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NOMENCLATURE

English Letters:

%137 13

al

13

E,F,G

E',F',G!

u,v,w

Xy¥ 2

Constants associated with generalized Hooke's law, using prop-
erties based on cord tension.

Constants associated with generalized Hooke's law, using prop-
erties based on cord compression.

Elastic constants for orthotropic laminates with cords in tension.

Elastic constants for orthotropic laminates with cords in com-
pression.

Direction cosine.
|
Displacements in the x, y, z directions, respectively.

Elastic strain energy.

Orthogonal coordinates aligned along and normal to the cord
direction.

Greek lLetters:

o/

£,m,8

OJ

One-half the included angle between cords in adjoining plies
in a two-ply laminate.

Strain.

Poigson's ratio.

Orthogonal coordinates aligned along and normal to the principal
axes of elasticity, or orthotropic axes, in an orthotropic
laminate.

Stress.

Interply stress.
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I. FOREWORD

It has been known for some time that the stress-strain relationships
perpendicular to the plane of a tire carcass could be of some importance in

cases where the carcass becomes thick such as in aircraft or industrial

)]
{

tires. Such an analysis will require knowledge of the elastic properties
of cord-rubber combinations perpendicular to the thickness of a number of
plies, but will yield information concerning the possible interaction be-
tween forces in the plane of the carcass and ground pressure forces perpen-
dicular to the plane of the carcass.

Previous work on the elastic characteristics of cord rubber laminates
has ignored stresses in this thickness direction. Thus, this report will
serve two purposes: one is to give some indication of the size of the elas-
tic constants perpendicular to the carcass of a tire, the second is to in-
vestigate what effects an inclusion of stresses in this direction might
have on the previous development of plane elastic characteristics.

This report is an extension of the development in Ref. 1; hence, much

of the detail of Ref. 1 will be utilized in this development.



IT. SUMMARY

A three-dimensional analysis of the elastic characteristics of cord-
rubber laminates is presented in this report. The analysis is a continua-
tion of Ref. 1, which was based on the principals of orthotropic materials.
The investigation is confined to those structures which have the cords of
all plies in tension.

This report shows that the extension moduli and cross-moduli,; relat-
ing stress and strain in the plane of the cords, are not affected by the
stress and strain in the thickness_@ireétioP; hence, there are no coupling
effects between the normal stréins‘in:fhé'plaﬁedf’the cords and the stresses
in the direétion of the thiéﬁngs#}r The shear modg%us is affected, but the
magnitude of this change is yéT¥.s@alilf§r{§h§ numerical calculations pre-
sented in this report. |

In éddition, the exﬁgnsion‘ﬁb&ulifgnd cross-moduli representing the re-
lationships between normal stresses and straing in the thickness direction
are presented, as well as the additional shearing effects; which are shown
to be completely independent of the stresses in the plane of the cords.

Interply shear stresses agaln enter into the analysis. They are used
only insofar as they influence the elastic characteristics considered in
'this report. However, these stresses are shown to be different from those
previously obtained by ignoriﬁg effects in the thickness direction.

It may generally be concluded from the work reported here that the in-
clusion of the third direction is entirely possible when investigating the

2



elastic characteristics of orthotropic cord-rubber laminates. The only
additional information needed is that relating stress and strain in the

thickness direction of a single sheet of the constituent material\



III. THEORETICAL ANALYSIS

A two-ply laminated structure is considered in which the cords are
separated angularly in the two plies by an included angle 20, as shown in
Fig. 1. In that illustration, the heavy diagonal lines representing typ-
ical textile cords are shown being bisected by coordinate axes § and n, two
arms of the orthogonal £, 1, { system. The elastic properties of this type
of structure will be obtained and expressed in terms of the elastic prop-
erties of a single sheet of parallel textile fibers embedded in rubber and

forming one lamina.

g

Fig. 1. Schematic view of a small section of a twa-ply laminate,

This report will extend Ref. 1 by including the effects of stress in the {
direction. The details of Ref. 1 will be referred to often in this analysis.

