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1. Introduction

It is well-known that if a complex manifold admits a Hermitian metric with
holomorphic sectional curvature bounded above by a negative constant, then
it is hyperbolic ([6, 8, 151). The converse is still open. Some partial results
are known: In [6], Grauert and Reckziegel constructed a Hermitian metric
in a neighborhood of a fibre of an analytic family of compact Riemann surfaces
of genus =2 over a Riemann surface, such that the metric has negative holo-
morphic sectional curvature in that neighborhood. Cowen [4] extended the
result to n dimensions, but the metric still only exists locally in a neighborhood
of a fibre. There has been no global result, except for related works by Des-
champs-Martin [5] and Schneider [13], who proved that the Kodaira surfaces
of general type [9] have negative tangent bundle in the sense of Grauert. The
purpose of this note is to show that for some types of compact hyperbolic
manifolds, we can construct a Hermitian metric on them with everywhere nega-
tive holomorphic sectional curvature. In particular, Kodaira’s surfaces of general
type [9] and the example of Grauert and Reckziegel (mentioned above) are
included as special cases. Still with Kodaira surfaces, we will show in the last
section that they can in fact be given a Kdhler metric with negative holomorphic
sectional curvature. In contrast with the proof of Theorem 1, the proof of the
latter fact is by an explicit construction.

This work is part of the author’s Ph.D. thesis written under the supervision
of Prof. H. Wu, to whom the author would like to express the deepest gratitude
for all his help, support, encouragement and instruction.

2. Definitions and Statement of Results

Let @ be a Hermitian metric on an n-dimensional complex manifold with @
=) g;dz'dz’ in local coordinates, then the coefficients of the curvature tensor
are given by:

7= — g” qp aglif agq}
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The holomorphic sectional curvature at a point p in the direction ({1, 2, ..., ")
is given by:

) nht :
Y g ega@ T
i, ok, 1=1

Theorem 1. Let n: X — Y be a holomorphic map of a compact complex manifold
X into a complex manifold Y which has a Hermitian metric of negative holomorphic
sectional curvature. Assume also that © is of maximal rank everywhere and there
exists a smooth family of Hermitian metrics on the fibres, which all have negative
holomorphic sectional curvature. Then there exists a Hermitian metric on X with
negative holomorphic sectional curvature everywhere.

We note that the assumption of the theorem immediately imply that X is
a hyperbolic manifold. In greater detail, since 7 is of maximal rank and X
is compact, it is well-known that = must be onto and Y must be compact.
Hence Y having a Hermitian metric of negative holomorphic sectional curvature,
implies that Y is hyperbolic. Since each fibre X,=n"1(t) (teY) is compact and
since each X, is also assumed to have a Hermitian metric of negative holomorphic
sectional curvature, each X, is hyperbolic. Thus it follows that X is hyperbolic
(Use Brody’s Theorem [2], for example). For a later reference, we should also
explain the precise meaning of the existence of a smooth family of Hermitian
metrics on the fibres. For each peX, we can choose a neighborhood % of =(p)
so that if {¢*, ..., t"} are complex coordinates on %, then on =~ (%) we have
complex coordinates {t'cm,...,t"om, 2, ...,2z°} so that the restrictions of
{z*, ..., 25} to X,nn~ (%) for each ¢ give local coordinates on the latter. By
a common abuse of notation, we shall write ' in place of fon. Now let g,
be a Hermitian metric on X, for each teY. We say {g,} is a smooth family
if relative to the coordinates {, z*} on each n~!(%) as above, there exist €
functions g,3(z, t) for o, =1, ..., s, z=(z*, ..., z°) and ¢=(¢', ..., t"), so that for
each ¢,

8=, .3(z, ) dz* d7 (mod {d 1%},
= B

This definition is easily seen to be equivalent to the usual one as used by
Kodaira-Spencer [10].

The conclusion of Theorem 1 is optimal in the sense that if 7: X—>Y is
a holomorphic fibre bundle, then there are no Hermitian metrics on such an
X with negative bisectional curvature. For the proof of this assertion, it suffices
to adapt the argument of Yang in [17] to our present situation. More precisely,
if v(y) denotes the volume of =~ !(y), yeY, then at the maximum point of v
in Y (using the compactness of Y here), the argument on p. 132 of [17] would
go through unchanged without Yang’s Kéhler assumption.

