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I. INTRODUCTION

Pneumatic tires are functional parts of many operating mechanisms. In
order to effectively design and engineer such mechanisms, it is often neces-
sary to know the mechanical properties of the component parts, including the
tires. One of the major roles of the Tire and Suspension Systems Research
Group has been to study and analyze some of the important mechanical proper-
ties of pneumatic tires and to present rational methods for predicting them.

For the past several years an extensive structural analysis of the tire
treated as a nonisotropic toroidal shell has been pursued. This has been a
large undertaking and, although not complete, is slowly becoming usable. The
analysis for the axisymmetric inflation problem currently provides good nu-
merical results, and the analysis for the static loaded tire shows consider-
able promise of being equally useful. However, these analyses require a great
deal of understanding and practice on the part of the user before practical
results can be gotten from them. Thus, even though such analyses will even-
tually be available for more complete understanding of the pneumatic tire's
role as an elastic body, less complicated methods for estimating important
mechanical properties of tires are highly desirable.

Several paths have been followed by this research group in developing
methods for predicting mechanical properties of tires. One technique involved
modeling of the pneumatic tire as a cylindrical shell supported by an elastic
foundation.5_7 This model provides relations for predicting several proper-

ties involving deformation in the plane of the wheel, such as patch length



vs. vertical deflection, vertical load vs. vertical deflection, plane vibra-
tion characteristics, transmissability characteristics, and dynamic response
to a point load.

A more recent attemptu involved analyzing the pneumatic tire as a string
on an elastic foundation. This model is primarily used to predict lateral
stiffness characteristics, vertical stiffness characteristics and twisting
moments. However, this model has been found to be useful only when the infla-
tion pressure is high, such as in the case of aircraft tires.

This report presents a method for predicting the fore-and-aft stiffness
characteristics of pneumatic tires. Fore-and-aft properties are important in
the overall analysis of a tire since they represent the contributions of the
carcass and tread to braking and tractive elasticity. A different model is
required here since the cylindrical shell and the string on the elastic founda-
tion do not provide means for transmitting such loads, It is hoped that this
model will prove satisfactory for predicting fore-and-aft characteristics of

various tire designs.



ITI. SUMMARY

An elastic bar supported by a foundation exhibiting elasticity in shear
serves as a model for determining the fore-and-aft stiffness properties of a
pneumatic tire. The differential equation representing the deformation is
derived and solved, and the resulting solution serves as a means for calcu-
lating a fore-and-aft spring rate for the model.

A series of five tires of various sizes and structures was used for test-
ing the validity of the proposed model. A set of static tests was performed
to establish an experimental value for the fore-and-aft spring-rate for the
various tires. Additional structural data, required by the analytical solu-
tion of the model, were also obtained from the tires. A comparison of the
calculated and experimental results was reasonably satisfactory, indicating
that the proposed model can be used to roughly approximate fore-and-aft stiff-
ness characteristics.

A complete tabular summary of the geometry and composition of the five
tires is included for easy reference. All experimental and analytical re-

sults are summarized and compared in graphical form.



ITI. ANALYSIS

To represent fore-and-aft stiffness characteristics, the pneumatic tire
is idealized as an elastic bar supported by an elastic shear foundation (see
Figure 1). The elastic bar portion of the model represents the tread region
of the tire which is loaded by the fore-and-aft load F. In addition to the
restraint offered by the stiffness of the tread region itself, resistance to
deformation by the load F is provided by the tires' ability to withstand
shearing forces in the sidewall regions. This portion of the tire is repre-

sented in the model by the elastic shear foundation.
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Figure 1. Idealized model of pneumatic tire for
analyzing fore-and-aft spring rates.
If it is assumed that the restraining force of the elastic shear founda-
tion is directly proportional to the displacement, an elemental segment of

the elastic bar can be set in equilibrium as shown in Figure 2. Note that ad-



vantage is taken of the symmetry present in the model.
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Figure 2. Loaded element of the elastic bar portion of the model.

