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On the Construction of Galois Extensions 
of Function Fields and Number Fields 

Kuang-yen Shih 

This paper consists of two parts and an appendix. In Part 1, we 
investigate Galois converings and consider the problem of reducing 
their fields of definition. We restrict ourselves to PSL  2 (Z/pZ)-coverings 
in Part 2. The results of Part t are applied to obtain Galois extensions 
with P S L 2 (Z/p Z) as Galois group. We show that if p is an odd prime 
such that 2, 3 or 7 is a quadratic non-residue modulo p, then PSL2(Z/pZ ) 
occurs as Galois groups over the rationals. To prove this, Shimura's 
theory of canonical system of models is used to reduce the fields of 
definition of certain Galois coverings. Previously, our result is only 
known for p = 3, 5 and 7. 

In the appendix, we discuss the classification of Galois coverings, 
which is necessary in verifying Weil's criterion in certain cases. We also 
indicate how to use the theory developed in Part t to show Hilbert's 
result that alternating groups can be realized as Galois groups over Q. 

This paper is based on the author's doctoral dissertation. He would 
like to thank Professor Goro Shimura for several valuable suggestion 
during the course of the research. 

Notation. For an associative ring S with an identity element, we 
denote by S x the group of all invertible elements of S. 

Part 1. Generalities 

1. Definitions 

Let G be a finite group. A G-covering A is a quadruple (W, V, ~, q~) 
consisting of two projective non-singular algebraic curves W, V defined 
over C, a surjective rational map ~ : W--, g and an isomorphism ~0 of G 
into Aut(W), the group of automorphisms of W, such that the function 
field C(W) is a Galois extension of C(V) and ~0(G) coincides with the 
group of covering transformations of the covering ~ : W--* V. 

Let A=(W,V,n ,~ )  and A'=(W' ,V' ,~ ' ,~3 be two G-coverings. 
A pair (~, ~v) is called an isomorphism of A to A' if ~ (resp. ~r 0 is a biregular 
birational map of W onto W' (resp. V onto V') such that ~t'o ~ = ~ o 
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and ~o' (g) o ~ = ~ o q~ (g) for all # e G. We say that A and A' are isomorphic 
if there is an isomorphism from A to A'. 

Let k be a subfield of (7. A G-covering A=(W,V ,n , t # )  is defined 
over k if W, V, r~ and q~ (~) (g ~ G) are defined over k. Suppose A and A' 
are two G-coverings defined over k, then an isomorphism (~, ~) of A 
to A' is defined over k if • is defined over k. It is easy to see that this implies 

is also defined over k. 
Let A = (W, V, re, ~o) be a G-covering defined over k. For  an isomor- 

phism tr of k into C, define an isomorphism ~p" of G into Aut(W ") by 
tp'~(g) = ~o(g) ~, g ~ G. Then (W ~, V ~, r~ ~, tp*) is a G-covering defined over k. 
We denote this covering by A s. 

Let A be a G-covering and k a subfield of C. A model of A over k is a 
G-covering defined over k which is isomorphic to A. 

2. Weil's Criterion 

Theorem 1. Let G be a finite group and k o, k subfields of  C such that 
ko C k. Let A =(W, V, ~, tp) be a G-covering defined over k. For every 
tr~ Aut(C/ko) , let (~ , ,  ~ )  be an isomorphism of A to A ° defined over kid. 
Then the following (A) and (B) are equivalent: 

(A) There exist a G-covering Ao defined over k o and an isomorphism 
(~, ~J) of A o to A defined over k such that ~o o ~ -  1 = ~o (therefore ~ o ~ -  1 
= ~ )  for all tr E Aut(C/ko). 

(B) ~ o ~ = ~ (therefore ~** o ~ = ~ , )  for all tr, z ~ Aut(C/ko). 

Proof. That (A) implies (B) is trivial. Assume (B). By Weil's criterion 
1t2] there are two curves W0, V o defined over k o and two biregular 
birational maps • : Wo ~ W, ~ : 11o---, V defined over k such that ~o o ~ -  
=ff)o, ~Oo ~ - t = ~ , ,  for all aeAut(C/ko) .  Define n0: I41o--,1/o by So 
= ~ -  lono~ and q~o: G~Aut(Wo) by ~.ao(g ) = ~ -  to~o(g)o~ for g~G. Then 
A0 = (Wo, Vo, n0, q~o) is a G-covering defined over ko, and (~, ~) is an 
isomorphism of Ao to A defined over k. 

Corollary 2. Let G be a finite group and k o, k two subfields of C such 
that k o C k. Let A = (I41, V, n, tp) be a G-covering defined over k. Then A 
has a model over k o which is isomorphic to A over k if and only if for every 
(re Aut(C/ko) , there is a biregular birational map ~ ,  : W ~  W ~ defined 
over kl¢" such that 

(a) ~ o ~,  = ~,~ for all tr, z ~ Aut(C/ko) 
and 

(b) ~(g)~' o ff~ = ~o ° q~(.q) for all tr ~ Aut(C/ko) and g ~ G. 

Proof. That  A has a model over k0 implies the existence of ~, 's  is 
trivial. Conversely, assume for every tre Aut(C/ko) there is a biregular 
birational map ¢~ : W ~  W " defined over kk ~ satisfying (a) and (b). By (b), 
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there is a biregular birational map ~ : V ~  W defined over k/d such that 
(,/,~, ~g,) is an isomorphism of A to A ". Hence by Theorem 1, condition (a) 
implies the existence of a model of A over k 0 which is isomorphic to A 
over k. 

Recall that a finite group G is said to be complete if the center of G 
is 1 and every automorphism of G is an inner automorphism [1]. 

Theorem 3. Let A = (W, V, n, q~) be a G-covering and k a subfield of C. 
Suppose 

(t) For all a ~ Aut(C/k), there is a biregular birational map from W 
onto W~ ; 

(2) The group Aut (I40 is a complete finite group. 
Then A has a model over k. 