For the first corollary, recall that if a compact complex manifold M has
negative first Chern class, the theorem of Aubin and Yau says that M has
a unique Einstein-Kéhler metric of Ricci curvature — 1. We call this the canonical
Einstein-K dhler metric of M.
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Corollary 1. Let n: X —Y be a holomorphic map of a compact complex manifold
X into a complex manifold Y which has a Hermitian metric of negative holomorphic
sectional curvature. Assume also that n is of maximal rank everywhere that each
fiber has negative first Chern class and its canonical Kdhler-Einstein metric has
negative holomorphic sectional curvature. Then there exists a Hermitian metric
on X with negative holomorphic sectional curvature everywhere.

The curvature assumptions on the fibres are not unnatural. They are satisfied
for example, if each fibre is a Riemann surface with genus =2, or less trivially,
if each fibre is a Kdhler manifold of the homotopy type of a compact quotient
of an irreducible Hermitian symmetric space of noncompact type of complex
dimension =2. The latter uses the strong rigidity theorem of Siu [14]. In fact,
the fibres can even be any suitable compact quotient of a Hermitian symmetric
space of noncompact type; this has to use the extension of Siu’s theorem by
Mok [12] and Jost-Yau [7]. In the case of co-dimension one fibres, this Corol-
lary simplifies to:

Corollary 2. Let n: X" — YY" ! be a holomorphic map of a compact complex mani-
fold X into a complex manifold Y which has a Hermitian metric of negative holo-
morphic sectional curvature. Assume also that = is of maximal rank everywhere
and X is hyperbolic, then there exists a Hermitian metric on X with negative
holomorphic sectional curvature everywhere.

In particular, when n=2, the example of Grauert and Reckziegel and Ko-
daira’s surfaces of general type satisfy these assumptions. In other words, these
well-known hyperbolic surfaces have a Hermitian metric with negative holo-
morphic sectional curvature.

We will first try fo construct a Hermitian metric in X, such that it has
negative holomorphic sectional curvature along the fiber direction (Sect. 4), then
add to it 1 times the pull-back of the Hermitian metric of Y. We will then
try to show that, when A is large enough, the resulting metric is of negative
holomorphic sectional curvature in all directions. This idea comes from a simple
fact in matrix theory: Suppose A is a n x n symmetric matrix with its first coeffi-
cient a;, >0 and

0 0.0

where B’ is an (n— 1) x (n— 1) positive definite matrix, then we know that A+ 1B
is also positive if 1 is large enough. (It suffices to check the determinants of
all principal minors, but since B’ is positive definite, so we only have to check
det(A+AB)=1""!g,, detB' +O(A"?) which is >0 if 2 is large enough.) Note
that this argument depends crucially on the fact that the first column and first
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row of B are zero. In the geometric situation below, we will see that the same
phenomenon reappears.

In Corollary 2, when X is a Kodaira surface [9], we shall make an improve-
ment:

Theorem 2. There exists a Kdhler metric with negative holomorphic sectional
curvature on the Kodaira surfaces of general type.

3. Some Lemmas about Negative Holomorphic Sectional Curvature

Lemma 1. Let M be a n-dimensional Hermitian manifold and G the Hermitian
metric. Let {Ry1} be the coefficients of the curvature tensor and Ko, Ky, K,
be positive constants. Suppose that for some natural number s<n, such that at
a point peM:

Wy Y R PUl<—-K, ) (000

i, j,k, I=1 i, j=1

for all 'eC., i=1,...,s.

(i1) IR (P <K;  whenever min(i,j, k, ) <s.
(i) Y Ry rP<-K, ) 00
a fB,y,0=s+1 a, f=s+1

for any (*eC., o=1,...,n

Then there exists a positive constant A", depending only on K,/K,, such that,
if K,/K, =X then G has neg. hol. sect. (negative holomorphic sectional ) curvature
at the point p.