In Figure 2, S is the force acting on the bar, u is the displacement, and
Kg is the spring rate per unit length of the shear foundation. It is assumed
that Kg is provided only by the shear resistance of the sidewall. From Figure

2, it is seen that one may approximate

where G is the effective shear modulus of the sidewall, H is the sidewall
thickness, and A is the length along the sidewall from the rim to the point
of intersection of the tread and carcass.

From equilibrium of the element,

3S
e
ou
S = TA; = EeA; = A ™



where T is the stress, e the resulting strain, Ay the cross-sectional area of
the bar at any location, and E the effective extension modulus of the tread

region in the circumferential direction, Thus,

where

The general solution of this equation is

u = Cj cosh gx + Co sinh gx (2)

The boundary conditions for this problem are

at x = 0, s = =
2
(3)
at X = ma , S = 0
Substituting (3) into (2) gives
-F F
C = M C = )4.
1 2AGE tanh waq 2 2AgEq (8)
Thus,
F . cosh gx
u - nh qx - —=—- 4%
(x) 2AEq [Sl ¥ ° tanh qxa:l (5)

The fore-and-aft stiffness is determined by finding the ratio of the applied

load to the displacement at the point of application of the load. Thus,



F

a(o) - 2AgEq (tanh gma) (6)

Ke =

Equation (6) now represents a relationship for the fore-and-aft spring-rate
of a pneumatic tire idealized as an elastic bar supported by a shear founda-
tion. As can be seen From Egs. (1) and (6), the application of Eq. (6) to a
real tire requires a knowledge of the effective stiffness of the tread region
in the circumferential direction AgE, the effective shear modulus of the side-
wall region G, the effective sidewall thickness H, and the length along the
mean meridional section from the rim to the intersection of the tread and
carcass, A.

The extension modulus in the circumferential direction and the shear
modulus of the carcass usually vary from one location to another in the merid-
ional direction because of the orthotropic nature of the tire carcass, so some
averaging criteria must be established in order to compute AgE and G for a
given tire section. Such a criteria can be established by referring to Figure

3 and defining the effective ASE and G by:

o5 0,
) fo (A.E)do fo [Ee(hc+ht -—)] a
(AE) e pe. %3 - ¥
do JF do
° o (7
0

eff.
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Figure 3. Meridional cross-section of the tire.

In Egs. (7), ¢ is the location angle in the meridional plane, Eg is the ex-
tension modulus in the circumferential direction, h, is the effective thick-
ness of carcass at any location, hy is the effective tread thickness at any
section, Ey is the Young's modulus of the tread stock, and Gyp is the effec-
tive shear modulus of the carcass at any location. Using References 1 and 2
as a guide, Eg and Gyp can be calculated for any meridional location knowing
only certain elastic and geometric parameters required by most tire design-
ers.

In order to establish some validity for the assumption that the shear
foundation modulus K  can be estimated by considering shear effects only, a
simple experiment was performed by gluing a metal strip along the line of con-
tact of two rubber cylinders placed side by side (see Figure 4). A load was

attached to the bar and the resulting deflection was measured by the dial in-
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Figure 4. Experimental apparatus for checking Kg.

dicator. The slope of the experimental load-deflection curve, related to Kg,

was then compared with the value of Ky obtained from the relation given above,

A summary of this experiment is presented below:

w
]

10.0 in. dy 1.252 in.

n

0.986 in.

fas]
1]

0.133 in.

o
'_l
1}



]

0.10 in. A 1.72 in.

€1
2
200/3 1b/in.