Proof. Let K D k be a subfield of C over which A and all elements 
of Aut(W) are defined. For a ~ Aut(C/k), let F~ be a biregular birational 
map from W to WL Consider the automorphism of Aut(W) defined by 

~ F,- 1 o a ~ o F~. By (2) there is a unique ~, in Aut (140 such that F~ 1 o a~ o F~ 
= y oct o 7 - t  for all • in Aut(W). Set ~ ,  = F, o 7. Then ~ is a biregular 
birational map from W onto W ~ such that 

~ l  o c(" o ,~,, = c¢ (2.1) 

for all tr ~ Aut(C/k) and a ~ Aut(W). 
Note that ~ ,  is defined over K K  ~ for treAut(C/k).  In fact, for 

T e A u t ( C / K K  ~) and a~Aut (W)  we have ( ~ ) - 1 o ~ o ~ = 0 ~  by (2.1). 
It follows that ~ I o  ~ is in the center of Aut(W). Hence ~ =  ~ , .  This 
being true for all z ~ Aut(C/KK~),  q~ is defined over K K L  

Suppose a, z ~ Aut(C/k). By (2.t) we have 

((i~" I° ((~a)-- I° (]')o"~) ° 0(° ((~)~- 1° ((~) - I °  (~)al)- i : O( 

for all a ~ Aut(W). Therefore @~ o @, = @~. Hence A has a model over k 
by Corollary 2. 

Remark. We can replace (1) and (2) of Theorem 3 by a somewhat 
weaker condition, namely, Aut(W) has trivial center and for all 
a~Aut(C/k) ,  there is a biregular birational map ~ from W to W ~ 
satisfying (2.1). 

3. A Necessary Condition 

Let A = (W, V, zr, q~) be a G-covering. For ~ e W,, let G ,  be the isotropy 
subgroup { g e G : ~ o ( g ) ( ~ ) = ~ }  and o~cC(W)  the valuation ring at 
the point ~. Choose a local uniformizing parameter t e % at ~fl. Then 
for g e G~, t o ~0(g) is also a uniformizing parameter at ~ .  Therefore we 
have 

t o q~(g) = ¢. t (mod t 2 0~0), 
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where ( is a root of unity independent of the choice of the parameter t. 
Denote ( by ~(g).  Assigning ~ (g )  to g ~ G~, we get a map ~ from G~ 
into the circle group. It is easy to see that (~ is an injective group homo- 
morphism. 

Let e~ denote the ramification index at ~.  From the above discussion, 
we know that G$ is a cyclic group of order e$. For p e F, define ep to be 
e~ for any ~ e n-  i (p). This is well-defined because n : W ~  V is a Galois 
covering. 

Let ~ =exp(2nV-L-l/e~). Denote by g~ the unique g~ G~ such that 
ff~(g) = ~. Then we have: 

I f  n(~)  = n(~'), then g~ and g~, are conjugate in G. (3.1) 

Let p e V. From (3.1) we know that the set {g~ : zc(~) = p} is a conju- 
gacy class in G. Denote this conjugacy class by Cp. Let Co = {1}, C1, ..., Ca 
be the conjugacy classes of G. We call p a point of type Ci if C~ = Ci. 
Obviously, p is unramified in W if and only if p is of type Co. For i: 
1 < i < s, the number of points of type C~ on V is finite. We denote this 
number by/~i(A). 

We call two points p and p' on V equivalent if there is an automor- 
phism (~, ~) of A such that p' = ~'(p). 

Proposition4. Let A=(W,V,n ,  cp) and A' = (W', V', n', qY) be two 
G-coverings and (~, ~ an isomorphism of A to A'. Then Cp = C~q~) for 
all p ~ V.. Especially, equivalent points on V are of the same type. 

For i : 0 < i < s ,  let e~ be the order of any element of C~ and 
(~ = e x p ( 2 n ~ -  l/et). Let k be a subfield of C. Define 

Z(k; Cl) = {m e Z : ~" is conjugate to (~ over k}. 

Let g be any element of Cv Call ml, m2 ~ Z(k; C~) equivalent if g"~ and 
g"~ are conjugate in G. It is easy to see that this definition is independent 
of the choice of g e Cv The relation thus defined is an equivalence 
relation on Z(k; C~). Denote the number of equivalence classes of this 
relation by z(k; C~). Obviously, z(k; Cl)-< [k(~i) : k]. 

Let A=(W,  V, n, q0 be a G-covering defined over k, ~ a point on W 
and p = n(~). For  an automorphism 0c of C over k, ~ e W, p~ e V and 
p~= n(~') .  Since W is defined over k, • can be extended to an auto- 
morphism of C(W), which is denoted by the same letter ~. We have 
( o ~ = o  m. F ~  a local uniformizing parameter t at ~ .  Let 

= exp(2n V - t/e~) and m(~) an integer satisfying 

((~)'t~} = ( .  (3.2) 

Then we have 
~o (~{~)  ~ ~.  t ~ (mod (t~) ~ o ~ ) .  
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Therefore g,~ = g~{~}. Hence we have the following 

Proposition 5. Let A =(W, V,n, ~p) be a G-covering de z~d over a 
subfield k of C and p a point on V. Set ~ = exp(27r V -  1/ep). For 
0~ ~ Am(C/k), let m(~) be an integer satisfying (3.2). Then for ~, fl ~ Am(C/k), 
p~ and p# are of the same type if and only if re(a) and m(fl) are equivalent 
in z(k; G). 

Corollary 6. Let A = (W, V, r~, 0 be a G-covering and k a subfield of C. 
Suppose V is defined over k. I f  V has a rational point p over k such that 
z(k; Cp)> 1, then A is not defined over k. 

Define zo(k; p) to be the cardinality of the set 
{i:0 < i <s,  p= is of type Ci for some ~ ~ Aut(C/k)}. 
By Proposition 5, we have 

Proposition 7. Let A = ( W ,  V, ~, ~p) be a G-covering defined over a 
subfield k of C. Then z(k; Cp)= z0(k; p) for  all p ~ V. 

Let A = (W, V, ~r, ~p) be a G-covering and e a positive integer. Denote 
by z(e; A) the cardinality of the set 

{i:O<i<_s, e i=e  and #i(A)>0}.  

Suppose A has a model Ao = (Wo, Vo, 7to, ~Po) over k. Let (O, ~) be an 
isomorphism to A to A o. For p ~ V  and p'=~P(p) we have e¢=ep,  
C¢ = C~ (see Proposition 4). Therefore z(e¢; Ao) = Z(ep; A) and z(k; C¢) 
= z(k; Cp). By Proposition 7, z(k; C~,) = z0(k; p') < Z(ep,; Ao). Hence we 
have z(k; C~) ~ z(ep; A). 

Theorem 8. Let A = (IV, V, rt, ~p) be a G-covering and k a subfield of C. 
I f  there is a point p on V for which z(ep; A) < z(k; Cp), then A has no model 
over k. 