Proof. Since we are only interested in the sign of the holomorphic sectional
curvature, it suffices to check the numerator of (2). Using assumptions (i) and
(ii), we have, V ', {/, (%, ('eC,

3 Y Ru@T0HI<-K, Y (000

i, j.k,1=1 i, j=1
+4K, Y YNNI+ 6K Y, Y ITNENE=1¢7)
a B, y=s+1 i+1 a, p=s5+1 i, j=1
+AK Y Y IONENENC+ Y Reps® PO
a=s+1 i, j,k=1 & B, y,0=s+1

where the coefficients 4, 6, 4 come from the summing of indices. But for any
positive numbers a, b, ¢, d, we have:

4) ICHENENEI=ASNE D> +(LP 1)

o 1
SaTPIEP 5 [EPICP+IEP 101
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) ICNENE N =b* 1T L] +E—2—ICI o

o oo d? 1
(6) [N =181 |C’I2+? IC"|4+—C-2—d; 1C 1218512
Now choose a, b, ¢, d, so small that:

)] 4(n—s)®a*+6(n—s)y>b>+4(n—s)sc* +4s*(n— S)TS%IIE_O
i

Substituting inequalities (4), (5), (6), (7) into (3), we have YV, {, ¢%, ('eC:

Y R 00T
i, ik, 1=1
i [4K s(i—s)? 2

$-5 3 rrops [t 3 e

a=s+1

s
)
i,j=1

LaK n—9)s Y 1PPIr+SEie v e ep

B.y=s+1 a, f=s+1

$ Y rs Y Raﬁys(p)cafﬂcvﬁ].

a=s+1 a, B, y, 6=s+1

Using assumption (iii), it is clear that Lemma 1 follows, if we choose:

4s(n—s)? 652  4s
A = 2(—a——+ (n—s)s+— 57 T 2d2)

Lemma 2 (Wu [16], see also [6]). Let M be a n-dimensional complex manifold
and let G, H be two Hermitian metrics on M whose holomorphic sectional curva-
tures K(G) and K(H) satisfy K(G)< —L,<0 and KH)< — L, <0, where L, and
L, are positive constants. Then K(G+H)< —L, L,/(L,+L,).

Also we need a simple result in linear algebra:

Lemma 3. Let A, B be two nxn Hermitian matrices, with A positive definite
and B positive semi-definite. Then, ¥ ve@", with v* as its transpose conjugate,
v(A+2,B) v So(A+4,B) T 0N i A 22,

Lemma 4. Let N be a complex manifold, H and H be Hermitian metrics defined
on N. Suppose that the metric H has neg. hol. sect. curvature at the point p.
Then if 1 is large enough, H+AH also has neg. hol. sect. curvature at the point
p-

Proof. We use the notation of Lemma 2. Let ¢t be a unit vector at p relative
to H+AH. Let K(H+AH, t) denote the holomorphic sectional curvature of
H+2H in the direction t. We shall choose A so large (and independent of
t), so that K(H+AH, 1)<0. By Lemma 4 of [16], there exists a 1-dimensional
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imbedded complex submanifold N’ tangent to #, such that if H' and H are
the induced metrics of H and H on N’ respectively (so that H'+AH' is the
induced metric of H+ AH on N'), then

KH+H, t)= KM + AH')(p).
Let z be an arbitrary co-ordinate function of N’ near p, and let
=hdzdz, W=hdzdz
We use the identity of [6] (see also p. 1105 of [16]), namely that

(AR AR+ (W K)+(AR)? KAH)— (A +h)? KH + /)
a(A E)'

lh ~a——/1h

to conclude that

hZK(H’)+(M7)2K(/1FI’)] ®

e

But since K (Aﬁ’)z% K(H), we get

_ h? K(H')+ Ah? K()

KH +.H)p= = )

-+ S| | @)

By hypothesis, there exists a negative constant — K, such that K(H)(p)< — K.

By the well-known decreasing property of hol. sect. curvature, we also have

K(H)(p)< KH)(p)< —K ;. Similarly, K(H)(p)< K ,, for some positive constant
K,. Hence:

K(H’+iﬁ’)(p)§[w]( )

(h+/”;)2
ho\2 B2
=(m> <K4—/1K3 ‘h?) ®
[0 0
B2 H(az az)
(=) BT A
(E’—f?ﬁ

0

. d 0\ ~
Since both the terms H < Ep ) H( 22 3

0
) are quadratic in — e , for the pur-

0 0
pose of evaluating the fraction it suffices to take P so that H( 7, )( )=1.

