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§1. Introduction

In this paper we will establish the following result on p arisubharmonic (psh)
functions.

Theorem. Let QEC” be a smoothly bounded domciin. The.  ove exists = smooth,
psh function Y on Q such that for any domain Q with &\ éQ=+ ¢, there is no
function  psh on Q such that § <y on 3N Q.

It is evident, in particular, that ¢ cannot be extended to be psh in any
larger domain, and thus we recover the known fact that Q is a domain of
existence for psh functions (see [1, 2]). However, since psh functions arise in
complex analysis through their use in inequalities, the problem of subextension
seems more appropriate than the problem of extension. Fornaess and Sibony
[3] showed that there is a psh function on the ring domain {zeC": 1 <|z|<R}
which cannot be subextended to the ball {|z]<R}. The function given in the
Theorem improves this example by showing the function can be taken to be
smooth and by showing that the failure of subextension is actually a local
phenomenon.

The construction in the Theorem is based on Lemma 1 which shows that
Lelong number can be both created and “propagated” by certain kinds of
decrease. For example, if y/(z, w) is psh in a ball containing (0, 0) and if

1
¥(z, w<log(llw|*+e ™)

holds for Rez=0, then y/(z, w) must have positive Lelong number on the variety
{w=0}. The impossibility of subextension then arises from the Theorem of Siu
which shows that the set where the Lelong number is = ¢ is a (global) variety.
Let us remark also that the Theorem gives a result on super-extension of
(1, 1) currents. As was noted in [3], if y is the function given in Theorem 1,
then the (1, 1)-form S=d d°y has the property:
if @ is any domain with @ N 6Q= ¢, then there is no positive, closed (1, 1)-current
Son @ with§=SonQng.
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§ 2. Propagation of Lelong Number

We will let z=z,eC and w=(z,, ..., z,) denote the coordinates of (z, w)eC".
By ||w|, we mean the Euclidean norm, ||w|?=|z,|*+... +|z,|®. Our basic tool
is the following.

Lemma 1. Let ¢(z, w) be psh, ¢ <0, on a ball
B={(z, w): |z|*+ |w|*<1}.

Suppose there is an open cone C,={(z, w): |w||<yRez} about the positive Re
z-axis such that
@(z, w)<tlog(|w|*+r(2)?), (2 weC,, 1)

r(2)

where r(z)=r(|z]) is a monotone function such that ——0 as |z| >0 for each
m>0. Then there exist constants A, n>0 such that ||

oz, w<nlog|w|+A forall |z|*+|w|?<ny%

Proof. We first show the hypotheses imply there is an estimate of the same
form as (1),

o(z, w) <7 log(lw|*+FE)) e

which holds for all (z, w) in a smaller ball |z|? + ||w|?<y? We consider two
cases. First, suppose ||w| >|z|. The point (|wl], 0) lies in the cone C,. Consider
the circle with center (z, w) and boundary passing through (|w||, 0),

(ca T)=(2> W)+(“W”_Z: _W)eioa —n§0§n.
Then

el =lwll11—e|=2]w]|

sin 35 w116
and
Re{=Re(z(1—¢€%))+ |w]| cosf
= |w| cos@—|z| 8= |wll{cos 0 —0).
Hence, so long as

7(cos0—[0])=0]
or

0039;|9[+l|0|
Y

the points ({(0), 7(6)) lie in the cone C,. In particular, this happens on an interval
(—6,, 85), where 6, depends only on y. Thus,
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1 ki1
olz, W)ég § o), =(0)d8

)
<L 7 o)) d0

T2m
<% maxlog(F1L@))*+ <)1),
T 10|=60

But, |(6)|<2|z|+ [w] <3 lwl, so F({(6))* < ||w]? for sufficiently small | w. Also,

0 e . .
=) =2 |w|, so we conclude ¢(z, w)g—Z% log(5 | w||?), which implies (2) in this
case.

In the other case, |w| <|z|, we can select A such that A=2+2/y, and note
that on the circle (z+ 4 |z| €', w), we have

yRe(z+1]z]e®) =7 |z|(Acos8—1)=7|z|[(A—2)cos 8+ (2 cos O —1)]= |w|
whenever cos8=1/2, or |6|<n/3. Thus, all the points on this circle lie inside

C, when |§|<n/3, so that

oz, w)é% | o(z+Az| € wydo

-n

1 /{3 1
<o- [ Slogliwl+r(1+A)]z)?) o
T —m3 2
1

=glog(IIW||2+r((1+/1) |20)*)

which is an estimate of the form (2). Consequently, (2) holds for (z, w) near
(0, 0) )
LEt m(plr pZ)zsup{q)(Z: W): [Z]:pb Iiw“zpz}a and f(x7 y)___;m(ex’ ey)'
Then f(x,y) is a convex function of (x, y) defined for large negative x and
¥, since m is psh. The inequality (2) for ¢ means that

fGx, y)<tlog(e®* @ +e?)=F(x, y)