When z(ep; A)=  1, we can actually determine an algebraic number 
field which is contained in every field of definition of any model of A. 
To do this, for i : 1 < i < s define 

I (0  = { m ~ Z ( Q ;  Ci): 1 < m < e ~ - I  and gm is conjugate to g} 

and 
~ ,=  ~ (m, (3.3) 

ra~ l (i) 

where (=exp(2~l , / -~ /e i ) .  Then ~ i z k  if z(k; Ci)=I.  In fact, suppose 
creGal(k(O/k). Then ~ ' = ( J  for some j in Z(k; Ci). Since z(k; Ct)=l ,  

is conjugate to g. Hence m e l ( O  if and only if #mj is conjugate to g. 
Therefore 

m ¢ l l i )  
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Proposition 9. Let A be a G-covering. Suppose A has a model over k 
and z(ei; A) = t. Then k contains the algebraic integer ¢i defined by (3.3). 

Proof. By Theorem 8, z(k; Ci) = 1. Therefore by the above argument, 
~i belongs to k. 

4. Eichler-Setberg" s Trace Formula 

Let A = (W, V, n, q~) be a G-covering. Then G acts naturally on the 
space of holomorphic differential forms of the first kind on W. Denote 
this representation of G by 0. Then we have the trace formula 

tr(~?(cr))=l + ~ t~,S m if a e C i ( j # 0 ) ,  (4.1) 
i = l  

where /~t=/~i(A) and S~;s are algebraic numbers associated with G 
defined as follows. 

Let a E Cj. Suppose there is g e Ct such that a is a power of g. Let H 
be the subgroup generated by g. Denote the set of all cosets x H such that 
x - l a x ~ H  by M. For  x H ~ M ,  x - l a x = ~  for a unique integer m 
mode~. Obviously, m mode~ depends only on the coset xH, not on the 
choice of the representative x. We denote m by m(xH). Let 

= exp(2n l/rL-i-/el). Define 
~rn(X) 

S(g , a )=  E l - ~ - ~ x ) "  (4.2) 
XeM 

It is easy to see that ifa is also a power ofg' ~ Ci, then S(g, o) = S(#', a). 
Therefore, we can define S~(a) to be S(#, a) for any O ~ C~ such that a 
is a power of g. If there is no g in C~ such that a is a power of g, define 
St(~r)=0. Observe that St(a) depends only on Cj, the conjugacy class 
to which a belongs. We define S~j = S~(~r) for any a ~ Cj. 

Let Xo, ~t . . . .  , Z, be the characters of G, where Xo denotes the trivial 
character. Set ~ t j = ~ ( a )  for any a~Cj.  Let A=(W,V,n,~0) be a G- 
covering and Q the representation of G in the space of holomorphic 
differential forms on I4<. Denote the multiplicity of X~ in Q by 2~ and the 
number of points of type C~ on V by /~ .  Then from (4.1) we have 

.lX~ = 1 + ~ / t  iSij, j = t . . . . .  s. (4.3) 
/=0  i=1 

These formulas relate the numbers of points of different types to the 
multiplicities of irreducible representations of G in •. 
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5. Gatois Coverin#s Constructed from Fuchsian Groups 

Let FCSL2(R ) be a Fuchsian group of the first kind 1-10, p. 19]. 
Denote by 9"  the union of the upper half plane .~ and the cusps of F. 
Then F\~* has the structure of a compact Riemann surface. Hence there 
exist a projective non-singular algebraic curve V and a F-invariant 
holomorphic map ~p from 9"  onto V which gives a biregular birational 
map from F\.~* onto E We call (V, q~) a model of F\~* [I0~ p. 152]. 

Let A be a normal subgroup of finite index of the Fuchsian group F. 
Let (Vr, q~r) [resp. (Va, ¢Pj)] be a model of F\.~* (resp. A\~*). Then there 
is a rational map J" Va--, Frsuch that J o q~z = q~r. Denote_ _ the images 
of F, A in SL2(R)/{+ 1} by F, A, respectively. Then F/A acts on A\~* 
faithfully. Via ~ ,  let this action be given by_an isomorphism ~p of F/A 
into Aut(l,~). Then (V~, Vr, J,q~ ) is a (F/A)-covering. By Shimura's 
theory, this covering has a model over an abelian extension of a totally 
real number field if F and A are "arithmetically defined". (See [10, 
Chapter 9], generalizations of this theory have been treated by Shimura 
and Miyake.) 

Part 2. P S L 2 (Z/p Z)-Coverings and the Realisation 
of P S L z (Zip Z) as Galois Groups 

From Shimura's result I-9], one derives easily that PSL2(Z/p2_Z) can 
be realized as Galois groups over the cyclotomic field Q(exp(2~c V - l/p)). 
A closer examination shows that this in fact gives us extensions over the 
quadratic number field Q([/~),  where e = ( - 1 )  ~p-1)r2. Unfortunately, 
this can't be used to produce such extensions over the rationals, as we 
shall see in §2. However, Shimura's recent result on the canonical 
system of models provides the necessary tool to construct Galois ex- 
tensions over the rationals with Galois groups isomorphic to PSL2(Z/pZ) 
for certain prime numbers p (Theorem 12). 

1. Generalities on PS L 2 (Z/pZ).Coverings 

Let p be an odd prime. Set 

where n is a quadratic non-residue modulo p. Then P and Q represent 
two different conjugacy classes of PSL2(Z/pZ). In the following, we 
use C1 (resp. (72) to denote the conjugacy class to which P (resp. Q) 
belongs. It is well-known that every element of order p belongs to either P 
or Q. Therefore 

z(Q; Ct) = z(Q; Cz) = 2. (1.1) 
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(For notation, see Part 1, § 3.) By Proposition 4 and Theorem 8 of Part l, 
we have 

PrOlmSillon 1. Let A=(W, V, n, cp) be a PS  L2(Z/pZ)-covering. Con- 
sider the points p on V such that ep = p. Suppose all these p's are equivalent, 
then A has no model over Q. In fact, every field of definition of a model 
of A contains Ill,p, where 8 = ( -  1) (p-1)/2. 

The last statement follows from Proposition 9, Part 1, and the identity 

p-1 +V~- ~ 
,,,=1 2 , ( = exp(21r~--1/p) . 

(~)=~ 

Let X:, Xz be the characters of PSL2(Z/pZ)  for which 

z~(e) = z2(Q) = ~+1/~ 
2 ' 

z2 (P) = z~ (Q) = ~ - l / ~  
2 

Here and throughout the rest of the paper e will denote ( - ~ - )  

= ( - t )  (p-1)/2. By Eichler-Selberg's trace formula we can prove the 
following generalization of Hecke's result [3, 4]. 