Although discussion in this report is limited to the characteristics



of a two-ply system, the ideas and techniques developed allow fairly easy
extension to any number of plies, provided that the structure remains ortho-
tropic, that is, that it maintains three planes of elastic symmetry.
Observation of the physical nature of the structure under investiga-
tion, shows that the usual form of Hooke's law can be applied directly, so
long as the relationships between stress and strain are written in the €,
€, and n directions, since these are the only directions in which coupling
between normal stresses and shearing strains vanishes. In other words,
these are the only directions in which we can apply normal stresses and
have no shearing strain. The equations relating stress and strain for this

condition are:

1 = ;_?lcé+%1—%§ﬂcg
o < g -gﬂ-@w;é
ety =%‘§°;l “né =%§'
e, ~ %zf T %
enc=22§ GCHZ%T%



Some simplification of Eq. (1) results when one recalls (Ref. 2) that
the stresses and strains are components of symmetric tensors and, hence,

035 = O3y and €15 = €31 With this in mind, it can be seen that ng = Gﬁé’

]

Ggg GQE’ GﬂC = GCH' Note however, that Men and Mngs Bt and bees etc. are

not necessarily equal. Therefore, from this viewpoint one has twelve elas-
tic constants: Eg, Eﬂ’ EC’ “én’ ung, Mees Hees ung, ucn, ng, ch, GﬂC°
Equations‘(l) can be obtained by a somewhat more general approach, which
will also yield additional information. Several authors, eg., Ref. 2, have
shown that for an orthotropic material the relationship between stress and

strain can be expressed in the following manner:

= C + 4+ Cos €4 +0+0+0
Gn 21 €€ Coo Gn =< €€ 0
eC = (a1 eg + Cao en + Cas eC +0+0+0
(2)
Ugc = 0+0+0+0 + 2055 €§C + 0

ng = 0+ 0+ 0+ 0+ 0+ 2C0gg €§n )

when Cij represent elastic constants of the material. In addition, there is
a function which represents the strain energy per unit volume stored in the

material; this function is of the form



o 2 2 2
W= [911 € * Coo & t Cas € + (C1z + Ca1) € € * LCas €0t

+ uCés €§g + hCee €§£] .

Since this function is quadratic in form, interchanging the subscripts
on the C's will not alter its value; hence, Cij = Cji' A physical conse-
quence of the unchanging nature of W is discussed in Ref. 1.

With this in mind, one can rewrite Eq, (2) in this form:

o = Ci1 €t + C1o €n + Ci13 €C
Gn = Ci1o €§ + Coso Gn + Cos €C
UC = (C13 Eg + C23 En + C33 €C

Ot = <Cas &t

GEC = 2Css €€C

Uén = 2066 €§n o

Rewriting Eq. (4) for strain in terms of stress, we have

2
(Cop Cag - Cos) o + (Cis Czs - Cyz Caz) . . (Ci2 Cos - Ciz Cop)

€ = g
= Coz ¢ Coz Coo ¢
2
. = (Caz Cos - Cip Cas) o + (C1a Caz - Cia) oy + (Cap Ci3 - Ca3 Cz3) ot
0 Coz Coo ‘ Coo

(5)



¢ = (Ciz Cz3 - Ciz Cap) op + (Caz C1s - Ci3 Cos) oy (C11 Cop - C3p) o
Caz Coz Caz
o
e - ont
(5)
0
_ &8¢
e = 2Css
%
e, = —
& 2Cee

Comparing Egs. (1) and Egs. (5), observe that

(Ciz Cos - C1pCas) _ Mt _ Mg _ 1
(Cip Cog - Ci3 Cpp) _ “MLE _ -Met = L
(Cip Cig - Ci1 Cpa) f“@n s | S (6)
Caz Bt By Eng
(Coz Cag - C3s) - L (Ciy Cas - CE3) _ 1 ; (Cyy Cazp - C1p) . L
Coz Eg Coz Eq - Caz Ee