. . h(x
where h(x) is a function such that —(~) — -+ 00 a8 X - — o0
X

Suppose that an affine function A x + B y+ C satisfies
Ax+By+C=F(x,y) (3)

for all x<x,, y<y,. Then we claim B> 1. To see this, note that

Ax+C=yY(x):==1nf Fix, y)—By. 4)

Y=yo
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We must have B=0, since if B<0, then y(x)= — oo for some finite x. If B=0,
. h
then Y (x)=h(x)= A x+ C, contrary to the assumption that ﬂ% +o00 as x—
X
—oo. The function y — F(x, y)—By is convex. If B>0, then y— F(x, y))—By
tends to + o0 as y— —oo. Thus the minimum of the function either occurs

. oF .
at y=y,, or at the point y<y, where M (x, yy=B. A short calculation shows
that at this point, we must have Y

B
2y _ 2h(x)
e _B e, (5)
Hence, if 0<B<1 and x is very large and negative, the minimum will occur
at the point y for which (5) holds, so the infimum in (4) is equal to

h(x)—3log(1— B).
But, this is impossible, for then
Ax+C=Z2h(x)+0(1) as x— —o0

contrary to our hypothesis that —h—%—) — + 0. Thus, we have B= 1.

We can rewrite the affine function in (3) in the form A(x —xg)+ B(y—yo)+ C.
Noting that when B=1, the minimum in (4) occurs for y=y,, we have
A(x—xq)+ CZ F(x, yo). Hence, the upper envelope of all affine functions satisfy-
ing (3) is at most (y—y,o) + F(x, yo)- Since the convex function f(x, y) is an upper
envelope of affine functions satisfying (3), the last estimate of the lemma follows.

§ 3. A Smooth Function without Subextension

We first construct a continuous example and then modify it to give a smooth
example.
For 0<a<1/2, let

1 )
v(z)=0v,(z2)=Re——=—r""cosal, z=re¥, —nLl=m r>0
z

and
r(z)=e"®,

The function v(z) is harmonic in C\IR 7, the complex plane with the negative
real axis and O removed. It is continuous on €\ {0} and negative there, since
o< 1/2. However, v(z) is not subharmonic on the negative real axis. In fact,
it is superharmonic there as locally it is the minimum of the two harmonic
functions corresponding to different branches of z* The function r(z) is contin-
uous, nonnegative, and vanishes to infinite order at z=0, since

0=<r(z)<exp (—M)

|z]*



Smooth Plurisubharmonic Functions 335

Next, let % be a neighborhood of 0 and g: # —C"~ ' a function analytic
for ze% such that
g0)=0, lg'@I=1/4, zeu.

Consider the function u defined by
u(z, wy=u(z, w, o, g) =max {1,(z), log [lw—g(2)|}. (6)
The following proposition lists several properties of u(z, w).
Proposition 2. The function u of (6) satisfies
(i) u is psh for (z, e [(C\R ") %] x €~ and on the open set
{z, Wel xT" " lw—g(@)|>r@)}.
(i) u(z, wysilog(lw—g(2))*+r(2)).
(iil) u is continuous on C\(0, 0), and u(z, w)— — oo as (z, w) - (0, 0).

Proof. For ze%, z not on the negative real axis or z=0, u(z, w) is clearly psh
as the maximum of psh functions. The definition of u(z, w) shows

uiz, W):{:og flw—g(z)| if lw—g@)|>r(2) -

ogr(z) if jw—g(2)|=r(z)
Thus, on the open set |w—g(z)| >r(z), u is also psh because it is equal to
log ||w—g(z})||, a psh function. The inequality of (ii) is also clear, since
u(z, wy=max{} logr(z)% }log [w—g(2)|?}
=3log(r(2)* + lw—g(2)?).
The third assertion is clear.
The function u(z, w) is essentially psh on the complement of the ball of

radius 1 with center at (—1,0). The only problem is that u is only defined
for z near 0. To get a globally defined function on a ring domain

Qr={(z, w): 1<|z+1*+ |w|[*<(1 + R)*},

we want to take the function u(z, w) for (z, w) near 0, and then modify it by
some smooth function away from (0, 0). Precisely, we have the following.

Proposition 3. For any 6 >0, there exist constants C, C,>0 such that the function
U (z, w) defined by

u(z, w) Rezz= -4
max {u(z, w), C,—C,Rez} —6=Rez=—2¢
C,—C,Rez —20zRez

is psh on Q.



