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PRETACE

During the past three years, several articles presentins theo-
retical considerztions on the subject of the magnetron and the proposed
magnetron travelling-wave tube have appeared in the Annales de Radinelectricite,

A number of these articles have been translated from the French for use in
this laboratory.

A series of four articles by O. Doehler et al, were of consider-
able interest to the persormel of the Tlectron Tube Laboratory, and it is
thought that they would be of greater interest to other workers in this
field if available in an FEnglish translation.

It is to be noted that for consistency with the coordinate sys-
tem usually used in the United States, the x- and y-axes have been reversed
in the course of this translation.

In the translation, all errors have been corrected according to
"Brrata," Vol. 3, p. 183.

This writer would like to express his appreciation for the assist-
ance received from Dr. B. A. Uhlendorf, Editor of the Engineering Research
Institute Publications, who carefully edited the translation.

Ann Arbor, Michigan
July, 1951
George R. Brewer
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PART I

ON THE PROPERTIES OF TUBES IN A CONSTANT MAGNETIC FIELD

by O. Doehler

Annales de Radioélectricité
Vol. 3, No. 11, Jan., 1948, pp.29-39

Sumary

This article treats the static and dynamic properties of the mag-
netron. Using the theories of L. Brillouin, the author gives the relations
defining the space charge, the distribution of potential, and the character-
istics for the magnetic field smaller than the critical magnetic field. The
author then studies the oscillation frequencies of the multicavity magnetron

and shows that the results of his calculations agree well with the measured

values.

Introduction

The present work treats the static and dynamic behavior of the mag-
netron. Although much has been written on this question, this article seems
Justified, for it brings together the different ideas on certain points which
have been published heretofore.

The first part treats the space charge, the distribution of poten-

tial, the trajectories of the electrons, and their characteristics; the
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second part studies the regions of oscillation by taking as a basis the
preceding results. These results are the point of departure of the theory
which considers the magnetron as a tube for the propagation of waves.
One begins with the idea of L. Brillouin in order to arrive at
the relations concerning the space charge, the distribution of potential,
and the characteristics for the magnetic field smaller than the critical
magnetic field. However, in the use of the magnetron, these quantities
are most important for the field larger then the critical field. Certain
experimental results make one think that the usual ideas should be comple-
mented in this domain from the ideas borrowed from other phenomena. One
should study the motion of the electrons, not from the kinematic point of
view, but from the statistical point of view; in fact, because of the very
large current density, the interactions between the electrons are strong. It
is therefore no longer permissible to regard the electronic current as a
continuum but as having the properties corresponding to a discharge in a ges.
There does not exist an exact statistical theory of the electrons
in the magnetron enalogous to thet of the discharge in the gas. This theory
will not be developed here. Nevertheless, we can derive certain conclusions
from the measurements of the distribution of potential and base the calcu-
lations on these. The measurements we conduct presuppose an approximately
constant density of electrons, independent of the dimensions of the system
in the static state. Ve can then calculate the trajectories of the electrons
for a magnetic field 1.2 to 1.5 times greater than the critical megnetic field.
In the second part we will show that the oscillation frequencies of
the multicavity magnetron, calculated according to this hypothesis, are in
good agreement with the measured values. It is the same for the efficiency

and the admittances of the oscillating magnetron.



Finelly, the results of this treatment will give quantitative
indications useful relative to a new type of amplifier tube: the magnetron

travelling-wave tube, which will be discussed later.

PART I: CHARACTERISTICS AND TRAJECTORIES

OF THE ELECTRONS IN THE MAGNETRON

When we study the dynamic operation of the megnetron, it is nec-
essary to understand the static operation and in particular the characteris-
tics and the electron trajectories in this type of behavior. This problem has
already been treated by L. Brillouin,l who has shown the importance of the
space charge; the distribution of potential is not the same as that in a
saturated diode with space charge. Ve must distinguish three regions:

1. In the region below the critical point, the megnetic field is
sufficiently week so that the electrons reach the anode. This region is
practically without interest.

2. In the region around the critical point, the magnetic field
being equal or slightly greater than the critical field, we find ourselves
between the knee above and the knee below on the curve of plate current as
a function of the magnetic field. We know that in this region the electronic

oscillations arise in the magnetron with or without gaps.

5. In the region above the critical point, the magnetic field
being 1.2 to 1.5 times greater than the critical field, the plate current is
small. In this region arise the oscillations of resonance in the magnetron
with gaps and oscillations in the form of spirals in the magnetron without

gaps.



1. Region Below the Critical Point

The characteristic in the region below the critical point has been

2-9

calculated many times. Here is the basis of the calculations:

(a) The equation of motion,
ny = eE+ e(FxB), (1)
(b) Poisson's equation,
2 .
"o = £ e (2)
(¢c) the equation of conservation of charges,

vePY) = 0 . (%)

If one writes equation (1) in cylindrical coordinates (r, a, z),
the magnetic field being in the direction Oz and the electric field radial,

one obtains:
Y - 08 = NI(r) + NruB (4)
m + 2w = - 7 Br, (5)

vhere 7 =e/m, © = c (instantaneous angular velocity).

Equations (4) and (5) give after integration:

¥+ r2? = 2n¢(r) (6)
2
o = -2 [ ;}] (7)

Equations (6) and (7) assume that the electrons leave the cathode (@ = O,

r = ro) with zero velocity.



U

For the plane magnetron, we find in the same manner, for a magnetic

field in the direction Oz and an electric field in the direction y

y = 7nz(y) + 7Bz, (8)

[

X = - 7By . (9)

The integration of these equations, assuming that the electrons leave the

cathode without initial velocity, gives

¥ ractye = 2q8(y) (10)

X = ~w¥, (11)

vhere we = €B/m.
Equations (6) and (7) with (10) and (11) give the well-known value

for the critical magnetic field Bqpr for the cylindrical magnetron

@ R 6.72 Jo

= ) (12)

T SEE) SEEN

where
Ber = critical magnetic field in gauss
rp, = kradius of the anode in centimeters
re = radius of the cathode in centimeters
Up = plate voltage in volts,

and for the plane magnetron

_/_Zé;gia__ﬁ; _ 2-2‘?-—[‘112 (13)

a )

[



vhere d is equal to the distance between the anode and the cathode in centi-
neters.

If B< Boyp, all the electrons which are present at the same distance
from the cathode have the same velocity, and equation (%) gives, for the plane

magnetron

la = Pv, (lu)

i, being the current density, and for the cylindrical magnetron

I = @exrpr, (15)

I, representing the plate current (for unit height of the plate); vy and r
are determined by equations (10) and (6), respectively. If the current is
sufficiently large for the space charge to 1limit the emission of the cathode,
the electric field at the surface of the cathode is zero. 'e can in such a
case, with the above equations, calculate the current as a function of plate
voltage and the magnetic field.

Fig. 1 represents the curve obtained by Bethenod® for a plane mag-
netron. We have placelalong the abscissa the ratio of the magnetic field
to the critical magnetic field, on the ordinate the ratio of the plate current
I, to the plate current I,, corresponding to B = 0. Igo is given by the law

of Langmuir-Child:
Ioo = 2331003, u9/% (16)

Tao is in amperes, Up in volts, d distance between cathode and anode in centi-
meters, and S the surface area of the plate in square centimeters. Fig. 1
shows that the plate current diminishes by 28 per cent when B is increased

from zero to Ber.
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Plate Current as Function ofF;iénitic Field. Plane Magnetron

For the cylindrical magnetron with a cathode of small diameter, we
can calculate the plate current as a function of B from a development in series
which M'dller5 has made use of for calculation of the distribution of potential.

Curve 1 (Fig. 2) represents the characteristic with the same coor-
dinates as in Fig. 1. We can see that the plate current diminishes by 12 per
cent when the magnetic field is increased from zero to Bap.

A method due to Pidduck7 permits the calculation of the plate current
of a magnetron saturated with space charge for the critical magnetic field.
This method gives the same results as the calculation carried out according
to the method of MSller. Page and Adams9 have likewise developed the calcu-
lations for the cathode of large diameter.

These authors find that, for Tp/Te infinite, the plate current
diminishes by 14 per cent when B varies from zero to Bey for rp/Te = 125, by
10 per cent. 1In a very exact theory by L. Brillouin,lO the diminution is by
20 per cent for the ratio rp/Te Very large.

Curve 2 (Fig. 2) represents the results of the measurements of

1

Hull,l Mulert,12 and my personal measurements. All the latter give a diminu-

tion of current larger than that which we can expect according to the



calculations. By itself, the theory of L. Brillouin appears to be in good

accord with experience.
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Fig. 2
Plate Current as Function of Magnetic Field. Cylindrical Magnetron.
Concerning the distribution of potential, the measurements of Engber*t15
are not in agreement with the theories of the various authors.
Theoretically, the distribution of potential for the critical mag-

netic field is given by (see Moller)
2/3 2 10/3
= = ) . r
g = U [.952<rp> + .055<rp) .01u(rp> + ] . (1)

We should accordingly have for r/rp = 0.43, ¢ = 0.71 Up, and Engbert found,
in this case, § = 0.28 Up. TFor a little smaller value of the magnetic field

corresponding to B/Ber = 0.96, Engbert finds only @ = 0.50 Up for r/rp = 0.43,

2. Region Around the Critical Point

In this region, the plate current varies with Iy for B = Bep, even

to very small values. The magnetic field is enclosed between Ber and 1.2



to 1.5 times Ber. If B> B,p, some electrons return to the cathode,and
equation (15), vhich gives the density of the space charge, is no longer
valid in this form., If one assumes that the electrons leave the cathode
with zero velocity and if one holds to equations (1), (2), (3), the plate
current must be zero for B > Beor.

If one tekes into account the Maxwellian distribution of velocities
and if the space charge is not large, there can be no minimum of potential

between anode and cathode, and we obtain, according to Linder,lh a plate

current of the form

2 .2
e r 2 2
I = Iy e - L (B -B 18
a aXp[BEkT( cr)}: (18)
vhere
I, = the plate current for B = By
T = the temperature of the electrons
kX = the Boltzmann constant.

If one plots in Iy as a function of BZ, the slope of the curve
obtained permits the calculation of the temperature of the electrons. TFig. 3
gives fn I, = P(B2) for various values of Up. This function is not linear
but we will replace, to a first approximation, the curve by a straight line.
It is noteworthy that the slope of the straight line and, therefore, the
temperature of the clectrons depends on the applied plate voltage.

To calculate the distribution of potential, we can malke use of
equation (15) also in +this region, providing we adopt the sum of the direct
current and the curvens which returns insteal of the plate current Ig; we

then have

Tap * Iap
P = (19)
enry
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Iz being the direct current from the cathode toward the anode and Igp the
current which returns to the cathode.

For r, we must take the absolute value, which we can obtain from
equation (6).

We can then calculate the distribution of potential in the region
below the critical point, and we find the same distribution of potential as

in equation (17) if we introduce the distance covered to return insteal of Tpe

Ld,
3
2 5 o
1 4
sov|® |75v 200V
82
1 2 3
Fig. 3
in Ig = £(B2)

3. Region Above the Critical Point

The calculation of the distribution of potential is much more com-
plicated if, at the same point, electrons are present with various radial
velocities. This is the case in the region above the critical point, as we
will show on the basis of some measurements. We will see that in this region
the phenomena are more complex than in the others.

Vle can analyze the behavior of the magnetron:

(a) by che experimental determination of the characteristic;

(b) Dby the experimental determination of the potential distribution;

(c) by the measurement of the thermal velocity of the clectrons.
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(a) Determination of the Characteristic. Figs. 4 to & show the

measured characteristics. The magnetic field is the abscissa and the plate
current is the ordinate. In Fig. 6, we have plotted on the ordinate the
ratio of the plate current corresponding to a given value of B to the plate

current for B = 0.

02 04 06 08 1 12 14

Fig. 4
Characteristic, with Up as Parameter
In Fig. 4, the parameter is the plate voltage and in Fig. 6, the
emission current.
We find that:
1. The plate current is never zero, even for a magnetic field
B > Bor. Moreover, as the plate voltage is raised, the plate current which

passes is larger in spite of B >> Bep.

6 Ug= 1600V

~n

F I T B Y |

£ B
7 8 9 10 N 12 13 W 15A

(=]

Fig. 5
Characteristic for a Large Plate Voltage
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Harveyl5 points out that the plate current is not yet zero for some

plate voltages if B > 10 Boy.

08 A
06
04

0.2
r

150 180 210 240 270 300 Gauss
B

c

|
|
|
|
|
|
T

Fig. 6
Characteristic with the Emission Current as Parameter
2. The slope of the descending part of the characteristic AIs/AB
decreases when the plate voltage increases, as we could see already in

1k

Fig. 3, as indicated by Linder:

5. The relative slope gé? A B increases with emission current.

L, As the plate voltage is increased, I, passes through a maximum
for a magnetic field B £ 1.1 Ber.

Vle observe, then, an increase of the temperature of the cathode,
This well-knowm effect of the heating by returning electrons appears also in
a vacuum and without oscillations. This is a particular characteristic of

the magnetron. We will return to this in the second part of this paper.

(b) Distribution of Potential. This has been measured by Engber’c.l5

Curve 1 (Fig. 7) gives the distribution of potential in the region above the
critical point. This is independent of the magnetic field if B 2 1.2 to

1.5 times Boyp, is invariant with small angles of magnetic field with the axis,
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and independent of the emission current as long as it is larger then a

well-determined value.

1.0
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Pig. 7
Distribution of Potential in the Reglon Situated Above the Critical Point
The following empirical formula conveys pretty well the results of

the measurements

[}

o = UD<§;) (Fig. 7, Curve 2) . (20)
Y
With this distribution of potential, we have, according to (2), a constant
space charge.
Vhen we examine the region below and around this critical point,
the distribution of potential (initially Inr, if the emission current is

2/3

small, and ~(r) ,if it is saturated with space charge) assumes progressively
the form of the distribution of potential above the critical point given by
equation (20).

L. Brillouin has demonstrated that,for the critical magnetic field
and zero plate current, equation (20) is compatible with the equations of
sections 1 to 3. In the region above the critical point, the electrons return

toward the cathode for the values of r less than Tps and one has, between

the point of return and the anode, a logarithmic distribution of potential.
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However, in the case of practical interest, the plate current,
even above the critical point, is not zero, ani one must take account of a
density of charge in the entire space.

According to the measurements of Engbert, the result is that the
constant density of space charge, calculated according to I,. Brillouin for
the critical point, is valid in the entire region above the critical point.

(c) Thermal Velocities of the Electrons. The truperaturc of the

electrons in the magnetron has been studied by Slutzkin,16 Nigdortshik,lY
and, in a very thorough manner, by LJ‘.mier'.l‘]Jr They have found that the ther-
mal velocity of the electrons does not corresponi to the temperature of the
cathode, but to a temperature always much higher. Ve have established a
distinction between these two temperatures.

1. For B>> B.r the temperature of the eleciron is proportional
to the piate voltage. The author's measurements have shown thab the temperature
of the electrons for a plate voltage of 1000 volts can be of the order of lO5°K.

2. The temperature is 2 decreasing function of the emission cur-
rent; beginning with a certain current, the temperature is constant (satur-
ated space charge).

5. The temperature increases with the magnetic field in the region
around the critical point; in the region below the critical point it decreases
almost inversely proportional to the magnetic field.

The behavior of the characteristic, the distribution of potential,
and the Linder effect can be explained in the following manner:

If B> Bey, the point of return of the electrons is found between
the electrodes. The electrons do not necessarily return to the cathode, but
their trajectories are very long, that is to say, there is a large circulating

current around the cathode even when the plate current is small. This current,
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which circulates around the cathode,is large enough to cancel the electric
field at the cathode. This circulating current involves a large space charge,
and the electrons which move in the space of the discharge traveree in this
way a long path in an intense space charge. There is, therefore, an ex:hange
of energy between the electrons because of the Coulomb forces, and one can
no longer consider the space charge a continuum but we must take into account
the electric field of the various electrons.* Some electrons gain energy by
collision, others lose a corresponding quantity. In this manner, a part of
the energy of the trajectory is transformed into disordered thermal energy.
This problem is analogous to that of the discharge in a gas.18 A plasma in-
cludes, in effect, a large number of electrons which teke energy from the con-
tinuous field and transform it to thermal energy in giving it up, through dissi-
pation, to the other electrons. In the discharge in the gas, the density of
the electrons is of the order of 107 to 1013 per cubic centimeter,and this is
of the same order of magnitude in the magnetron (see equation 55) .

The problem of calculation of the temperature of the electrons in the
plasma is not yet perfectly solved since one arrives at integrals which do not
converge. (The Coulomb forces are inversely proportional to the square of the
distance between electrons; the probability of collision is proportional to the
square of the distance.) These analogous problems are posed in the theory of
the widening of the line spectrum by pressure,l9 in the theory of the passage
of electrons through matter,20 and in the theory of the accumulation of the
stars. All the calculations made up to the present lead to results which are
too small.

If we take account of the interaction between electrons, we realize

that the distribution of potential in the magnetron is profoundly modified

* Ve can find a two-dimensional analogue to this phenomenon: that of a
heavy point being displaced on a surface of disturbed water.
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in relation to the considerations which permit the calculation of equations
(6), (7), and (19).

For the values B>> B.., we can attempt to consider the space charge
os an electronic gas and apply to it the Moxwell-Boltzmann statistics by using
the Hamiltonian function for the electrons. If one neglects the current
absorbed by the plate, the density of electrons increases exponentially with
the distance (the same as the molecular density in the barometric formula),
as pointed out by Lueders in work which has not been published. However,
this state is not stable because of the current absorbed by the anode.

tle can adnit as a first dpproximation to the distribution of poten-
tial in a cylindrical macnetron with small diameter:

o = U <£)’u (21)

Py I‘p

ie £ind, thercfore, by integration of the equation of motion (30)
that the electrons cannot leave the cathode for H < 2. For zero cbsorbed
current, g can become but little different from 2, as showm by the measure-
nents of Ingbert.

A distribution of potential like (r/rp)2 is, as we have said,
equivalent to a constant density.

The same phenomena are to be found in the plane magnetron: if one
takes for the distribution of potential an equation analogous to (21), we
must have g < 2. TFor the plane magnetron or the cylindrical magnetron with
small-diameter cathode, the distribution of potential @ ~ r2 fulfills the
conditions at the cathode that 90 = 0 and 89, dr = 0. In the two cases, we
have a uniform space-charge density. Thus we are led to assume also a uni-
form density for cylindrical magnetrons with large cathodes. This is merely

a hypothesis that has not been verified up to the present; but we will point
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out that the latest of the experimental results are in good agreement with
the calculations that result.

