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§ 1. Introduction

The goal of this paper is to find the “Lie groups” for three well-known Lie
algebras: the globally Hamiltonian vector fields, the infinitesimal quantomor-
phisms and the homogeneous real-valued functions of degree one on the
cotangent bundle minus the zero section. In all our considerations the underly-
ing manifold is assumed to be compact without boundary. Before explaining and
motivating our results, a very brief review of the “Lie group” structure of
diffeomorphism groups is in order ([9, 10, 18]).

If M, N are compact, boundaryless, finite-dimensional manifolds,
ty: TN — N, the tangent bundle of N, an H*-map, s>(dim M)/2, from M to N
has by definition all derivatives of order <s in any local chart square integrable.
This notion is independent of the charts only for s>(dim M)/2. Then the space
H*(M, N) of all such maps is a Hilbert manifold whose tangent space at every
point is the Hilbert space T, H*(M, N)={ge H*(M, TN)|tyog=f} f E->M isa
vector bundle, the same construction works for all H*-sections H°(E) of E,
s>(dim M)/2. If N=R, H*(M, N) will be denoted by C*(M, R).

Let 2°+'(M) denote the diffeomorphisms of M of Sobolev class H**!, i.e.
neP (M) if and only if # is bijective and #,#~': M > M are of class H**,
2°+*1(M) is a topological group, and since it is open in H**!{(M, M), it is also a
Hilbert manifold. Right multiplication R,: 2°*'(M)—2°* (M), R,({)=Eon is
C® for each nez*t'(M) and if ne®*t** (M), left multiplication
L, @Y M)>2* (M), L(£)=no& is C* The inversion map n—x~! in
9+ (M) is only continuous. The tangent maps of R, and L, at e, the identity of
2°* (M), are given by T,R,(X)=Xon, T,L(X)=Tno X, where XeZ**'(M)
=H*"1(TM), the set of all H***-vector fields on M. The tangent space at e,
1, 2°* (M) coincides with Z***(M), which is a Sobolev space. The bracket
[X, Y] of X, YeZ*+*(M) is however only of class H® (one derivative is lost). The
usual bracket of vector fields is the Lie algebra bracket of 2°+1(M), ie. if X, ¥
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denote the right-invariant vector fields corresponding to X, Y on 2°* (M), then
[X, ¥],=[X, Y]. Moreover, if XeZ*"'(M), then its flow #, is a C'-one-
parameter subgroup of 2°* (M) and one can define the exponential map
exp: 5 (M)—- 2+ (M) by X+>n,. The map exp is continuous, but is not even
C' since it does not cover a mneighborhood of the identity. That's how far
2+ (M) is a “Lie group” and Z°*'(M) its “Lie algebra”. Throughout this
paper we shall call such a structure a H**!-Lie group with a H**!-Lie algebra.

Omori [18] defined a differentiable structure on 4® = ﬂAS, where A° is an
H*-Lie group with H’-Lie algebra /%, as the limit of the topologies of 4° and
called A% an ILH (inverse limit of Hilbert) Lie group with ILH-Lie algebra
A*= A% 1f A=) A5, B= (") B* are ILH-manifolds, a map f: A—B is C*if and
only if for every index s, there exists an index s’ such that f has a C*-extension
f: A¥—B% In this sense 2*(M), the group of C®-diffeomorphisms of M,
becomes a Lie group since now left translation and inversion are smooth; the
Lie algebra of 2%(M) is 4'°(M), the C®-vector fields on M. Closed Lie
subalgebras of ILLH-Lie algebras do not necessarily arise from ILH-Lie sub-
groups. We shall prove that the three Lie algebras considered have closed
underlying ILH-Lie subgroups.

Throughout the paper M is compact, finite-dimensional, connected, bound-
aryless. Define 257 (M)={ne2**(M)|n*y=y}, Z+'(M)={XeZ**'(M)|
Ly =0}, where y is a p-form or a vector field and it 1s always assumed that
s>(dim M)/2. Formally &7 (M) is a Lie group with Lie algebra Z,*(M).

In §2 we consider the following problem. Let (M, w) be a compact, symplec-
tic manifold, ie. w is a non-degenerate, closed two-form on M. It is known
([9, 18]) that 27 (M) is an ILH-Lie subgroup of 2®(M) with Lie algebra (M),
the locally Hamiltonian vector fields, and that the commutator algebra
[Z5 (M), ., (M)] =# (M), the globally Hamiltonian vector fields ([2, 3, 8]);
recall that a globally Hamiltonian vector field corresponds to the differential of
a function under the isomorphism between one-forms and vector fields on M
defined by w. Is there an ILH-Lie subgroup with Lie algebra #*(M)? We prove
that this is the case and the group is the commutator subgroup [ 22 (M), 22 (M),]
of the identity component 2" (M), of 22 (M), under some conditions on the
first homotopy of 27 (M), which seem always to be satisfied. The proof is based
on techniques of Ebin and Marsden [9] and constructs for the H**!-Lic algebra
of H"*' globally Hamiltonian vector fields an H**! closed Lie subgroup of
25" (M)q.

The next two sections represent a first step in a bigger program: the
understanding of the Lie group structure of invertible Fourier integral operators
of order zero on a compact manifold with canonical relation a canonical
transformation. It is believed that remarkable completely integrable wave equa-
tions (like KdV, Boussinesq) live on co-adjoint orbits of this group. The formal
Lie algebra of this group is formed by the psendo-differential operators of order
one with homogeneous purely imaginary principal symbol. The Lie algebras
considered in §3, §4 are exactly these symbols, and thus their corresponding
“Lie groups” will be the canonical relations of these Fourier integral operators.

Let (M, 0) be an exact, regular, compact, contact manifold, i.e. 8 is a one-form
such that 0 A (d6)" is a volume element of M, dim M =2n+ 1, and M is a principal
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circle bundle over a symplectic manifold (N, w) with connection form 6 and
curvature w. In §3 it is shown that the identity component Z5**(M), of the
quantomorphism group 25*!(M) is a principal circle bundle over the H**I-
extension of [2(N)g, 27 (N)o]. In the course of proving this we reformulate
some of Konstant’s prequantization theorems [15] in terms of principal circle
bundles, thereby shortening the original proofs. We also give a very short direct
proof of the fact that 25+ *(M) is a closed H** '-Lie subgroup of Z°**(M), a fact
shown already in Omori [18] in a different and considerably longer way. If M is
the sphere bundle of a Riemannian manifold ¥, the smooth infinitesimal
quantomorphisms %,°(M) are isomorphic to the principal symbols of pseudo-
differential operators of order one on V with purely imaginary symbol commut-
ing with the Laplacian of the metric on V.