Proposition 2. Let A = (W, V, ~z, cp) be a P S L 2 (Z/p Z)-coverin#. Denote 
the multiplicity of xi(i = 1, 2) in the representation 0 of PS L2(Z/pZ ) in 
the space of holomorphic differential forms on W by 2 i, and the number 
of points of type C i on V by Pi. Then 

;q = 22 /f p = 1 (mod 4), 

2 1 - 2 2 = h ( # l - p 2 )  /f p=3(mod4) ,  

where h is the class number of Q( [ / -~ ) .  

Remark. Suppose p =  3(rood4) and Pt 4:pz. Then 21:~22 by the 
above Proposition. Hence tr (0(P)) is not rational in this case. Therefore A 
can not have a model over Q. 

To prove Proposition 2, first observe that 

s ( P , P )  = -~  1 + t _ ~ ,  
(1.1) 

4 + --C ~ n = l  l ' 

where ~ = exp(2~V--~/p ). [For the definition of s(e ,  P), see Part I, § 4.] 
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Lemma 3. We have 

i=~ (p )  1_ = { ~ _ p  /f p= l (mod4)  
i (~ -h /f p - 3 ( m o d 4 ) ,  

where h is the class number of Q ( l f ~ ) .  

Proof. If p -  l(mod4), then the assertion follows from the fact that 

( p )  = ( - -~) .  Suppose p = 3(mod4). Then 

p-1 (p )  1 i i~11 (p )  
Z I ¢ ' = - -  I] (i-¢~) 
.=i -- p jeF. 

k~-nlk+l) = -  

P k=l 
1 

(k - 1) Z (-,,k 
P k=2 .=l 

( k - l )  Z (,,k 
P k=2 n=l 

- - - -  Z ( k - ~  
P k=2 

---- -- L ~ [i__~12 (k )  k - i=~12 (k)] p 

- - - - 1 / ~ - / 2  k 
P k=l 

= V ~ "  h q.e.d. 

By (l.l) and the above Lemma we have 

SI(P ) -- S2(Q) -- S(P, P) 

p,-- 1 if p = l (mod4) 
4 

p - 1  1 
- - - ~ + ~ - V ~ . h  if p=3(mod4) 

s2(P) = s , (o  = s(<2, P) 

_ p - , !  ....... 
= 4 

p--1 1 l / ~ .  h 
4 2 

if p=l (mod4)  

if p = 3 (mod4). 

0.2) 

(1.3) 
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Proof of Proposition 2. By the trace formula (4.3), Part 1, we have 

2, (.Z, (P) - ;fi (Q)) + 22 (zz (P) - ;(2 (Q)) 

Suppose p -  1 (mod 4), 

Z2 (P) = Z t  (Q) = 1 - Vp 
2 

= / h  (S~ (P) - S, (Q)) +/4:z ($2 (P) - S 2 ( Q )  ) . 

I+V-p then ~=1.  So z I ( P ) = z 2 ( Q ) =  2 

(1.4) 

. Hence by (1.2), (1.3) and (1.4), 2 t = 2 2 . 

and 

Suppose p -  3(mod4), then e =  - 1 .  So zI(P)=z2(Q) = 2 

- 1 - V ~ .  Hence by (1.2), (1.3) and (1.4) we have and Z2 (P) = Zl (Q) = 2 

21 - "~2 = h(~l -/~2)- 

2. P S L 2 (Z/p Z)-Coverings Associated with Subgroups of S L 2 (Z) 

Let A be a subgroup of SL2(Z) of finite index such that A. F(p) 
= SL2(Z ), where 

Denote AnF(p)  by A'. Then A'/3" is isomorphic to PSLz(Z/pZ). There- 
fore by § 5, Part l, we can construct a PSL2(Z/pZ)-covering from A, A' 
in a natural way. We call this convering the PSL2(Z/pZ)-covering 
associated with A. Note that ramifications occur only at the cusps and the 
elliptic points of A'. The ramification index at a cusp is p and the ramifica- 
tion index at an elliptic point is 2 or 3. 

P ~ l ~ i f i ~  4. Let A be a normal subgroup of S Lz (~  of finite 
index such that ~.F-~)=SL~a( . Then the PSL2(Z/pZ)-coverino 
A = (W, V, n, q~) associated with d can not have a model over Q. In fact, 
every field of definition of a model of A contains V ~ .  

,Proof. By Proposition 1, it suffices to prove that the points on V 
corresponding to the cusps of A are equivalent. Since A and F(p) are 
normal in $L2(Z), 1 ~ / ~  is contained in the centralizer of 
q)(PSL2(Z/pZ)} in Aut(W). It follows that F ' ~ / ~  can be identified 
with a subgroup of the group of automorphisms of A. Being 
canonically isomorphic to ~ L - ' ~ / z ] ' , / ~ / ~  permutes the cusps of 3 
transitively. Therefore the points on V corresponding to the cusps of 3 
are equivalent. 

Especially the covering A associated with SL2(~L has no model 
over Q. We show that it does have a model over Q(Vep). To prove this 
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we need the following Theorem of Shimura [9]: Let j be the classical 
modular function and ( = exp(2rt]/- l /p).  

Theorem 5. There is a field F with the following properties: 
(I) F is a Galois extension of Q(j). 
(2) C. F is the field of modular functions of level p. 
(3) There is a homomorphism z fi'om GL2(Z/pZ ) onto GaI(F/Q(j3) 

whose kernel is { +_ 1 }. 
(4) ~ ~ F, and ~ }  = ~d~t~t~) for all fl ~ GLz(Z/pZ ). 
(5) Q (() is algebraically closed in F. 

From this Theorem, we see that the extension F/k(j), where k = Q((), 
gives us a model of A over k. To construct a model over k' = Q(V~) ,  let 

H = { [ ;  Oa]~GL2(Z/pZ):a~(Z/pZ)× } 

and 
n '  = n .  s L 2 ( Z / p Z )  

Then H'/H is isomorphic to PSL2(Z/pZ  ). 
Let L and L' be the subfields of F corresponding to the subgroups 

H/{+ 1} and H'/{+_I}, respectively. Then Gal(L//2) is isomorphic to 
PSL2(Z /pZ  ). It is easy to see that E = k'(j), k '=  Lc~k and C.  L =  C.  F 
is the field of modular functions of level p. Hence the extension LIE 
gives us a model of A over k'. 