We can then calculate the distribution of potential in both these
cases.,

In the region above the critical point, we have p = constant.
e then deduce:

for the cylindrical magnetron with smell diameter cathode,

2
0 = Up<£> , (22)
D
for the plane magnetron,
2
0 = Up<§>,and (23)

Tor the cylindrical magnetron with s large cathode,

re - rc2 - 2re? Zn(r,rql_

rp2 - rc2 - 2rc2 ln(rp,rc)

P = Up (24)
In the region below the critical point, we obtain for a very small
plate current (negligible space charge):

for the cylindrical magnetron,

lngr/rc)
UP In (I‘p /'.I"E) ’

—~
nd

1

~

for a very thin cathode,

for the plane magnetron,

RS
1
g
el
N
n
g ]
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With a dense space charge, we obtain in the region below the cri-
tical point the following approximate values for distribution of potential:

for the cylindrical magnetron with a thin cathode,

23
r o)
9 = Up (}‘1‘3‘) ) (20)

(a more precise result should be obtained beginning with equation (17)), and

for the plane magnetron,

L3
o - Up(f—p>’ , (29)

(a more precise result is given in (2)).
When we pass through the region arcund the critical point, we pass
progressively in the distribution of potential below the critical point

(equations 25 to 29) to the one in the region above the critical voint

(equations 22 to 24).
In the region around the critical point, we can represent the dis-

tribution of potential by equation (21). For a cylindrical magnetrcn with

small diameter cathode,
and for a plane magnetron,

L. The Electron Trajectories

The trajectories of the electrons in a space where we know the dis-

tribution of potential can be calculated from the equations of motion.
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(a) Cylindrical Magnetron with Very Thin Cethode. From (8) and

(7) we find, for the electrons leaving the cathode with zero velocity,

r/Ty

wrt = d(r/r1’> s (
ST F - (x/mr)°

g

rp being the distance tc the point of return;

for p < 2. This is the reason that we cannot have a distribution of poten-
tial with u > 2.

Equation (30) gives an integration

2
2-4
r o= ry ‘:sin = 2/,L th} s (31)
and
¢ = art -%Iit (%)

Fip. 8 represents the trajectories of the electrons for various
exponents. For u = 2/3, we obtain the well-known curve of Hull. For the
electronic oscillations it is important to know the time of transit T ,

i.e., the time between the emission of the electron and its return to the

cathode.
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P=const.

, Fig. 8
Trajectories of the Electrons in the Region Around the Critical Point

We calculate it from (31)

T = —-————2 -'u'-e—g . (33)
For p = 2/3 we obtain
_ om
T = 4,72 I

We can calculate T with the 2id of equations (1), (2), and (3)
without use of the hypothesis about the distribution of potential, and one

6

obvains, from Pidduck

an

T = 5.04 5

a value 6 per cent larger than that which we obtain with the distribution of
potential by Langmuir ( # = 2/3).

For the quadratic distribution of potential, £ = 2, equation (30)
no longer has meaning, that is to say, the electrons cannot leave the cathode

with zero velocity. This distribution is a limiting case which, therefore,
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cannot occur. Practicelly, the true distribution deviates slightly, the
electrons ccn leave the cathode, and g is slightly less than 2.

The trajectories of the electrons cannot be known exactly and are
defined only statistically because of the extraordinary density of the charge
and of the interactions between electrons,

What are the possible trajectories for the electrons which have
left the cathecde with the initial conditions given?

In rectangular coordinates, we obtain for p = 2,

) U, .

¥y = 2n=y+7mBx, (35)
En

.. U . e

¥ o= 217;;-{)% X -NBY , n= 5 (%6)

which give a differential equation of the fourth order in y.

¥ welwe - 2wp)¥ Fwe® wpty = 0, (37)
o = £, (35)

. 2Up
U.)p - rDE B ¢ (3 )

Equation (37) gives

y = A1 sin (w1t + Q1) + Ap sin (wpt + @2) ; (40)

the frequencies w) and wp are determined by the equation



> gc_[w;_ wp 1&] b
® 2 L” Ewci 1 ;coc ? (42)

which gives, for wl and ap

o] = 0_329<1+ /1-u2_5°g>, (42)

wy = “-2’2<1- /1-&%’3). (43)

Ay, A, 01, 9o ere given by the initial conditions.
If one assumes wp<< e (from 70, 39, and 12, this is equivalent

to B>> Ber), we obtain as a first spproximation

U')l = U‘)C = % ) (56)
2y 30
wp = wp = ;;zP—g (formula by Posthumus). (32)

As a second gpproximetion,

0 = o (l-f;jg—>, (k5)
wp = wp<l+(%>. (4h4)

In the same manner, we obtain, for x, if B>> Bar,

x = Ay cos (it + @1) + Ao cos (wot + @2) . (L6)

Equations (41) and (46) show that, in the region above the critical

point, the electrons describe epicycloidel trajectories around the cathode,
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resulting in impulsive motion vhose frequency is given by (43, (39), or
(45), Aepun&ing on the case, and a relative motion whose frequency is given
by (42, (38), or (44). The space charge is thus represented as a gas which
rotates with a constant angular velocity, wp, around the cathode. The phase
and amplitude of the motion are essentially determined by the scattering of
the electrons.

We obtain the same angular velocities, wy and wp, if we use, in
equation (4), the value of E,. corresponding to g = 2 and if we calculate
the angular velocity of the electrons which describe circles around the cathode.
The velocities found are those of the equations (42) and (L43).

Physically, the existence of a circular motion around the cathode
implies an equilibrium between the electrical force e, the centrifugal
force nuu@, and the Lorentz force. If the intensity of the field is propor-
tionul to r,the angular velocity is independent of the radius. There are
two solutions: (1) the electrons can circulate sufficiently fast so that
the electric force is negligible compared with the centrifugal force; we then
cbtain equation (38) (he cyclotron frequency). Or else (2) the electrons
circulate sufficiently slowly fow the cenirifugal force to become negligible
compared with the electric force; we then have equation (39) (formula of Post -
hwmis). This equation is important for the oscillations of resonance.

Brillouin has made analogous calculations.l

(b) Cylindrical Magnetron with large Cathode, This case is impor-

tant since, in particular, all the multicavity magnetrons have large cathodes.

We must put into (4) the eleztric field of (24) and we deduce for



(47)

The negative sign corresponds to the frequency of Posthumus and
the positive sign to the cyclotron frequency. This equation, (47), which
shows that the angular velocify depends on the radius, determines the fre-
quency of oscillation in the multicavity magnetron.

(c) Plane Magnetron. We obtain analogous relations for the plane

magnetron. In the region around the critical point, equations (10) and (11)

give
L
n o P
y = %r-\:sinczllmct] P', (L3)
p' = - WY ()'"9)
v = &
C = o )

where y, is the abscissa of the point of return of the electron.

For p =1, we obtain, for example,

y = (L - cosact), (50)
- U Ir o4
X = --Dt+ xy+ 2 sin wet (51)
dB 2

that is, the electrens describe cycloids.
For the region above the critical point ( g = 2), we obtain the

trajectories of the electrons
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y = Posinwt + Yo » (52)

X = po cos wt + 2 Yot + Xg (53)

o8
wC:

with

(5k)

e
L]
2lS
H
1
Tts
[e]
=
I
2|
=
1
N
Sl
=
~———"

Uer being the critical voltage.

Equation (54) is verified by the measurements of Gutton and Ortusi.ce
These authors use the proper oscillations of the electrons in the magnetron
as variable capacity. This capacity is very large if the pulsation of the
high-frequency oscillation is equal to w. Their measurements justify indir-
ectly our hypotheses.

Note that the constant velocity in the x direction depends oppositely

to the case p = 1 on the parameter yq.

5. Density of Space Charge and llectronic Current in the Magnetron

From equation (2) and the distribution of potential (21), the den-

sity of electrons per cubic centimeter is given by:

- 2
N = 5.6x105}l;g#:<;1-‘;>w. (55)

For example, for Up = 100C volts, r, = 0.2 cm, and W = 2, the density of
electrons is 0.1 x lOlO/cm3, of the same order of magnitude as in a plasma.
In the magnetron, the electrons nroduce o flux of magnetic induz-

tion that one can measure and vhich Mdller has calculated, in the case where



26

Q ~ r2/5. The measurement of this flux is a means of verification of the
theoretical studies of the magnetron. We will call annular current the current
that would induce, while moving in the anode, the same magnetic flux as that

of the rotation of the space charge. It is given by:

vherse Ir 1s in amperes and Up in volts.

Mb'llerg5 has measured the annular current around the critical point.
These measurements lead to p = 1 for the distribution of potential.

We mean by "magnetron current" the current of the space charge cir-

culating around the cathode above the critical point. It is given by

In = / prw dr . (37)

If one puts r = r, in equation (47), we obtain, by first approximation

In = 2 € Upap . : (59)

Le e}
1 -<rp> [1+ 2 In rc]

This current of the magnetron is related to the continuous plate current of

a magnetron which oscillates in the region above the critical point.

6. Conclusions

We have examined the trajectories of the electrons and the influ-
ence of the space charge to the extent tha* is necessiry for studying the

mechanism of oscillation of the magnetron. We have made the hypothesis that
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the electronic density is constant in the region above the critical point.
For the plane magnetron or the cylindrical with small cathode, Brillouin

has obtained from the calculations a constant density for the critical field.
The hypothesis which we have made leads to the following differences with
respect to the calculations of Brillouin:

1. The space charge p is not constant for B = Ber but only for
B > 1.2 to 1.5 Ber.

2. p 1is independent of the magnetic field for B » 1.2 to
1.5 Ber.

3. The distribution of constant space charge is valid for any
pp/rc.

The two first points are verified experimentally by the measure-
ments of the distribution of potential.

In a second article we will show that the third point is in good
agreement with the dynamic behavior of the magnetron.

We have thus been able to treat all the cases of practical interest.
We can distinguish two important cases: (1) the performance in the region
around the critical point and (2) in the region above the critical point.

In the region above the critical point, the electronic trajectories
are normal to the continuous field. Ve use the energy of tangential motion
in introducing an alternating tangential electric field. These are the os-
cillations of resonance with large amplitude.

In the region around the critical point, we use the radial motion
of the electrons to produce the oscillations. These are the electronic os-
cillations of small amplitude.

Since in the second case the oscillations are the oscillations of

transit time, we see that the wavelength of the electronic oscillations is
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inversely proportional to B' (equation 33), while that of the oscillations

of resonance is proportional to B (equation 39).
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PART II

ON THE PROPERTIES OF TUBES IN A CONSTANT MAGNETIC FIELD

by 0. Doehler

Annales de Radioélectricité,
Vol, 3%, No. 1%, July, 1948, pp 169-183

Summary

Starting with the results established in the first part of his arti-
cle, the author considers the oscillations of resonance with high efficiency,
that is to say, excited in the region above the critical point. He examines
the differences existing between these oscillations and the electronic oscil-
lations, then establishes a quantitative relation giving the conditions for
optimum operation. The efficiency and the input impedences are calculated,
and an empirical relation between the anode current and the current of rotation
is given. Finally, the dynamic electronic trajectories of a plane magnetron
without space charge are calculated to serve as an introduction to the study

of the travelling-wave tube in a magnetic field.

PART II: THE OSCILLATIONS OF RESONANCE

The static behavior of the magnetron has been treated in the first

part of this article.* According to the measurements of the distribution of

% This first part is designated I (Annales de Radioélectricité, Vol. 3, 1948,
p. 39.
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potential, of the distribution of the velocity of the electrons, and of the
characteristics, we have concluded that the magnetron is the seat of a phen-
omenon which is negligible in ordinary electronic tubes. There exists a
dispersion of the velocity among the electrons in the space of the discharge
because of their high density and their long time of existence. In the ex-
treme case (very large magnetic field), we can consider the discharge as an
electronic gas. For a stable discharge, the result therefore is that one

has, in first approximation, a constant electronic density for the cylindrical
magnetron with a very slender cathode and for the plane magnetron.* We assume
therefore a constant density for the cylindrical magnetron with a cathode of
finite diameter.**

This constant space charge exists only in the region above the
critical point (small anode current). In the region below the critical point,
there exists a distribution of potential which corresponds (without space
charge) for a small emission current to the electrostatic distribution and
for a large emission current to the distribution of potential of a diode of
the same dimensions without magnetic field. In the region around the critical
point (Ber < B < 1.2-1.5 Ber), the distribution of potential of the region
below the critical point is transformed gradually into that of the region

above the critical point.

* According to the unpublished measurements of Mr. Gutton, it is probable
that the space charge is not constant but has a maximum, This maximum
depends on the conditions of operation. For our calculations it is the
distribution of potential which is important. This is why the small de-
viations of the density from a constant value do not have a large influence

on the dynamic behavior of the magnetron. I thank Mr. Gutton for this
information.

* Ponte3 assumed as early as 1934, because of the large time of existence of
the electrons, a distribution of potential which is approximately quadratic
(see Fig. T of his article3).
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The resulting trajectories of the electrons show that, in the
region above the critical point, the electrons encircle, in general, the
cathode. The angular velocity w is independent of the distance if the cathode
is very slender; for a large cathode, w depends on the disténce. In the region
around the:critical point, the electrons describe cardoidal trajectories.
The time of transit of the electrons from the cathode out to the point of
return depends on the distribution of potential, i.e., on the magnetic field.
As we know, the electronic oscillations of the magnetron with slots
and without slots begin in the region around the critical point. Their fre-
guency is independent of the frequency of resonance of the coupled circuit
to the extent which the natural frequency of an oscillating system depends
on the coupling to a second circuit. The efficiency is small. The wavelength

is given by
C

C is here a constant which depends on the number of slots, on the type of
oscillation,and on the ratio B/Bey. We shall not occupy ourselves in this
article with the mechanism of excitation of the electronic oscillations
except to the extent to which we have used them compared to the oscillations
of resonance.

The present article treats the oscillations of resonance excited in
the region above the critical point, that is,the form of oscillations gener-
ally employed at present for technical reasons (for example in the multicavity
magnetron or in the magnetron with resonance of the segments). The frequency
of the oscillations of resonance is given, in general, by the oscillating cir-
cuit., Unlike the oscillations excited by the static negative resistance of

the magnetron, the conditions for optimum operation of the oscillations of
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resonance depend on the wavelength. The efficiency is large (theoretically
up to 100 per cent); in practice one has obtained efficiencies up to 70-80
per cent. The oscillations of resonance have been studied experimentally and
theoretically in numerous works.l'l5 We shall not occupy ourselves in the
following with the eiectronic mechanism. In this second part, we present a
kinetic theory of the magnetron taking account of the influence of the space
charge on fhe distribution of potential. In a third part, we will treat the
dynanic behavior for small amplitudes, proceeding from the work of L. Bril-
louin.l6'18 In Chapter 1 of the present article, the essential differences
between the oscillations of resonance and the electronic oscillations will be
examined. In Chapter 2, a relation will be established to give the optimum
operation of the oscillations of resonance. This relation will be compared
with the measurements published up to the present. The efficiency and the
input impedances will be calculated in Chapters % and 4. In Chapter 5, we
shall give an empirical relation between the anode current and the current of
a magnetron (lst par,, Chapter 5). The dynamic electron trajectories of a
plane magnetron without space charge will be treated as introduction to Part
III, in Chapter 6.

This article does not treat the problems of the oscillating circuit.
The latter, in particular for the multicavity magnetron, have been studied, among

others, by Goudet,19 Fisk, Hagstrum, and Hartmann,zo Crawford and Hare.21

1. Differences Between the Electronic Oscillations and the Oscillations of

Resonance

If the electrons describe a circle around the cathode, the angular
velocity w is such that there exists an equilibrium between the electric force

eE, the centrifugal force mrw? and the Lorentz force eruB. Two limiting cases

are then possible:



First Limiting Case (Electronic Oscillations). The centrifugal

force is sufficiently large so that, if one neglects the electric force, all
the effects of the space charge are ecqually negligible. This limiting case
is present if one uses for the excitation of the oscillations the arrangement
of an inverted cyclotron. In the cyclotron, the following process takes
place: an electron, which is accelerated in the direction of the tangent to
its trajectory by an alternating field, attains a larger angular velocity and
describes a larger circle, and therefore a larger centrifugal force. An
electron retarded by the tangential alternating field describes, on the con-
trary, a smaller circle. The electrons retaining their energy will arrive
therefore at the anode, and the electrons which lost energy, to the center of
the arrangement.

This principle 1s used to obtain oscillations. With an electron gun
and a magnetic field there is produced, in the vicinity of the anode, a circu-
lating electronic current in a box split as in a cyclotron. The electrons of
unfavorable phase reach the anode and are eliminated. The electrons of favor-
able phase give up the energy during their travel if the angular velocity of
the electrons is in resonance with the pulsation of the oscillating circuit
present between the slots. Since there does not exist a continuous radial
electric field, there is produced, as a result of the equilibrium between the

centrifugal force and the Lorentz force, a pulsation

ag = =X (2)

k being the mode of oscillation which is excited.l9'20
In the usual magnetron, the radial electric field is not negligible.

For a quadratic distribution of potential, it follows therefore, according to
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equation (1.45) in second approximation,

oy = EBk(l-‘ﬁp) = Bk 1-__2_?__‘{‘&_. (3)

‘E- LDC

This equation (3) is confirmed by the measurements of the proper
frequencies in the magnetron by Gutton and Ortusi22 vhich we have already
mentioned in the first part.

The oscillations of the inverted cyclotron have not been studied
experimentally up to the present. The most important difficulty is to be
found in the production of the electronic bunches. The modulation of the den-
sity of unfavorable phase for the radial alternating field can be avoided by
an arrangement analogous to that of the cyclotron.* The oscillations of the
inverted cyclotron possess the advantage that the cathode is found outside of
the space of the discharge. The backheating of the cathode is therefore

avoided.

The Second Limiting Case (Oscillations of Resonance). The second

limiting case is characterized by the fact that, the velocity of the electrons
being very small, the centrifugal force is negligible compared to the electric
force. There is thereforeequilibrium between the electric force eE and the
Lorentz force erwB. For the cylindrical magnetron with a small cathode, the
intensity of the electric field is proportional to r in the region above the

critical point, from which we deduce

* See end of Chapter.
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If there is a tangential alternating electric field and if an electron is
accelerated in the alternating field, the Lorentz force islarger and the
electron returns to the cathode. If an electron is retarded in the alter-
nating field, it goes toward the anode.* 1In the region above the critical
point, the electrons return toward the cathode to within a small distance
from the latter (theoretically zero in the limiting case of a distribution
of potential exactly quadratic), and the electrons of unfavorable phase move
only in the neighborhood of the cathode, while the electrons of favorable
phase reach, in the intense alternating field, to the neighborhood of the
anode. The high efficiency of the oscillations of resonance rests on the
fact that only the electrons giving up energy can pass through an intense
alternating field. The energy which they lose in the alternating field is pro-
vided by the continuous radial field.