The general principal symbol of a pseudo-differential operator of order one
lives on the cotangent bundle minus the zero section. But this manifold is not
compact, so classical methods of manifolds of maps break down. However, if
these symbols are homogeneous, § 4 shows that this Lie algebra is isomorphic to
the Lie algebra of infinitesimal contact transformations of the cosphere bundle,
which has as underlying ILH-Lie subgroup the group of contact transformations
of the cosphere bundle. This result cannot be derived from §3, since the
cosphere bundle has no canonical exact contact structure, but carries a whole
family of them, two differing by a factor which is a strictly positive function.
This group of contact transformations is shown to be isomorphic to the group of
homogeneous canonical diffeomorphisms of the cotangent bundle minus the
zero section. In this way, canonical relations of a large class of invertible Fourier
integral operators of order zero carry the structure of an ILH-Lie group. The
differentiable structure of the group of invertible Fourier integral operators of
order zero with canonical relation a canonical transformation will be analyzed
in a forthcoming paper.

§ 2. The H**'-Lie Group for the Globally Hamiltonian Vector Fields

It is known that the commutator algebra of C®-locally Hamiltonian vector
fields Z,° (M) coincides with the C*-globally Hamiltonian vector fields 5#* (M)
([2, 3, 8]), and that the commutator group of the identity component of C®-
symplectic diffeomorphisms 22 (M) is simple (Banyaga [4]). In the spirit of
classical Lie theory it is to be expected that the “Lie group” underlying # ® (M)
should be the commutator group of the identity component of 9 (M). This
section proves that this is indeed the case in the ILH-sense of Omori {18] by
determining explicitly an H¥* *-Lie group ¢**!(M) for the H***-globally Hamil-
tonian vector fields #°**(M) on a compact, symplectic manifold (M, w). It is not
true that #+ (M) equals [Z:* (M), 5+ 1(M)] due to the loss of derivatives.
@5+ (M) will be the kernel of a certain map defined by Calabi [8] and the main
technical difficulty is the proof of its C®-smoothness.

We start with a few preparatory remarks. Let o: R —>0Q?(M) be a time-

b

dependent smooth p-form. For each a, beR the definite integral { ¢ is a p-form

a
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b
defined by x| 6,(x) dt, the integration taking place in the fiber at the point x.

Clearly the integration commutes with the exterior derivative d, the interior
product iy =1(X), the Lie derivative L, =L(X), and pull-backs by smooth maps.

If 2°+*(M), s>1 dim(M), denotes the H**'-diffeomorphisms of the compact
manifold M, an isotopy h: [0,1]—2°**(M), where h(0)=e=the identity on M,
is induced by the smooth map A: [0,1]x M — M defined by A(t, x)=h(t) (x). A
diffeomorphism neZ*+ (M) is said to be isotopic to e, if there exists an isotopy
h with h(1)=#%. Two isotopies h and k' are called homotopic, if h(1)=h'(1)=#% and
if there exists a smooth homotopy H:[0,1]x[0,1]—2+*(M) such that, with
H,,=H(s,t), H =e, H, =y for all se[0,1] and H, ,=h(t), H_,=h(t) for all
te[0,1]. Since the group 2+ (M) is locally arcwise connected (by smooth arcs),
the connected component 2 +1(M), of e consists of all diffeomorphisms isotopic

T — . .
to e. Let 2°**(M), denote the universal covering of #°*!(M),. An element

L —— . .
he2**'(M), is a pair (h, [h]) for [h] a homotopy class of isotopies from
heZ*+1(M), to e.

Lemma 2.1. Let hy, be a two-parameter family of smooth diffeomorphisms on M
such that h, ,=e. Define the families of vectorfields X, and Y, , by

ohy, oh,,
s,t: at,tohs,zl7 s,t: 6s’lohs,t1'
Then
ox,, oy,
[X,0 ¥, J=gst—"et 2.1)

The proof is a direct calculation showing that the principal part of both sides
is in local charts DY, (X, )—DX, (Y, ), D denoting the Fréchet derivative.

Let (M,w) be a compact, symplectic manifold and 251(M)
={ne@** (M)|n*w=w} the group of symplectic H**!-diffeomorphisms. It is
known (Ebin-Marsden [97) that 25+ (M) is an H**'-Lie group with Lie algebra

o —

FH M) ={XeZ st (M)| Ly w=0}. Let 25+ *(M), denote the universal covering
of the connected component 51 (M), of e. Calabi [8] introduced a continuous,
N T——
surjective group homomorphism S: 25+ (M), — H'(M, R), where H*(M, IR) de-
notes the first cohomology group of M, which we now describe (see also

Banyaga [4]).
~ T—— .

Let h=(h, [h])eZ: *(M),, ie. he DS+ (M), and [h,] is a homotopy class of
symplectic isotopies from k to e. Since 4, is symplectic, the vector field X ,:a?’
oh7 ! is locally Hamiltonian, i.e. i(X,) w is a closed H**!-one-form on M. Thus

1

A(h)=[i(X)wdr is a closed H**'-one-form defining a cocycle in H'(M, R).

0
Let h} be another isotopy in Z5* (M), such that h; =h, =h, hy=h,=e and there
exists a smoothy homotopy H: [0,1] x [0, 1]— 25" (M), with H, ,=e¢ H  =h,
H,,=h, H ,=h for all 5, te[0, 1]. Consider the vector fields



The Differentiable Structure Diffeomorphism Groups 85

_aHS,tOH_l Y — S,IOH_l

X =
s, t at s,t 2 s, t BS s, t

1

and let A(H, )=[i(X, )wdt. Clearly A(H, )=A(h), AH, )=A(h). We are
0

going to prove that

o(X,,, Y, )dsdt

s, t?

1
A(h)—A(h)=dox  where a=— |
0

O ey

Lemma 2.1, I(X )w=0, and Y, , =Y, ;=0 give

o 1 aXS,t 1 ] aYs,t 1 )
%A(HS t)*!l(ﬁ)(})dt—jl( ot )(Ddt‘f’(j)‘l([Xs,t, Yslt])wdt
1 a 1
ga-( JCUdHfL(X“)f( [)wdt—fl( S LK Jwdt
=i(Y, Jo—i(Y, ) w+§dz(X“ )i(Y, ) wdt
:_djw(Xstv st)dt
Therefore
11
A(R)— A(h)= j CA(H, )ds=—df [o(X, .Y, )dsdt
00

This shows that the cohomology class [4(h,)] does not depend on the choice of
h, in its homotopy class and so we can define the map

N ~ o~
S D (M)~ H' (M, R) by Sh)=[A(h)].
It is straightforward to see that § is a continous group homomorphism. For

surjectivity, if f is a closed H**!-one-form, X defined by iyw=8 is H**! and

T—
S(¢)=[B], where ¢=(¢,, [$,1)€ 25 (M), and ¢, is the H** -flow of X.
An equivalent definition of § which will not be used, is the following (Calabi
[8]): the value of S(h) on a one-cycle «: [0, 1]— M is the integral of w over the
image h([0, 1], «([0, 1])) of « by the isotopy 4, i.e.