Such a model over k' can also be obtained by using Shimura's theory 
of canonical system of models. We omit the construction here, because 
it is similar to the one we are going to give in the following section. 

Since E = k'(j) is transcendental over k', by Hilbert's irreducibility 
Theorem, we have 

Theorem 6. Let/?_ be an odd prime number. Then there exist Galois 
extensions of Q([/ep) with Galois groups isomorphic to PSL2(Z/pZ). 

3. The P S L 2 (Zip Z)-Covering Associated with F o (N) 

Let N be an integer relatively prime to p. Denote by A(p; N) the 
P S L 2 (Z/p Z)-covering associated with Fo (N). 

Prolmsition 7. The PS Lz(Z/pZ)-covering A t ;  N) has a model over 

We prove this by Shimura's theory of canonical system of models. 
For notation see 1-10, § 9.2]. 
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Proof. Let {V s, q~s, Jrs(X)} be a system associated with the matrix 
algebra M2(Q) over Q satisfying the conditions of [10, Theorem 9.6]. 
For every finite prime I of Q, let 

c O,mo  Z,  O,mo   ,t ' 

u [ = { [  a ~]eGL2(Zt):c=O(modNZt)} .  

Set 

U =  {x=(x,)~I-IGL2(Zt)xGL+2(R):x~eUI for allfinite 1}, (3.1) 
l 

U' = tx = (x,) e r I  GLa (z,) x GL~ (R): x, ~ U[ for all finite It ,  (3.2) 
t 

l / 

S = Q X .  u ,  (3.3) 

T = Q X. u ' .  (3.4) 

Then S, T~ 5f, S is normal in T and 

rs  = S c~ GQ~ = Q~ . (ro (N)c~ r tp)) , 

r r  = TonGa, = Q~ • ro(~O, 

k~ = t2 ( 1 / ~ )  , 

k r = Q.  

Identify Fr/F s with PSL2(Z/pZ ). For gePSL2(Z/pZ)  define 
q~o (g) = Jss (x) for any x ~ Fr which is mapped to g under the canonical 
homomorphism. Then by [i0, Theorem 9.6], Ao = (Vs, Vr, Jrs(t), ~Po) is a 
model of A (p; N) over ks = Q (V~).  

We call the above Ao the basic model of A (p; N) over Q (V~). 

Theorem 8. I f  ( ~ ) = - l ,  then A(p; N) has a model over Q. 

Proof. Let the notation be as in the proof of the above Proposition. 
For a prime divisor 1 of Q, let 

if or 1 =o0 
(3.5) 



On the Construction of Galois Extensions 111 

Set ? = (?t) e GA +. Then we have: 

The restriction of a(?) to Q(V~)  generates Gal(Q(~/~)/Q)), (3.6) 

x - l ? - l x y ~ S  forall x ~ T ,  (3.7) 

?2 ~ S. (3.8) 

The statement (3.7) can be checked easily by direct computation. 
To prove (3.6), note that N .  det(y) e I-I z~ x R~ and N .  det(Tp) = N. 

l 

Hence(3.6)fol lowsfromtheassumption(-~)=-l .  S ince ( -N) .?2eU 

[see (3.1)], ?2 ~ S by definition (3.3). 
Let A o = (Vs, Vr, Jrs(1), ~Po) be the basic model of A(p; N) over 

Q ( I / ~ )  and a the generator of Gal(Q(I/~)/Q ). Then (3.6) and (3.7) 
imply that (Jss(?), JrT(?)) is an isomorphism of A o to A~. By (3.8) and 
[10, Theorem 9.6], Jss(?)'" Jss(7) = Jss(? 2) = id. Hence A o has a model 
over Q by Theorem 1, Part 1. 

Remark. The basic model A o itself is not defined over Q. In fact, 
the curve Vr is defined over Q and the function field Q(Vr) is isomorphic 
to Q(j(z),j(Nz)), where j is the classical modular function (cf.[10, 
p. 156]). Therefore 0 = ~Pr(°v) is a rational point over Q. Now z(Q; C1) 
= z(Q; C2) = 2 [see (1.1)]. Hence A o is not defined over Q by Corollary 6, 
Part 1. 

4. The Rational Points over Q 

Let the notation be as in~ 3. Recall especially that we use a to denote 
the generator of GaI(Q(Vep)/Q ). From the proof of Theorem 8, we see 
that there exist a P S L2 (Z/p Z)-covering A = (W, V, n, ~o) defined over Q 
and an isomorphism (4, ~u) of A to Ao rational over Q( I / ~ )  such that 
Jss(?)=~o ~- t  and J r r (7)=  T 'o  T - t  (cf. Theorem 1, Part 1). Our 
task in this section is to determine whether V = V(p; N) has a rational 
point over Q. 

Leranm 9. The curve V has a rational point over Q if and only iff_ there 
is a point Zo~£3" such that q~r(Zo)e V T /s rational over Q(Vep) and 
~or(Zo) ° = ~Or(-- l / N  zo). 

Proof. First observe that Jrr(7)(~or(z))= q~r(--1/Nz) for all z e.~*. 

Let e = "/0-1 1/ON [ ' ' "  and x = e o y  -1. Then eeGe+ and x s T .  Therefore 
k 

by [10, Theorem 9.6] we have 

Jrr(r )  (~or(z)) = Jrr(~)  (er(Z)) = Or(a(z)) = ~Or(- 1 /Nz) .  
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Now suppose p is a point on V rational over Q. Then for any auto- 
morphism z of C such that z = a on Q(]/r~p) we have 

= <) = = • 

This shows that q = ~g(p) ~ V T is rational over Q ( I / ~ )  and q" = JTT(~) (q)- 
Let zo be a point on 9 '  such that q~r(z0)= ct. Then 

~0r(zo) ~ = J r r  (V)(~0T{zo)) = q~T(-llNzo).  

Conversely, suppose there is z o e.~* such that cpr(Zo) is rational 
over Q(I/~--p) and q~r(zo)'~or(-ttNzo). Let q=~0r(Zo). Then q is 
rational over Q(Vep) and q = Jr r 0') (q). From this it is easy to see that 
p = ~p-l (q) is rational over Q. 

Now we restrict ourselves to the case where V is of genus zero, i.e. 
when N is one of 

2,3,5,6,7,8,  10, t2, 13, 18. (4.1) 

The squares 1, 4, 9, t6 and 25 are not included because we require 

As noted in the Remark at the end of § 3, Vr has a rational point 
over Q. Let X be a Q-rational function on V r which generates the function 
field Q(Vr). Then f = X o  q~r generates the field Q(j(z),j(Nz)). Con- 
versely, any generator of Q(j(zl, j(Nz)) is obtained in this way. From 
Lemma 9, we derive easily the Mlowing. 