Since
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the unit sphere (relative to H) is compact, clearly there exists a positive constant

. é
K s independent of A and t=——, such that:

oz
. {d 0
%@@

< T
B2 0 4
8z’ 0z

KH+ A, r)--=K(H'+m')(p)§(h 2 ﬁ)zm)-(m-—ms K

-

So we have:

K,

KSKS ’

Remark. With hypothesis as in Lemma 4 and using the notation of the preceding
proof, suppose that K(H+ A, H)< — K, then using Lemma 2, we have, for 1
> ‘3' 1>

So the Lemma follows if we choose 4>

_ K¢ K
H =KHA+LA+A-1 ) ——— 23
KH+ AH)=KH+1,H+(1—-1,)H)= KU1 7K,
So K(H+AH)< —O(A™1). Using R},5 to denote the coefficients of the curvature
tensor corresponding to the metric H+ AH, then from (2), we have:

®) YR CPUPS-0Q YA L UTU =00 TU.

4. Construction of a Hermitian Form & on the Total Space X

Under the assumptions of Theorem 1, Suppose {G,} is a smooth family of hermi-
tian metrics with neg. hol. sect. curvature defined on each fiber, let ¢, be the
Hermitian form associated to the metric G,. Fix G a Hermitian metric on X.
Now we want to construct a (1, 1)-form & on X, such that & restricted to
each fibre =7 1(t) is equal to ¢,. Let Z, and Z, be vector fields on X of type
(1, 0) and (0, 1) respectively. At the point pex~*(¢), define:

D(Zy, Z,)(p) = @i(proje Z,(p), projg Z,(p))

where projg is the projection onto the fibre direction with respect to the metric
G. Then clearly & is a ¥*, Hermitian (1, 1)-form defined on X, and ® restricted
to each fibre is equal to ¢, which is positive definite.

Now, let us consider the case of Corollary 1, namely, each fibre has negative
first Chern class and the canonical Kéahler-Einstein metric H, on each fibre
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X,=7"'(¢) has neg. hol. sect. curvature. By Koiso [11], {H,} is a smooth family
of Kéhler metrics. So the preceding construction can now be applied to produce
a global Hermitian (1, 1) form & on X.

5. Proof of Theorem 1

Suppose that wy is the metric in Y that gives neg. hol. sect. curvature. We
want to consider the form ¥, =&+ An*(wy) with 4 a positive constant. It is
obvious that when 2 is large enough, ¥, is a positive definite Hermitian (1, 1)-
form defined on X. (Compare to the matrix example discussed in Sect. 2). By
identifying this form with the Hermitian metric it defines, we want to show
that this form will have neg. hol. sect, curvature on X, when 2 is large enough.
Let p be a point in X, we can assume that p lies in the fibre X,. Since
7 is of maximal rank everywhere, locally there is a neighborhood U of p such
that U=V x W, where V is a neighborhood of n(p) in Y, and W is a neighbor-
hood of p in the fibre X,. We may assume V, W are co-ordinate neighborhoods,
so there exist co-ordinates {z**,...,z"} in V and {z%, 22, ..., 7} in W. Then
{z!, 2%, ..., 2"} is a co-ordinate system around p in U. For easier calculation,

. 0 0
we will choose {z**1, ..., z"} so that FFTs s g AT orthonormal at =(p)
with respect to the metric @y. Let z z

&= ) gzdz'dZ,

i,j=1

oy= Y g3, ..., 20d2dZ,  with §,3(p)=0,;
@ B=s+1

then the Hermitian metric ¥, with respect to {z%, z2, ..., z"} is given by:

Y hzdZdi= ) gmdZdi+ Y Y g,dZd

ih,ji=1 i,j=1 i=1 a

+Y Yends dF+ Y (g5 +A8.p) dz* dFF
=18 o f

where «, f run from s+1 to n. Denote by A the sxs matrix with coefficients
(g,5(p)), with a, b<s, and denote by A,, the (a, b)'* cofactor of the matrix A.
Then by direct calculation it is easy to see that:

A5 det Ay, +O(A" 5 1)
A detA+ O 1)