2C6§ = Gen; 2055 = Géc; 2044 =3 GT]C



The substitution of Egs. (6) into Egs. (5) yields the stress-strain relations

for any orthotropic body in the form

0 O o
€ = + g
Be  Feq  Fet

=

‘¢ =

[}
us

The form and terminology of Eqs.’(Y) will be used throughout the following
discussion involving stress-stress relations. Note that Egs. (7) contain
nine independent elastic constants: the extension moduli Eg, Eﬂ’ and E§3
the cross-moduli Fens Fep, and Fops and the shear moduli Gg,, Cgp, and Gye.
Leaving the general two-ply structure, we will now investigate a single
ply which is considered to be constructed by imbedding a series of parallel,
straight cords lying in a plane into a sheet-like matrix of elastic material.
This construction is illustr@;ed in Fig. 2. This sheet of material is also
an orthotrqpic body if the axes of elastic symmetry are taken to be the x, y,
and z axes. Since it i1s orthotropic it will have elastic consiants similar

to those expressed in Egs. (7) except that the subscripts will now be x, y,



Fig. 2. Schematic view of a single ply of cord imbedded in rubber.

and z instead of &, n and €.

It will be assumed that E., E , E,, F ¥ F

y’ Tz Xz? “yz? TXy’ G G b3 and Gyzare

Xy’ Uxz
known quantities. Some previous work has been done in obtaining these prop-
erties.5 Again, note that thesé are the properties of a single ply in the
orthotropic directions only when all of the cords are in tension.

Again referring to Fig. 2, consider a known stress oy, Oys Ozs Oxys Oxzs
It

and oyz with a corresponding strain state €9 € 29 and €

v €20 Sxpr & vz

is desired to determine the corresponding stress and strain state referred
to the orthogonal axes &, 1, and §, obtained by rotating the x, y, z system
about the z arm through anzéngle of 0. The direction cosines of the different

axes with respect to each other due to this rotation are shown in Table I.

10



TABIE T
DIRECTION COSINES

X y b4
£ cos O - sin o 0
n sin cos O 0
S 0 0 1

It has been shownj thét the stress components referred to the &, n, { system,

written interms of the known components of the x, y, z system, take the form

ag = cos® oy + sina oy - 2 sin & cos & ny

. 2 2 .
Op = sin'@ oy * cos @ oy * 2 sin & cos O oyy
Ot = Oy
(8)
o : R 2 2
ogy = sin O cos O oy = sin O cos O oy + (cos®x - sin ) oy
GHC = Ccos O Gyz + sin @ oy,
GEC = - sin & Gyz + cos O Oy,

Similarly, for the strain com%onents referred to the &, 1, { system written

in terms of the known components of the x, y, z system,

11



GT]C

€§§

= cos®0 e + sin®a € - sin cos O €
X y Xy

2

= sinza €x t cos"C €y + sin & cos & exy

(9)

= 2sin Qcos @€ - O sinQcos & €, + (cos®a - sin®o)e

y Xy

= Ccos eyz + sin & €xz

- sin O €

il

vz + cos O €XZ .

In like manner, a similar set of equations could be written for the com-

ponents of stress and strain in the x, y, z system in terms of the components

in the &, n, { system. These will take the following form:

Xy

ya

XZ

Similarly,

= cos%a cg + sin®o Gn + 2 sin & cos O cgn

.2 2 .
= s8in"C g, + cos“™® 0 - 2 sin X cos O O
3 1 En

= Gc
(&)t

1}

- gin & cos ¢ o + sin & cos @ Oy + (cos2a - sinea)ogn
= Ccos O -sinQ o

M 3¢
= sin @ g ¢ + cOS O @

nt £

for the strain components referred to the x, y, z system written

in terms of the known components of the &, n, { system,

12



2 . 2 .
€ = cosT0 €, + sin“X € + sin O cos O €
£ n En

2 2
€ = sin X €, + cos X e. - 8in & cos O €
y S ‘ Ul En
GZ = GC
1
(9)
‘ . . 2 . 2
= - 2 sin O cos O + 2 sin & cos & + o -
€y sin €t s e (cos sin a)egn
€ = cos O € - sin Qe
yz ¢ 39
= in O + cos O .
exz sin €ﬂ§ S €§C