SE)@=4h)= [ o

h([0, 13, «([0, 11)
The proof of this formula is a straightforward verification.
. T
Proposition 2.1. The map S: 25 (M), —~H"(M, R) is a C®-submersion.
Proof. We start out by showing that § has a derivative. Let h: [0, 1] > Z5HHM),
be a smooth curve through the identity, ie. h(s)=(h, [k, ). hy o=e, h, | =h,

~ T —
h(0)=é=(hy, [h 1), ho=h, ,=e, and let X T, P35 (M),be the tangent vector
to this curve at &, i.e.
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. dh(s) d (dh i )
= [ p— — S . h :X X
Xl al e T D= (5 gl Thad )= TXLD),
where
dh dh,(s)
- S s+ 1 _ "
Y=ol ELZG (M) and X,=—7 =

for h,: [0, 17— 5L (M),, h,(s)=h, ,, te[0,1]. We have

s, 12

Cdhols)| Cdhy(s)| dn)
I P M PO A o
oh
If Xs,tzﬁ’ioh;} we get

w o A ~ d 5
(LSHE) = ZO(Sohxs):EL_OS(hS, [h,. )

e

2
) 161:8 hs,t
s=0 L Os Ot

s

4, Jjonea]-

0 0

But since hy ,=e and X ,=0 it follows that

0X,,
Js

%h_, o dh,,
so0 05Ot s:0°h°v’_TX°»’° ds

s=0

oh
Thus using hg ,=e, aSS’ =0 it follows that

- L (0%h td (0h
ES(X)Z[“( s,ts:o) wdt]:[oﬁi( 5:t5:o) wdt]

s \0s0t
- [i (%fo) w—i (8220 O) w] =[i(X )] = [iyw).

The above shows that S is Gateaux differentiable at &.

T—— ~
Working in a local chart at ée 25 *(M),, from the fact that S is a Lie group
homomorphism, we conclude that DS(7)=DS(e)o R, ., where R, - .(X)=Xon" 1,
for all neZs+*(M), in the chart; this local chart is chosen to be contained in
P51 (M), and centered at e. Since n—#n~! is continuous, #—DS(x) is con-
tinuous and so § is C'. Moreover since T, 25+ (M), =% (M), T,S is clearly

surjective. Thus, by right translations, T,,§ is surjective for all ﬁeéﬂ/l/)o.
Therefore $ is a Cl-submersion and hence its kernel is a C!-submanifold of
TT— . ~

51 (M),, whose tangent space at & is Ker(T,8)={XeZ: ' (M)|[iyw]
=0eH'(M,R)} =#"*1(M), ie. all globally Hamiltonian H**!-vector fields.
Clearly #°+1(M) is a closed subspace of 25**(M) and of finite codimension
equal to dim (H!(M, R)), since M is compact. Therefore there exists a closed
complement €°** in I3+ 1(M), ie.

ZSH (M) =+ (M)Y@F° 1. 2.2)
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For each ne @' (M), put #°* ' =R, #*', €7 =R, ¢!

%s+1:U%’s+1’ (gs+1=U(g;+1
" "

By the Hodge decomposition with respect to an arbitrary Riemannian metric on
M, closed H**!-forms split I*-orthogonally in exact H**'-one-forms and har-
monic one-forms which are C*. Equation (2.2) represents this splitting in terms
of vectorfields and therefore we conclude that €*' =%, ie. all elements of
%+, the finite-dimensional complement of #°*!(M), are C®-smooth. The
following lemma shows that we have a C®*-Whitney sum

TP (M)y=H ' ®F (2.3)

with @=Im(P), #**'=Ker(P), for B=R,oPoR, ,, P:I5*'(M)>%* the
canonical projection given by (2.2).

Lemma 2.2 (Ebin-Marsden [9]). Let E be a vector bundle over M and let € be a
finite-dimensional subspace of the H**'-sections H**(E) of E, all of whose
elements are C*. Let P: H/(E)—% be a continuous projection, | <s+1. Then
() 4= \J R,%isa C-subbundle of H'(M, E)| 2°*'(M);
_ r’egs*'l(M) _

(i) P defined by F,)=R, o PoR,_: is a C*-bundle map over the identity;

(iii) ¥=Im(P), Ker(P), Im(Id—P), Ker(Id—P) are all C®-subbundles of
HY(M, E) over 9°**(M).

Thus working in a local chart around & we see from (2.3) that DS|#°*1 =0
and DS(e): ¥ —>H'(M,R) is an isomorphism. Consider the trivial bundle
H*M,R)x 25 Y(M), over 2%5*(M), and define the bundle map
¢:G—H' (M, R) x 75 (M),, ,=DS(n)| R,%. Since the C*-smooth subbundle
% is obtained by right-translations of €, the inverse

¢y ' =R,>(DS@|%)"":H'(M,R)>R,%

is smooth in #. Thus ¢ is the inverse of a C™-vector bundle isomorphism and
hence is C®-smooth. We showed hence that S is a C*-smooth submersion.
This proposition implies the following.

~ T —
Theorem 2.1. Ker (S) is a closed H** '-Lie subgroup of %5 *(M), with Lie algebra
AL (M),

T —
The kernel of the covering map 25" ' (M), — 25! (M), is the first homotopy
group =, (251 (M),) which is discrete. Let us assume that its image I under S is
closed and hence discrete in H'(M, R). Then by Theorem 2.1 the quotient map

S: 2 (M)~ H' (M, R)/T
is a C®-smooth submersion. Thus we get the following,

Theorem 2.2. If I' is closed in H(M, R), then ¥°** =Ker(S) is a closed H**!-Lie
subgroup of 95+1(M), and of %+ (M) with Lie algebra #°'(M).
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It is known that I' is discrete if dim(M)=2, if the symplectic form of M is
defined by a Kaehler structure, or if the symplectic form on M has integral
periods. To our knowledge there is no known example for which I' is not
discrete (see also Banyaga [4], [5]).

Banyaga [4] proved that for s=00, Ker(S)=%*=[27 (M),, 22 (M),] and

—

that this commutator group is simple. He also showed that Ker S)=[22 (M),,
T —
25 (M),] is a perfect group, i.e. it coincides with its own commutator subgroup.
Hence we conclude

—— o ——
Theorem 2.3. [22°(M),, 22(M),] is a perfect, closed ILH-Lie subgroup of

—

DM, and [22 (M), 23 (M)] is a simple, closed ILH-Lie subgroup of
D (M), both with Lie algebra #*(M)=[Z (M), X;{(M)], the C=-globally
Hamiltonian vector fields, if T is closed.