There exists still an essential and very great difference batween
the electronic oscillations and the oscillations of resonance, namely, the
action of the radial alternating field. If an electron is moving under the
action of a radial alternating field, this field acts as if the anode voltage
[Up in equation (3)] possessed an increased or a diminished value, according
to the phase of the field. In the first limiting case, an increase of the
voltage produces a decrea;e of the angular velocity and, inversely, a deonres-
sion of the voltage and increase of the angular velocity [?quation (5)] . In
Fig. 1, the lines of the field are drawmn schematically. It follows therefore
that, for example, an electron present at point A (radial accelerating field)
will be retarded in the tangential direction, and an electron at poiunt B

(radial retarding field) will be accelerated. That is, there is produced,

* A change of the energy of the electron has therefore an exactly opposite
action on the motion of the electron to that in the first case.
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at point C, a focussing of the phase and therefore an increese of the density

in the field of acceleration, in a phase unfavorable for the transfer of energy.

Fig. 1
Effect of Focussing on the Oscillations of Resonance
and the Electronic Oscillations

Cn the other hand, in the case of the oscillations of rescnance,
the angular velccity, according to equation (L4),is proportional to the anode
voltage, and therefore, for example, an electron present at point A will be
accelerated in the tangential direction. An electron at point B is retarded,
that is to say, there is produced a focussing of phase at point D and an in-

crease of density in the retarding field, which is in a favorable phase.

.

2. The Conditions for the Frequency of QOscillations of Resonance

From these qualitative considerations, we can derive a quantitative
relation for the optimum conditions. A synchronism must exist between the
angular velocity w of the electrons and the pulsation wg of the alternating

field. If k is the mode of the oscillations, we obtain

o = a‘j,;_)H ’ (5)
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for a very small cathode, w being independent of the distance. There results,

according to equation (1.43):

w - 2eh- )] )

e deduce the well-known formula of Posthumus’ for B >>Ber. In the practical

system of units equation (k4) gives

2
N S (7)

vhere B is measured in gauss, r and A in centimeters, and Up in volts. Herriger
and Hﬁlster8 find experimentally 1100 for the constant in equation (7). This
disagreement arises from the difference of the distribution of potential in

the magnetron as compared with the quadratic distribution of potential of
equation (1.25). This distribution of potential is only a first approximation,
which is not sufficiently exact. In reality, the intensity of the field is

very small and therefore the constant of equation (7) is very large. We can
deduce from the measurements of Herriger and Hiulster a distribution of poten-
tial ¢'~'r1'75 which, as shown in Fig. 2, is approached better by the measure-

ments of Engbert than the quadratic distribution of potential.

Equation (6) (see 1), gives, in second approximation:*

* VWe can arrive experimentally at the second term (term in parentheses) of
equation (8) if we excite a form of oscillations which depends less on the
oscillating circuit. This is therefore the case for the spiral oscilla-
tions (14,2%,25). The spiral oscillations appear in the region above the
critical point for the magnetron with and without slots. These are excited
by the oscillations of the electrons in the direction of the axis of the ca-
thode in an inelined magnetic field. Under the hypothesis of a quadratic
distribution of potential, we obtain a condition of the frequency which is
given with a constant by equation (6). In Fig. 3, the curves representing
equations (7) and (8) are drawn as a function of the magnetic field. The mea-
surements are derived from (24). The constant of equations (7) and (8) have
been adjusted according to experimental results.
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Compared with the Measurements.

The magnetron with large cathode is particularly important. It
was used in the first place by Gutton26 and employed most recently in the
multicavity magnetron, It results from equation(l.h?)that the angular velocity
depends on the radius. In the multicavity magnetron the alternating electric
field is found in the neighborhood of the anode, so that it is essential for
optimum conditions that there be synchronism between the waves and the angular
velocity of the electrons in the vicinity of the anode. If one substitutes
for r = ry in equation (1.47) we obtain with (1.47) and with (5) for the optimum

anode voltage
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Slater,O Hartree,zo and Bloch { have obtained analogous relations. Equation
(9) corresponds to the equations of Slater. It differs in the form of the

function F (re/rp). The function F (re/rp) is, according to Slater:
o .
F@Q) = 1-(5—9). (11)
Y T
We can verify experimentslly equation (9) for the results concerning
the multicavity magnetronéo and the donutrc.)r\.?7 The mcde k is considered as

unknown in equation (9) with the result that in the formulas given by Hartree

and Slater, the calculation of the optimum anode voltage is not possible with
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a large number of slots. In order to compare the theoretical and experimental

values, Fisk, Hagstrum, and Hartmann<©

evidently proceeded in like fashion
when they introduced for k the value of the mode which corresponds closest
to experiment into the equations of Hartree and Slater. We proceeded in an
analogous manner for our relations (9) and (10), and we find, therefore, the
values for k are occasionally a little different. The differences are indi-
cated below. Table I, 4th line, gives the measured anode voltage from the
fmerican multicavity magnetrons in the region enclosed between A = 50 cm and
N = 3 cm. The third line contains the optimum anode voltage calculated accor-
ding to equations (9) and (10). The first and second lines reproduce, by way
of comparison, the corresponding values according to the formulas of Slater
and Hartree,

In that which concerns the mode, there exist, with respect to (20),
the following differences:

In the formulas of Slater, Hartree, and in equation (9), we use:

for type 4Jh2 the mode k = 2 instead of k
for type W51 the mode k = 3 instead of k

1
1

n o
]

(We believe that there is, in this case, a mistake or typographical
error in (20), the value k = 1 leading to considerable deviation.)
In equation (9), we use:

for type 5J26 the mode
for type T725A the mode
for type 2J48-50 +the mode
for type WJ50 the mode
for type WJ52 the mode

instead of k
instead of k
instead of k
instead of k
instead of k

MR R KRR
monon
()N B =g Sl \V]

LI VN | R | 1
~NJ\U\UWw

We observe that, according to the comparison between the calculations
and the experiment, no multicavity magnetron oscillates in the w mode. Also,
in the table of Fisk, Hagstrum, and Hartmann,eO the mode calculated according

to the equations of Slater and Hartree is not the n mode. In the region of



TABLE I

MAGNETRON BWTWEEN ~ 20 — 45 cm.

L3

Type 700 A-D. 728 A 5 J 23, L g 21-25 L J 26-30, Lgh2. | k51, | 5726,
Wavelength 43,0 32.1 28.6 22,8, 2k, 0. b3.0. | 32,1, | 23.4,
p (Slater) (kv)| 15.8 2l.7 24,3 26,5 | 19,5 21.8 28,8 | 18,4 25.9 30.9 | 19.6 27.k 32,6 15.4| 2k,0| 23,6
p (Hortree) " 15.6 21,2 23,8 26,2 | 18,9 21,2 27,5 | 17.8 25.2 30.2 | 18,9 26,7 31.9 1,7| 23.6) 21.9
o [Fa. (9] " 13,9 17.6 19.6 21.6 | 15.0 17.2 22,0 | k.4 20,4 24.L | 15,6 21.0 25.9 13.6| 18.7| 22.5
p (measured) " 12,0 19 21,0 24,5 | 16,5 19,0 24,5 | 15,5 22,0 26,5 | 16,5 23,0 27,0 12,0 23,0 27.0
jcalculated (ofo) | 66 82 8k 86 Ve 77 82 70 79 82 72 80 83 66 86 65
ymeasured (o/o) 35 61 65 61 58 58 62 48 53 53 51 54 60 32 65 58
, calculated (A) T.2 13,6 15.0 17,5 | 18,3 21.0 27,0 | 17,7 25.0 30.2 | 18.8 26.1 3%0.6 8.1| 20.2| 62.0
, measured (A) 10,0 19 20 28 20 2% 33 25 ko 48 25 ko L6 9 20 L6
MAGNETRON A\ ~ 10 cm.
Type 706 A-C. | 71k A, 706 A, T A, 720 A-E, L g b5-b7, 718 A-E.
Wavelength 9,8. 9.1. 9.8. 9,1. 10.7. 10.7 10.7.
p (Slater)  (kv) | 15.6 16.1 13,8 22,8 25,4 (14,8 22,8 248|247 28,4 32.3| 24,7 32,3 28,4 |14,2 21,7 2h.9g
o (Hertree) " | 14,5 14,9 12,9 21,9 23,3|13.9 21,9 23,9239 27,6 31,5|23,9 3L5 27.6 13,2 20,7 23.9
o[Ba. (9] " | 12,k 12,8 11,2 18,2 20,5 |11.7 18,1 19,8 /19,7 22,7 25,7 19.7 25,7 22.7(11,5 17.3 19,0
o (measured) " 11,0 11,0 11,k 18,5 20,9 (11,6 17.7 19,5|21,0 24,0 27.0| 21.0 27,0 23,0 | 11,9 17.9 20.0
jcalculated (ofo) | 35 25 W 64+ 70 52 70 73 |77 80 8 |77 8 8 |50 67 70
ymeasured  (o/o) | 19 17 315 55 |31 53 k7 |62 68 68 |62 68 68 |3u 53 s
» calculated (A) 11.8 12,7 12,2 19,8 22,4|13,4 20,5 22,541 k7 53 |41 5% 47 11,7 17.6 19.6
, measured  (A) 12,5 12.5 12,5 16 20 (12,5 16 20 |4 55 65 |45 65 45 |12,5 16.0 20.0
MAGNETRON A ~ 3 cm.
Type T725-730 A, 2 J 48-50 275556, | b 350-% 778, 4 Js2, 2 J 51, 3 J 2L,
Wavelength 3,2. 3.22, 3,3, 3,b. |3.2-3, 24, 3, 2-3. 3. 3.2, 3,33. 1,25,
» (Slater) (kV)| 10,9 13,5 14,3 | 10,6 13,1 13.8 11.6 2h,0 16.7 9.9 11,1 13,7 16.8
o (Hertree) " 10,2 12,8 13,6 | 10,0 12,5 13.2 10.7 22,7 15,3 9,1 10,3 12,9 15,4
o[Ba. (9] " | 95 11.8 12,5 | 9,5 11,5 12,2 9.9 21,2 12,8 8,5 9,6 12,1 13,3
o (measured) " 10,0 12 13,0 | 10 12,0 13,0 12,0 22,0 15,0 | 11,0 12,0 1k.3 15,0
measured (o/o) W 52 51 Ly 52 51 50 66 69 L2 43 46 %7
jcalculated (o/o) | 60 68 70 61 69 T 52 73 72 50 56 61 51
, caleulated (A) | 9,3 11,5 12,2 | 9,3 11,2 12,1 11,4 25,4 .5 | 10,1 1 13,1 25
1 measured (A) |10 10 12 10 10 12 12,0 27 15,0 | 11 12 1 15




Ly

% cm, Sayers and Sixmith? demonstrated experimentally that the tube does not
oscillate in the =x mode. Analogous observations have been made already by
Herriger and Hﬁlster8 for a tube with six slots with a small cathode. They
find, for the n mode, an efficiency 7 = 18 per cent with a ratio B/Ber = 1.5,
vhile for the mode k = 2, they find more than 50 per cent for B/Bey = 1.5.
They have not yet given physical explanations. The alternating electric field,
for the modes lower than the =n mode, apparently penetrates more deeply into
the space of the discharge, with the result that for this mode both the ex-
change of energy between the electronic current and the oscillating circuit,
and therefore the conditions of oscillation, are more favorable.

The measurements made on the donutron®! furnish a better check of
equations (9) and (10); the possible mode in this case is determined by a pre-
liminary experiment. In Figs. LI and 5, the straight lines are calculated
according to equations (9) and (L0) for the mode and for the indicated wavelength.
The experimental points are borrowed from the work of Crawford and Hare .2l
Fig. 5 of this article shows that the mode "C" corresponds to the n mode, the
mode "B" to the mode k = L,

Let us compare a value of these curves with the calculated values.
For B = 1200 gauss, we have measured Up = 1600 volts, a value equal to that
calculated according to our theory in equation (9). According to Slater, we
obtain Up = 2700 volts, and according to Hartree, Up = 2k00 volts.

28

In another example of Kilgore, Shulmann, and Kurshan, a magnetron
modulated in frequency for a wavelength A = 7.5 cm, has the following condi-
tions: 1o = 0.97 em, 1, = 1.93 cm, B = 1500 gauss. For the mode k = 4, we

should obtain from equation (9), an anode voltage of 825 volts, as compared

to a measured voltage of 800 volts.
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Bquations (9) and (10) should give the optimum anole voltages which
are too small to compare with these measurements. These equations are actually:
estoblished under the hyvothesis of a resonance between the HF field and the
angular velocity at the surface of the anode. But we must, in fact, look for
o resonance between the HF field and the angular velocity of the electron at
a certain distance from the anode. The effective voltage is then increased,
as shown by Table I and Figs. 4 and 5. In neglecting the space charge, Slater
assumes a synchronism between the wave and the velocity of the electrons at
the center of the space of the discharge. The optimum anode voltages calcu-

lated according to the formula of Slater will then® too large.

K-8
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oAzblcm
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Up as a Function of B



5. The Ifficiency

Ve can evaluate the efficiency from the considerations given in
parsgraph 1 for the mechanism of the oscillations of resonance. According
to the represencations given here, the electrons describe, around the cathode,
enicyeloidal trajectories with a frequency given, resnectively, by equations
(1.4%), (1.39), and (1.44) or (1.47).%¥ The frequency of relative circular
motion which is superposed on the circular motion revolving around the cathode

is given, respectively, by (1.42) (1.33), (1.45), and (1.47). If we neglect

-
L

this relative circular motion, the electrons reach the anode with a kinetic

s therefore

[N

energy (m;2) rbz ®°. The electronic efficiency

o e e
n = l"'é*gUp_; (12)
or
T .2
10" r -
n= 1. (15)
AS k= Uy

&

rp and N are measured in centimeters, U, in volts.
&

Lecording to equations (12) =2nd (6), we find, for small cathodes:

jes}

n- 1-(55) |- (%8

It follows from equation (1L) that the efficiency for the critical maznetvic
field is zero. The oscillations of resonance cannot be excited for the cri-
tical magnetic field, even if the anode current is zero in the static state.

We believe therefore that a theory seeking todetermine the mechanism of

* The "1" refers to Article No. 1 of this report.
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excitation of the oscillations of resonance beginning with the behavior of
the magnetron for the critical magnetic field, is not valid. According to
equation (12), the efficiency is determined only by the ratios rc/rp and
B/Bur, if the plate voltage has its optimum value given by (9) and (10). In
Fig. 6, the efficiency is drawn as a function of B/Bcr for different values of
rc/rp. The measured points represent the electronic efficiencies measured
on American multicavity magnetrons with a ratio of radii rc/rp = 0.375 in
the region A = 50 em to A = 10 cm. The measured electronic efficiencies
prove to be below the calculated curve, as is to be expected. Lines 5 and

6 (Table I) show the electronic efficiencies of American multicavity magne-
trons, on the one hand, calculated according to equation (12), and on the
other hand, drawn from Fisk, Hagstrum, and Hartmann. It is noted that the
theoretical efficiency is larger than the measured values, particularly for

N = 40 em (types T00-AD and L4Jh2).

100
80[
60L
40(
20

Efficiency As a Function of B/Bgy

To a large extent we can explain the difference and obtain a better
agreement between the calculations and ihe experiments., It results, in fact,
from the measurements on an English magnetron29 that the back heating for

a magnetron in oscillation reaches 3 per cent to 6 per cent of the continuous
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power. In Fig. 6, the curve of the efficiency is drawn dotted for rc/rp =
0.375 in consideration of the fact that there is a loss of 6 per cent due

to the electrons of unfavorable phase. We see that we reach therefore nearly
theoretical efficiency.

It is important to remark that, according to our theory, the elec-
tronic efficiency does not depend on the value of the impedance of the load.
The latter changes only the alternating voltage and the power. A variation
of the alternating voltage modifies the time of transit of the electrons in
the space of the discharge but does not vary the velocity of the electron on
its arrival at the anode, largely determining, from (12), the efficiency.
These results are justified by the measurements of Fisk, Hagstrum, and Hart-
menn (see Fig, 19 of this article [EQD. The negligible influence of the
alternating voltages on the angular velocity explains the fact that the shunt
impedance of the cavities and of the load does not have an appreciable influ-
ence on the continuous voltage and the magnetic field corresponding to optimum
operation. This explains that, for very different relative values of the loss,
the optimum conditions correspond well to the indicated experimental results.

The important differences mentioned between the calculations and
the experiments for the magnetrons 700 AD and 4LJ42 are, in our opinion, bound
to a construction that does not correspond to optimum. We shall return to
this in Chapter k.

8

Posthumus,5 Herriger and Hiilster,~ Fischer and Liidi,12 and the

Hartree group29 arrive at analogous conclusions for the electronic efficiency.

L, The Impedance of the Magnetron

From the measure of theimpedance of the magnetron, we can obtain

conclusions on the behavior of the magnetron in oscillation, this impedance
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being measured between the slots of a magnetron which does not oscillate.
Jinke© and Harvey51 have carried out the measurements of the impedance of
a cylindrical magnetron with slots and a small cathode by exciting the magne-
tron from an external generator. We can establish quantitative results giving
the order of magnitude of the impedance and its variation with the data of
the operation for a cylindrical magnetron with a small cathode. In this
case, the angular velocity is independent of the radius. The current of
the magnetron calculated in Chapter 5, 1lst par., undergoes a phase-focussing
action produced by the resonance between the angular velocity of the electrons
and the phase velocity of the wave which is propagated around the cathode in
such a manner that the electronic current gives the energy to the HF field.
Supposing the condition of resonance to 5e rzalized, we make two

hypotheses in order to calculate the impedance:

(1) We assume that, in the radial plane which passes through a slot,
the potential undergoes a discontinuity equal to 2 AUp(r/rp)2 and that between
these radial planes, it depends only on the radius. We have, therefore, the
distributions of potential given alternatively by

- Up(1+A)(;I;—))2 or ¢ = Up(l-A)(_I_%)Q‘

This condition is not fulfilled for the multicavity magnetrons because the
breadth of the slots 1s of the same order of magnitude as the breadth of the
segments., In the magnetrons with small cathode and a small number of slots,
this condition is only fulfilled in the vicinity of the anode. But the error
is not very large because the exchange of energy is accomplished principally

in the neighborhood of the anode.
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(2) All the space chorge present in the space of the discharge is fo-
cussed in such a way that it is found only in the negative phase of the alter-
neting field propagating cround the cathode. The current density at point r
isprw . According to our hypotkesis we find in the negative phase a current
density twice tkis value. In the positive phase there is no current. The
current of the megnetron as a function of the time of transit is given there-

fore by Fig. 7. The amplitude is 2 J 3 Jm is given by equation (1.57).

Jé

2 Jm

Fig. 7
Current as a Tunction of Time
The Fourier analysis of the current (Tig. 7) gives (4/x) Jy for the
fundamental. The balance of the power is therefore

[p)

2 2 P T -
Wy, Gn = oAy pr AUP(};) ar | (15)
(o]

where p is the magnetron space-charge density, Gy the negative admittance,
and £ the length of the anode,

p 1is,from equation (1.22)
p = el Up ( 16)

I follows from equations (15) and (16) that the resistance is negative.