Al det A+O(A" 572
Asdet A+ O )

©) @)= h*%(p)=

R p)=0(L™ ), h**(@)=0(A™Y), iT(p)=0(A™2), for a, b<s, and y, n=s+1 with
L+
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Now. let us check the conditions of Lemma 1. First look at Condition (i):
Substitute (9) into formula (1), we have, when i, j, k, [ <,

azgil u 6gu'x 6gb] o 5gm 6g,,3
notb;th§s
62gi1 u ba aglﬁ agb} 1
= ToF o, szlh az) +0(™).
Observe that lim h*?(p) ——diA— and furthermore
A
; g5 o detAy, 08 agbj' i 77 ek 71
i,j,§l=1<—azk 0Z'], ; detA 9z¢ 07 )C cee

is the numerator of the hol. sect. curvature of the induced metric on each fibre
and which by assumption is bounded by a negative constant. It follows that
if A is large enough, condition (i) is satisfied.

Using (9) and the fact that §,; is a function of z°*, ..., z" only, (this fact
is similar to the vanishing of the first column and first row in the example
of the matrices mentioned in Sect. 2), while

62 h,j
07407y

ahlB
az*

P

are both independent of 1, when u<s, it is easy to check that [R;;,:(p)|SO(1)
whenever min (i, j, k, )<s. Hence the second condition is satisfied when A is
large enough.

As for condition (iii), we have to estimate

n

Y Ras@clel

a, f,y,0=s+1

By definition it is equal to:

n 2 gup+ Az ah,., dhg
- TR+ Y e S SR | rorr
a,ﬂ,v§=s+1( 0z'07° P u§1 oz
Again using (9), we have:
" - z 0 gup+AZap
(10) Y Ryl 0l= Y (——g—}ﬁg—ﬂ
a, B, y,0=s+1 a B,y 6=s+1
+ ¥ w2 B2 ow)errr,
x=s+1
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Now consider a hypersurface M’ around p defined by {z'=z*=...=z"=0}.
We would like to compare expression (10) with the hol. sect. curvature of the
induced metric on M. It is well known that the two differ by some positive
terms, but in our case all these terms turn out to be of order 1% as we shall
see.

Let G’ be the Hermitian metric on M’ induced by . Notice that n*(wy)
becomes a Hermitian metric on M’; let us denote it by G'. Then G’ has neg.
hol. sect. curvature. Also we have:

G= Y ggdzrd?, &=

a, f=s+1 a, p

gaﬁ dZa dZ_ﬂ.

Tt

+1

Let
Tler‘:G/‘*‘AGI: z kaB dZa dZ_ﬁ.

@ f=s+1
And similar to (9), we have:

20
IrogmYy)
k'(p)=0(1"2) where y,n=s+1 and y=*n.

11 k**(p) =

Using R, j,5 to denote the coefficients of the curvature tensor of the induced
metric, then corresponding to (10), we have:

(12) Y Rys@lor
a, f,y,0=s+1
_ i <‘_ 62 gaﬁ"’lgaﬁ

B aar T L KA 98 O2sp

5 =
P oy=s+1 oz' 0 |p

« B,y,0=s+1

+ow2)+0<r‘)+0(1)) Crep.

But since A2 k*Z(p)— A2 h**(p)= O (1). Compare (10) and (12), we have:

Y Rps®CT0P= Y Rugs@+OQ) PO
a, B, y,0=2

a B, y,60=2

By inequality (8), the last expression can be made arbitrary negative by increasing
A. Hence by Lemma 1, if A is large enough, the Hermitian metric, ¥,, will have
neg. hol. sect. curvature at point p. Hence there exists a neighborhood %, ,
around p such that ¥ has neg. hol. sect. curvature at all points in %, ;.

Lemma 5. Let @+ An*(oy) have neg. hol. sect. curvature in U, ;. If Ay> 4, then
@+ A n* (o) will also have neg. hol. sect. curvature at all points in %, ;.