Remark that 4°*? is connected since 4° =[22(M),, 22 (M),] is dense in it,

and that the covering projection WO-»,@;“(M)O induces a surjective
map Ker(S)—Ker(S)=%°+! with kernel n,(25}*(M),)nKer(S). The classical
construction of bundle charts for homogeneous spaces (e.g. [11], p. 83) shows
that S, S are topological locally trivial bundles; these bundle charts are not
smooth since they involve composition and taking inverses. The homotopy exact
sequence for the locally trivial fiber bundle

~ T—— §
0—Ker(S)— 25+ (M),— H' (M, R)—0

shows that 7,(Ker(5))=0 and hence Ker(S) is the universal covering group

@s+1 of @+ These results are summarized in the following commutative
diagram with all lines and columns exact.

0 0 0
07, (4 1) = 7, (D5 L (M) )N G Lo (D51 (M)g) = r——o0
il Pl 5 1
0 g1 < — P M), —— H'(M,R)>0

gs+1 [N @s+1(M)O 4S—>H11(M, ]R)/F—>0

v

0 0 0

The columns are covering spaces and the lines are topological principal bundles.
This diagram for s=oc0 appears already in Banyaga [4]. We shall obtain a
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similar diagram in the next section for the group of quantomorphisms of a
compact, regular, exact, contact manifold.

§3. The Group of Quantomorphisms

In this section we prove that the group of quantomorphisms of a compact, exact,
regular, contact manifold (see definitions below) is a smooth principal circle
bundle over the H**!-Lie group %**! of the quotient manifold constructed in
the previous section.

We start by recalling a few standard facts from prequantization (1, 12, 15,
19, 227) in the setting of principal circle bundles with connection.

Let (M, 0) be a compact, exact contact manifold, i.e. M is a smooth 2n+1)-
dimensional compact manifold with a C®-one-form 8 such that A (d6)" is a
volume element. The characteristic bundle of d6

Ryy={veTM|i,d0=0}
is integrable and one-dimensional. At each point, there exists a chart (x', ..., x",

y', ...,y t) such that 0= y'dx'+dt. The Reeb vector field E is the unique
i=1

section of the line bundle R, defined by ip8=1, i,40=0; in the charts above, E

=0/0t. Let

R,={veTM|6(v)=0}
be the characteristic bundle of 8; it is 2n-dimensional, TM =R, @ R,, and hence

I (M)=H"" (R )@ H "' (Ry). (3.1
We have
[H**'(Ry), EIS H*(R,) (3.2)

since for all YeHS*(R,), 0([Y, E])=(d0) (Y, E)—Y(O(E))+ E(0(Y))=0. Note that
H*Y(R,)={fE| feC* (M, R)}. Since H***(R¥)={acH*"* ' (A")|a(X)=0 for
all XeH**(Ry)}, H "' (RH)={acH "1 (A")|a(X)=0 for all XeH*1(R,,)}, it
follows

Hs+ I(Al):Hs+ 1(R§9)@HS+1(R;<) (33)

Remark that X e H** 1 (R,)—iyd0c H** ' (R¥) is an isomorphism, since d6 is non-
degenerate on R,.

The leaves of the foliation &, defined by the integrable line bundle R, are
the integral curves of E. In all that follows we assume that 6 is regular (Boothby-
Wang [ 7], Weinstein [22]), i.e. the flow of E defines a free circle action @ on M.
Then the quotient manifold N=M/% is automatically smooth and carries a
symplectic structure w, [w]eH?*(N, Z) (the second cohomology group of N with
integer coeflicients) such that n* w=d#, for n: M — N the canonical projection; 0
becomes thus the connection one-form on this principal bundle whose horizon-
tal subbundle is R, and w is its curvature form. M is thus the quantizing manifold
of N whose automorphism group Z5*'(M)={ne2*+'(M)|n*0=0},
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s>{dim M)/2, is called the guantomorphism group of (M, 0). Its formal Lie
algebra of infinitesimal quantomorphisms is Z3+ ' (M)={Xe%Z**'(M)|L,0=0}.

Remark that y*(E)=E if and only if % is equivariant with respect to the free
circle action @ and that Z5*'(M)c2%'(M)={ne2**"(M)|n*(E)=E},
s M M)e I (M)={XeZ " (M)|[X, E]=0}. In fact 23" (M) is a closed
H**'-Lie subgroup of 2°**(M) with H**'-Lie algebra 5*'(M) in view of the
following general result of Marsden-Ebin-Fischer [17, p. 167] and Omori [18].
Let K be a compact subgroup of 2°*!(M), i.e. K is a compact Lie group acting
H**!-smoothly on M; the group Z%"'(M)={ne@**'(M)|no¢p=¢on for all
$eK} is a closed H**!-Lie subgroup of @°*!(M) with H**!-Lie algebra
X (M) ={XeZ ' (M)|¢p*(X)=X for all peK}. It will be shown in the proof
of Theorem 3.1 that 25+ (M) is a closed H**'-Lie subgroup of 25" 1(M) and
hence also of 2°+*(M).

The assumption of regularity of 6 does not follow in general from the
condition that E has all orbits closed. This is due to the fact that the period
function of a smooth vector field with all integral curves closed is not necessarily
smooth (e.g. the geodesic flow on the unit sphere bundle of lens spaces, Besse
[6], p. 9; see Sullivan [20] for an example of a vector field with all orbits closed
but with unbounded period function). However 6 is regular if and only if the
Reeb vector ficld E has all orbits closed and the period function is smooth.
Moreover, if E has only periodic orbits, then there exists a smooth circle action
on M with the same orbits as E if and only if there exists a Riemannian metric
on M with respect to which all orbits of E are geodesics (Wadsley [21]); this
circle action however may not be free. But if all geodesics coinciding with the
orbits of E are closed and of the same length, the circle action is free. See Besse
[6] for an extensive study of manifolds all of whose geodesics are closed.

Proposition 3.1 (Kostant [15]). The following sequence of H**'-Lie algebras is
exact .
0=R -1 25T Y (M) - 5+ 1 (N) >0 (3.4)

Proof. The map J(c)=cE, ceR is clearly injective. To define P we proceed in the
following way. If XeZ;*!(M), then [X, E]=0 and hence X projects to an H** -
vector field Z on N; Tno X =Zon. However if X=fE+Y, YeH"*'(R)), [X, E]
=0 is equivalent to E(f)E=[Y, E] and thus by (3.1), (3.2) E(f)=0, [¥, E]=0.
Hence Y also projects to Z on N. Remark that L, §=0 is equivalent to df +i,d0
=0, so that feC***(M,R) and dg=i,w, for f=—goneC***(N,R). Thus
ZeA# s+t (N) and we define P(X)=Z.