1 n AU 9k AU
X2 o Ay o I AUp
Bm = G T 7 2 UpUEGR T v, L (17)
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From this it follows that:

(1) the admittance Gp is inversely proportional to the amplitude of
the alternating voltage;

(2) from equation (7), for B >> Be.ps A and Rp are proportional to the
magnetic field for a constant amplitude of the alternating voltage.

These conclusions are valid only in first approximation. With the
aid of the method of Brillouin, we will calculate exactly, in the third part
of this article, the impedance for small amplitudes., Equations (15) and (17)
are confirmed by the measurements of Harvey and of Jémke, In Fig. 8, the
admittance of a magnetron with an external HF source is drawn as 2 function

of Ub from the measurements of Jianke.

12|x10™ mho

a1
) lU'\,
1 2 3 & S5 6 7 8 9 10

Fig. 8
Admittance of a Magnetron as a Function of Amplitude According to Janke

We obtain the desired straight line, Fig. 9 represents the negative resist-
ance of resonance as a function of the magnetic field for a constant ampli-
tude of the alternating voltage, from the measurements of Harvey. According
to equations (7) and (17), Ry must yield a straight line as a function of
the magnetic field. This straight line passes through the origin. In Table
II, we have compared the values measured by Harvey with equation (17) for a
magnetron with r, = 0.5 cmy £ =2 cm, A coincidence, if exact, can be

only fortuitous. We cannot interpret quantitatively the measurements of Jénke,
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the length of the anode not being known., From equation (17), the length of

the anode should be 1.2 cm, a length certainly too small.

K1

CALCULATED FROM
EQUATION 17

60|

501

4oL
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201
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1 1 1 i B i
600 1200 1800 2400 3000

Fig. 9

Impedance of the Magnetron as Function of B, Measured by Harvey

TABLE II

(3?, ?3? (;3 meaigfed calcﬁ?&ted
' ' (k). (k).

100 29 9,27 7,0 9
100 29 1,7 12 14,2
100 _ 29 23,2 18 22,8
100 29 33,1 25 32,5
100 29 43,3 25 12,5
100 29 61,8 45 61,0
100 29 80,3% 60 79
100 13,6 10,0 3,5 L,6
100 13,6 19,0 5,5 8,3
100 13,6 60,0 19 25
120 78 61,8 115 | 127

97 19 61,8 21,8 27,k
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The behavior of the cylindrical magnetron with small cathode for
an HF which is not in resonance with the angular velocity has been studied
experimentally by Jénke. Tig. 10 represents, according to Jénke, the adnmit-
tance of a magnetron with four slots, in the complex plane, for different am-
plitudes. We find first that the largest rezal admittance is associated with
an inductive component. As we will show in Chapter 6, this inductive compo-
nent can be explained by a focussing of the electrons in the radial direction.
This focussing of the electrons has the same phase as the electrons which in-
duce an inductive component. Unlike other well-known transit-time generators,
the oscillations of resonance have a negative resistance for all frequencies,
This fact is one of the most remarkable qualities of the oscillations of
resonance. ror the electronic oscillations, for example, this impedance is
negative only for certain ranges of frequency. In first approximation, Jinke
substitutes for the experimental curve a circle, and thus finds a circuit
equivalent to a resonant circuit with an admittence given approximately by
equation (17). The difference between the circle and the experimental curve
is considerable. Malter and Moll32 assume the same equivalent circuit for a

magnetron with large cathode.

Gm
ind

16x10"1ho

.
“a L7 Cap

-------

Fig. 10
Admittanze of the Magnetron According to Jinke



The difference between the experimental curve and a circle is qual-
itatively comprehensible, A circle would signify that the magnetron current
would have the same intensity as if there were no resonance between the angular
velocity and the HF alternation. There should exist only a change of phase
between the alternating field and the current of the magnetron if the curve
is a circle.

It is not easy to calculate the impedance of a magnetron with large
cathode, the angular velocity depending on the distance. The admittance is
probably proportional to the magnetron current, calculated in the first part.
The admittance depends on the amplitude in a very complicated manner because
the electrons travel a shorter time in the space charge when the amplitude
increases,and, therefore, the change-of-phase of the electrons, with the
alternating field propagating around the cathode, diminishes.

Qualitatively, we find that the efficiency and the negative resist-
ance of the magnetron increase with B/Bcr, but thus, the efficiency of the
circuit decreases with increase of magnetic field, It follows that there is,
for a given circuit resistance, an optimum magnetic field for the meximum to-
tal efficiency.

On the other hand, the negative resistance of the magnetron must
increase and the efficiency decrease if one increases rc/rp. If the distance
between the cathode and the anode becomes very small, larger alternating
fields are necessary in order that the space charge not be out of phase dur-
ing its travel in the space of the discharge. The measurements published in
(20) confirm this result. The coupling of the load for a maximum efficiency
must be so much less when rc/rp is larger. In (20) the Q of the loaded cir-

cuit has the following values:
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A2

r./rp Q
0.27 280
0.37 100-150
0.950 280
0.67 350

Zxcept when the value of rc/rp = 0.27, Q is proportional to rc/rp. The tubes
700 AD and 4J42 correspond to the value rc/rp = 0.27, A = 40 cm. As we have
already mentioned, these tubes show an efficiency deviating very considerably
from the theoretical possibilities.

Apparently, in these tubes the different modes are very near to
each other. The optimum coupling of the exterior load cannot be obtzined with-
out the danger of "demoding" (variation of the mode during normal operation).

The impedance of a magnetron with large cathode calculated accord-
ing to the method for the magnetron with small cathode, deviates from the
measurements more as rc/rp is larger. According to the unpublished measure-
ments of Brﬂck and Hﬁlster; the alternating voltage in a magnetron with 8
cavities is 10 kv for a continuous voltage of 1k kv, rc/rp = 0.375 and a
power of 10 kw., It follows that the impedance is of the order of magnitude
of 1000§). TFrom the calculation with the method for the magnetron with small

cathode, we obtain the impedance of the order of magnitude of 100 - 500 8) .

2. The Anode Current

Kilgore, Shulmann, and Kurshan?? calculete from the mezsurements
the anode current in an oscillating magnetron, They find in this way thét
the anode current is of the order of magnitude of 1/10 to 1/50 of the anode
current of a space-charge-limited diode, without magnetic field and with the
same dimensions. The anode current depends on a large number of parameters,
We can, nevertheless, expect that it will be proportional to the magnetron

current (1.51)., The enode current should therefore be in practical units:
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(18)

J, being in amperes, U in kilovolts, and the wavelength, A, and the anode
length, £ , in centimeters. The numerical constant of equation (18) has been
chosen in such as way as to represent the experimental results, Ve find there-
fore that the anode current is of the same order of magnitude as the magnetron
current, as is in agreement with the measurements mede with an American multi-
cavity magnetron.

The anode current measured and calculated from equation (18) is
shown in the Tth and 3th lines of Table I. Donal, Bush, Cuccia, and Hegb&l51+
give an anode current of 0.73 A for a magnetron of 1 kw with frequency modu-
lation. Ve obtain 0.31 A from equation (18). The magnetron of Kilgore, Shulmann,
and Kurshan28 has an anode current of 62 mA., Equation (18) gives us a vzlue
of 310 mA. The error is considerable. This shows that equation (18) is only
a first approximation. We can give an approximation to the trajectory of an
electron in an oscilldting magnetron, The amplitude of the current is in
the neighborhood of 2 J, (Fig. 7). The anode current is approximately Jp.
It follows that the electron travels in a tangential direction, double the

distance between the anode and the cathode.

6. Calculation of the Trajectories of the Flectrons in a Plane Megnetron

Without Space Charge for Small Amplitude of the Alternating Voltage

The relative circular motion of the electrons of angular velocity
w, has been neglected in our preceding considerations. For B >> B, this an-
plitude is small.i In practicezl cases, B~ 1.5 Bcr’ with the result thatthe
motion again has a positive influence on the behavior of the tube., Therefore,
confining ourselves to the case without space charge and with a small alter-

nating electric field, we shall calculate the electronic trajectories in the
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plane magnetron, a cese where the relative motion plays an essential role
and where the‘caIculation is still rather simple. But it is not possible
to reach the conclusions for the case with space charge since 1in this case
the velocity of the electrons depends on the distance from the cathodez, In
spite of all, the results give a first general idea.

In the stationary case, the motion of the electrons is given, from

equations (1.50) and (1.51)’by

vy = p(l - cos wgt) (19)
x = psinw,t - pwet , (20)
whére
. Upn _ €B
o] dIZJ“ ’ w, = m
c
w
An electromegnetic wave with phase velocity Vpp = T? is moving in the x

direction (perpendicular to the continuous electric field and the marnetic

field). The alternating voltage at the anode y = d would be

iwt - I'x)
Up e

The alternating field ¢ is therefore given in the space of the

discharge by

ei(wt -T'x)

B-2
u
éﬁl

|@
gy
"J'*‘j
i<
™
=

1]

7. i@gt - Ix)

By, = £ ° (22)
Ex = - il"y%12 i@t -Tx) . (23)

le can now obtein the equations of motion

. . ~ Wit - |
vy o= ’73117 b owt o qU JL@nt I'x) (2h)
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X o= - Wy - i"]_Uar;_ry Jlgt -Tx) (25)

If one introduces in the alternating term of equations (2k) and (25)
for x and y, the static trajectory (equetions (19) and (20), we obtain o fac-

tor eif'(p Sinw.t), which, developed into a Fourier series, gives

8

-ilp sinwet

(6]

3 €on Jon (Tp) cos 2nw t
n=o

(26)

> . o
where€, = 2, forn = 1, &, = 1, J, = Bessel functior of order n, If
we assume a synchronism of the velocity of the electrons in the x direction

with the phase velocity of the progressive wave, we then obtain

= - N { D7
w g MNow, (27)

Tquations (19), (20), (26), and (27) will be introduced into equations (2kL)

and (25). The initial conditions are

x=0 x=0 y=0 y=0 fort=0
Touations (2h) and (25) are then integrable. If we take into consideration

only the first two terms of equation (26), we obtain the solution

O™

= (1 +€J,Tp) + ﬂgg—‘ﬂl) sinw,t - (1 + EJO(FD)) w,t

- i€ [Jl(rp)-+ I—;? Jo(Fp):l w.t sin wct-€[5J1(Tp) w t cos wet (28)

- 2i€ [—Jl(ro)w ]P—p Jo(rp)] (1-cos wst) +E€lp gl_‘f-&)sin wet
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% = [14&] (I'o) +—E.( ; +E€1 Jl(r'p, +81-EJO I"p,] (1 - coswzt)

—.’LE(P JO\I’OMJ b+ = Jl(F V{l-cos 2wet) - Fp U-LIT Jw.t sin wet  (29)

+i€ [—Jl(].-'p) + %Fp JO(FQ):I sinw t + iE[Jl(Fp) + I-T:Q Jo(rp-\‘} w.t cos w,t

=4

p14’

where € = Toe ,¢>bemg the phase at time t = 0 and for x = 0.
D

Bquations (28) and (29) are represented in Figs. 11 to 14 for €= 0.1,

end I p = 0.5 and 1. These vzlues Fp 0.5 to 1 are not compatihle with the

hypothesis[p << 1. The fields being proportional to sh(r' p) or to ch(P_o)
and the value of these functions not departing appreciably from r p end from
1 forI'op < 1, we have chosen these large values to make evident the influence

of ' p on the motio o° the electrons.
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rig, 11
Trajectories of the Electrons in the Direction ¥
'y = 05 €= 0.1

In the multicavity mapgnetron, we have for the n mode: [ = n/b, wvhere b is

v Ates " 19 :

the distance beiween two slots™ . Tor the k mode: [ = (2n/0) (k/10) (T =
number of clots), The distance being the difference of the radius between
the anode and the cathode, we find therefore empirically that, for the Ameri-

can multicavity magnetrons
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that is to say,
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Fig. 12
Trajectories of the Electrons in the Direction X
o = 0.5 €= 0.1
Figs. 12 and 14 show the motion of the electrons in the direc-
tion of the travelling wave for different phases ¢. There is a focussing

of the electrons in the negative phese of the travelling wave, as we have

already explained qualitatively in Chapter 1.

rig. 13
Trajectories of the Llectrons in the Direction Y
' = 1.0 €= 0.1
P
Figs, 11 and 13 show the motion of the electrons in the direction
of the anode., The electrons of favorable phase go to the anode and the clec-
trons of unfavorable phase to the cathode. For large I' 5 the amplitude of

oscillations of the electrons of unfavorable phase (Fig. 13) is small; the

electrons reach the cathode with a small velocity and cause therefore little

back-heating. The electrons of favorable phese, on the other hand, reach the
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anode with a large kinetic energy and therefore decrease the efficiency.
Moreover, for smell values ofl'p, the back-heating is larger, and the kinetic
energy of the electrons which reach the anode smaller., We can therefore find
an optimum value of r p.

There are other reasons leading likewise to an optimum value of Iﬂp,
as Goudet has already indicated. If, for a constant number of slots, the
cathode-anode distance is too great, the HF field cannot penetrate very far
into the cathode space. If the cathode-anode space is too small, the capacitance
of the circuit is too large and the strength of resonance too small; the
tangential alternating field disappears. Goudet indicated that the optimum
distance is of an order of magnitude equal to the distance of the slots. Ve

obtain, therefore, the ratio

Te 2n
=1 - =, (31)
rp N

(N = number of slots).

Slater53 gives an empirical forrula for the optimum ratio:

r - b
R e & (32)

Equations (31) and (32) do not differ much from each other.

X

Fig. 1k
Trajectories of the Electrons in the Direction X
o = 1.0 €= 0.1



There results from the motion of the electrons, in Figs. 11 and 13,
that there is a weak focussing in the y direction. This focussing has an
inductive phase which can explain the inductive component of the magnetron

impedance for the case of resonance (Fig. 10).

7. Conclusions

In this reporv, we have obtained quantitative relations for the effi-
ciency (13), the optimum conditions for operation (9), and the magnetron im-
pedance with smnll cathode (17). We have developed semiempirical considerations
for the anode current (18) and for the optimum ratio rc/rp (30). Ve are now
going to indicate briefly the method of calculation of a magnetron, the wave-
length of the anode, the plate voltage, and the HF power being given., Ve
choose for examples the American multicavity magnetrons, indicated in (20) and
(34), i.e., megnetrons with wavelength aﬁd construction very different.

The ratio rc/rp may be calculated from equation (30) for the different
modes, that is to say, for the different number of slots. The continuous
power and therefore the anode current are derived from Fig. 6, for a given
ratio B/Bcr with a circuit efficiency of 90 to 95 per cent. The anode length
is calculated from equation (18) and the radius of the anode from equation (9),

for a given mode and a given ratio B/B According to this method, some tubes

cre
have been calculated in Table III for B/3,, = 1.k to 1.5.

The dimensions and the information of the operation of the Ameri-
can multicavity magnetrons are shown in the last column; the information on
the operation and the dimensions for the different modes, in the other col-
ums,., The agreement 1s satisfactory.

Apart from this information, other parameters influence also the
design of the magnetron: the strength of the megnetic field, the specified

cathode density, the back-heating of the cathode, the maximum anode load, and,

for large ratios of rc/rn, the efficiency of the circuit.



Mode

o
5523

o=

<

[¢]

o
TN TN N N
=

o e Mlln ]
O

(T)

22
50
o)

0,05
1620

12

50
953
0,42
0,23
0,12

6400

N

21
550

L7,
4,

p)
1

0,6k
0,2k

2500

A

TABIE III
TYFE 720 A-E.
B
10 cm, E—C‘I_‘ = l,ll-
L,
21
550
47,5
4,1
0,97
0,36
1900
TYPE L4 J 21-25.
. B
22 8 —_— = 1 5-
P BCI‘ )
3. L,
22 o0
50 50
Lo Lo
(P Ty2
2,0 2,2
0,75 1,66
880 620
TYPE 2 J 53%-56
B =
3 cm, 'ﬁ-c':"l: = 1,5,
5. 6.
12 12
50 50
9,3 9,3
0,42 0,38
0,26 0,29
0,18 0,18
4350 4750

63

720 A-E.

21
550
42
4,0
0,70
0,27
2300

I g 21-25,

PP
50
4o
4,9
1,5
0)55
1200

2 J 955-56.

12
50

12
0,62
0,16

3350



TABIE III (cont'd)

1 kW MAGNETRON ACCORDING TO [34].

A= 3)4-,5 cm, E—-'— = 1,5.
cr
3, L, 5. Measured
2,5 2,5 2,5 2;5
1 1 1 1
0,80 0,80 0,80 0,73
2’0 2,0 1)8 5)3
1,15 1,62 2,25 1,63
0,42 0,82 1,40 0,83

580 k10 360 koo
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PART III

THE TRAVELLING-WAVE TUBE IN A MAGNETIC TIELD

by J. Brossart and 0. Doehler

Annales de Radioeldéctricité
Vol. 3, No. 1k, Oct., 1948, pp. 328-338

Summary

In this article the authors study the behavior of the magnetron as

a travelling-wave tube; they describe a new type of tube, the magnetron travelling-

wave tube, and, neglecting the influence of space charge, they calculate the gain

of this tube used as an amplifier. Finally, they point out the essential dif-

ferences between the traveling-wave tube of the Kompfner-Pierce type and the

magnetron travelling-wave tube.

The first part of this investigation was devoted to the study of the
static characteristics of the magnetron; we have shown, in particular, that for
the plane magnetron, in the absence of space charge, the electrons move with a
velocity Vg perpendicular to the electric and magnetic fields, and it has been

found that

where Up is the anode voltage
B is the magnetic field

d is the anode-cathode distance
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On this motion is superposed also an oscillatory motion of pulsation

We = %? . It is interesting to note that vy is independent of y, the distance
of the electron from the cathode., When the space charge is not negligible -
always for the plane magnetron - we have seen that this space charge has a con-
stant density in first approximation; the electronic trajectories remain similar

to the preceding case where we neglect the space charge, but the velocity of

the electrons perpendicular to the electric and magnetic fields is written as

2Up
R ®)

and depends on the distance y of the electron from the cathode; in addition, the
oscillatory motion superposed on the continuous motion depends slightly on Up.

The oscillafions of resonance are excited by a high-frequency elec-
tric field that follows each of the electrons and constantly takes energy from
the aggregate of the space charge which is of the same rotation. The principle
of the travelling-wave tube is analagousB’h; we obtain amplification of a high-
frequency wave owing to the interaction between the bunches of electrons and
the electric fileld of the wave which is propagated in the same direction as
the electrons and with a velocity similar to the latter. We are therefore led
to believe that it can be possible to use the magnetron combined with the prin-
ciple of the travelling-wave tube and obtain in this way an amplifier tube for
U.H.F. In the remainder of this study we shall call the new tube Magnetron
Travelling-Wave Tube and we shall describe two modes of possible realization,
for which we will calculate the gain, limiting ourselves to small signals.