Proof. Let qe%, ;, let K, (7) denote the hol. sect. curvature of the metric @
+ A4 7*(my) in the direction ¢ at q.
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Case 1. If ¢ is not tangent to the fibre, then n*(wy)}(%, §)>0. Thus 7 is tangent
to a locally defined complex manifold Z transversal to the fibres so that n*(®y)
restricted to Z is a Hermitian metric. Since

D+ Ay ¥ (@y) = (D + An* (@y)) + (4 — ) ¥ (ay),

applying Lemma 2, we can conclude that K; () is negative.
Case 2. If ¢ is tangent to the fibre, then there cxists a coordinate system

0 ...
{z%, 2%, ..., 2"}, such that ¢ =1 (q). Then for some positive constants K, K,
z

we have:
q)'K7a

q).KS’

where (h*t); and (h*); are the coefficients of the metrics @+ 4, n*(®y) and &
+ A7* (wy) respectively. By Lemma 3,

> 0% g1i AV 081 08;1
Kh(’”—(—az—la?ﬁ?j((’“ Yo )

oz ozt oz' ozt

0* g1 = 081 081
Kl(ﬁ)=<'— 811 +Z((h),)_“ 813 gjl)
a i, j

K; (0)/K;—K,(@)/Kg <0, if 4,24

So again we have K, (7) is negative.

Apply the construction to every point, then using Lemma 5 and a compact-
ness argument, we can conclude that @ + An*(wy) has neg. hol. sect. curvature
at all points in X, if 2 is large enough. This completes the proof of Theorem 1.

Corollary 1 follows immediately from Theorem 1 and the construction of
the form @ in Sect. 4.

In the case when the fibre is of dimension 1, then X is hyperbolic implies
that each fibre must have genus =2, and Corollary 2 follows from Corollary 1.
However, Corollary 2 can also be proved directly without using the arguments
of Koiso, see Cheung [3].

6. Kodaira’s Surfaces of General Type

A Kodaira surface M can be considered as a m-sheeted ramified covering of
W=R xS, m=2, with branch loci I'and I'*, where R, S are some Riemann
surfaces of genus =2, I' and I'* are the graphs of some holomorphic maps
from S — R. (For the actual construction, the reader can refer to Kodaira [9],
or [1], p. 167). Following the notation of Kodaira [9], we have that if we let
1 be the covering map of M onto W=R xS, p, be the second projection of
W=R xS onto S, then the inverse images of the branch loci are A=p~ (I,
A*=pu" Y (I'*), 4 and A* are biholomorphic to I' and I'* respectively.

Consider the product metric in W=R X S: 0w =wg+ g, Where oy, @y are
the metrics in R and S with curvature — 1, then a standard computation shows:
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(13) u*(ww) is a Kdhler metric defined in M\ (4 U 4%) with hol. sect. curvature
<1

So in order to get a Kihler metric on M, we have to construct a positive-definite
closed form around A and A4*. '

Consider a point a in 4 (with similar considerations for 4*), suppose {r,, 5,}
are the product coordinates at u(a)eR x S, then if f, is a defining function of
I around uf(a), {f;,s,} will be a local coordinate system around pu(a). Let g,
be the defining function for 4 at a, such that (g,)" = p*(f,). Since M is a m-sheeted
cover of W, {g,, u*(s,)} is a coordinate system around a.

We notice that if z is a coordinate function, then 1/?165(”- +1(z2)?) gives
a positive form with negative curvature, so in our construction we would consid-
er the form ]/_—-_f 00(g, £,+%(g, 8,)°). But since g, is not defined outside a neigh-
bourhood of a, we have to multiply it with some cut-off functions. These take
care the “g,” direction. Then along the u*(s,) direction, we consider the pull
back of the metric of S, namely, u*p%(ws). The constructions are carried out
in the next section.

7. A Kihler Form @ , in M with Neg. Hol. Sect. Curvature

Following Sect. 6, at each point ae4 or 4*, we can choose ,, §, small enough,
such that %,={|g,|> <&} N {|p*(s)|<{8,} is a well-defined neighbourhood of a
in ML

Let Uy, ={1g.1* <%&.} 0 {[p*(s))|<%d,}, then since 4 and A* are compact,

n
there exists {ay, ..., a,} such that AuA*< | ) %,,,. Define the cut-off functions:

i=1
pi: R*U{0} >R* U {0}
such that p,=1 when x < ¢, and is identical to 0 when x2=¢,,
1 C-R* U {0}

such that y; is rotationally symmetric and is identical to 1 inside the disc D(44,,)
and identical to O outside the disc D(J,).