The generalized form of Hooke's law may be written using the stresses as
independent variables with respect to any desired coordinate axes; for ex-

ample, for the &, n, { system

€ = a1 Ot + aio Gn + a13,0§r++a14,05n +als GEC +Pa15‘0n§
ET] = apgl O'E + aoo O'n + ao3 0'§ + aog O'gn + aosg O'EC + aos GTIC
EC = as1 O + ago O‘n + aas O'C + asg4 O'g.q + ass G&C + asg GT]C
(10)
egn = a41 Of *+ ago o + aus at + a4a Okn + aus oet + ase Gng
= + + + + +
EEC as) 0'§ aso O'n as3 Gg 854 O'gn ass GEC ase O'n§
e o PR ITo N Qe o At j Aty 'y o
Eng aa1 G§ ago HO'T] 83 Gg aa4 GET] ass GEC age6 GT]C

The values of the various aj j coefficients of Egs. (10) will be determined

by using the procedure outlined in Ref. 1. The coefficient ajq will be

13



determined to illustrate the procedure.
The stress Oty may be considered known, and Os Ony Oty Otk and Opt¢ are

set equal to zero. Then it follows from Egs. (10) that

€t
a14 = — (11)
Oty
however, from Eq. (9)
€& = cosa ey + sin®o € - sin 0 cos O &gy . (12)

Next, recalling that the single ply under consideration is orthotropic with
the x, y, z axes as the axes of orthotropy, the equations relating strain:

and stress can be written by referring to Egs. (7).

0 (o} ag
e = XL o4z
Ex ny XZ
g. 0] g
xy By Fyz
(13)
€ —— S.}i_-}-.o_“}.r__q-iz_
z ~ F F E
X7 vz Z
g o (o}
. Xy X7 VZ
Exff = —= € = = € = =t
Xy Gxx_, XZ ze ’ yZ Gyz

Now, referring to Egs. (8)1, Oygs Oy Oyy Oyys Oxyo and Oyp CEN be expressed

in terms of the noﬁ~zero dgn:

14



0y = 2sin Q cos Q cré.q s Oy = - 2 sin @ cos @ cgn
(1k)
2 ., 2
Oy = (cos“a - sin Oé)cgn ) 0, = Oy = Ogp = 0 .
Substituting Egs. (14) into Eqs. (13) gives
€ = 2 sin & cos O -l--—-l—c
x Exy Fyy/ &N
-1 L
€, = 2 sin O cos oc<—-— + ———>G§
y Ey ny N
1 1
€, = 2sindcos o =— - —)o (15)
‘ <sz Fyz> 2l
. _ (cos®a - sinq) o
Xy ny n
€y = eyz = 0 .

Now, substituting Eqs. (15) into Egs. (12),

2 cossa sin o 2 sinSOt cos O . cos®a - sin?o
- - 81ln & cos O

€ = 0
: &n E, E, Gy

2 . .
+ ——(- cos3a sin o + sin3a cos @)
ny

15



Therefore, ai4 becomes

€§ 2 cosa sin a2 sinc cos O
814 = = = - =
Otq X Y
1
- cos @ cos @ (cos®a - sin®0)(=—— + 2
Gy Fxy,

By identical procedures one may obtain

815 = &1 = 8pg = 835 = 83 = 845 = 84 = 851 =
o5 = 854 = 8gl1 = 8g2 = 8g3 = agg = O
841 = 814