Fig. 16 gives a first realized form. C is the cathode, A is the anode;
which is made up of a delay line, for example, a helical plate; E is the en-
trance for the electromagnetic waves; S is the exit. In the direction of the
axis is found a constant homogenous magnetic field; O is an arrangement for

focussing. When the velocity of the electrons leaving the gun is so great that
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the force due to the electric field between A and C, augmented by the centri-

fugal force, balances exactly the Lorentz force, we have

7 - w? o= g (n=3),

and the electrons rotate around the cathode. If, in addition, we can neglect
the centrifugel force, that is to say if raF-=E, or if we are considering a
plane magnetron, we obtain for the velocity of the electrons the relation (1);
the electronic trajectories are those of circles concentric to the cathode, and
the motion relative to the frequency w, = %? is negligible. The influence of
the centrifugal force and the deviations of the trajectory beginning with the
trajectory of equilibrium have been examined in the first part of this inves-
tigation.

The electronic bunch is finally captured by the collector, K, which
is serving likewise as an electromagnetic screen between the entrance and the

exit, so as to prevent parasitic coupling.

Fig. 1 Fig. 2
Magnetron Travelling-Wave Tube Magnetron Travelling-Wave Tube
with Circular Trajectories with Epicycloidal TraJjectories
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Fig. 2 gives a second realized form. The cathode C is emissive in
many places. The anode is made up of a delay line with entrance, E, and exit,
S, and a collector, K, to absorb all the bunches and form a screen between the
entrance and the exit. Experience gained on such a tube with emissive cathode
at the entrance has shown the influence of the space charge to be negligible
when the current does not exceed approximately 10 mA. On the other hand, for
currents much larger, we can imagine that the space charge plays a considerable
role, and we will take account of this in assuming that the space charge is
constent (except perhaps in the neighborhood of the collector because of the
absorption of the electrons), as has been established in reference (1). For
this arrangement (Fig. 2), we will have epicyloidal electronic trajectories,
and unlike the preceding type of tube, it will be necessary to take account
of the motion relative to the frequency w. = E;? when the space charge is
negligible.

The magnetron travelling-wave tube presents important advantages in
relation to the travelling-wave tube, and it seems justifiable to study the
practical realizations of this tube in spite of the many technical difficulties
which one will have to overcome. In effect, we have shown” that the travelling-
wvave tube is not usable for an amplifier of high power, for its efficiency can-
not be greater than a few per cent., This is due to the fact that, if one wishes
to obtain a galn, one cannot give to the electrons a velocity much larger than
the phase velocity of the forced wave which they accompany, and only the surplus
of kinetic energy corresponding to this difference of velocity can be transformed
into electromagnetic energy. In the magnetron travelling-wave tube, on the
other hand, the electrons that would have to give up energy to the high-frequency

field constantly absorb energy from the constant field, as we have shown
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in the second part of this investigation. We would thus have an output very
much larger. On the other hand, we could use, in the magnetron travelling-wave
tube, an electronic current very much larger (of the order of one ampere) than
in the travelling-wave tube (10 to 20 mi.).

We are going to study, in this article, the gain of the magnetron
travelling-wave tube for small signals. The method used will make possible,
in addition, the solution of a problem which has been posed, but not solved,
in the second part of this studyg, namely: the determination of the starting
resistance for a magnetron with large cathode. The calculation of the principal
characteristics of operation of a magnetron travelling-wave tube will be done

following the same method as that given at the end of the second part.

1. Hypotheses

Compared with the travelling-wave tube, the study of the magnetron
travelling-wave tube is more complicated because, in the first place, it con-
cerns a cylindrical problem in two dimensions and in the second place it is
necessary to take into account the essential role that the space charge plays
(see the first and second parts of this study), particularly for the second form
of construction (Fig. 2). In consequence, we will not be able to treat the
question without a number of important simplifications and approximations:

1. We shall restrict the study to small signals.

2. We shall limit ourselves to the case of the plane magnetron, and
to the case of the cylindrical magnetron when one has rp/rc,: 1 (rp radius of
anode, r, radius of cathode).

It is necessary,nevertheless,to note for the magnetron travelling-

wave tube, that one must already realize this to be considerably different from

the limiting case of the plane magnetron.
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%, For the arrangement represented in Fig. 1 and for the arrange-
ment represented in Fig., 2, when the electronic current is not very large, we
shall assume that the influence of the space charge is negligible. In the ar-
rangement represented in Tig, 2 with large current, we shall take account of
the space charge by assuming that the density is constant.

4, In the arrangement represented in Fig. 1 we shall neglect motion
relative to the frequency w, =7B, andassume that the electrons describe circles
concentric with the cathode.

5. TFor the arrangement represented in Fig. 2:

a) We shall neglect the influence of the space charge but take
into account the relative motion of the electroné.

b) We shall take account of the space charge by assuming that the
density is constant, but we shall neglect the relative motion of the electrons.

6. We assume
nB > |w =Tv,| ,

ve, being given by equations (1) and (2), is the velocity of the electronms,
I'is the phase constant of the wave which is propagated in the anode-cathode
space. w 1ig the angular frequency of the high-frequency wave.

In the case where the space charge is negligible, the preceding in-
equality is always valid, because we have a gainonly when the velocity of the
electrons is approximately equal to the phase velocity of the wave. On the
other hand, when the space charge is important, the velocity of the electrons
depends on their distance from the cathode, so that in the vicinity of the
cathode, the preceding inequality is valid only for a very intense magnetic

field, B>>3B On the other hand, in the vicinity of the anode, the electric

cre

fields are important and the inequality is always valid,
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7. We shall neglect the effect of the boundaries and assume the
system to be indefinitely extended along the axis.

8. For the case with space charge, we shall assume IH1<<1, which
signifies that the wave length of propagation of the wave is large compared
with the product of 2n times the anode-cathode distance., We note that the pre-
ceding hypothesis is not valid in the multicavity magnetron. The influence of

T'd on the electronic trajectories has been discussed in the second part (Section 6).

2. Study of the Magnetron Travelling Wave Tube with Space Charge Neglected

A. Study of the Arrangement of Fig. 1l: We Neglect the Motion Relative
to Frequency w, =7B . The calculation of the gain is done according to the
method used in (k).

1. Determination of the Electronic Trajectories. - The system is
represented schematically in Fig. 3, with the three axes of reference. A con-
stant electric field, Up/d, is directed along - y and a constant magnetic
field, B, along + Z.

We assume that the electrons enter in the system parallel to the di-

rection + x with a velocity v, given by (1):

s

Vo = aB

4,,,///””/” PLANE OF ANODE

| :

l DIREGTION OF

—— TRAVELLING WAVE —>-

- X

PLANE OF CATHODE

Tig. 3
Coordinates of the System
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In the absence of the high-frequency field their trajectories are then defined

by

X = Vot
(3)
y = Y5

b4

witht=1t - t,, t, Dbeing the time of passage of the electron considered in

o
the plane x = o, and t being the instant when this electron is found at X.

If now we assume that a high-frequency wave be propagated in the
direction x with a phase constant I'= ; - ii, we can obtain the high-frequency
electric fields with the aid of a simple theory which neglects the influence

of the potential vectors* and we arrive at the expressions:

sh(ily) .
- 1"AUp Sh(1[d eiwto eiwtk,

By =
(&)
g, = - il ;i(giII‘Z; elwto oiwmlk,

with

=7 - ik, k

1}

|
<|E

V being the phase velocity of the wave.

AUP, having the dimensions of a voltage, serves to define the
amplitude of the field; when this amplitude is small compared to that of the
electric field Up/d, the trajectories of the electrons in the presence of the
high-frequency wave can be considered to be the trajectories (3), perturbed as

y = ¥, +8VY
° ’ (5)

>
¥

voT + O x.

Supposing the phase velocity of the wave approximately equael to v, Sx anddy

*¥ A more complete theor beginnin% with the equations of Maxwell is developed
in the appendix; for TI"I 2 >>2/c2  the case which interests us here, this
gives practically the same expressions for Ex and Ey as the simple theory.
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satisfy to first approximation

the equations

8% + wlx

inTavs, _(“:2(111%?1 glwto 1T

8% - wdy = 7l —L—Tzﬁ(iggo) elwto gilr

where we have used
e
n= g5s Wc = NB,

If we havel{l << w,, it follows that

Sx = {——53 sh(ilyo)

i
P DG el et

Svy = i€dx Svy = 8y (8)

We must remark here that dx and.Sy'are proportional to l/f whereas,

in the travelling-wave tube, the perturbations in the trajectories are pro-

portional to lﬂfg [see (3), (h)] . On the other hand, 8y is proportional to
the field Ex and 8x to field Ty.

2. Calculation of the High-frequency Current. - The unmodulated
electronic beam is supposed to occupy the interval yo, yo + Ayo and carry
constant current I.

~
J (="

The constant density of cherge is given by

Po

vohyo

Let us now apply to the modulated beam the equation of conservation
of electricity:

- 90
ot -

<
o
ib
o
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Restricted to small motions, this equation is reduced to

Vo (o - po) + W(o - po) = O
and shows that one has everywhere p = pg. In other words, in the modulated

beam the density of charge remains constant and equal to the density of the
unmodulated beamn.
The alternating current i, is therefore due only to the variation of

the cross section of the beam, and one can write

Yo + byo +8(¥o + A¥o)
I + i, = oo [V, + Bvx(y)] dy

% + Ov,)

so, since |El<<w and Ayo is very small

. 31al% w _ch(ilyo) ciwto oiér
Ix lIdFUp ¢ Tem(ra) ¢ €T (9)
Remarks:

a) We can find directly the expression for the current by apply-

ing the conservation of electricity in the direction x, that is to say, by writing

dt
I + ix = I-——d-%,

but this method does not show directly the interesting physical fact that
p = po throughout the beam.

b) The alternating current iy can be neglected in first approximation;
in effect, we do not have the continuous component of velocity along y, and the
current crossing an element of height, g, situeted in the ordinate y is written

impl
simply X +q

iy = J/. pOSVydx,

X



7

a term which is negligible compared to iy, since E is very small compared to w.

3, The Energy Balance., - Let: - dP be the apparent power given up
by the electronic current along a short distance d x; + dPq, the apparent
power consumed by the line along the distance d x; + & Pg, the increase, along
d x, of the apparent power which is propagated in the direction of the wave.

From the law of conservation of energy, we can write
¢ + dpp + dPp = 0, (10)

the equstion which is going to permit the calculation of the propagation con-
stant of the forced wave,beginning with the characteristics of the tube (cur-
rent, voltage, magnetic field, etc.) and the propagation constant Y -ik of the
free wave capable of being propagated along the delay line in the absence of
electronic current.

- d P is given by

Exix¥*dx
ap = T (11)

and is obviously written, by neglecting 7 in comparison with ik in the hyperbolic

functions
2Y. 2 = .2
Y AU -2 8 ( Jeh(ky) voYw + iwp
} _ &Y AYp ¢ .
ap ;T T IE (ﬁi 57 Ty (12)

For the calculation of 4 Py and d Pp, it is necessary to recall

that the apparent energy carried by the wave can be written

_ ExEx*
Pos R (13)

Ry being a constant characteristic of the delay line (the coupling resistance).

(In the Appendix, we shall calculate the electromagnetic fields and the coupling

* indicates complex conjugate.
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resistance for a helical plate.)

Under these conditions, we have

EyEx*
ap, = - -xﬁix‘- (Y + ik) ax, (14)
ap, = E%Eﬁ (7 + 1k) ax. (15)
X

Cancelling separately the real and imaginary parts of equation (10),

we finally obtain the two relations

- - 2 T —
R T SN Tk (16)
G-1002 %2 .« Sxooth (v o2, 1
- (7 + Vo p - 220 -Vg— ( 7)

where Zo = %? represents the impedence of the beam.

Relations (16) and (17) now permit the calculation of the gain of
the tube and the phase velocity of the forced wave. Relation (17) shows, in
particular, that if k = k, we have p = 0; in other words: if the velocity Vo
of the electrons is equal to the phase velocity v of the free wave, the phase
velocity v of the forced wave will be the same as that of the free wave. This
is the profound difference in the mechanism of the operation of the magnetron
travelling-wave tube and that of the travelling-wave tube where the phase ve-
locity of the forced wave is always different from that of the free wave.

Relations (16) and (17) are discussed at the end of paragraph B.

B, Study of the Arrangement in Figure 2: We Will Take into Account the
Relative Motion of the Electrons., -- In the preceding paragraph we have neg-
lected the relative motion of the electrons, because we assume that an appro-
priate arrangement of focussing injected the electron beam into the cathode-

anode space of the magnetron with a velocity v, parallel to the cathode and

* indicates complex conjugate.
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equal to Up/ dB. Now, it is evident that this arrangement will be difficult
to realize,and, as a practical matter, we will rather put the source of elec-
trons in the plane of electrode C (Fig. 1). In this case and in the absence of

space charge, the electrons describe the static cycloidal trajectories calcu-

lated in the first part of this study [equations (50) and (51.)]:

y = 122 (1 - cos w,T), (18)
Yr .
X = VoT + 5 sinWcT, (19)

2
B
where vy is given by (1), Y.=d <—%1) being the amplitude of the cycloid and
T= t -ty is the time of transit of the electron entering at time to. In
the Second Part, paragraph 6, we have calculated the dynamic trajectories of

the electrons when the anode-cethode distance is small, for example ['d = g{E <1l

0
(7‘0 is the wavelength of the RF in the cathode-anode space); we have found in
particular that for small values of r d, the amplitude of the relative motion

of the electrons in favorable phase is small, also that the electrons in un-
favorable phase have a relative motion of large amplitude (see Part II, Fig. 11).
For the values of I'd of the order of 1, we have likewise found that the amplitude
of the relative motion of the electrons of unfavorable phase is large, which
entail a small efficiency,an important part of the electronic current being
absorbed by the cathode (see Part II, Fig. 13). As a practical matter, the
American megnetrons have the values of I'd of the order of 1.9 + 0.5. For

such values of I'd the calculation of the dynemic trajectories of the electrons

is complicated; these trajectories have components of pulsation w(pulsation of
the HF wave), W¢e = 7n B, 2w, etc., also pw, + qw (linear combinations of the
coefficients of integral number of pulsationsw ., and w). In that which follows,

we will take account only of the components of pulsation w , since only these

components will give rise to a current frequency F = é‘% Once the HF current
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is calculated, we will be able to determine the gain of the tube, providing
we do not take account of the absorption of the electrons by the interior and
exterior cylinders., Also, we have seen (Part II, paragraph 6) that the com-
‘ponents of frequency F, = %ﬁ should have a large influence on the electron
trajectories, for these are the ones which cause an absorption by the electrodes.
We can neglect this absorption when Y, is smaller than d and when the interior
cylinder is at a negative potential with respect to the cathode.

Suppose that these conditions are fulfilled and assume that an HF
vave is propagated in the direction + x with a phase constant [ = 7 —iﬁ, then
the electric fields Ey and Ex are given by the relations (4) and the trajectories
of the electrons will be the trajectories (18) and (19), perturbed, and

the perturbations Sy and 8x must then satisfy the relations:

8 + wedk = inlhu, 9%-%1&7 elwt, plwtlk

(20)

. Sﬁﬁig;; piwty piwrilX .

3% - wdy nTau

Substituting in equation (20) x and y from the non-perturbed values (18) and

Ix I'x

(19) and neglecting in the development of ch(if&)e and sh(ily)e all

the terms which containw., we can write equation (20) in the form

85 + wBi - ne 9o elT
8% - wdy = Bel¥oe¥T (&
where
A in MUp 's‘ﬂ%f"&) ) (22)
B =7 'y Ei?_ilz‘ﬂ s (23)
Q - Jo(ié&;>[ - %;(iﬁrr)e rags (T)" + mapoaro(t )¢ ]
(2k)
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I (iIYr) ['iggg + 37%3 (i[yr)S + ié%%?ﬁ% (iIYr)5]

(25)

o () [T oty e ],

where
£:-+ w -irbo (same as the preceding value).

Under these conditions the forced solution of (21) gives:

w
-A-i—5—B

eib)to eié‘T,
- We

Sy

-B+ ia—égA

Sx = ——— elwto eifr,

2 2
2y

or, practically, vhen|{|<<w, ,

5, . B elte oifr, (26)
v §We
Sy o oA eiwto eifr (27)
§we
Applying the conservation of electricity in the direction x, we
can then calculate the HF current iy in the same manner as in paragraph 2-A.
But at first it is necessary to clarify the following point: as a result of
the cycloidal motion of the electrons, we no longer have a density of con-

tinuous current constant in the x direction, but the density depends on y,

the distance to the cathode. In particular, for y = o, the continuous density

in the x direction 1s zero, so that, in the vicinity of y = o, the approxime-

tions made for the calculation of i, are no longer justified.
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In that which follows, we will admit, in any case, that the density of con-

tinuous current is constant in each section and equal to the mean value %L .
T

This permits us to simplify the calculation of iy without involving too large

an error being made in the remainder under the hypothesis of small signals.

We find then

y =Y
ix = dix ’
y=0
with
a, = iZalWpe__Q  elutoeifT g5
Yy Up ¢ sh(i[d)
The energy balance is written as before:
dp + dP1 + dPp = o,
with
y=1Yr
Bx .
-dP = dx 2 dl; >
y =0
*
@, = =X (y. k) &,
1 Ry
E E* ¥, iT
= 2XEX i
dp, = R, (7+ ik) ax.

Let us recall that we have

] sh(ily) iwty pilT
By = -IaUp en(a) € e ¢
2
R . k [Egsiny okd sh )
X h /€ coty sh(kd)

* indicates complex conjugate.

(28)

(30)

see equation (4)

see Appendix, (15')
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Cancelling separately the real and imaginary parts of equation (30), we ob-

tain finally

. - 2 _
(7-NG % o) = 7, (3%)
Vo
w2 W
(k - X)(r® + 3 p?) = Vg Ps (35)
with 34
. 8 ch(kiy)-l siny By de g
D= Y. Zo sh(kd) coty \[€, h v,
_ Vo _ Vo Ak
Pz -y = Mg X (36)
u = 1l - ;o )
Ak = k - k .

The relations (34) and (35) are identical to the relations (16) and (17) ob-
tained for the case where we neglect the relative motion of the electroms.

Only the value of D is different in the two cases.