If ZesA#*+1(N), there exists a Hamiltonian ge C5**(N, R) for Z and thus a
unique YeH**'(R,) such that iydf+df=0 for f=—gon. Hence fE
+YeZi+ (M) and P(fE+Y)=Z by definition of P, i.e. P is surjective. Since Z
determines its Hamiltonians only up to constants, exactness at Z37*(M) is also
proved. W

The goal of this section is to find the group theoretical version of (3.4). For
this we need a few more ingredients. If y: [0, 17— N is a piecewise smooth path
and xen~'(y(0)), there exists a unique path $_: [0, 11— M, called the horizontal

lift of v ([11], p.290-292) such that 5 .(0)=x, mof =9, d?t(t)

is a horizontal
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vector. This operation defines the “horizontal transport along y” H.:
7 @) ->m (1), H,(x)=7,(1). Note that if y is closed, there exists a
unique s(y)eS* such that H,=®,,,. If one replaces M with Hermitian line bundle
over N with invariant connection, H, becomes the usual parallel transport along

7. The following proposition is proved by easy direct verification.

Proposition 3.2. Let ne %51 (M) induce ¢+ (N). The following are equiva-
lent:
(1) n*0="0;
(i) (Tn)(Re(x))=Ry(n(x)) for all xeM;
(i) no H,=H,,, on (ie. nof,=(doy),, for all xe M) for all piecewise smooth
paths y in N.

Proposition 3.3 (Kostant [15]). The following sequence of groups is exact
08— @5+ (M)~ 5+1 0 (3.5)

where A ={pe P (N)|H,,,=H, for all piecewise smooth closed paths y in
N}.

Proof. The map j(s)=®,, seS' is injective. Define p(n)eZ***(N) to be the
diffeomorphism induced by # on N, i.e. p(#) e t=no# and remark that since 7*w
=d0, p(n)es ' (N). Clearly poj=ey. Let now p(n)=ey. Then 5 is of the form
n(x)=&((f o m)(x), x) for feH (N, S"). If #*:S' M denotes the map &*(s)
= (x), then since @ is a free action, T,d* is injective (see e.g. [1], Lemma 4.5.4)
and has as image R,,(®,(x)), the tangent space at @ (x) to the orbit. Since for
v.eT.M

(T;c 17) (Ux) = (T_;c (‘p(fa n)(x)) (Ux) + ’F(fo ) (x) ¢X) (T;r(x) f(T;c TE(Ux))),
n* 0 =0 implies
(T(fa ) ) (Tm) ST (0 NER 45 (D)) Re{D,(x)) =0,

ie. (T )T, m(,))=0 for all xeM, v,eT, M and thus f=constant. Hence
n==>, and exactness at Z3* ' (M) is proved.

To prove surjectivity of p we proceed in the following way. Let [z]eN be fixed
and ¢eZ5(N) be given. Let #,: n~ ' ([z]) > =~ '(¢([2])) be an arbitrary “ro-
tation”, i.e. =B~ 'eosa, where a: n~ ' ([z]) > S, f: ' (¢([2]))— S are diffeo-
morphisms given by bundle charts and seS*. It is clear that 5, > @, =P o1, for
all seS*. For xeM consider the smooth path y in N with y(0)=[z], y(1)=[x]
and let § be its unique horizontal lift with endpoint at x. Define then #n(x)
=(H,,,on°H, ") (x). Let now p be another path connecting [z] to [x] and let
o=y"" % p be the closed path based at [z] formed by p followed by y in opposite
direction. The definitions of # with y and p coincide if and only if H,,, o n,;=n,
oH,, ie H,,,=H, which is the defining relation of #°**. It is a routine matter
to check that # thus defined is indeed of class H**!. Moreover moy=¢on and
n* 6=8 since condition (iii) in proposition 3.2 is trivially verified. B

The infinitesimal version of (3.5) should be (3.4), but for this we need to know
that the identity component A5+ =%*+' as H**'-Lie groups.
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Theorem 3.1. ! has an H**'-Lie group structure making 251 (M) a principal
circle bundle over it.

Proof. First we have to show that 257 !(M) is an H***-Lie group. This has been
proved already by Omori [18] but we shall give here a much shorter proof
based on techniques of Ebin-Marsden [9] (see also the remark at the end of this
section).

Let H:J MR ={oaeH**'(R})| Lya=0} be the space of all @-equivariant

Hs*'-sections of R¥, and H:/!(A?) the space of all equivariant H** !-two-forms

equ

on M. The linear space &/*={(«, do)| e H*" ' (R¥)} is clearly closed in HS,_ (R¥)

xquu(Az), so that (8,d6)+.7° is a closed affine submanifold of qus(/ll)
x H*(A?).
Define
Yo Ty H(M)—(0,dO)+ 5, by Yo(n)=(*0, dy*6).

We show that ,(@% '(M))< (0, d8)+=*. Since (7*0—0)(E)=(n*6)(E)—1
=n*(0(E))—1=0, it follows #* 0 —fe H** 1 (R¥). Moreover, since L;8=0, L (y*0
— ) =ny*(Lg0)=0, ie. n*0— 06H§;’ul (R¥), and ¢, is hence well-defined. It is

known (Ebin [10], Ebin-Marsden [9]) that the map ¥, is C*® and has derivative
Dy (e): et 1 (M)~ 5,  Diyyle)- X =(Ly0,dL0).
If X=fE+Y, feCT (M, R), YeH**}(R,), then E(f)=0, [Y, E]=0 and
Digle)- X =(i,d0+df, di, d6).

We prove now that Diyr,(e) is surjective. Take f=constant. The relation
(o, du)=(iy d0, diy d0) is satisfied if and only if a=i,d0. Since ac HS],' (R¥) there
exists a unique YeH**'(R,) such that «=i,d6. But Lyoa=0 implies 0=L;i,d0
=Lpiyd0—iyLyd0=iy y,d0, ie. [E, Y]eH*(R,) so that by (3.1), (3.2) [ ¥, E]=0
and thus Di,(e) is surjective.

Since R,-:, #* are both isomorphism (for fixed #), it follows that W, is a
submersion at any ne2yt*(M). Since Z5T1(M)=y, (0, d0), it follows that
5+ (M) is a closed H**'-Lie group of 251 (M) and hence also of 9+ *(M).