. 4 o
ay, = cos™a . sinor cos2 sin 1 + 2.
Ex Ey Gxy Fxy

. 4 4
s;n a + co; 0 + cosZa sin2a<él— 4 fg{)
Ey v xy  Txy

‘8gp =
a 1
33 = =
E,
( 2 2\
2 ., 2 1 L 2 cos“Q - sin“o
844 = U cos™@ sina|— + = - + )
Ey Ey ny ny
cosaa sinea
ass G + a
X7 'z

16



cosZa + sin®a

aggs =
qyz ze
. 4 4

, 1 1 1 a + cos @

812 = 8p1 = sin®a cos® E— + E_ -3 + (sin = )
X ¥ Xy Xy
cos®a | sin®o

813 = az1 = 7 + T

X7 yz
a - a _ sinzah+ cosZo

23 32 T T
X7 yz
2 sin0 cos @ 2 cos’a sin « 1 o
824 = 842 = T - . + sin a cos a(cos®a - sin2a)<é—— + f;;)
X y xy
; 1
834 = @a43 = 2 cos O sin O —l;-_ —_
Fxz Fyz
. 1 1 '
asg = @ags = cos O sin & |— - — . (16)
Gxz Gyz

Equations (10) and Egs. (16) now allow the properties of an orthotropic sheet
to be predicted in any direction &, 71, § at an angle & with the cord direction.

If the results of Egs. (16) are used, Egs. (10) take the form

]

all“UE + ais dﬂ + ais ot + aig ng (a)

e

m
I

n 812 o *+ azz o + ag3 9t + 8p4 Ugn ()

17



GC = aig O'g + ap3 O’n + aass GC + asa G&T] (C)

€en = 814 O + aog % tazg Of toage Ten (4)

(17)
€ee = @ss Ogp *+oase Int (e)
G.qg = agsg O‘gg + agg GT]C (f)

Note that Egs. (17e,f) are independent of Eqs. (17a-d). One concludes from
this that there are no coupling effects between the stresses Oty Ops Oty and
Okn and the shearing strains in the & - { plane and the n - € plane. In like
manner, there are no coupling effects between the shearing stresses gt and

Ont and the strains eg, € Ets and €kn-

To determine the relationship between the stresses and strains in Egs.
(17a-d) consider now a sheet of the type shown in Fig. 2 but inclined at some
angle O to the orthotropic sheet axes x and y. This is illustrated in Fig. 3.
Imagine that is is desired to extend this sheet in the &, 1, and { directions
by means of normal stresses only. Because the orthotropic axes x and y do
not coincide with the &, 1 axes, this is not possible; distortions egn will
inevitably accompany the application of any set of normal stresses Oty Op,
and ot - However, because the { axis coincides with the third orthotropic
axls, the z axls, there are no accompanying shear strains €§§ or eng. This
is also seen in (l7e,f), Bgcause there are shearing distortions in the & - q
plane, one must admit the existence of shearing stresses ng as necessary for

the distortionless extension of an element such as that represented by Fig. 3,

18



Y

Z,C ):iy

Fig. 3. Single ply of cord imbedded in rubber at angle & to the
vertical & - axis.
where the reference axes do not coincide with the orthotropic axes. With
this provision in mind, one may go directly to (17a-d) and presume no shear
strain €t that is, a Otq will exist to prevent the shear distortion when
the normal stresses are applied to the structure. This will result in hav-

ing only normal strains eg, en, and ec. For this condition Egs. (17) become

Eé = aji O'g + ajs O’n + ais O'C + aj4 ng
€n = alg O’é + ago O'T] + ao3 O'C + apy O'én
(18)
EC = a_ks O‘g + a3 GT] + as3 O’g + az4 O’En
0 = aiq Ué'ﬂ + ao4 On + asg GC + a4 O’gn

We now have four equations and four unknowns <€§’ en, GC’ O§ﬂ>' Solving the

19



last of Egs. (18) for Ogs ORE obtains

a a a
GE, == - _é_].: o - __4_2. GT] - _..4'.2 O'C
N 844 844 844

(19)