Discussion of the Results: et us assume from the first that p = O,

We have then propagation of an amplified wave of amplification constant:

. -kd 2
y_. r £ (kYy) siny de W y
y - 2 * \/eYrZOSi(kd) Cot4[ E&; h ;f; + _'E b (57)
with
f(kYr) =
r 2 2 35 4 231 6
[ch(kYr) - 1] {Jo( 5 ) [l + 38 (kYr) + STT58 (kYI‘) + ;2_.5616 (kYr) :]

+J2(%1) [@%ﬁ +—2ﬂ—52 (kﬁfr)l+ .2 (kYr)6]



8L
For variation in the ratio B/BCr from 1 to 1.3, we find that Y is

maxirum for values of kd near 1.
Let us assume that ¥ = o (the delay line has no attenuation). There

are three possible values for ?, and to each of these corresponds a value of

Ak:
pv; w u wu2
Y= o withsk = Z3 i (*785) -D ,
_ o w2 o u
Y = —D-(ﬁ-é) , with ok = & 5
= (38)

7 = +\/D—(—“’— 3) with ok = & % |

Vo 2 Vo 2

If we are in the region where we have amplification, we will nec-

essarily have D>(—3’~%) ; consequently, the wave corresponding to Y =o
[¢]

cannot exist, for this would correspond to Ak imaginary, and this is contrary

to the hypotheses of the calculation, and there is no possibility of propa-

gation except for two waves:

the one strongly attenuated,
2
b w
Pe (2

Vo2
the other strongly amplified,

;' = '+ D"(%)e ’

each one of these having a phase velocity v equal to the arithmetic mean vogv

between the velocity v, of the electrons and the velocity v of the free wave.
This constitutes, therefore, one more essential difference between

the operation of the magnetron travelling-wave tube and that of the travelling-

wave tube where one always has three waves, The existence of only two waves

coincides also with the fact that the gain of the magnetron travelling-wave
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tube is proportional to Il/ a and not to Il/ 3, as in the travelling-wave tube,
Y Y

and that the gein is reduced to the value 5 and no longer 3 -

Study of the Initial Conditions: In the travelling-wave tube, the

three waves fulfill, et the entrance, the following conditions:

> fields = field of the injected wave,
2 HF currents = O
2 IIF velocities = 0.

In the magnetron travelling-wave tube, the two waves will fulfill,

at the entrance, the conditions:

> fields = field of the injected wave,
2 HF currents = O,
2 IF velocities = 0,

The two first conditions give

— -— -
Ey1 + Ep = Eg
(39)
Y .3
B, B
& g2 T
gso that
S EO
E = L]
1 ] . &2
£l
For p = o, we obtain
- - -
E
Bl = I o= T3,
and the gain in decibels is written
c'db = 8.1yg -6 - (ko)

y being given by (37) and £ being the length of the delay line.
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Remarks: The condition 2 velocities at entrance = 0 is fulfilled
automatically; in effect, in a magnetron travelling-wave tube, there is always,
in addition to motion parallel to the cathode, a relative motion a function
of we, 2 We, etc., and the amplitude of this relative motion depends on the
phase of the HF wave and is determined by the condition 2 velocities at en-

trance = 0,

Conclusions

In closing, we shall recapitulate the principal differences between
the magnetron travelling-wave tube and the travelling-wave tube.

1. In the magnetron travelling-wave tube, the current is pro-
portional to l/f, while it is proportional to l/E2 in the travelling-wave
tube. This involves a smaller gain for the magnetron travelling-wave tube
than for the travelling-wave tube.

2. In the magnetron travelling-wave tube, the gain is maximum when
the electrons have the same velocity as the forced wave,and, in these condi-
tions, this velocity is likewise that of the free wave. In the travelling-
wave tube, on the contrary, we have a maximum gein when the velocity of the
electrons is equal to the velocity of the free wave.

3., There is no modulation of density in the magnetron travelling-
wave tube, while this modulation exists in the travelling-wave tube and has
important consequences (9).

L, The efficiency of the magnetron travelling-wave tube is large,
while that of the travelling-wave tube is small.

5. In the magnetron travelling-wave tube, there exist two forced
waves; in the travelling-wave tube there are three.

6. The existence of two waves instead of three involves:

a) that the gain of the magnetron travelling-wave tube is
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proportional to 11/2 instead of Il/5 for the travelling-wave tube;

b) that the attenuation of the delay line comes into play
appreciably by the factor )/2 (instead of ¥/3 for the travelling-wave
tube) to reduce the gain;

c) that the amplitude of the injected wave is divided into
half for each of the forced waves (in the case of maximum gain), while this

is divided by three for each of the three forced waves of the travelling-

wave tube.

APPENDIX

In the following pages we shall celculate the resistance of coupling
(see equations (13), (32) with the aid of an approximate method used by
Rudenberg8. Fig. 4 shows a delay line such as is practically realizable for
a magnetron travelling-wave tube: it acts simply as a helical plate wound on
a cylinder of rectangular cross section; the wires of the surface of the helix
turned toward the cathode make a constant angle W close to ﬂ/2 with the di-
rection x. In order to simplify the theory we suppose that the HF fields in
the cathode-anode region are due only to the HF currents circulating on the
surface closest to the cathode, the influence of the upper surface and the
lateral surfaces being considered as negligible. We can, therefore, to a first
approximation, replace the helix by a plane located at y = d indefinitely ex-
tended in the directions x and z and infinitely conducting in the direction
making the angle W with x; moreover, it is necessary to impose on the fields
the following conditions in the phase to take account of the geometrical struc-
ture of the helix:

p being the pitch of the helix,

s being the length of a turn of the helix,
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we should obtain

E(x+scosyY,z+ssiny) =

H(x+scosy, z+ssiny )

Fig. ba Helical Plate

Finally, we have to find the HF fields produced by the surface
of current described above which separates the space into two regions:
Region I is the interior region defined by 0 y =d
Region II is the exterior region defined by y >d
The boundary conditions, which it is necessary to take into account,
are:
a) On the cathode (for y = 0)
Ex = 0,E = 0 (1)
conditions which express that the electrical field is normal at the cathode.
b) At the anode (y = 4)
Ex cosy + E, siny = 0, (2")
a condition which expresses that the electric field is to be normal to the
current in the crosspiece surface.
Fy1 = Exrr » Ez1 = ExrToe (3")
conditions which express that the tangential electric field is to be con-

tinuous at the crosspiece of the surface of the current.

H,y sin + Hyxy cos = HyIT sin  + Hgrpcos , (&)
a condition which expresses that the current of the surface is parallel to

the direction making an angle ¥ with x.
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a condition already expressed above.

E(x+8 cosy ,z+s

z
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/ / / /
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Fig. 4b Replacing the Helix by a Plane System

c) At infinity (y = o).

(y=0) = 0

=

(y =) 0.

It remains, therefore, to integrate

-

0H
'/‘Loa_t ’

-

VxE = VxH

0, V. H

in the case where the fields depend only on x

ellwt - kx) ,
2
Letting fo €, w2 = ‘é’-e- = K°
EX and Hx,
9°E 9 2F 2
55’25 + ggzx + (K2 - k ) Ex
d°K 2
5}?’5 + g—z? + (K° k2)Hx

The fields should be zero

(6')

the Maxwell equations:

an'_.t‘ 5}

= 0 3

and t by the factor

we obtain in particular for

i}
o
-

0,
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equations which show that the fields depend only on z by the- factor e~1pz,

Finally, taking account of conditions (1'), the fields in thes interior are

written
ike
o) = 5 - EowB o
i [ 2o 17 2.g Al} ooy
EXI = Bl Sh (Iy

ke - g2 k2 - g > Alwt - kx - Bz).
ik w &P }
)i = —s A + s B sh Qy
vi [kE I I
Hxl = A sh oy

. wEox
i - [ _ 4 —1—————3] ch ay
2L [kQ—KE 1 K2 - g2 T —_—

Taking account of conditions (6'), the fields in the outside

are written

- [ 2 g, | HowB
EyII - I:kE_’-KQ By - k2 - K AQ]

9

Exir = B2
B, = [-gi B, - 1 Eo¥ Ag}
X~ - K k- - K° > o0y i(wt - kx - Bz),
2 - [Fo e v e %]
Hero = Ap
R L

Q, B, k being related by the equation
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The conditions (3'), (5'), (1') and (4') give,respectively,

Ao =-4; e ceh(@d) and By = By % sh (ad), (8")

B = }:<S ﬂlﬁ -cot\ll>, (9')

1&% siny A + [Pﬁ}? siny  + cost}/J 3y = 0, (10')
- - -

Tk&——,)- siny + cosll/J Ay - i%g—ﬁgsin\[l By = O. (11")
k= - K- k= - K*

The fields are now known without ambiguity and in combining their
expressions with relations (7') and (11'), we can express them as a function
of a single constant which, in addition,we will be able to relate to the cur-
rent density of the surface with the aid of Ampere's law.

We have therefore:

a) In the interior

E = i = ch ay
yi siny Vg, L
- - [Eo
ey = - 1 /-g—o Ay shay
. e g/
T,7 = 1 \/EQ cot¥ 1y shay F eilwt - ke - gz). (127)
€o

iAg .
H}rI = Sin\l/- oh L.Ly
HyI = A1 chay
H,r = - cot\I/ A1 ch oy




b) In the exterior

ad —
. _ [Bo & sh ad
Ey11 J& sy M
- _: [Ho _ad
By = i/’-‘;ﬁ e shad cot Ay
0 . r e 0y elWt - kx - gz) (13')
. 0d
- ie sh ad
WIL T Ty M
HXII = - ead sh ad Al
Hyrr = e%d shoad coty  Ap
—_—
with
a = ( S - cot¥) K
p sin $ )
1 s .
8 = (sin.¢_ "3 cot¢0 K (1)
k = 2 g,
D

Remarks: We see that for Y near to the expression for the

e e e 2 J
field on the interior are approximately the same as those given by relations
(4), which would be obtained beginning from 2 simple theory which neglects the

influence of the vector potentials,

Calculating the flux of the Poynting vector
- A*
P = 1/2(EXH)

across the right-hand cross section, we obtain the power transported, i, for

a helix length, h,

W= A%/% coty ,4% [shead+ch2ad—1:| ,

o sin¢
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and the resistance of coupling Ry can be deduced from the relation

which =2llows us to write

. -ad
_ o [Eo siny e 2
Bx = R VE, coty swa B W (151)



ok

BIBLIOGRAPHY

0. Doehler, Ann. Radiodlectricit€, vol. 3, 1948, pp. 29-39.

0. Doehler, ibid., vol. 3, 1948, pp. 169-183,

J. Bernier, ibid., vol. 2, 1947, pp. 87-101.

0. Doehler and W. Kleen, ibid., vol. 2, 1947, pp. 232-2k2,
0. Doehler and W. Kleen, ibid., vol. 3, 1948, pp. 12h-143,
Patent application C. S. F., deposited 9 January 1947, under
number 52801k,

Patent application C. S. F., deposited 13 June 1947, under
number 536160.

R. Rudenberg, Applied Physics, vol. 10, 1940, pp. 663-681;

vol. 12, 1941, pp. 219-229.
0. Doehler and W. Kleen, Ann., Radioélectricitd, vol. 3, 1948,

pp. 184-188,




95

PART IV

THE TRAVELLING-WAVE TUBE WITH A MAGNETIC FIELD

Extension of the Linear Theory, The Effects of Nonlinearities and the Efficiency
by O. Doehler, J. Brossart, and G. Mourier

Annales de Radioélectricité
Vol. 5, No. 22, Oct., 1950, pp. 29%-307

Summary

The authors study again the linear theory of travelling-wave tubes
with constant magnetic field without taking into consideration one of the
assumptions made in the preceding issue.

Two additional waves are found in that case, which are neither ampli-
fied nor attenuated. By computing nonlinear effects, they point out that the
esgsential fact is the absorption by the anode. The efficiency is then eval-
uated. When the electron heam is sent with a velocity small with respect to
the anode voltage, its value is larger, and a simple expression can be found

for it, (U.D.C. 621.385.1.029.)

Introduction

In a previous publication, Warnecke and Guénard have pointed out,
along general lines, the properties of a new type of amplifier for UHF, the
travelling-wave tube in a magnetic field. The first experimental results

obtained on these tubes have been mentioned in reference 2.
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One of the forms arising from this, the plane magnetron travelling-
wave tube, is represented very schematically in Fig. 1, in & plane perpendic-
ular to the direction of the magnetic field, B. An electron gun produces =
beam of electroms, F, which is caused to be displaced between a delay line
for electromagnetic propagation, In, and a plate, Po. In is maintained at the
high voltage of the tube, the plate, Po, being at a potential near to that of

the cathode. The space in which the beam is displaced is also the seat of ¢

&)
i

‘electric field and of a crossed magnetic field, uniform and constant; they
form with the direction of propagation a "trihedral trirectangle" (three mutu-
ally perpendicular vectors).

We analyze generally the motion of the electrons in this case in
two parts:

a) A uniform rectilinear drift motion of which the velocity is per-
pendiculer to the electric field, E, and magnetic field, B; the velocity, v,
is given by the ratio E/B. It is characterized by equilibrium between the
force exerted by the electric field and the force due to the magnetic field.
The equilibrium vzlocity v, is independent of the potential of the plane in
which the electron is moved. |

b) With respect to a system of reference endowed with a drift mo-
tion, a relative motion of free oscillation in two dimensions whose pulsation,
W, is defined uniquely by the magnetic field and which can be avoided by proper
initial conditions for the electrons. We will call "optically ideal" an elec-
tron gun which'produces a rectilinear and laminar beam, that is to say, where
the relative motion is eliminated, and we will limit ourselves to this case.

In Fig. 1, the beam is extracted from the cathode, C, by a positive
plate, Pj, held at a potential lower than that of In. The electrons move with
a velocity very near to that of a wave guided by the delay line, in such a

manner that they remain practically in the same phase during all of their
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transit in the tube; the HF field produces a progressive bunch in the midst

of the beam and borrows from the energy of the electrons. These latter should
be retarded longitudinally as in the travelling-wave tube if the presence of
the magnetic field were not converting this longitudinal slowing-up into a
transverse motion which grows continually toward the line where the poten-
tial is higher, allowing all to have practically the same velocity. Thus,

the electrons take the energy from the continuous electric field, which they

do not keep but which they give immediately to the HF field.

'[n S

Lgo.osy,os _______________ 99900

<
Affale]y]

IN

__ |
B VIR e S S LS

i Y ! ®B °
3 —FrEr J %z : ) Xy -——>X
=

Fig. 1 Essential Elements of a Plane Magnetron Travelling-Wave Tube

T

S ik

Ln, "slow-wave" line (anode); En, input of HF circuit; S, output of HF
circuit E, continued electric field; B, continuous magnetic field;
T; stetic trajectory of electronic beam.

(ne deduces immediately an estimate of the maximum theoretical
efficiency of the tube if the beam is very small. If it enters into the con-
denser made up of the plate Pp and the line Ln with a potential Uy end if Ln
is at potential Ub with respect to the cathode, the energy given to the elec-
trons in the space of the discharge is e(Up - Uo). Let us assume that all
the electrons reach the line with the initial velocity v, (if the signal is
very small, the velocity imported to the HF field is negligible); the field,

therefore, receives all the energy e(Up - Uo), and the electronic efficiency

is

e(Up - Uo) _ _Uo

77 el = eUp Up :
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In the plane condenser, the potential grows linearly with the distance to

the electrodes, and one has accordingly

I R £
Nel a »

Yo being the initial distance of the beam to the plate P,, and d the distance
between Ln and Pr, provided that P, is at potential of the cathode. The effi-
clency is therefore bound in a very simple fashion to the geometrical charac-
teristics of the tube.

Contrary to the situation prevailing in the tube with linear pro-
gressive waves, one can thus transform into kinetic energy almost all of the
energy derived from the source of voltage, provided that the beam passes suffi-
ciently close to the plate P2 in the static condition.

In addition, experiment has shown that one could easily cause suffi-
ciently large currents to pass in the space of the discharge. One has there-
fore in the magnetron travelling-wave tube an amplifier with large power out-
put and high efficiency.

The nature of the known quantities concerning the operation are such
thet if one bends a plane tube to resemble the one we have described, giving
it a diameter of the order of one-helf wavelength, the centrifugal force to
which each of the electrons is subjected is very small compared to the two
other forces which would be exerted on it primarily in the static operation.
One can therefore construct from plane tubes circular magnetron travelling-
wave tubes which will show only minimum differences.

A first theoretical study on the magnetron travelling-wave tube
has already appeared in this journal (3). We plan to complete this now:

a) Up to now we have limited ourselves to the case where

iw+T V| (1)

= We >>

_e__]é
m
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e and m being, respectively, the charge and mass of the electron, B the
magnetic field, w the angular frequency of the amplified signal, v, the elec-
tron velocity, and I-= y - ik the propagation constant of the wave in the
direction of the beam. This relation indicates that the angular velocity of
relative motion of the electrons is large compared to the modulus of the angu-
lar frequency of the wave seen by an electron according to a linear theory;
let us remember that this apparent angular freguency is a complex quantity
if the applied signal varies exponentially along the electron trajectory.

This hypothesis is certainly always very well verified. 1In fact,
w, is of the same order asw, or even larger; Yis small compared with k (if
one has? = ;:, the gain would be 55 decibels per wavelength in the line,
much smaller than the wavelength in vacuo!), and jw +I'Vb ig little differ-
ent fromw- ivb; w - ivo is zero if the electrons are in ebsolute synchronism
with the wave (vo = a)/E, velocity of the wave); even if the synchronism is
not absolute, this quantity is smaller than w and therefore smeller than wc
by at least a factor of ten.

Nevertheless, we have been led to abandon this hypothesis for the
following purely theoretical reason: in reference (3), we found two waves;
that is, there are four initial conditions: one for each of the two compo-

nents of HF velocity, and one for the current and one for the field:

2> fields

injected field (2)

2 currents injected current; (3)

as in (3); but, on the other hand,

8&0 = 0 ’ 8}.{0 = o .

We will find here two supplementary waves and we will have four
unknown quantities to determine in the four equations. This will permit us to
explain a remerk in reference (3) relative to this matter. We will see that

the supplementary waves involve a motion with an angular velocity very near to
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) which characterizes the relative motion of the electrons in the purely

static case. The small difference from the static case is due to the mech-

anism by which these waves are coupled by the fields of the amplified end

attenuated waves. We car compare these last to the forced oscillations of

an oscillating system and the two supplementary waves to the free oscillations,
b) In (3), we wrote (see Notations) that the power given by the

beam along the element dx is
Ex(yo)ix
-dp = 5 ax.