0.15 in. G

€2
From the test data (Figure 5), the slope of the load-deflection curve

yields a Kg = 22.0 lb/in./in. The calculated value for the double tube is

200
W==)(.133)
_ kg ( p) ) _ : .
K = el 1T = 20.6 1b/in./in.

(A factor of U4 appears in this computation because of the double tube arrange-
ment.) The close comparison between the experimental KS and the calculated
one, assuming that the foundation is flat rather than curved, indicates that

any curvature effects are minor.
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Figure 5. Load-deflection data for double tube experiment
used to confirm the expression for KS.
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IV. COMPARISON OF THEORY WITH EXPERIMENT

In an attempt to investigate the applicability of Eq. (6), a series of
static fore-and-aft stiffness tests were run on representative tires. Be-
fore reporting these testé and their results, the five tires used are de-
scribed in detail. The idealized centerline profiles of the tires are shown
in Figure 6. Tire No. 1 is a domestic L4-ply, 8.00 x 14 bias-ply tire with
standard nylon cord. Tire No. 2 is a 2-ply, 7.50 x 14 bias-ply tire with
standard nylon cord. Tire No. 3 is an imported L-ply, 5.90 x 15 bias-ply
tire with nylon cord. Tire No. 4 is an imported 7.50 x 14 radial-ply tire
with overheads reinforced with wire cord. Tire No. 5 is a European made
155 mm x 15 in. radial-ply tire with overheads reinforced with nylon cord.

Table I is a summary of the pertinent elastic and geometric parameters
required from the five tires. Using the results in this table, Figure 6,
and Eqs. (6) and (7), it is possible to calculate the fore-and-aft stiffness
of the five tires. Carrying out these computations gives the calculated
values presented in Table II.

To check the accuracy of the calculated values, the five tires were
tested in the apparatus illustrated in Figures 7 and 8. 1In this testing
procedure the tires were loaded vertically to a fixed deflection. Then a
varying fore-and-aft load was applied and the resulting deflection recorded.
The slope of these load-deflection curves represents the experimental fore-
and-aft spring-rates. These tests were run for different vertical deflections

and inflation pressures. The results of these tests are summarized in Fig-

ures 9 through 13.
11
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Figure 7.

Photograph of experimental apparatus for Ke.
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Schematic of fore-and-aft spring-rate test.



"T "ON SITJ *SSAJND UOT}D3TJSP-PBOT 3JB-PUB-3I04 '§ NI

‘NI-NOILD37430 TVLINOZINOH
80 20 90 SO vO €0 20 100 O 80 L0 90 SO $O €0 20 10 O 80 20 90 SO0 €020 10 O
I _ 1 T T T 1 1 T 1

- 1 T T T T _ T
3 : g
o X 2
a
o 8§ o 8 8
o—% —o0—&— mr 00!
X X ]
°o ¥ o & o d
x v X ° 5
o v (o] (m) o m
X o (o] v v o
o v o X B
x O o o
s x 002
a] LI
v
=] X
1sd g¢ 1sd G2 isd G|
00¢

UOIOB|JOP [DOIIBA Ul b/| |
UOI}I3|J3p |DIIIRA Ul |
UOKI3|J3P |DIYIAA Ul b/g
UONOB|J3P |DINJIBA Ul 2/|

O X 4 0

S87 - 30404 3AILOVHL
15



"2 ON SJT] 'S9AJIND UOTFOSTJOP-PBOT 3JB-puB-aI04 °*QO oMITd
NOILO371430 TVLNOZIYOH
mw. \u_o. w_o. m_o. v_o. m_O. m.__o. __o. 0 m_o. h_o. w_o. m_o. No. m_o. N_o. __O. 0 m_o. N_o. w_o. m_o. v_o. m_o. N_o. _mu.
B B
& g o o
o X
X o) u
[~] X
® o) ° ¥
o V ] o X
x—0 O— —
v 4 o X
m a ° o X m
o o B v
o X m o 2 o) m o
m o v X
o X x ]
x 5 X
2
g
1Isdgg 1sd g2 1sd g|
uoyo3|yap DoBA Ut /1 | O
UO1}93)J3P |DII}JBA Ul | v
uolO3|§8p DDA Ul 2/¢ X
uoljd3(4ap |0J1448A Ul Z2/| o