It is obvious that T,j=J and hence j is an immersion. S' acts freely and
properly on 257'(M). Thus the quotient space Z5*!(M)/S'=2"*! has a
smooth manifold structure and is the base space of a principal circle
bundle. W

Theorem 3.2. The identity component #§** equals 4°+* as H***-Lie group.
—

Proof. Theorem 3.1 implies that the universal covering Z5* (M), of the identity

component 57! (M), is a principal line bundle over the universal covering

A3+t The map p lifts to j(y, [1,])=@®), [p(n,)]). We show that #3+1cgs+!
=Ker (S) (see §2). Let Z,=(dp(n,)/dt)op(n)~ ', X,=(dn,/dt)on; . Then it is easy
to see that Tmo X,=Z,- 7. Since y* 0=0, it follows that L(X,)0=0, ie. if X,=Y,
+/.E, then i(Y,)d0= —df,. Thus

i(X)d0=i(Y)dO+f,(i,df)= —df,
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so that . .
7f*(x‘l(p(r/t)))=£(i(Y,) db) dt:dg(—ft) di=dg.

Since E(f,)=0, it follows E(g)=0 and thus g projects to amap gon N; gon=g.
Thus 7*(A(p(n))=n*(dg) so that A(p(n))=dg, ie. S(p(n), [p(n)])=0. Thus

H S+t <% 1 a5 groups. It follows then that A5+ =% ! as groups.

But 37" is a manifold whose model space is Zj*'(M)/R=#°*' by
Theorem 3.1 and Proposition 3.1, which is also the model space of #°*!
(Theorem 2.2). This means that #$*' is an open subgroup of the connected
group %°*! and thus equal to it. M

We summarize our results in the following commutative diagram with all
lines and columns exact. The lines are smooth principal fiber bundles and the
columns covering spaces. Its infinitesimal version is (3.4).

0 0 0

| |

0 Z =L m (Z5+ 1 (M)g)—L— 1, (§°+ 1 (N)) =0

> — o ——
0->R=1— M), —L— %' (N) -0

0——)51‘_—J——'> @;+1(M)0 N N gs+1(N) =0

|

0 0 0

Remark. Omori [18] has shown that Con*™ (M)={(n, f)e2**(M)
x CSFHM, R~ {0})|n*0=10} is a closed H***-Lie subgroup of the semidirect
product 2+ (M)* C+'(M, R~ {0}) defined by the composition law
(11:.11) (2> £)= (15 2 12), f5(f1 07,)), identity element (e, 1), and inverse (1, f)~*
==, 1/(fon 1)), where C**1(M, R~ {0}) is regarded as multiplicative group.
The Lie algebra of 25+ (M) Cs* (M, R~ {0}) is 2+ (M) C** (M, R) with
bracket
LX) (V)] =(X, Y], X(g)—Y(f)

and exponential map :
[(foF)ds
exp (((X, 1)) =(F,, ev ),

where F,=exp(tX) is the flow of X. The Lie algebra of Con®* (M) is S*** (M)
={(Y, 9ex** (M) C>* (M, R)| L, 0=g6}. Remark that if (1, f)eCon***(M)
and (Y, g)eS***(M), the functions f and g are uniquely determined by #
respectively Y, namely f=(n*0) E, g=E(O(Y)).
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The group {ne2**!(M)|there exists an feC***(M, R~ {0}) such that n*6
=f0} is not even a submanifold of 2**'(M) due to the loss of derivatives
(Omori [187, p. 101). However, if 8 is a regular contact one-form, it follows that
D51 (M) {1} is a closed H**!-Lie subgroup of 2°**(M)* C***(M, R~ {0})
(Omori [18], p. 102) which implies that 25 (M) is a closed H**!-Lie subgroup
of Z°+1(M).

§ 4. The Group of Homogeneous Symplectic Transformations of 7% M ~ {0}

In this section we endow the group of homogeneous symplectic transformations
of T*M~ {0}, M a compact manifold, with an H**'-Lie group structure. This
group appears in the study of a class of invertible Fourier integral operators of
order zero as their group of canonical relations and has as Lic algebra the
principal symbols of pseudo-differential operators of order one with homo-
geneous, purely imaginary principal symbol. The main problem in finding a
Hilbert manifold structure of this group is the non-compactness of T* M~ {0}.
This is circumvented by considering the isomorphic group of contact transfor-
mations of the cosphere bundle of M. Some of the results and techniques of § 3
will be used.

The manifold P=T*M~ {0} is conic, i.e. the multiplicative group of strictly
positive reals IR | acts smoothly on P by m(z, o )=m () =710, >0, a, e T* M,
o,=+0. This action is free and proper and thus n: P—~Q=P/IR , is a principal
fiber bundle over a smooth manifold. Q, the cosphere bundle of M, is compact
and odd-dimensional. A function H: P—IR (vector field X, p-form y, smooth
map #: P—P) is said to be homogeneous of degree v, velR, if m¥* H=1"H (m*X
=v'X, m*y=1"y n(ro,)=1"y(x,)) for any v>0. Remark that the canonical one
(0) and two-form (w= —df) of P are homogeneous of degree one and that for
any p-form y homogeneous of degree v, dy is also homogeneous of degree v.

The next two results are well-known (Hormander [13], Weinstein [22]).

Proposition 4.1. Let n: T* M~ {0} > T* N~ {0} be a diffeomorphism. The follow-
ing are equivalent:

(1) n*08y=0y, where 0, 0, are the canonical one-forms on T*M~ {0} and
T*N~ {0} respectively;

(i) n is symplectic and homogeneous of degree one.

Proposition 4.2. Let n: T*M—>T*M be a diffeomorphism. The following are
equivalent :
(i) n*0=0;
(ii) n is symplectic and homogeneous of degree one;
(iii) there exists a diffeomorphism f: M — M such that n=T*f.

The following is a collection of facts to be used throughout this section.

Proposition 4.3. (i) Let H: P=T* M~ {0} =R be homogeneous of degree v. Then
the Hamiltonian vector field X is homogeneous of degree v—1 and 0(X z)=vH.

(ii) Let H,,H,: P->IR be homogeneous of degree v, u. Then the Poisson
bracket {H, H,} is homogeneous of degree v+u—1. It follows that the homo-
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geneous functions of degree v on P are a Lie algebra for the Poisson bracket if and
only if v=1.

(iii) A vector field X on P is homogeneous of degree zero if and only if its
Sflow is homogeneous of degree one, i.e. it commutes with the action m_, F,om_=m,
o F, for all teR, 7>0.

(iv) Ly 0=0if and only if X is globally Hamiltonian, homogeneous of degree
zero, with Hamiltonian function 8(X) homogeneous of degree one.

Proof. (i)

ti(m#* X g) o =m¥ iy, w)=mf(dH)=d(r”H)=rVdH———r”iXHwzti(r“*IXH) »

and hence m*(Xy)=t""'X,. In local coordinates O(X Z
by Euler’s theorem on homogeneous functions. i=

(ii) and (1ii) are trivial verifications.