PrOlm~lion 10. Suppose V is of genus zero. Then V has a rational 
point over Q if and only if there is a point zo in 9" such that f (Zo) e O (l/~) 
and f(zo} ° = f ( -  l/Nzo} for any generator f of the field Q(j(z),j(Nz)). 

Now for each N in the list (4.1), there is a F0 (N)-automorphic function 
fs which generates Q(j(z),j(Nz)} and satisfies 

f~v(z).fN(--t/Nz)=cN foraU z ~ 9 * ,  (4.2) 

where c~ is a constant specified in the following table: 

N 2 3 5 6 7 8 10 12 13 18 
(4.3) 

crt 1 1 125 18 49 8 5 12 13 6 

These fN, cs were given by Klein for prime N [7J, and by Gierster for 
composite N [2]. When N is prime, the function f~ is defined explicitly as 

" - '  f  l(z) 
f,,(z)= i/ d(Nz)' 
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where d (z) is the cusp form of weight 12 with the expression 

( l - q " )  2" 
n=l 

Proposition 11. Let N be one of the integers in the list (4.1). Then 
V(p; N) has a rational point over Q if and only if CN is the norm of some 
element of Q (l/-~). 

Proof. By Proposition 10, V= V(p; N) has a rational_point over Q 
if and only if there is a Zo ~.~* such that fN(Zo)~Q(]/ep) and fN(zo)" 
= f s ( - 1 / N z o ) .  Assume such a point zo exists. Then 

cN = fN(zo) " fN( - 1/N Zo) = fN(Zo) " fs(Zo)" = Nr(fN(Zo)), 

where N r  denotes the norm from Q ( I / ~ )  to Q. 
Conversely, suppose c N = N r(a) for some a e Q(]//~). Let z 0 be a 

point on 9"  such that fN(Zo) = a. Then 

fN (Zo)" fn (Zo) ~ = a .  a" = N r (a) = c, = fN (Zo)" fN (-- 1IN Zo). 

Hence fu (Zo)" = fN ( - 1/N Zo). 
By the above Proposition and an easy computation of the Hilbert 

symbol, we obtain the following table: 

N 2 3 5 6 7 8 10 12 13 18 

V(p;N) + + - ( 2 ) = 1  + - ( 5 ) = 1  (4.4) 

where " + "  stands for "V(p; N) has a rational point over Q", " - "  stands 

(p; N ) h a s  no rational point over Q", and " ( m )  = 1" means for 
\1" / 

~/r(p; N) has a rational point over Q if and only if ( e )  = l~'. 

5. Realizatiorr of PS  L 2 (Z/pZ) as Galois Groups 

Theorem 12. Let p be an odd prime such that 2, 3 or 7 is a quadratic 
non-residue modulo p. Then the group P S L2 (Z/p Z) can be realized as the 
Galois group of some Galois extension over Q. 

Proof. L e t N b e o n e o f 2 , 3 a n d 7 s u c h t h a t ( ~ ) = - l .  ThenA(p; IV) 

has a model A = (W, V, n, q~) over Q such that V has a rational point 
over Q [cf. Theorem 8 and Table (4.4)]. Therefore the function field 
Q(V) is pure transcendental over Q and the covering A gives a Galois 
extension of Q(V) with Galois group isomorphic to PSL2(Z/pZ).  
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By Hilbert's irreducibility Theorem [6], this is sufficient to prove our 
assertion. 

6. Remarks 

(A) We have the following partial converse to Theorem 8: I f  N is a 

prime and (-~-) = l, then A(p; N) has no model over Q. 

Proof. Suppose A(p;N)=(W,V, Tr, tp). By assumption, there is an 
integer A such that N.  A 2 = ! (modp). By the approximation theorem, 

there is ( a ~ ] ~ F o ( N ) s u c h t h a t a = d = O , b = - A , c . A = - l ( m o d p ) . L e t  

1 

Now N is prime, so Fo(N ) has exactly two cusps. Let Pl, P2 be the points 
on V corresponding to these two cusps. It is easy to see that ~fl~-t fl-~ 
e Fo(N)nF(p) for all fl ~ Fo(N). Therefore ~ induces an automorphism 
(~, ~r0 of A(p; N) such that ~(p~)= Pz- By Proposition l, A(p; N) has no 
model over Q. 

(13) It is not necessarily true that A(p; N) has no model over Q if 
I ~ Y  k 

(-~-) = 1. For example, using Lehner and Newman's result [8, Theo- 

rem l], one can prove the following assertion: Suppose N is square free. 
Then A (p; iV) has a model over (2 if and only if there is a divisor d of N 

such that ( ~ } =  - 1. 

If N is~nJot square free, then the result will not always hold. For 

example, take N =  25 and p = 3(mod4) such that (---~D) = - 1, As in (A), 
\ -  / 

there is an ~eSL2(R) which normalizes/'o(25) and F0(25)~F(p), and 
~tflet-lfl-leFo(25)nF(p) for all fieF0(25 ). Therefore ~t induces an 
automorphism of A(p; N) of order 2. Now/'o(25) has exactly 6 cusps. 
The map ~t sorts these cusps into three groups, each contains 2 equivalent 
points. Therefore the number of points of type C~ is 0, 2, 4 or 6. In each 
case/ t~.  P2. So by the Remark after Proposition 2, A (p; 25) has no model 
o v e r  Q.  

(C) Using Theorem 3 of Part 1, we can prove Theorem 8 for the 
case N =  2 without arithmetic theory of modular functions. Let 
A=A(p;  2) = (W, V, ~, ~p). Then we have: 

l f (W',  V', ~', ~') is a PSL2(Z/pZ)-coveri~ of type (2, p, p) (see (6.1) 
Appendix, § t), then W and W' are conformally equivalent; 
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Suppose p> 5. Then Aut(W) is isomorphic to PGL2(Z/pZ ) 

if (2 )  = - l ,  to PS L2(Z/p Z) x Z2 if ( 2 )  = l. Here Z2 is a (6.2) 

cyclic group of order 2. 

To prove Theorem 8 for N = 2, let a be any automorphism of C. 
Then A ~ is of type (2, p, p). Hence by (6.t), W and W" are conformatly 

equivalent. By (6.2), Aut(W) is complete if ( 2 )  = - 1. Hence A has a 
model over Q by Theorem 3, Part 1. 

