of the leading x dependence of the chemical
potential £,(x) and the effective mass m(x) of the *He quasiparticle. We show
that by subtracting out the x = 0 renormalization term which is already
included in (1), the QHD results for g4(x) and m(x) are recovered.

To facilitate the discussion, we first consider the effective interaction V
between *He quasiparticles as described by the four-point quasiparticle
vertex. To lowest order in x, the four-point:vertex has two contributions: a
direct *He—>He interaction, which is taken to be

Vilk) = y,(k), yak) = (1 + 2a)myc3/n, (AI)‘

(co is the sound speed in pure “He and notation follows I), and the phonon-
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Fig. 6. Diagrammatic representation of the phonon-
induced contribution V,, to the effective interaction
between *He quasiparticles.

induced interaction V,,, which is given by Fig. 6. A straightforward calcula-
tion'> gives

Vin = (nak/ma)(@? — cgk®)™H{y; + (how/2mk?)y,y,(2p" + k) - k

+ (hew/2mkYy,y,(2p — k) - k
+ (heo/2mk)*y3[(2p + K) - K][(2p — k) - K]} (A2)

where p and p’ are the momenta of the incoming *He quasiparticles. On the
energy shell w = k-(p — 3k)/m = k- (p’ + 3k)/m and in the static limit
w « ke, we find

Vinlk) = (na/my)[—v2c5 > — (/m(y,c5% + 7,0 0@ -0 (A3)

which is in agreement with the QHD model if the expressions (5) of I are
substituted for y, and y,. In the long-wavelength limit, the total four-point
vertex is given by

V(k) = yk) — (na/macg)ys(k) (A4)

We now calculate the *He self-energy using the effective Hamiltonian
(1) and determine the long-wavelength, x-dependent quasiparticle spectrum
as a functional of V(k) given in (A4). We first add a term to (1) that would
describe the direct *He—>He interaction, ie.,

[ f Ex'ygx — X)pax, O, D (A3)

where y,(x — x') is the Fourier transform of y, (k). Representing the direct
interaction by a dashed line, the *He self-energy X, can be represented by the
diagrams in Fig. 7. The Hartree term can be easily shown to yield nxy0).
The exchange term that involves the direct *He—>He interaction gives straight-
forwardly X¢* = —in,xy,(k). However, the last diagram in Fig. 7, which
involves a phonon exchange, must be handled carefully. From the Feynman

Fig. 7. Lowest order diagrams for *He quasi- T > _____ O+ /_/_—_y + m
3

particle self-energy 25.
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rules!® we find the contribution
3K S2(k) T
h Qn) ' 2m4c0

N |:_ O(k + K| — kg) N Oy — |k + k') :I
0 — k) — exr/h - — = oK) + &sr/h

ex __
th =

B d33k' ,) hk'
h (2 )3 p M4Co

I: Oky — |k + K)) + Bks — k + k')
0 — 0o(k) = e/ — 0 — Wo(K) + g/
1 ] (A6)

o wo(k) = & r/h

In the limit of x — 0 or kx — 0, £}, has a nonvanishing contribution from the
last term in the brackets of (A6). This last term must be discarded since it
has been included in the definition of the x = 0 3He quasiparticle spectrum.
Throwing the x = 0 renormalization term out, we change variables, expand in
powers of kg, evaluate at @ = ¢,/h, and take the long-wavelength limit, to get

Zok) = dnyx(na/mact)yak) + (A7)

We thereby obtain the 3He self-energy X,(k) in the long-wavelength limit to
leading order in x

Zy(k) = nax[740) — Fy4k) + (na/2macd)yp (k)] (A8)

The x > 0 3He quasiparticle spectrum is given by i = g, + Z,(k), where

g, given in (10), is evaluated at the reduced solution density n, -+ dn, =

nal — (1 + o)x]. Expanding g4(n, + on,), we find to leading order in x
go(ng + Ony) = eo(ny) — nux(ng/ m4co)y ©) (A9)

Defining the x-dependent *He quasiparticle spectrum by 0, = how — g4(ny),
we find from (A8) and (A9) the desired resuit

o5, = nyx[V(0) - 1V (k)] (A10a)