(iv) If L,0=0, then F*0=0 for F, the flow of X, and hence by proposition
4.1, F, is symplectic homogeneous of degree one; by (iii) X is homogeneous of
degree zero. Since O=Ly0=i,d0+di,0, it follows iy w=d(0(X)), ie. X=X,
with H=0(X) homogeneous of degree one since X and 6 are homogeneous of
degree zero and one respectively. The converse is trivial in view of (i). W

l apl

We shall investigate now the structure of the cosphere bundle Q. @ carries no
canonical contact structure, but one can construct a whole family of them in the
following way. Let 6: Q —P be a global section of the principal fiber bundle
n: P—Q and put 6, =0¢*0. Such global sections exist in abundance; for example
a Riemannian metric on M identifies T*M with TM, Q with the unit sphere
bundle and ¢ with the usual inclusion of the sphere bundle in 7M. The section o
is uniquely determined by a smooth function f: P—R , defined by gon=f, e},
ie. olo, =1, (o) a,, where [0 ]=mn(x,)eQ denotes the class of a,eP. Since
file)a,=cloa ]=c[ta ]=f(ta)ta,, it follows that f, is homogeneous of
degree —1. The following formula will be used repeatedly:

n*0,=f 0. 4.1)
Indeed, if o e P, we'l, P, then
(@*0,) () w=0((com)o,) T(oom) (W)=(gom) (o) T(t* o g0 m) (W)
= [l o, (T7%) (w)=/,(0) (o)) - w.

Consider now another global section p: Q — P, its function f, and the one-
form 0, on Q. Since 0,=0*0=(como p)*O=p*n*0,=(f,p)0,, we have

Qa:go'pep’ go‘p:faop7 gapon:fo‘/fp' (42)

This relation proves that 6, is an exact contact form on Q if and only if 6, is. But
if ¢ is defined via a Riemannian metric, it is well-known that 6_ is an exact
contact form ([1], p. 373) and we proved that 6, is an exact contact one-form on
Q for any global section p.
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Definition (Kobayashi [14], p.29). An H**'-contact transformation on Q is a
diffeomorphism ¢e2°+*(Q) such that for any two global sections o, p: Q— P,
there exists an H** *-function h,,: Q =R _ satisfying ¢* 6, =h, 0.

Proposition 4.4. 2+ (Q) is a contact transformation if and only if there exists
a global section ¢ and a strictly positive H** *-function h,: Q>R such that $*0,
=h,6..

Proof. If ¢ is a contact transformation, choose o =p and h, =h,__ . Conversely, if
¢*0,=h,0, for a fixed ¢, then ¢*0,=h,0, for any global section p, because by
(4'2) ¢* ep :¢*(gpo Oa)z(gpo‘ e ¢) ¢* 00‘ :(gpo'o QS) ho— go'p 6p9 i'e' hp :(gpao q’)) ho' ga‘p‘
Hence for arbitrary ¢ and p, ¢*8,=h,, 0, for haP:hg g, M

app

Remarks. 1. The function h, is uniquely determined by o, namely h, =(¢*0,)(E,),
where E_ is the Reeb vector field on Q determined by 0,. Therefore the group of
H*+'.contact transformations on Q is isomorphic to the group

Con;*{(@)={(¢, e '(Q) = C** {Q, R~ {0})[ §*6,=h0,},

for any fixed but arbitrary global section . For the definition of the semi-direct
product 2°*1(Q)* C**(Q, R~ {0}) and its H*"'-Lie group structure see the
remark at the end of §3.

2. It is easily seen that Con}*'(Q) and Con$*™*(Q) are isomorphic as H**'-
Lie groups for any two global sections o, p.

3. The Hamiltonian vector field X, . on P is homogeneous of degree zero
(since f, is homogeneous of degree —1) and thus it induces a =n-related vector
field Y on Q. We claim that Y=E_. To show this, it is enough to prove that
n*(iyd0,)=0, n*(iy0,)=1 since © is a surjective submersion. By proposition
4.2(i) we have 0(X,,, )=1/f, and hence

m*(iy 0,)= i(Xl/fa) (f,0=1, 9(X1Uc,) =1,
7 iy d0,) =Xy ) d(f, 0)=X,, (J) 0—6(X ;) df,+ [, (X)) A6
—df,/f,— 1, d(/f)=0.

4. Let j: 6(Q)—P be the inclusion. Then o:(Q, 6,)—(c(Q), j*6) is an exact
contact diffcomorphism. Since con=f, e, is a diffeomorphism, it is easily seen
that df, is nowhere zero and thus (1/f,)"*(1)=0(Q) is a regular energy surface
for the Hamiltonian vector field X, . The Reeb vector field of j* 6 is X, | o(Q)
and its pull-back by ¢ coincides with E_.

The next theorem endows the group of homogeneous symplectic diffeomor-
phisms 257 (P)={ne2**'(P)|#*0=0} with an H**'-Lie group structure and
represents the main result of this section.

Theorem 4.1. (i) The map @: ;"' (P)—Cons*'(Q), ®(n)=(¢,h), where ¢ is
uniquely determined by ¢pon=mnon and hen=(f en)/f , is a group isomorphism
with inverse ¥ (¢, h)=(oo pom)/(hom) f,.

(i1} The map

& AU P)={YeZ T (P)|Ly =0} >S5+ 1(Q)
={(X, k)eZ** Q)+ C*" (Q,R)| Ly 0,=k0,},
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P'(Xp)=(X, k), where X is uniquely determined by TneXyp=Xom and ken
={f.,H}/f,, is a Lie algebra isomorphism with inverse ¥'(X,ky=X,, for H
= ©,(X)>m)/f,.

(iii) Endow 25**(P) and Z;+'(P) with the H*"'-differentiable structures of
Const1(Q) and SSt1(Q) given by the isomorphisms @ and &' respectively. Then
T2 (P)=2+ (P), T, o=@, and T, ¥ =Y.

Proof. (i) neZ5*1(P) is by Proposition 4.1 symplectic homogeneous of degree
one and hence it induces a unique diffeomorphism ¢ of Q characterized by ¢on
=mon. Since 7 is a surjective submersion, ¢* 6, =h6_ is equivalent to n*(¢*0,)
=n*{h0,), a relation easily proved using (4.1) and the definitions of ¢ and h. Let

(p(;lsl)?)(‘pphﬂa @(n,)=(¢z, h,) and D(n,0n,)=(¢,h). Then ¢on=mnon,on,
=@ 0(Q,0T,

hom=(f,ony o)/ f=((fson1on)faen2)) (foon2)/1,)
=(hyom)(fyon)/fo)ony=(hyom) (hyomony)=(hy(hye @y))om

and thus @(n,oy,)=(d, k) ($1, h,), ie. € is a group homomorphism.,

If (¢, h)=n, then ??*9 (0o pon)* b/f,(hom)=n*(h8,)/f,(ho m)=(n*6,)/f,
=0 and ¥ is thus correctly defined.