This is the stress that must be supplied from some external source to obtain

distortionless extension. The use of this stress in the first three of Egs.,

(18) yields

i

€t

a a
o (211 - a14 1{) + g <§12 _ 814 1%>+ ot (a1
844
824 814 8o4 824
Ug a1p - —=—==)+ 0 (822 - + UC ao3
n 844 n a44
a as4 @
oglaiz - 81 Bos 3) + oy 823 - =24 —2a 2>+ at(aas
844 844

Comparison of Egs. (20) with Egs. (7) shows that

m
It

]

€

1 az 1 a2 1 a
— = (a1 -=2); = = (az- =2 ); — = (agg - e
Eg a4 En 844 . EC a44

|
T
=
i
o\
i_.l
o
®
o [~
»
& |
S}
Q
15‘“"-d|
vw |
(Ve
il
/’E;\\
W
©
[
o |
RS
[ o
w
NG
lea]
= —
(Ve

_ 814 as%)

B 824 834> (20)

as4 asf)
- —————— .
844

(21)

o4 8
= ag3 =~ — —
844

>

Now consider the shear moduli ng, Gé@’ and Gng, which relate the shear-

ing strains and stresses. Note again that this entire development is based

20



on the assumption that all cords are in a state of tension. This is a nec-
essary assumption to assure that the sheet properties E,, Ey, etc., which are
assumed to be known, are constants for all plies involved.

To obtain ng associated with all cords in tension, one must postulate
an extension-free distortion or a pure strain €, which occurs as the result
of the proper application of the stresses O 5 Gﬂ’ GC, and dgno It has al-
ready been mentioned that the application of either or both of the stresses
ogt and opt does not affect the strain €ty Equations (17) become, when

applied to this case,

O = aj; UE + ais GT] + a3 O‘C + a4 O‘én

0 = ajxs Gé + aoo O"l'] + a3 Gg + apg ng
(22)
= + + +
0 8113 GE ao3 GT] ass UC as4 O'gn
Egn = a14 O‘g + aps GT] + agg O’g + ag4a UETI .

Solving the first three of Egs. (22) for Ot 5 Gn, and o¢ gives
Ug = Ugn(.al4 azzass-dzs) - 812(634323’a24a33) + als(a22a34—a24a2?ﬂ/ﬁD
Gﬂ = Uén[;ll aoz3834- 324833) + 814(321333~a23331) + 313(324831 321a345]//D
Og = Ugn[:ll apa a¢4~azzas4) - (313894~812a34) + 314(312323“a2a3131J//D;

. 5 (23)
where D = (a1 (apsass-ads) - a1o(a1z833-803813) + a13(aistss-asma1s) |.

Equations (£3) represent the normal stress necessary for an extensionless

o1



distortion. Substituting these into the last of Egs. (22) gives

€
1 En 2 (.2 2 (.2
T C p = [%14(a23-322333) + a54(afz-a11833) + a§4(a§2-a11a22)
En En

2

+ 2ajsaps(aisész-aisans) + 2324834(6-11&123-algalsﬂ/Esa(alla.ee-ale)

+ ass(aisaiz-aiiass) + als(alzazs-alsaeagl} + aga .

(2k)

The last two of Egs. (17) will now be considered in an effort to ob-
tain ch and GﬂC' In the first case, a known Oet will be applied and it will

be agssumed that the stresses will so distribute themselves that eng will be

zero. For this case Egs. (17) become

ass Ggg + asg Gng

EEC

O
I

ase OEC + ags UnC .

Solving the second of Egs. (25) for Onts one obtains the shear stress Ints
which must be supplied from some external source in order to have a pure

shear strain egg resulting from the application of only the sheer stress Ot

a
Ong = - gos %t (26)

Substituting Eq. (26) into the first of Egs. (25) gives

22



€
L = _g(-:‘_ = (ass - ig_s . (27)
e 9% see

For a second case, a known Ong is applied and it is assumed that the stresses

will be so distributed that GEC is zero. For this case Egs. (17) become

O
I

ass Ggg + asg Gnc

(28)

1

€n€ asg Géc + ags Ong .