The proofs of (6.1) and (6.2) are modeled on Hecke's proof [5] of the 
following result: Let (W, V, re, q~) be the P S L 2 (Z/p Z)-covering associated 
with SL2(Z). Then we have: 

I f  (W',V',n',q~') is a PSL2(Z/pZ)-covering of type (2,3,p), (6.3) 
then W and W' are conformally equivalent; 

Suppose p> 7. Then Aut(W) is isomorphic to PSL2(Z/pZ). (6.4) 

By Proposition 2 of the appendix, (6.1) is a consequence of the fol- 
lowing statement: 

Any two admissible systems of generators of PSL2(Z/pZ) (6.5) 
with respect to (2, p, p l 0) are quasi-equivalent. 

The proof of (6.5) is similar to that of [5, Hilfssatz]. 
As for the proof of (6.2), note that p > 5 implies that W is of genus _-> 2, 

hence Aut(W) is finite. Also observe that [_02 10] induces an auto- 

morphism of Wnot contained in q~(PSL2(Z/pZ)). Let Vo be the quotient 
space W/Aut(W), and no : W ~  Vo the natural map. Using the method 
Hecke employed in [5], one proves that the Galois covering no : W ~  Vo 
is of type (2,4,p) and q~(PSL2(Z/pZ)) is of index 2 in Aut(W). To 
determine the group structure of Aut(W), we prove that the centralizer 

ofq~(PSL2(Z/pZ)) in Aut (W) is trivial if and only if (-~) = - 1. 
k ~  f 

That = - 1 is necessary is essentially proved in (A). Conversely, 

suppose q)(PSL2(Z/pZ)) has a nontrivial centralizer {y, id.} in Aut(W). 

Then , is induced by a matrix a =  [: d b] [_~  ~] ,wi th[ :  ~]eFo(2). 

For this 0t, we have 
~tfla-rfl-l~Fo(2)c~F(p) forall fieF0(2). (6.6) 

Take f l= [10 I]' {; ~1 in (6.6). Then we have2=  c2(modp). 
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(D) Condition (2) of Theorem 3, Part 1, is essential. We know that 
the P S L  2 (Z/p Z)-covering associated with S Lz (Z) has no model over Q 
(§ 2). For this covering, condition (1) of the Theorem is true by (6.3), 
while condition (2) is false by virtue of (6.4). In view of (A), (6.1) and (6.2), 

A(p; 2)with ( 2 ) =  1 would give some other such examples. 

Appendix  

I. Classification of  Galois Coverings 

Let G be a finite group, g a non-negative integer and nl, nz, ..., n, 
integers > 2. An ordered system of generators (~x, ill, ..., ~g, Big, ~1 .. . .  ,7,) 
of G is called admissible with respect to (nl, n2, ..., nr [ 0) if 

fl ;l f i  - '  . . .  t ;l . . .  = 1 0 . J )  

and 
the order of  Yi is ni. (1.2) 

Two admissible systems of generators (~i, fli, VJ and (~'i, fl~, Y'k) are 
called equivalent (resp. quasi-equivalent) ff there is an inner automor- 
phism (resp. automorphism) of G sending ~i to ~, fi  to ill, and 7k to 7~,. 

Fix a non-singular projective algebraic curve V of genus g defined 
over C and r points p 1, Pz . . . . .  p, on V. Denote the space V -  { p 1, P z . . . . .  P,}  
by V*. Then the fundamental group 7q (V*) has a system of generators 
(A1, Bx . . . .  , Ag, Bg, C~, ..., C,) with the defining relation 

A1B1A-~IB; 1 . . .AgBgA~IB~ 1C 1 ... C, = 1. (1.3) 

We fLX such a system of generators in the following discussion. 
We call a G-covering A = (W, V, ~, ¢p) with the above V as base space 

of type {(Pi, nl), (p2,n2), ...,(Pr, n,)} if Pi'S are the only points on V 
ramified in Wand  e~, = n~. 

Now by [11] and the theory of covering spaces, ~p gives rise to a 
surjective homomorphism 0 from ~1 (V*) onto G. By (1.3) we see that 

(0(,40, O(BO . . . . .  O(B), O(CO, . . . .  O(C,)) 

is an admissible system ofgenerators of G with respect to (n 1, nz . . . . .  n, I 0). 
Conversely, from an admissible system of generators of G with respect 
to (hi, n2, ... .  n,I g), we get a surjective homornorphism 0 from nl (V*) 
onto G. The kernel of the homomorphism corresponds to a covering 
of V* which we can close up easily to obtain a Galois coveting of V. 
Then the homomorphism 0 endows the covering a G-covering structure. 
Obviously, this G-covering is of type {(Pi, nt), (P2, n2), ..., (P,, n~)}. 
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We call two G-coverings A=(W,V,x ,  cp) and A'=(W',V',u',~o') 
equivalent if there is a couple (4~, ~g) consisting of conformal mappings 
4) : W ~  W' and ~ : V-~ V' such that kv o z: = u' o ~. If V = V' and ~ = id, 
then we say that A and A' are V-equivalent. 

Two G-coverings A and A' with the same base space V are called 
V-isomorphic if there is an isomorphism from A to A' of the form (#, id.). 
From the above discussion and these definitions we have 

Proposition 1. Let the notation be as above. Then there is a one-to- 
one correspondence between the equivalence classes (resp. quasi-equiva- 
lence classes) of admissible systems of generators of G with respect to 
(nt, n2 . . . . .  n, t q) and the V-isomorphism classes (resp. V-equivalence 
classes) of G-coverings of type {(01, n0, (P2, n2) . . . .  , (p,, n,)}. 

Let n~, n2, n3 be three in tegers>2.  We call a G-covering 
A = (W, V, zr, q~) of type (nl, n2, n3) if V is of genus zero and A is of type 
{(Pl, nl), (P2, n2), (P3, n3)} for some p~ on V. 

Fix a curve V of genus zero and three points P~,P2, Pa on V. It is 
easy to see that the classification of G-coverings of type (nl, n2, n,) into 
isomorphism classes (resp. equivalence classes) is the same as the classifi- 
cation of G-coverings of type {(Pl, nl), (P2, n2), (P3, n3)} into V-iso- 
morphism classes (resp. V-equivalence classes). Therefore by Proposi- 
tion 1, we have 

Proposition 2. Let G be a finite group and n 1, n 2, n 3 integers >= 2. 
Then there is a one-w-one correspondence between the equivalence 
classes (resp. quasi-equivalence classes) of admissible system of generators 
of G with respect to (nl, n2, n3[0) and the isomorphism classes (resp. 
equivalence classes) of G-coverings of type (n 1, n 2, na). 