)

00l

002

S871—30404 3AILOVHL

16



“C *ON oJTL ‘SOAIND UOT}OSTJOP-PBOT 3J8-puB-3104 TT SIM3TL
NOILD31430 TWANOZIMOH
80 20 90 G0 vO €0 20 10 O 80 20 90 6O O €0 20 10 O 80 20 90 GO vO €0 20 10 O
1 | | | | | | | i 1 1 ) | | 1 | | | | | ! ] |
o b
° | "] x
0 x g "
o ° g o © $ ®
° < 9o ; — ool
o - X0 X—-
X 0O X 4
M o O x B * v g
o m g U o X g V o
X 0
o o x ¢ ©
v ]
b3 v [m] m
5 002
g
1sd 62 1sd 6l 1sd 6

UO1}98}§9p |D3IRA Ul /1 |
UO1303] 9P |DIIIRA UL |
UONI3|J3P |DIIHIAA UL b/C
UO1493]}3p D1} 43N Ul 2/ |

o x 440

'Sg71 30404 3AILOVHL

17



" "ON aaTg

‘NI = NOILI37430 TVLNOZIYOH

*S9AIND UOT3OSTJSP-PBOT 3JB-PUB-3I0]

‘2T 2am8TJd

80 L0 90 GO O €0 20 10 O 80 O 90 GO +O €0 20 I0 O 80 L0 90 GO #0 €0 20 10
| | | | I | I n_u | ] | ] | | | m_ | | | | | | | k
o 8 (o] v} 8
o B o 2
°o = ° B 8 o & 8
(o) m [e] X o x v}
o x [e] b 4 m le) x 2
o X o o X o X @
X o—x—& &
x 9 X B
g g
Isd g¢ 1sd g2 1sd g|
uoljI3|48p DJIIBA Ul /| | O
UONd3|Jap |DJNJIAA “Ul | v
Uuol}33|Jap |DJIBA “Ul b/ X
uol}d3|jap |OJIBA Ul 2/| o

0

00l

00¢

S87 -30404 3AILOVYHL

18



"G "ON IT] °S9AMO UOT}OSTISP-PEOT 3JB-pUB-3I04 *¢T OInITd
NI-NOILI37430 VLNOZINOH
80 L0 90 GO vO'€0 20 10 O 80 L0 90 SO O €0 20 10 O 80 L0 90 GO +0O €0 20 IO
| | | | | | | | | | | | | | | | | | | | | | | |
o B B o 8 "
o B g | s ®
o ¥ ® g
3 g & g 8 8
(o] m (o] m u X ®
o % o °© x u
o—x—0 x
X O o
=]
1sd O¢ 1sd 02 1sd Q|
UONOBIBP [DOWIBA Ul /| | O
UOI}03|43p [DO134A Ul | v
UOIOB1JOP [DONIOA Ul b X

UO1}93]Jap |DI1}49A

u g/ o

0

00l

002

S871—30404 3AILOVHL

19



In general it can be seen from these curves that the fore-and-aft spring-
rate increases only slightly with increasing vertical load and with increasing
internal pressure. Since Eq. (6) does not account for the slight increase due
to these factors, a comparison between the experimental and calculated results
must be made in a somewhat arbitrary fashion. However, since the experimental
values are nearly the same for all conditions examined, any results used as a
comparison with the calculated values will serve as a meaningful check. The
comparisons shown in Table II are based on experimental values obtained from
vertical tire deflections of one inch and by use of manufacturers rated in-
flation pressure. The experimental values were determined by measuring the
slopes in the linear portions of the load-deflection curves. These compari-
sons indicate that the simple model formulated above gives a method for ap-
proximating the fore-and-aft spring-rate of pneumatic tires using only the

geometric, elastic, and structural properties required by most tire designers.
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