If no confusion is possible, we will denote the index “a;” also by “i”. Now
with these cut-off functions, p;(g; &) -(g; &:+2(8: £)%) - x:(s:(p2° 1) is a €= func-
tion defined in M, with compact support inside %, and is identical to g, g;
+23(g; 2)” inside %,,,.

Hereafter, we shall identify a Hermitian metric Y g;dz'dz’ with its Kahler

form |/ —1Y g;dz' AdZ. Define

(14 66kEl/ -1 z aa—(pi(gi g)-(g:8:i+4(g gi)z)'Xi(Si(Pz o W)+ k u* p% (ws)

i=1
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and let @, ,=u* ow+cd, where c, k are positive numbers to be determined
later.

Now consider the point a,. Without losing generality we can assume that
aed. Let {z'=g,, z2=p*p%(s,)} be the local coordinates inside %, ,, then
g;=h;z', where h; is a non-zero holomorphic function defined in %, "%,,, and
p* p%(s;)=q;(z*), where g; is biholomorphic inside the region {|s,(p,°p)|
<ba )0 {Isi(p2ow)|<8,). Let u* pi(ws)=]/—1p(z%) dz*> Adz? in local co-ordi-
nates. Then using the fact that p; is =1 near the branch locus (4 or 4*), and
z!1 =0 along the locus, by a simple computation we get:

Oplar,, 3= —1 (dz1 AZ 4 Y 2i(qi(z) hihidzt AdZ +kP(z,) dz® A dz'z)

i*1

which is of course positive definite. Do the same to the other %, ,. We have
@, is positive definite on 4 U A*. Therefore there exists a neighborhood ¥;
of AuA* such that &, is positive definite in ¥;. On the other hand, u* ww
is positive semi-definite in M. Therefore @, ,, which is equal to u* oy +cdy,
is positive definite in ¥, for any c. Now, in the compact region M\ 7;:

lim @, ,=u*wy  which is positive definite.
¢=>0

So if we choose ¢ small enough, @, , will also be positive definite in M\ ¥;.
Therefore we can conclude that @, , is a Kéhler form defined on M and is
positive definite, when ¢ is small enough.

Next step is to check the curvature of @, ,. Since &, defines a metric near
40 A4* we want to apply Lemma 1 to check its hol. sect. curvature there.
Let a’ik=]/j Z GdzZ'nd Zin U, 2> then the G;; terms can be calculated using
formula (14). (The calculation is actually much simpler than it looks, because
h; is holomorphic, y; is a function of z* only, p; is =1 near 4 or 4*, a lot
of terms will vanish.) In particular along 4 N%,, ,, that is when z' =0, we have:

Gii=1+ Z hjEij(qj(Zz))a G;=0, G,;1=0, Gy3=kp(zy);

j*1

0G1§ _ aGlj _ ani . ani _ 6G12 = ani _ anz _ ani -

8z2 ~ 9zr ~ 0z2 9z T 9zt T 8zt T ozt aFt 0,
8G,s 0 0G,; 0 . .
—6—222—2=ﬁ kp(z,), _6%=52'—2 kP(ZZ);
0Gy,

while all other terms are independent of k and since they are well-defined

Za

inside %,,, there exists a constant K, independent of k such that

(15) ‘a—Gﬂ

pp <Ky in U, ,nA4A.
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Similarly, we have

96,3

(16) FEXrd

<Ky in %, ,n4

for some constant K, when y and 6 are not both equal to 2.
Now we can check the conditions for Lemma 1 along AN%, ,,:

0% Gy; 1 6G,; 0Gy;
Runtki=o= =557, TG,y 827 o7

(all other terms vanish)

Oh; 0h;
— 1= 3 (4 50 S e+ ) 10)

zl=0

iF1
L (zz ohy ‘,x,(qj(zz))(zz o), x,(q,(zz)))
1+ Z h h X](qj(z )) jxt a 1$1
Jj¥1
£—-1- z (hjﬁj)z Xj(Qj(Zz))é -1,
j®1
Rypsslio= — 3? Gy +_1_ 0G,3 0Gy3
222220 5,207 ime Gap 022 022 |meo

(all other terms vanish)

__ KB k0B 0BE _
0z207* ' p(z®) 022 07
(because p is the metric coefficient
corresponding to — 1 curvature in S).

By (15) and (16), all other coefficients of the curvature tensor are bounded
inside %,,;, N 4 and independent of k.