It is straightforward to verify that (¥o®)(n)=n for all yeZ;+'(P). Con-
versely, let (Po W) (¢, h)=P(n)=(), k). Then Yyon=non=no((go ¢pon)/f,(homn))
=nogonod=¢on, ie. Y=¢. Since focogopon=1 and f, is homogeneous of

degree—1, we have kon=(f,on)/f,= }(f ! 6°¢°ﬂ)=(h°ﬂ)(fa°0'°¢

Fohom)
om)=hon, ie. k=h and we showed ¥ =@ 1,

(ii) By Proposition 4.3(iv) Z5+1(P)= {X wEZsY(P)|H is homogeneous of
degree one}, so that each X,eZ;*'(P) projects to a vector field X on Q
characterized by TroXy=Xom Since 7*(Ly0,)=Ly (f,0)={f,,H}0
+f, Ly, 0={f,, HY/f,) f,0=(kom)n*0,=n*(k0,), ie. Ly6,=k0,, it follows
that &' is correctly defined.

Let &'(X ) =(X, h), & (X ) =(Y, k), and &' ([ X, X )=(Z,]). Then Zon=Tr
o[ Xy, Xg|=[X, Y]oz since Xy;, X are n-related to X, Y respectively; hence Z
=[X, Y]. From the definitions of &, k, I, the relation [ X, Xx]=X ; 5, and the
Jacobi identity it follows that

T (X(k)—Y(h) =Ly, (kom)— Ly (hom)=Ly ({ f,, K}/f,)— Ly ({f,. H}/f,)
=(Ly, {5 KW/, +{f,, K} {1/f,, H}
—(Ly A S, BN/, =S, HY {1/1,, K}
=—{H,{f,, K}}/f,—{/,. K} {f,. H}/f.}
+{K AL B}/, HY (.. K} /1
={/. {K,H}}/f,=lon
ie. I= X (k)— Y (k) and hence &' ([X 5, X 1)=[®'(X ), &' (X )].

If (Pod)(Xp=Y(X,k)=X,, then K=(0,(X)on)/f,=(n*(@x0,)/f.
=iy ([, 0)/f,=0(Xgz)=H by Proposition 4.3(i). Conversely, let (&' P)(X, k)
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=@ (Xg)=(Y,]), where lon={f,6 H}/f, and H=(0,(X)en)/f,. Then keox
=¥ (E, (0, (X)) =L(X, ) (0, (X} m)={f, H,1/f,} ={f,, H}/f,=lon and hence k
=1 To show that X =Y we associate to (Y,) the vector field ¥'(¥, )= (¥
@) (Xy)=X,. By the definition of ¥ it follows H=(0,(Y)cn)/f,=(0,(X)
om)/f,, i.e. 8 (X —Y)=0, which is equivalent to X — YEHS+1(R9 ). But since k=1
we also have Ly ,0,=0, ie. X—YeH** (R, ). The relation H**'(R,)
NH*" (R, )=0 (see (3.1)) implies X =Y and hence we proved ¥'=(®)~*.

(11i) Smce T, 95 1(P)= %+ *(P) as vector spaces and both are 1som0rphlc to
S5+1(Q) as H** 1-Lie algebras, this equality is between H**!'-Lie algebras.

Let X, €T, 25 *(P) and 7, be its flow. Then

dh,

= (xS ),

d
(L) (Xg)=—

where ¢, is the flow on Q defined by meoy,=¢,on; X is the vector ficld on Q with

flow ¢, and hence Tro X, =X o7. Since hon=(f,on,)/f, it follows

d
Cp(nt) =7

t=0 dt

dt

dh,
dt

d

o=
=0 dtt:O

(Soend 1) =df,(Xg)/f, = {1, HY/ S,

and we showed that T,@=@'. Since P=&"*, ¥'=(¢)""' it follows that T, ¥
=¥. N

Remarks. 1. Let (X, k)eS5+*(Q) and let ¢, be the flow of X. Then the flow of
V(X k) is ,

—edemffyen (43)
This follows at once from the commutative diagram

S5 —F— 2P

exp, exp;

Con*(Q)—"— 75 (P)

and the formula for exp, in the remark at the end of § 3. The flow of ¥'(X, k) is
given by

§ (ko gy ds
exp, (¢ V' (X, k) = ¥ (exp, (t(X, k) =¥ (d,, e )

t(k°¢s° )d
—odpemyf,en

2. Let (X, k)eSs*1(Q). Then

VX, k)=Tm,, o TooXon—(kon)(ep) (4.4)

ep?
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where m, . : P—D®(P), my, (a,)=my . and (ep),  is the vector field “vertical
lift” of the identity e, over itself, i.e.

d
(eP)fap(ocx) :a —o ((xx+ tOCx)G’I;XP,

or in local coordinates, (ep)._(x, #)=(x, «, 0, «).

Proof. Let 5, be the flow of ¥'(X, k) given by (4.3); , is of the form f,y,, where
y,=0o¢,on: P—P and

—t (ko psom)ds
fi=e g /f,: P—IR .

In local coordinates ¥, =(,, ¥,,), £, =(/,,, f,,) and hence

d _ dyry, ay,, df;

T = (o foran TS 5 ),
With

dy,| _

—| =TooXom=(TooXom),,(TooXom),)

dt ji—o
and

i

dt t:O_ (k n)/fa'
we get
v e =" (xa)

dt |i—o

=0 o (Toe Xon), (x, ), (Too X om), (X, 0)/f,(x, &) — (ko m) (x, a) )

which is easily seen to be the local coordinate expression of the right-hand side
of (4.4). M

3. By Proposition 4.3(iv), 23;*'(P) is isomorphic to ¥5T%(P)
={HeC***(P,R)| H homogeneous of order one}. Thus the ILH-Lie group
P (P) of homogeneous canonical transformations of P has its ILH-Lie algebra
Zy° (P) isomorphic to & ®(P), the principal symbols of pseudo-differential oper-
ators of order one with purely imaginary homogeneous principal symbol.
Theorem 4.1 and the two remarks above enable us to pass back and forth
between formulas on the cosphere bundle (which defines the ILH-structures) and
the usual symbol spaces. The results here will be the starting point in a
forthcoming paper in which we investigate the differentiable structure of the
group of invertible Fourier integral operators of order zero with canonical
relation in Zg°(P).
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Note added in proof. We constructed an explicite chart for the HS*'-Lie group 2;*!(P). Since this
is crucial for the construction of a differentiable structure for the group of invertible Fourier
integral operators, this chart construction will be given in the forthcoming paper mentioned above.