336 E. Bedford and B.A. Taylor

Now we note that the function U(z, w) constructed on Qj is not smooth.
However one may check that the singularities are locally of the form

U(z, w)=max {S(z, w), h(z, w)}
=h(z, w)+max {0, S(z, w)—h(z, w)}

i.e., they are locally the maximum of a smooth psh function S(z, w) and a pluri-
harmonic function h(z, w). In other words, at a singular point

U(z, w)=h(z, w)+ x(S{z, w)— h(z, w))

where y(f)=max(0, t). If we replace y by a C* convex and increasing function
7 with 7(t)=0 for t< —e and 7(t)=t for t=e, then the resulting function U
will be C* and psh, and |U —U|<2e. Further, the function is changed only
on the set {—e<S—h<e} so that if ¢ is taken to be small, U =U holds near
any other singularity.

We will now select a particular curve g(z) so that the function U constructed
above does not subextend. Choose real numbers (f5,, .., f,) such that the curve

c(t)=(e", e>™F2" . 2™ _op<t< 00,

is dense in the n-torus. Then, for ¢ a small positive number, let g(z) be the
analytic curve defined for |z| <1 by g(z)=(g,(2), --., g,(2)), where

gi(@D=e(1+2)/'—e(1+2)

(and the principle branch of (1+z)% is used). The conditions g(0)=0, {|g'(z)| =%
are satisfied on {Rez= —24, |z| <R} if § >0 is sufficiently small. Thus, we obtain
the function U as above.

Proposition 3. The function U constructed as above is smooth and psh on the
domain Qg, and for every y> 0, there is no psh function ¢ on {|z|* + |w]* <(1+7)*}
such that ¢(z, w) S U (z, w) holds on the set

C,={(z w): Rez>0, [w] <y, |z]*+ [w[> <(1+7)*}.

Proof. We have already seen that U is smooth and psh on Q. If ¢ exists,
then we have the estimate

¢z W)= U(z, w)<ilog[w—g @) +r(z)°]

on Cy. If we make the local biholomorphic change of coordinates z'=z, w'=w

—g(z), we have
¢, w)stlog[|w'|* +r(2)*]

for all the points (z/, w') in a cone C, about the Rez’ axis in some small ball
about (0, 0). Then, by Lemma 1, there exists # >0 such that

@(z, w)=nlog [w—g(2)| +0(1)

for all (z, w) in a neighbourhood of (0, 0). Thus, the Lelong number of ¢ is
at least # at every point of the variety w=g(z) near to (0, 0).
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By Siu’s theorem [4], the set of points in {|z|>+ [w]/><(1+7)*} where the
Lelong number is ># is an analytic variety, V. Since it contains the part of
the curve w=g(z) near (0, 0), it also contains all the points (z, w) one can connect
to (0, 0) by analytic continuation along curves in the set

S={w=g@}n{lzI*+w|*<(L+v)°}.

However, we claim that this set is contained in no (proper) analytic variety.
For, we can clearly follow a path in S to a small neighborhood of the branch
point z=—1, w=0. Then for small p, analytic continuation on the path with
z()=—1+pe", —oo <r<+ oo, shows that V contains all the points (z(t), w(t))
where

w(t)=—epe(1, ..., Dre[phe®™ibat | pPre?=ifnt],

This set is not contained in any (proper) variety in a neighborhood of (—1, 0),
since under the biholomorphic map z'=(1+z), w =w+&{1 +z)=w-+¢z its image
is a dense subset of the distinguished boundary of the polydisk with center
at (0,0) and polyradius (p, £ p?2, ..., e p#~). This is a contradiction so no such
function ¢ can exist.

We remark that in the proof one could use instead of Siu’s theorem a weaker
version due to Skoda [5], which asserts that this set is contained in a variety.

Proof of the Theorem. We use the notation
A(zo, wo), 11, 12)={(z, WeC?: 1] <|z—2zo|* + |w—wo > <r3}.
If € is smoothly bounded, then there is a sequence of domains
Aj=A(zh, wh), i, )

such that Q=N A; and there is a point p;edQnJdA;. Clearly we can choose
the A; such that the set {p;} is dense in 9Q. By Proposition 3 there exists ;
which is psh and smooth and cannot be locally subextended over p;. Without
loss of generality, we may assume y;<0. If we choose ¢;>0 such that y =) ¢;y;
converges in C®(2), then ¥ cannot be subextended over any neighborhood
of 0Q. For if & and § are given, then there exists p;e@naQ, but J<e;y
holds on Q3 Q, which is a contradiction.
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