Example. Classification of P S L2 (Z/5 Z)-coverings of types (nl, n2, na). 
Let A =(W, V, zr, ~0) be a PSL2(Z/5Z)-covering of type (n t, n2,n3). 

Denote by C 0, Cl, (72, C3, C,  the conjugacy classes of PSL2(Z/5Z) 

represented by [10 10], [_~..._11], [ _ l  0 0 ] ' [ :  l lJand[:  21],respectively. 

Denote the number of points of type C~ on V by p~. Then by the trace 
formula (4.3), Part I, we have /~3+/~4~1 and ga < 1. Hence the type 
of A must be one of the following: (2, 3, 5), (3, 3, 5), (2, 5, 5), (3, 5, 5) and 
(5, 5, 5). The numbers of equivalence classes of the corresponding 
admissible systems of generators can be determined by the method used 
by Hecke [5]. In fact, there are 2 (resp. 2, 2, 4, 2) equivalence classes of 
admissible systems of generators with respect to (2, 3, 510) [resp. 
(3, 3, 510), (2, 5, 5 [ 0), (3, 5, 510), (5, 5, 510)]. So by Proposition 2, we 
conclude that  there are 12 non-isomorphic PS L2(Z/p Z)-coverings of 
types (nl, n2, n3). 
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2. Realization of Alternating Groups as Galois Groups 

We give a sketchy proof of Hilbert's result [6-] on realizing alternating 
groups as Galois groups over the rationals by using Theorem 3, Part  1. 
Let n >= 5, and S, (resp. An) the symmetric group (resp. alternating group) 
of degree n. Denote the elements (1 2), (1 2 3 ... n) and (n n - 1 ... 4 3 1) 
of S n by ~1, ~2 and ~3, respectively. 

Proposition 3. Let (~1, ~2, Y3) be an admissible system of generators 
of  S, with respect to (2, n, n -  1[0). Suppose 7t is a transposition. Then 

(71,72,)'3)/s equivalent to (~1, ~2, ~3). 

Proof. Since 71 is a transposition, we may assume that ~'1 = el- Write 
)'2 = A. B, where A is a product of disjoint cycles in which 1 or 2 appears, 
and B is a product of cycles disjoint from A. Suppose B is of order m. 
Then m divides n, the order of V2. On the other hand V31 = ~1. A- B is of 
order n - 1, and 71 • A is disjoint from B. Therefore m also divides n - 1. 
Hence m = 1 and Y2 is a product of at most two disjoint cycles in which 1 
or 2 appears. Suppose there are two cycles in this product. Then it has 
to be of the form (la3...al)(2at+l ...an), because 71 and )'z generate Sn. 
It follows that )'~ l =  (1 at+ 1... an2a3 ... at) is of order n, a contradiction. 
Therefore 72 is a cycle of order n, say ~2 = (1 a3.. .  at 2 at + 1... as). We claim 
1=2 or n, i.e. )'2 =(1 2a3...a~) or (2 1 a3...an). In either case, there is an 
inner automorphism of S, fixing Vl = ~1 = (1 2) and sending ~'2 to ~i- 

Coming back to the proof that t = 2  or n, we observe that ~ 1  
=(laz+l...a~)(2aa...a~). The order of V3, ( laz+l . . .a , )  and (2a3...al) 
is n -  I, n - ( l - I )  and ( t -1 ) ,  respectively. Hence the least common 
multiple of (1 -  t) and n - ( l -  1) is n - 1. So our assertion follows from 

Lemma 4. Let x, y and n be positive integers such that x + y = n. 
Suppose the least common multiple Ix, y-] of x and y is n - 1. Then x = 1 
or y =  1. 

Proof  Let m be the greatest common divisor of x and y. Then we 
have m[ n since x + y = n, and also m [ (n - 1) since Ix, y] = n - I. There- 
fore m= l. Hence x .  y = [ x , y ] . m = n -  I = x + y -  l. S o ( x - 1 ) ( y -  l)=O. 

Let A=(W,V,1r,~o) be an S~-covering of type ( 2 , n , n - l )  corre- 
sponding to the admissible system of generators (0q, ~2, ~3) of S,. For  
tr ~ Aut(C/Q), A '~ is also of type (2, n, n - l). Let ()'~,)'2, )'3) be the admis- 
sible system of generators of S~ corresponding to A ° (see Proposition 2). 
By looking at the intermediate covering of A corresponding to the sub- 
g r o u p / / - { ) '  e S , : ) '  fixes 1 }, one can prove that ~,~ is a transposition. 
Hence A and A ~ are isomorphic by Proposition 2 and 3. Especially, 
W and W ° are conformally equivalent, Now we can show that ~0(S,) 
= Aut(W) the same way Hecke proved (6.4), Part  2. Hence in case n 4= 6, 
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A has a model over Q by Theorem 3, Part 1, because S.(n 4: 6) is complete 
[1]. In general, we have to use the stronger version of the Theorem. 
Let ( ~ ,  ~.) be an isomorphism of A to A ° for a ~ Aut(C/Q). By definition, 
qB~oq~(7)°o~b~=~o(~ ) for all ~ S . .  Since Aut(W)=tp(S.), (2.1) of 
Part 1 holds. So A has a model over Q by the Remark after Theorem 3, 
Part 1. 

Therefore we may assume that A is defined over Q. By Galois theory, 
corresponding to the subgroup A. of S. there is an A.-covering 
(W, V', n', ~0') defined over Q. We prove that V' is of genus zero. First 
note that a point p = n (~) is ramified in V' if and only if g~ ¢ A.. (See § 3, 
Part 1 for notation.) Hence there are always exactly two points of V 
ramified in V'. Being a two-sheeted covering of V, V' is of genus zero by 
Hurwitz formula. 

Finally we show that V' has a rational point over Q. Let p e V be the 
point which is ramified in W of ramification index 2. It is obvious that p 
is rational over Q. Since p is ramified in V', the unique point on V' 
lying over p is also rational over Q. Therefore the covering (W, V', n', ~0') 
gives a Galois extension of Q(V'), which is pure transcendental over Q, 
with Galois group isomorphic to A.. So by Hilbert's irreducibility 
Theorem [6], we have 

Proposition 5. For n > 5, there exist Galois extensions of Q with 
Galois groups isomorphic to A. .  
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