Making an explicit expansion of (A10a) in powers of k, we find in agreement
with QHD results'®

de, = gy + [A2k2/2(m + Sm)] + - -
8eo = nyxV(0), om = in,x(m/h)*V"(0) (A10b)
where V"(0) = [d2V(K)/dk?],_,.
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The subtraction of the x = 0 renormalization term from the 3He self-
energy can be understood quite generally by considering first the microscopic
one-particle Green’s function g and the associated self energy o, which
describe the propagation of the 3He atoms, not the quasiparticles. In a solu-
tion with a finite concentration x of *He atoms, the Green’s function g, for
the 3He atoms satisfies the Dyson equation

g, =g + o,g,] (Al11)

where g@ is the Green’s function for the propagation of free *He atoms and
o, is the self-energy at finite x. As x — 0, (A11) becomes

8o = g(o)[l + 6480] (A12)

where g, and ¢, are associated with the propagation of a single *He atom
dissolved in (and interacting with) the liquid “He. Eliminating g‘® from (A11)
and (A12) so as to express g, in terms of g,, we find

8x = gOl:]— + (o-x - O-O)gx] (A13)

In order to obtain a description of the system in terms of the quasiparticle
Green’s function with unit spectral weight as used here and in I, we take the
quasiparticle Green’s function to be given by G, = z~'g, near the pole of
g., where z is the spectral weight of g,.. Writing X = zo,, we obtain from
(A13) ’

G; = Go[l + (2 — Z0)G,] (Al4)

By absorbing the appropriate factors of z into the effective interaction, we
can express X, as a functional of G,. Hence (A14) gives a perturbation
expansion of the *He quasiparticle propagator G, in terms of the x = 0 *He
quasiparticle propagator G, and displays explicitly the subtraction of the
x = 0 quasiparticle self-energy.

APPENDIX B. VERTEX CORRECTIONS

In this appendix we examine the effect of vertex corrections on the
phonon polarization. We demonstrate that the use of the frequency-independ-
ent renormalized vertex functions as given in the effective Hamiltonian (1) is
valid in regions of (k, ) space in which the bare spectra are near each other,
as is the case with intersecting spectra for k = k. and o = wq(k,) = w,_.

We consider the two lowest order diagrams shown in Fig. 8(a,b) in which
the vertex here refers to an “unrenormalized” interaction between phonons
and *He quasiparticles. The lowest order diagram (Fig. 8a) is simply I1°(k, w)
given in (8). The next order diagram (Fig. 8b), denoted by IT!(k, w), can be
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Fig. 8. Various phonon polarization diagrams with

(a) no vertex correction, (b) a three-point vertex

correction, and (c) the inclusion of four-point mixed

vertices. The vertices here are taken to be unrenormal-
(a) (b) (€)  ized.

shown to be given by

n, d3k’f g
mH2 ) @0 Sy chp 20

Mk, w) =

,))Z(ku _ k/)|k// - klll

Ol — 8 — Dy

1
x { [0 = (gt — &e)/hl[@ — O o — (Exrwe — &)/h]
1 [

+
[0 + (exsxr — &)/Pl[O — Op ¢ — (Exryr — &)/H]

where 7y, is the “unrenormalized” vertex function. Keeping only the leading
terms in the concentration x and noting that when w is close to the quasi-
particle-hole continuum at k > kg the first term in (B1) has a singularlity
and the second term is negligible, we have

. N 2n, ( 4%k
Wiko)~ = 5% ) @
V2K
" oplop + dl)ho — o — ok + K)h]
a3k 1
* f @nF & = [ok + K) = Ok B2

Since the k' integral is a slowly varying function of k and w, and since the
second term in (8) is negligible for w near the quasi particle-hole continuum
at k >» kg, we have for o = w,,

Mk, 0 ~ v) ~ fFKI°Kk, 0 x~ ) (B3)
where f(k) is given by

n, ( d3k P2(kk'?

IO =5 ) @ ol + Wl — T O Y
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The significant result here is that TT!(k, w) given in (B3) is of the same func-
tional form as that obtained by means of the effective Hamiltonian (1), which
describes frequency-independent renormalized vertex functions.

The above result can be generalized to any diagram that contains a pair
of quasiparticle-hole lines which when cut separate the diagram into two
disconnected pieces, i.e., a two-reducible diagram. The introduction of four-
point mixed vertices yields diagrams that are not two-reducible, e.g., Fig.
8(c). However, compared with the two-reducible diagrams for w near the
quasiparticle-hole continuum, these two-irreducible diagrams can be
neglected. Hence only three-point vertex corrections need be considered,
which are in general two-reducible. We conclude that, in regions where the
bare spectra are near each other, all three-point vertex corrections can be
included in the second-order polarization diagram (Fig. 8a) if we consider the
frequency-independent renormalized vertex functions in the effective
Hamiltonian (1) as phenomenological parameters to be fitted from experi- .
ments.
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