By Lemma 1, if we choose k; large enough, then &,, will have neg. hol.
sect. curvature along %,,,, N A. Similarly for other points {a,, ..., a,}. Let k
=max {k,, ..., k,}, then &; will have neg. hol. sect. curvature at all points on
A v A*. Therefore there exists a neighborhood %; of 4 U A*, which is independent
of ¢, such that the hol. sect. curvature K(dp) = —L, <0 at every points in %%.
By (13), K(u* ow) < —% in M\ A4 U A4*. From Lemma 2, in %\ (4 U 4%),

K, )=Ku*ow+cdr)< —L,/(c+2L,)<0.

By a continuity argument, @, ; has neg. hol. sect. curvature in %; for any fixed c.
Inside the compact set M\%;, lim &, ;=pu* wy which has neg. hol. sect.
c—>0
curvature. So if ¢ is chosen small enough, @, ; will have neg. hol. sect. curvature
in the whole manifold M. This completes the proof of Theorem 2.



Hermitian Metrics in Hyperbolic Manifolds 119

References

1. Barth, W., Peters, C., Van de Ven, A.: Compact Complex Surfaces. Ergebnisse der Mathematik
und ihrer Grenzgebiete, 3. Folge, Band 4. Berlin Heidelberg New York: Springer 1984
2. Brody, R.: Compact manifolds and hyperbolicity. Trans. Am. Math. Soc. 235, 213-219 (1978)
3. Cheung, CK.: Negative holomorphic sectional curvature and hyperbolic manifolds. Ph.D. Thesis,
UC. Berkeley 1988
4. Cowen, M.J.: Families of negatively curved hermitian manifolds. Proc. Am. Math. Soc. 39, (2)
362-366 (1973)
5. Deschamps-Martin, M.: Propriétés de descente des varietés a fibré cotangent ample. Ann. Inst.
Fourier (Grenoble) 33, 39-64 (1985)
6. Grauert, H., Reckziegel, H.: Hermitesche Metriken und normale Familien holomorpher Abbildun-
gen. Math. Z. 89, 108-125 (1965)
. Jost, J., Yau, S.T.: A strong rigidity theorem for a certain class of compact complex analytic
surfaces. Math. Ann. 271, 143-152 (1985)
. Kobayashi, S.: Hyperbolic Manifolds and Holomorphic Mappings. Pure and Appl. Math,, 2.
New York: Dekker 1970

. Kodaira, K.: A certain type of irregular algebraic surfaces. J. Anal. Math. 19, 207-215 (1967)

10. Kodaira, K., Spencer, D.C.: On deformations of complex analytic structures, III, stability theorems
for complex structures. Ann. Math. 71, 43-76 (1960)

11. Koiso, N.: Einstein metrics and complex structures. Invent. Math. 73, 71-106 (1983)

12. Mok, N.: The holomorphic or anti-holomorphic character of harmonic maps into irreducible
compact quotients of polydiscs. Math. Ann. 272, 197-216 (1985)

13. Schneider, M.: Complex surfaces with negative tangent bundle. Complex Analysis and Algebraic
Geometry (Gottingen 1985). Lecture Notes Math. 1194, 150-157. Berlin Heidelberg New York.
Springer 1986

14. Siu, Y.T.: The Complex-analyticity of harmonic maps and the strong rigidity of compact Kéhler
manifolds. Ann. Math. 112, 73-112 (1980)

15. Wu, H.: Normal families of holomorphic mappings. Acta Math. 119, 193-233 (1967)

16. Wu, H.: A remark on holomorphic sectional curvature. Indiana Univ. Math. J. 22, 1103-1108
(1972-1973)

17. Yang, P.: Kihler metrics on fibered manifolds. Proc. Am. Math. Soc. 63, 131-133 (1977)

~3

oo

D

Received November 3, 1987; in final form December 20, 1987