The field Ex varies with y, and the electrons do not keep the coordihate y,
but withdraw by 8y; one must therefore adopt Ex(yo + 8y) instead of Ex(yo).
This effect, that is studied for the travelling-wave tube in (4) and (5)
leads to an electronic gain in decibels /5 times larger.
c) In the Appendix of (3), we have given a calculation of the coeffi-

cient of coupling of the beam and the wave, defined by

*
Ry = Ix(Vo)Ex(Yo)

2P

We will give here a calculation corresponding to the conditions nearer to
those which are effectively realized, in using a method given by Pierce6.
d) But the most important part of this article treats the nonlinear
effects in the tube and leads to an evaluation of the efficiency which shows
that the method given in (2) is justified. It is remembered that, in the
first theoretical study (3) we limited ourselves to small signals, assuming
that the HF motions of the electrons would be sufficiently small so that
they remain almost in the same phase of the field. This is only for compari-
son with this hypothesis which leads us to the linear equation. As has been
done for the linear travelling-wave tube7, we shall use here the method of

successive approximations and we shall limit ourselves to the third. Actual
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practice differs very much from this approximation; however, we can imagine
that some other effects, of which these initial hypotheses do not take ac-
count, influence appreciably the power aﬂd the efficiency (for example, the
absorption of electrons by the electrodes); the gain calculated up to the
third approximation must be sufficient to isolate a certain number of essen-
tial parameters and their influence.

This method has the advantage of being more general and valid for
all types of magnetron travelling-wave tubes than that of Nordsieck. which

is more precise.

Hypotheses

The initial hypotheses are the following:

1. We restrict ourselves to the plane magnetron, the case which
is approached sufficiently by the practical realizations.

2. We neglect the effects of space charge, continuous as well as
alternating.

3. We neglect the boundary effects, that is to say,we treat the
magnetron travelling-wave tube having two dimensioms.

Lk, We have an ideal optical system: the static trajectories are
rectilinear,

5. The bean is thin, that is, |[Ay,|<<1 (y,, being the thin-
ness of the beam.)

6. The propagation constant I' = ? —ii is such that 7 ig clearly
smaller than k.

7. TFor the calculations of large signals, we will assume

eB
m

= wc >>|iw+r‘VoI .

8. The velocity of the electronms, Vos is small compared with the

velocity of light.
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9. The resistance of coupling is zero for the harmonics of the
fundemental wave, 2w, 3w, etc.

10. We do not take accéunt of the perturbations applied to the HF
fields by the absorption of the beam along the line.

11. Ve assume that the HF line possesses a continuous structure;
actually it may be either a helix or a line with waves; in this case, the free
wvave allows a large number of components tightly bound together; our hypothesis
considers only the largest and most rapid among these, although the others
undoubtedly are effective if the behavior of the tube is nonlinear. This ap-
proximation is less valid when the "opening" of the circuit is larger (case of

large accelerating voltage).

Notations
Vo - velocity of electrons
v - velocity of free waves
v - velocity of forced wave

vV
=1 -2
p =1 =

Y -ik - propagation constant of free wave

o
I

=Y -ii - propagation constant of forced wave
B = magnetic field

U_ - voltage between anode and the interior cylinder

P
U, - voltage between anode and cathode
- ¢€B
w. = ==
¢ m

w - high frequency angular frequency
M - efficiency
Ry - resistance of coupling (Z/cm?

E., - electric field in the direction of the beam
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Ey - electric field in the direction of the continuous electric
field
Py - density of the continuous space charge

Pl,pg - density of the alternating space charge in first and second

approximation
VXl, VX2
} ..., alternating electron velocities in first and second
s Yy approximation
d - distance between anode and interior cylinder
¢ =wt, + wpt
® - wt -
T =1t - to = transit time
Yk
e = "”“Q?ﬁf ;b o= e )
2 L L 2,2
=t K2 p + ¥ /K6
(0]
¢ = — g 3 Vo
2 > 2 =072
T et + 97k o + 97°/x,

i, Linear Theory

(2) Determinetion of the Electron Trajectories. The system 1s rep-

resented in Fig. 1 with the three axes of reference. A constant electric field
Up/d is directed alcng Oy and a constant magnetic field along + z.
The electrons enter into the system parallel to the 4 x direction.

In the absence of an HF field their trajectories are therefore defined by

y = Yo s X = V5T, (LL)

with T=1% - to, t, being the instant of passage of the electron in the plane
x = 0, and t the instant when this electron is found at x, The velocity v, is

given by
v = gb . (5)
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A HF wave is propagated in the x direction with s propagation con-
stant I' = 7 - il-:, with7<< k. If the velocity of this wave is small compared
with the velocity of light .we can derive the fields from a scalar potential

and wve have

‘ _ = . cosh (ky) iwt +'x

By = k AUy % ()~ © , (6)
.= sinh (k iwt +['x

o= ¢tk SR :

Let us consider the trajectories in the presence of the HF wave as

. the perturbed static trajectories

yO + Sly + 82y+ ceeey

<<:
1]

o]
1

VoT + Slx 1 Sex + oeeeey

and we obtain for the first approximetion in8 x and 3y the equations:

cosh (kyg) eiwto + i€t

8% + w 8% = Mk MUy sy ’
(8)
.o . . int lwt i
8% - wCSy = - ink AU, ——:-i-ﬂ%——%:%)el o+ {7 ’
with _
g¢= wp - iv ¥ (9)

There follows from this that:

o

§y o inlavp sinh (ily) L+gg coth (iyo) Jwto + 18T,
v w, f sinh (i]'d (é‘ ) o
b g
(10)
. §
S o pL0Up cosh (1Tyo) 1*a tanh (1'y,) gy + i€t |
= 1 Fa, simh (il'q) NG
1- (i)
and
8v, = 18y , 8w, = 1fdx . (11)
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(b) Calculation of the Current. The unmodulated beam is assumed

to occupy the interval y,, Yo + Y0 and to carry constant current I,. The

alternating current is then given by
-~ . a
i = o(v +8x)(1 35 Sy) Aye - I (12)

The term in g% (Sy) represents the variation of the cross section of the
beam due to the action of the HF field.

The density P is given by the equation of conservation of charge

Vepvy = - 5Tb ’ (13)
which givés as first approximation
v_0p1  0pl _ _ 0 9
o ax T 0ot po(ay Svy * OQ:SVX) * (14)

The introduction of equations (11) into (1k4) gives

pL = O, (15)
that is to say, the alternating charge density is zero in first approximetion

and we have, for the current,

¢
, Mp w cosh (ilyo) 1 * @, tenh (1y0) 1w teeifr
iy = i1la =% &+ =3 - —- e
X Up ¢ sinh (iTd) (f ) 2
1 -

+ (16)

We

(c) Energy Balance. In reference (3), we determined the power

given up by the beem 2long the element dx by

In reelity, in writing - dP in this form, we have ignored the fact
that the beam is displeced elong y in a field E, as a function of y, and it is

necessary to write
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Yot+AYo 3
- ap = %/Ex[yo +37(35)] [l + ji}g‘:)_-l {l + 5%; SY(YO)] P Vo &o-(18)
Yo

Ve obtain therefore, in studying the balance of energy as given

in (1),
r. . _ 1dBx coth (ilyo) We ‘ _é tanh (il'yo) + coth(il'y,)
o Zo 1-Eluo)? € [1 " 2 ]
) [%_ .\ g_c_ cothegiryc):] , (19)

where I‘o =Y- ik, i.e., propagation constant of the free wave, In replacing
f by its value (9), we obtain an equation of fourth degree in I , which in-
volves the existence of four waves.

We determine the solution of (19) by approximation in assuming that
we have a small current to deal with, i.e., Zo = U—-% is large. Ve have

therefore two groups of solutions:

2
1. |€| small; we neglect (f ) compared with unity, and (19) 1is

2>
written
2 -
v c2 W 2 Ry coth (kyo) w
F-n(72+42 of) - Brcotpluo 57 (20)
- _ 2 2
(k—k)()’2 4-"—’—D p2> - X COZh (kyg) (—0—2- o . (21)
v5 ° vy

Equations (20) and (21) are identical with a factor of nearly two to relations
(16) and (17) of reference (3). The coefficient of amplification Y is there-

fore [2 +times the value given in reference (5).

2
2. Il -(;‘2‘ is small. We will obtain [’ by writing first|l - E—*g = 0,
& we
and in carrying the value,we find
rying 9 1+ “’c/‘”
F'= - jw—-— (22)
v

o}
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in the second member, which finally gives:

[1 7 tanh (kyo) + coth (kyo) J

=4

Fle

1+ we/w 4R _
- o 3 - o . X coth (kyn)
F3;u = iw v, + 1 5 7, +

2

_El. " sgzggeazﬁ_] (23)

We see therefore that the two supplementary waves are neither attenuated nor
amplified but that they have a large dispersion of velocity. These resemble
two waves found in the linear travelling-wave tube when we take account of

the radial field. 2

5. Study of large Signals

In order to define the efficiency of an electronic tube, we can
assume different points of view. In the arrangement where the HF energy of

the current is collected by a single circuit (klystrons, amplifiers with grids),

i %
this energy is written gi , U being the HF voltage and i the fundamental of

the electronic current. U,I. being the applied power, the efficiency, in the
o*o

case where U = Uo and where i is in phase with U, is written

Iil
m= I, - (24)

The maximum of i is therefore 2I, , which would correspond to the bunches of
electrons infinitely small and infinitely dense; and in this case the effi-
ciency is equal to 100%. Now, in the travelling-wave tube, we have seen that
i is of the order 1.2 I,; if we therefore take (24) to define the efficiency,
this can attain 60 per cent. But we know that in the travelling-wave tube,
the electrons lose only that amount of kinetic energy which corresponds to
the difference between this velocity and that of the forced wave; as the

result, finally, the HF power given to the forced wave is very small compared

with the applied power.
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We will consider, on the other hand,a current which is of the form

represented in Fig. 2.

~
™

Fig. 2

The amplitude of the fundamental term is l%‘lo. However, this electron cur-
rent is moving constantly in a retarding sinusoidal HF field (shown in dotted
lines in Fig. 2). The field and the beam having always the same velocity, the
electrons will finish by giving up all of their kinetic energy, and an effi-
ciency of 100 per cent can be attained. The following, for example, takes
place in the magnetron travelling-wave tube for the electrons of favorable
phase: These electrons will form bunches, each located in a retarding field
and displaced with the same velocity as that of the field; they will, there-
fore, have a tendency to be slowed down, which will bring them closer to the
anode., In this process, they will, on the one hand, have given up high-fre-
quency energy and, on the other, have taken energy from the continuous field
in such a way as to overtake their retarded velocity; this mechanism will be
repeated until such a time that they will be absorbed by the anode, Those
which wiil be in an intense retarding field will arrive quickly at the anode
and will have a transit time shorter than those which will be in a weaker
retarding field. As a consequence, in order to determine the efficiency of

the magnetron travelling-wave tube, it is necessary to determine the percentage
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of electrons captured by the anode as well as their velocity of arrival at
the anode; this allows,then,the following course:

1. Determine the pertwbed trajectories of the electrons. This
will be done up to the third approximation.

2. Determine the velocity of the electrons as a function of y.

3, Calculate the density with the aid of equation (13).

L, Determine the influence of the nonlinearity on the gain.

5. Determine the velocities of the electrons which are absorbed
by the anode and take account of the nonlinearities on the gain.

6. Determine the percentage of electrons captured by the anode.

7. Finally, calculate the amplitude of the alternating current. As
we have said, this quentity does not play an essential role in the determi-

nation of the efficiency; it gives only an estimate of the amplitudes.

6. The Perturbed Trejectories

We have the equations of motion

cosh (i'y) iwto iwt+['x

8y + wdx = -mlw, o Grao ¢ e ) (25)
8y Sv - sinh (i['y) _iwt, iwt+Tx
X - O)C y = - F"?AUP —S—Z.L—nh (il-\ d) € € . (26)

Except in the exponentials eI1X we shall replace everywhere in (25) and (26)
I by ik.

t

o time of passage of the electrons into the plane x = o;

T transit time.

1}

Equations (25) and (26) are solved only by successive approximations.

We develop the solution in growing powers of AUp and we put, according to (3),

y = ¥, * Sly + 82y + 83y, (27)
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X = Xg + VT + Slx + 8ox 83x, (28)

which we introduce into the terms on the right.

Equations (25) and (26) are, in this way, made linear and easily
integrated, a condition on the basis of which one calculntes real quantities,
the complex notation being valid only in the linear equations,

In this calculation, we are concerned only with the amplified
wave, and we neglect all of the terms which are small compared to the terms

in E . We obtain:

'nh = _ .
Sy = dAg; S;inh(l({igg Vo7 T (2 cos § - D sing) (29)
2 —
3y ¢ @ ety (é%‘p> v simh (2kyo)e’ Vo7 %, (30)
> 2 :
C n MU\ (ka) sinh_(lyo) [ 2 .2 w_ 25 ]
833; = iwd Up> b sinnd (¥a) x{ 5 a + 3b o3 (b+ia) - 2iab
iwte (?vo7+iwp)r
+ ___L_sinhg Skyo) [ae - b 4+ i2ab -‘-r—w-a (b-ia)] x _e_
o) oY+ 1pw
(31)
and
Slx } Agp Cziihﬂky_o_ Jo¥T(a sin $+bcosP) , (32)
: Nyt
S5 = &) (%) Py cost (2m)e 7

2
kd AUp v yr |: 0.2 1
-d e O a“-b ) sin 29 + 22b cos 2
b sinh? (kd)( > Sl ¢ ¢
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AUp > (kd)g e.’/Vo7T olwto+iwpT
83x = -d( > - ~
Up 4 sinh3 (kd) 3V.Y +iwp
X.[%Séhéikll [ 3a2+b2+12ab+;§3;(b+ia)] (34)
- cosh (BkY)[Tru‘)—y (b-ia) + (a—ib)g] ’
o
where
vg)
p b w >
a = T o Tp ’ = .2 ’
o 2 v o8t
5 V57
w
c = ————9—2—7-/2 y &8 = »,-27—,2 .
o® + 9 0 o2+ 9%

In equations (29) and (32), we have neglected the terms in el3wt , Equations
(29) and (34) determine 8y and8x as functions of the transit time T and of y,
which is the ordinate of the entrance of the current into the space of the
discharge.

As a result of the nonlinearity of equations (25) and (26), 8531

and & 3X are the terms of frequencyw ; but they contein the exponential factor

e3v07T, which entails also the existence of a term in (AUp)? 65V°7rfor the
current. As a result of the coupling, we should therefore, necessarily have

in addition to the field given by (6), a field in (AUp)5 o3 7x , given by

-

b L (B0)° cosh (kx) V& itk )
7 W sinhd (ka)
o - g (00p) simh () BV x lEtRO) )

U2 sinbd (kd)
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A is a complex amplitude factor which will be determined in section 8.

The fields (35) and (36) show the perturbations Séx and B%y

given by

1 AU ¢ inh ) 57\701- +i¢
8,y = 1id(g-ic) <—_3) _sinh (kyo) , o ’ 57)
? U,/ sinhd (kd)

' 8\ h ) 3 VoY T+id
S.x = d(g-ic)<_1%> _cosh (kyo) , 3 Vo ’ (38
’ Up/ sinhd (kd)

which are to be added to the perturbations given by (31) and (34). We must

make a remark here relative to the subsequent calculations of the charge den-
sities: in order to determine the alternating densities to second and third
approximations, we make use of equation (51),which expresses the conservation

of charge:

V-epv = -0p

We make this equation linear by developing p end v in growing powers of AUP:
P = Po + P11 t P2 eeeey
V o= Vo + V] 4+ Vot eeues
We know, moreover, that p; is zero. But we must necessarily be careful to
express v as function of x, y, t; we knew it up till now only as function
of ¥gs toy T = t - to'

Letting & = wt - kx, we obtain, according to (27), (29), and

(30):
MUy a v ,
_ p sinh (ky) rx(a cos® - b sin ) (39)
Vo = v U, simh (kd) J
AU\ @ -
p kd . 2Yx [ 0 g240 b2 - 9..1_)
¥ d( UP) b simn? (ka) S (k) e < = oy )’

and, according to (28), (32),and (33):
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_ AUp cosh (ky) Jyx(b cos® + a sind)
Yo = x-d Up sinh (kd) J (k0)
u 2
A -
-d P kd e27x(2 ab cos 2+ (ae-b?‘)sin 2P
Up / U sinh® (xd)

VZ; cosh (Qk;y)) .

7. The Alternating Velocities and the Alternating Densities

According to equations (29) and (3L4), we obtain for the alternat-

ing velocities as function of y, to, and T :
kd AUp Z i
8v, = 1Y Simh (%Q) U, sinh (ky,) 'O Toi¢ (k1)
2
2 -
pv, (k) -AEP> sinh (2ky)b €2 07 T
2 sinh® (kd) \ Up
3 3 a7 o
L (kd)” éy}l) 30T 1P sinh(kyo) [i(a-ib)2+hib2+\?g-(a-ib)]
8 sinh? (kd ) Uy 4
o kd AU o . 3YroT i
+ sinh(3ky,) [i(a+ib) - #%7(a+ib)] +ivo— lnh5(££3<a—é>ﬁ sink(kyo)e”’ © €T,
s
P
and
5 2
) kd f_‘_{_ MSEC I (1) AUp) 2 gt (42)

Bry = Vosmm(m sinh(kd) Uy e GOSN s (kd)

{a cosh(2ky,)-a cos 2¢4+ b sin 2 ﬂ % (:33 ) ( ) 3V oTeid

si

{cosh(lqo) [3 a2+b2+i2ab + \—,‘—‘L):,(b+ia)] -cosh(3ky,) [_“.’_7_’ (b-ia) a+1b)2]}
o

AU YV
+ v kd ( p) cosh(ky,)A eV 0T ¢l 4)
sinhJ(kd) Up
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Replacing in equations (41) and (42), Y, and T by y, t, and x with
the aid of equations(39) and (4L0), we have the alternating velocithasSQVy,

83vy, 857y, 83VX as function of y, t, and x. We find

8ovy = x = o (43)
and
Sx Ve - 1v kd (AUp>5 ) sinh(k ) o2T% Wl
> ® sinhd (kd) \ Uy ’
(L)
kd AUy 2« iwt+I‘x
V. = Vv —-— A cosh :
S5V ° simnd (xd) U (i)e !

or for the total velocity,

AU 2?& .
v. = qv.__Ka AUy [1+ (U P) .Ag ]sinh(ky)elwt’“r'x (45)
sinh

ro

¥ O sinh (kd) U, P (kd)
and
° 7
AU AU a/x Wt
Vx = Vo+v . kfi _—._.I_)- 1+ ( P> A Z } COSh(ky)ela,t .-FX. (11-6)
(o] Slnh(Kd UP Up sinh (kd)

We have therefore the following important result: the perturbed
velocity of the electrons as function of y and x is proportional to the ratio

of the alternating field

s

2 Y .
iy = KAU |1 + AUp A eerx elw‘t.'—rx
’ D Up /| sinh® (kd)

to the continuous field

U
B, = T -
The alternating velocityVy, is proportional to the field Ey,
and the alternating velocity v.  1is proportional to the electric field Ey
up to the third approximation., However, we can consider that, in a general

fashion, in the plane magnetron or in the plane magnetron travelling-wave
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tube the velocity is given by

(47)

£

E x
B

.
v =

if the amplitude of relative motion at the entrance is zero. Zy is the unit
vector in the direction of the magnetic field.*

Equations (45) and (46) determine the kinetic energy with which
the electrons reach the anode.