Solving the second of Egs. (28) for OEC’ one obtains the shear stress GEC
which must be supplied from some external source in order to have a pure -

shear strain enc resulting from the application of the shear stress GHC;

- . &8ss
GEC = aos Gng o (29)

Substituting Eq. (29) into the second of Egs. (28) gives

2
N A= (30)
Gnt It ass

Equations (21), (24), (27), and (30) now represent a set of equations from
which one can calculate the elastic properties of an orthotropic sheet in
any direction £, 1, € at an gngle O with the cord direction x, y. It should
be made clear at this point that the development of these equations has been
obtained directly from the analysis of a single ply of material and, it has

been observed by comparing these with Egs. (7), that they are the same elas-

23



tic properties that relate the stress and strain of the two-ply composite
body. Hence, the moduli of the two-ply combination of Fig. 2 are the same
as those of the single sheet of Fig. 3 when referred to the £, n, { axis.
Of course, these are the’same only so long‘as the two plies are exactly the
same in physical make-up and so long és the single sheet has been provided
with the "extra" stresses expressed by Egs. (19), (23), (26), and (29).

If is appropriate at this point to compare the form of the elastic prop-
erties as developed in this report to those of Ref. i. First of all, EE’

Eﬂ’ and an are exactly the same for the two developments. This implies that
the relatlonships between normal stresses and strains in the § - 1 plane are
unaffected by stresses and strains in the § direction. However, note that
the "extra" stresses Ot (Eq. (19) of this report and Egs. (14) of Ref. 1)
are not the same. Hence, the magnitude of the additional stress necessary
for distortionless extension is different for the two developments. The
magnitude of this difference is discussed in a subsequent portion of this
report.

The next comparison to be made is that of the shear modulus, ng. A
comparison of Eq. (17) of Ref. 1 to Egs. (24) of this development shows that
there is a considerable difference in the two expressions for ng. The mag-
nitude of this difference is discussed in a later part of this report. Note,
also, in conjunction with Ggﬂ that the "extra" stress o and 0y necessary
for extensionless distortion are different in the two developments. These
differences imply that the "extra" stresses necessary for pure distortion are

affected by the stresses and strains in the third direction. These "extra"
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stresses are the so-called "interply shear stresses" that have been discussed
by this group in previous reports (Refs. 1, 4, etc.).

In addition to the changes noted in the relationships of stress and
strain in the € - n plane, one can now predict the relationships of stress
and strain in the n - € and & - { planes. Also, note that additional inter-

ply stresses are present when one includes the stresses and strains in the

{ direction.
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IV. CAICUIATION OF ELASTIC PROPERTIES

Two topics are discussed in this sectjon, supported by evidence from
actual calculations. First a comparison is made between those elastic prop-
erties which are common to this report and to Ref. 1. Second, typical cal-
culations are presented for those additional properties that have been de-
veloped in this report.

Equations (21), (2&), etc., show that in order to calculate the elas-
tic properties of the orthotropic sheet in a non-orthotropic direction, one
must first calculate the a;.: coefficients. However, in order to calculate

J

the aj j's one must have some knowledge of the basic sheet properties Eys Ey,

F

Xy 9 G Eyy Fygs Fyz: Gyys and Gyz. Previous work has been done in obtain-

Xy? “z

ing the first four of these quantities, and some typical values from Refs., 2

and 6 are used in the calculations which follow. Because the remaining five

sheet properties have not been measured previously, there is no experimental

information on their magnitudes. However, the approximate value of these

quantities can be estimated from the geometry of construction of a single ply.
By referring to Fig. 2, one can reasonably assume that E, will be similar