The introduction of the alternating velocities from equations (43)
and (44) into equation (13) gives the alternating demsities pp and pz. It is
found that

P = Pz = o . (48)
Therefore in the magnetron travelling-wave tube the alternating densities are
zero up to the third approximation, and we can assume more generally that

the density remains constant in the beam.

8. Determination of the Amplitude A of the Third Approximation

The value A appearing in equations (35) and (36) is determined by

a balance of power. The power -dP given by the current of width Ay is

-dP = pVAyh [1 + %OSy] Ex(¥o +dy)dx, (49)

where h is the width of the beam in the z direction. Equation (49) is writ-
ten in terms of real quantities. The term (l + 5—)%;8y> gives the variation
of the section Ay due to the action of the HF fields. The term Ex(yo + dy)
takes account of the fact that the current is moving in a field variable with

y. In taking account of equations (15), (42), (48), and the hypothesis Y << _k,

equation (49) when we neglect all small terms, becomes

¥ We can demonstrate that equation (47) is also valid if the density of the
space charge is comtinuous and constant (case of the plane magnetron).
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_ 9 .
- = I ax (1 + 5—%8;/-) E, sinh k(y, +8y) , (50)

I, being the continuous current.
With equations (29), (37), and (33), we obtain, for the third ap-

proximation term of the power, by using complex quantities:

kdx AUbr e){'yx
Iok 3 00D . 2_7,2
-dP = g 1Ja” :L—I:gu -‘—'*%r'—*)— {qlnh({quo)(b+ia) [-7ba-7a +6

=2
sinh (k4

o

7o
(51)

-8ia—77wo—~+8(g+ic) <b+~)=,g)v—o-+ia> ] +sinh(2ky,) [ (b+ia) (Ltb 7“;—0

_2b?-2a2+8hké¢v)-8(g+ic) (2b2+21ab+ia @ )]
Yo Yo

=2 1d -2 —9——,1———- {A(b-l—ia)-l-(g-{-ic)/&*} sinh(2ky,) .
i )

The power absorbed by the attenuation along dx is

*

rap, = -2 (yLogn) ax (52)
1 Ry¢

=)

AU\ 2 oY x ) iwt+ [
Ex = -FAUp E:FA ( p) ° ] sinh (ky) e T (53)

Up/  sinh® (kd) | sinh (kd)

wvhich gives, for the third approximation,

LY x

o 4 2
K Wp simh () ppx) (7 4ix) ) Fax . (54)

U3 R, sinn*(ka)

dP,

The growth along dx of the apparent power dPp, which is propegated

in the direction of the wave, is, for the third approximation

L n Y
¥° AUp sinh®(ky) LY S == =
A ) [ 2 Frikyr(Feains] (55)
p %x sinh (kd)

According to the principle of conservation of energy we have
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¢ + dPp + dPp = o ., (56)
The introduction of the relations (51), (54), and (55) into
equation (56) gives the cquation which determines A.
We limit ourselves to two particular cases:
1. a=o0,7 # o, that is, the forced wave has the same velocity
as the free wave and as the electrons.

2., afo, V= 0, that is, the slow wave line has no attenuation.

1. a=o0,7 # 0. Ve obtain according to the equations (51) and

oo T
k=d 7y -7 G = -
A= o m— [15 cosh (2kyo) - 5] . (57)
-1 =
o
Therefore A is real and positive (¥<o), and the gaih increases with am-
*
plitude. Ve can attempt to calculate the power at the output P = E§§§~ s

as a function of the power P,, which is transportelfrom the input by the

amplified wave., We will then have:

oY x 2 47 x 3 67x

P = Pye + ApPy € + A5Po e .

The calculation nade previously gave the coefficient Ap, and we have

y Y 2 - _n QYX
Por, 27x [1 (Y-Y)" kd 13 cosh(2kyo) -5 _Poe ] Cs9)

+7(7_ g) 16 “sinh(2kyy) [

Quantitatively, the preceding expression is evidentally valid only if the
term P elL * is small compared with P, eey;x, which allows us to determine
the limit of validity of the third approximation. Let us take an example
which corresponds to a practical case,
kd = 2 , ky, = l.25 , 7 =0,
Up

voltage between anode and cathode = - s Ve then deduce
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=z 25;x
o] » -
P = P, 27 x {1 £ 0.78 02 } ,

vhere U, I, is the applied power,.

For an efficiency of 50 per cent the second term, therefore, gives
o correction of 25 per cent.

e can note, in passing, an essenticl difference between the

nonlinearities in the magnetron travelling-wave tvhe and the phenomena of

2Y x
. . 3 Py v’ ¢
the same nature in the travelling-wave tube, namely, that the factor —8—-1 -
Ue I,
is generally negative and inversely proportional to the optimum gain)’opt,

while here the factor i1s positive and independent of the optimum gzain.

2. a # 0,7 = 0. Starting from equation (51) and (54) to (56),

end the relation (20); vhich gives Ry, we obtain the real part Ay from
A=Ay + J B (in fact, only the real pert occurs in P). If 2ky, is suffi-

ciently large, Ay is reduced to

ki 9 -8ap 3b O] +a6p

"\l = 128 1~ ap 9 b2 . ag cosh (21‘:}70) » (59)
with

, - 2, .2 2,2y , bub LW
Bb @l - a 92 = (Bb + a ) [-7(8. +b ) 0 m'i' 8{3 <O + {"(;7>- 8&(1

A (A,q being the value of Ay for a = 0)

Fig. 3 gives the relative value
Aol

as a function of U. U represents the normalized difference between the ve-
locity of the free wave and the velocity of the electrons

- v
u = (l - fg) _x
V7 Yopt.

7opt is the optimum value of gain, which is that which we have for 2 tube

without attenuation. It is seen that Ay increases rapidly with u. It follows
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that we must expect hysteresis effects if the velocity of the electrons
is not equal to the velocity of the free wave, as we have found experimen-

tally in magnetrons for the region of orcillations of resonance,

A/A°
12,5

Tig. 3

9. Electron Efficiency

In section 8, we have seen that the third approximation leads to
a gain higher than the first and that the nonlinearities give only corrections
in the neighborhood of 25 per cent for efficiencies of the order of 50 per
cent. It is,therefore, not, as in the travelling-wave tube, the mechanism
of energy exchange which determines the amplitude, but, to the contrary,
the absorption by the anode. In order to determine the electronic efficiency,
it is therefore necessary to determine the velocity with which the electrons
are captured by the electrodes,

In [2] , we have evaluated the electronic efficiency by assuming
that 21l of the electrons would be absorbed by the anode with a velocity
Vo = E/B. Now, in section 7 we have determined the velocity of the electrons
uncer the influence of the TF fields and we have found [see equations (L45)

end (46)] that the velocity of the electrons is, following Ox:

L,
2 = Yo (l'+ﬁé) ’ (60)

o)
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e can show that

|Ey| << E, I(Ex)zl < Eg fory =4 , (63)

and the original evaluation is found to be justified.

According to the definition of R,, we have

. [a o cosh (ky)
Ey - By Pg sinh (ky)

Py =17 Uc I, = power at the output.

Replacing Ry by equation (20), we obtain

/ 2kd1)g-; —-——L—g"s’h y%—

4 (64)

om L:trj
1

In practical cases

kd =2, y = g,

we have
By ¢ 2V «<1
T k
Y 1 . . .
where X is of the order of 55 We do not commit appreciable error in
writing equation (62)
kinetic =~ 3 o °

It is necessary, therefore, to demonstrate that all the electrons

which enter for different phaseswt, into the space of the discharge reach

the anode., We will restrict ourselves to the case where the velocity of
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the electrons is equal to that of the free wave, that is to say, we will
let 2 = O,and vhere the attenustion of the slow line is negligible. Ve cal-
culate the distance y of the electrons as a function of the phase of entrance

wt, and we obtain, in fourth approximation,

_ 2
_ AUp Yx sinh(kye) kd [ _8Up Yx\  sinh(Ckyo)
Vo= Yo-dove s~in_h—%kd sinwt, + d 57 g sinh® (kd
Y& °p Y% v
2.2 > .
a k=d AUy gc)’x smhgkyo){ sinh(kyo) sinw
- 12 <V sinh”? (kd)
Y Up
—\ U

. a ka3 [ AUy N sinh(4kyo) - sinh(2ky,)

; ¥y %? Up sinh* (kd)

1 . (65)
- cos 20t 5 sinh (kkyo) - sinh (2ky,)
sinh (Id)
Yxy\ 3
o KO (5 13 oinh (3kyg) - 23 simh (kyo) .5y 4
- 12 =70 . 5 o)
Y & U, sinh? (kd)
Y\ ¥
ka3 [ avp e 13 sinh (4ky,) - 10 sinh (2kye)
+ 4 158 | n
- 7-w—° sinh™ (kd)

The last two terms in equation (65) occur because of the non-
linearities of the initial equations. In equation (65), we have neglected
the ebsorption by the anode. This absorption entails a2 diminution of gain
and, therefore, in the last two terms of equation (65), of the other coeffi-
cients. Ve shall neglect these two terms in the following considerations be-
cause they do not change appreciably the motions of the electrons in the y

direction,
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22

e see that, according to equation (65), in the first, third, etc.,
approximations, the electrons which enter in a phase n<wt, < 2x are moved
towvard the anode whereas the electrons in the phase 0O <:u)to < 1 are moved
toward the negative electrode. In the second and the fourth epproximation,
2ll of the electrons have a component toward the anode. If we take account
of the two last terms of equation (65), the behavior of the motion in the y
direction is the same; only the coefficients change. Replacing AUp by Ex

(6) =nd deducing the coupling resistance of equation (20), we obtzin

AU eV:{ (xa) & )
D~ sinh (kd 2 FH,F, sinh (kyo
_v T ginh (ky05 kd U, I, cosh (kyo)
Y& Up )
~ sinh (kd) 272 1) U.C. tonh (i
" sinh (kyo) ki Up (7o)
where PHF = IF power in first approximation.
_X_ —
Ixg Exo 2Y x
P = ) e )
_.\X
Pmp
Ui = — .
o} U Io

In Figs. 4 and 5, we have drawn y/d es a function of the entering phese aJto
for different values of kd, ky,, and 7o Uc/Up’ according to equation (65),
by neglecting the two last terms (Figs. I and 5). We see that the rate at
which the electrons are captured by the znode increases as 7g UC/Up and
kd increase and kyo decreases.

Let us teke a practical example: kd = 2, UC/Up = 0.5. For
kyo = 1.25, Mo cennot exceed about 0.75, the value of the ideal efficiency
that we calculated 1f all of the electrons reach the anode. In this case,

o UC/Un is of the order of 0.3 or 0.4; therefore, only zbout 50 per cent

7

of the electrons reach the anode, and nearly 80 per cent of the electrons give
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energy to the HF field, while 20 per cent gain energy. The efficiency cal-
culated according to the method given in [2] is much larger then the prac-
tical efficiency. In the case of Fig. 5, kd = L, ky, = 1.25, UC/Up =1,

the efficiency calculated according to [2] is 69 per cent. Therefore,

Mo Uc/Up is of the order of 0.6 or 0.7. In this case, almost all the elec-
trons reach the anode. The evaluotion of the efficiency, according to [2] ,

is therefore justified; This is the same in the case of ¥ig. L4, with

W = 2.0, ky, = 0.625 end  E= 1 .

To sum up: If the electrons move sufficiently far from the anode,
almost all reach the anode and the efficiency is high. If the electrons move
in the vicinity of the anode, the electrons with unfavorable entering phase
do not reach the anode. The efficiency is smnller than the result of the
calculation according to the method given in [2] . The error which we com-
mit in this case is smaller than 0.5.

This effect is understandable if we consider the physical behavior
of the tube. The field Ey cives a focussing action in favorable phase. The
field Ey of unfavorable phase guides the electrons toward the negative elec-
trode, The field Ty of favorable phase guides the electrons toward the anode.
Therefore, if the electrons move in the vicinity of the negative electrode,
that is, in a large field Ey, compared to Ex, there is a focussing action in
Tevorable phase, and the beam is guided slowly toward the anode. If the elec-
trons move in the vicinity of the anode, EX is of the same order of magnitude

s Eys and the electrons of unfavorable phase move toward the negative elec-

a
trode. They arrive in o smaller Ly field and the focussing is not sufficient.
For a high efficiency it is therefore favorable to use the same

voltage on the cathode and the negative electrode.
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10. Calculation of the Tundamental Term of HI' Current

The current is given by

i+ Iy = po (VO ! va) (l + T 8}) AYO ’ (66\
J
vhich 1is practically
~
i d o)
R A IR v
I 07, ~ 1 9y, 7

~
Tetting 1 = il -|~ i5, ve have, assuming, {or simplicity, that

Y=0and a = O:

1] . Izd AVP 7 X ,a i @ [
~ = I e e D o} sost 1i8 7)
Io Si]’l}](kd) - cosn ‘\lyo) € J (U /

Y 201

~ I 3
iz 7 A Y .- 7
.]_:_{. - ..___&3'_).___,__ P ey"" C,l@ ['6-17-8 cosh (1; ’O>

o sinho (kd) \ v, <

Yo Up
2_ .
+ 2.12 cosh ()kyo) . (68)

From which, for the amplitude

~ " <~ 3
i _ e I 30 cosh (Eky,) + Q2 (69)
I, I, Iol  6.128 cosh® (ky,) '
~
Thus the maximum value of %— is
o)
i 1642 cosh (kyo) -
I| z ) (70)
Vil + 15 cosh (2kyo)
.
For e ° > 0, we obtain
i
T ~ 1.38 ,
0" nmax
and for ky, << 1
i
— ~ l.h-8
Io
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When we inject the beom in the vicinity of the nepative elec-
trode, the modulnation of current is greater than if we inject near the cnode.
This is understandcble because the field E, is zero on the negative electrode,
and the electrons therefore are not subjected, at the moment of their en-
trence into the space of the discherge, to the focussing action of the field
Ey; on the contrary, when they enter in the vicinity of the anode, they are

subjected at the same time to the action of E_ =nd E., which entoils 2 small-

x y?

er modulation of current.

1l. Conclusions

In this article we have calculated more exactly the gein for small
signels, neglecting the hypothesis expressed by equation (1). We have found
four waves which fulfill the initial conditions. The gain is increased by
a factor,/2 because the beam moves in a field voriable with v. On the other
hand, in the appendix, we have calculeted the resistance of coupling for e
helical plate and we found that the resistance of coupling is smaller by
epproximately a fector of two, Therefore, the numerical values calculcted
according to (3) remzin almost the same.

The influence of the nonlinearities of the initial equations

[ equation (8)] entail an increase of the gain with amplitude. The increase
of the gain is larger if the velocity of the electrons is not egual to the
velocity of the free wave. The attenusting dencities are zero up to the

third approximation, and the effect of the space charge cre accordingly small,

The velocity of the electrons at the place x, y, t, is given by
—

-
L X = . . . . .
Zzw—g s Where I is the clectric field at the point x, y, t perpendicular to
e

the velocity. Therefore, the electrons are captured with their continuous

velocity, since, on the other hand, the HI ficld is small compared with the

continuous ficld.



The rate of electron capture by the anode is grecter than 50 per
cent. If the electrons enter in the vicinity of the ncgative electroce,
the rote is 100 ver cent. For z high efficiency, it is therefore Tavorable
to use the seme voltage on the cathode =nd on thc negative electrode.

There remain still three problems to be discussed:

1. To calculate the rate of cepture of the electrons by the acnode,
it is necessary to know the influence of the absorption by the anode on the gein,

2. 1In this article, the calculation is maide uncer the hypothesis
of an idesl optical system. In prectice, there always exists a relative mo-
tion. The influence of this will be studied in a future article.

%, Up to the prescnt we have assumed that the cffects of the swvace
charge are smell because the electronic density is constant. Put it is well
nown from the work of Brillouin that the continuous density of space charge
entails a continuous velocity varieble in the section of the beem. This ef-
fect must inTluence the gain of the magnetron travelling-wave tube. Up to
the present, we have studied only an electron flow with different. velocities
without a slow line [8,9] .

Cn the other hand, the alternating density must influence the be-

havior of the magnetron travelling-wave tube. We will treat these effects in

another article.

APFENDIX

Ve are going to calculate here the coupling resistance of e hel-
ical vlate Tollowing a method given by Pierce. Since the velocity of the wave
which is propagated in the direction of the beam is small compared with the

velocity of light, the fields cen be derived simply from a scalar potential.
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e shall assume that the helix is formed of two plane conductors separated

by an interval 2F, the negative electrode being located in the plane y = - D

(see Fig. 6).

Y
Helice
_______ =t
|*E
Y
f T'E Z
Helice
____T_LJ_ _____________
| ]_D
e
{ i Electrode négative
I 1
e — — —h >
Fig. 6

On the helix we have, in the x direction, a sinusoidal force

which is derived from a potential of the form

$ = T(y) MWt - ) (1)

We have

<f> = B sinh [a(y + D)] ei(wt - o) , (2")

for -ESy < +E
ilwt - o)
$ = Acosh aye , (3')
for +ESysSs®
¢ - 0 e W Alwt - ax) . (1)

The fields are derived from ¢by

_ .29 . . . 2%

By = oy ’
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= op) Sosh o (y + D) i(wt - ox)
Eyl = -« A cosh (0F) sinh o (T - F) e , 51)
sinh @ (x + D) i{wt - ox)
= A S A ~
) + 1 a A cosh (d ? SR G (5 -5 ©
for - y<+I:
Ly = - @A sinh (cy) ell@t - ax)
(6')
s/
Egrr = + 1 a A cosh (ay) wt - ox) ;
for + ES Yy S+ o
= s ) e~y - E i(lwt - ax)
EYIII ¢ A cosh (Cﬂ:) e ) e
(7')
EXIII = + 1 a A cosh (aE) e—a(y - E) ei(wt - O,’.X)

The power W traﬁsported by a length, h, of helix is

W= @ Vg B
where Q 1s the electromagnetic energy stored per unit length, and \/g is
the group velocity of the wave,

Now, Q is given by

®
h 3
Q = '%‘Q“ j; (EXE; + EyEgﬁ) dy , (9')
where
a A° : 2
W o= 5 €oh § sinh (2 OF) + cosh™ (0E) [l + cot a(D—Eﬂ . (10')
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The resistance of coupling is therefore

EX; Ko c « sinhg[(?d (0 + y)]
o7 Ty = VE, v.oh i 3
) g sink[a(D-7)] [ tank oF sinh ¢(D-L) + eQED'ﬁ;]
11!

The value of Ry given by (15') in [3] is identical to the value found here
in (11') when we put & = 0.

On the other hand, we have in practice:

oF = a(D-E) x2

end in this case, R, 1s proctically half of R, (I = 0).

-
P
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