in magnitude to Ey, because, like Ey, E, is a ratio of stress to strain in

a direction perpendicular to the cords. In a like manner, one can reasonably

assume that Fy, will be simiiar in magnitude to ny) because, like ny, Fss

is a ratio of either stress in the cord direction and strain in the direction

perpendicular to the cords or vice-versa.
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On the other hand, Fyz is assumed to be similar in magnitude to 2Ey.
This assumption is based on the fact that Fyz is a ratio of stress in a direc-
tion perpendicular to the cords to strain in a direétion perﬁendicular to
the cords but élso'perpendicular to the streés. Hence it will behave like
the quantity El/u;, where Ei refers to the extension modulus in a direction
perpendicular to the cords, while pj refers to the Poisson's ratio in a
direction perpendicular to the cords. This in turn implies that Fyz is sim-
ilar in magnitude to the ratio of EY/uR ~ 2EY'

It is also reasonable to assume that ze and GyZ arevsimilar in mag-
nitude to Gxy, since they are all ratios of shear stress and shear strain
taking placé primarily in the material in which the cords are imbedded.

These‘sheet properties are only estimates, with no experimental con-
firmation. However, they should serve adequately in the following calcula-
tions, since the calculations are only intended to illustrate some of the
differences in the development of this report as compared to that in Ref. 1.

With this in mind, the following typical values of sheet properties used

in the calculations of this section are listed below:

E, = 223500 psi Fey = - 405000 psi
E, = 970 psi Fyp, = - LO0000 psi
E, = 1000 psi Fy, = =- 2000 psi
ny = 308 psi
Gyy = 300 psi
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a = 00} 1501 300: Ll’5°) 600) 75:0; 902

‘As mentioned previously, there is no difference between the Eg? Eﬂ’ and
Fgn of this report and those of Ref. 1. Therefore no discussion of these
properties is necessary except to compare thé interply shear stresses re-
quired for the distortionless extension necessary in these three properties.
To do this a comparison must be made between the Uéﬂ obtained from Eq. (19)
of this report and that obtained from Eq. (14) of Ref. 1. The results of
this comparison are shown in Table ITI and illustrated in Fig. L. The dif-
ference in the two formulgtions can be attributed to the significant effect
of ot represented by the third term on the right-hand side of Eq.‘(l9).

In comparing the ng o: this report (Eq. (24)) and that of 3ef. 1
(Eq. (17)) observe that there is a considerable difference in the two ex-
pressions. Tﬁis is because’the interply stresses necessary for extensi&n-
less distortion are different in the two developments. However, Table I
shows that the numerical value of ng is altered very little by the inclusion
of the effects of the { direction. This is further borne out by observing
that the normal interply stresses are unaltered numerically. The additional
normal interply stress ot , illustrated in Fig. 5, is small and contributes
very little to the value of Ggy.

Figure 5 is a graphical representation of Fgg and Fnc, and it is interest-
ing to note that these valugé change sign over the range of cord angles used
in the calculations. This implies that it is possible, with the correct com-

bination of cord angle and sheet properties, to apply an extensional stress
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O—0O Eq. (19) of this report

¥—=X Eq. (14) of this report

Resulting From Application of Normal Stresses of 100 psi
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Fig. 4. Comparison of interply shear stress oén of this report and that
of Ref. 1. '
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Fig. 5. Interply stress c& as calculated from Eq. (23).
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in the & or n direction and have the thickness increase. In a similar manner,
one may apply an extensional stress in the { direction and have an increase
in length in either the & or n direction.

Figures 6, 7, and 8 illustrate the remaining additional elastic char-
acteristics obtainable from the analysis presented in this report.

It is emphasized again that the results presented here are those of a
typical example. There are many special combinations of geometry and basic
sheet properties that would probably result in slightly different conclusions
being drawn concerning the influence of various parameters on the elastic

characteristics.
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Fig. 6. Cross-moduli Fyp and Fn ¢ s calculated from Eq. (21).
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Fig. 7. Shear moduli Gyy and Gyt as calculated from Eqs. (27) and (30),
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Fig. 8. Interply shear stresses “ég and G"tlg calculated from Eqs. (26) and
(29).
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