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‘Introduction

A previous report dealt with this method as applied to a
nozzle solution (Ref. 1). The solution as discussed in Reference
1 a14 not tzke into account en occurrence of a shock wave such
as appears at the nose of a missile moving at suversonic velocity.
This revort discusses the application of the three-dimensional
method of characteristics to problems which have a shock weve
presert, The occurrence of 2 shock wave necessitates the use
of a shock polar in the velocity plene which serves to satisfy
the demands of the Rankine-Hugonliot equations relsting flow
zzlocities,berore end after the shock wave and shock inclina-
ion,

Thls report will cover the application of this method to
finding the velocity field around &n axially symmetric body
of revolution moving at a supersonic velocity. Becsause known
relations exlst connecting the velocity at the surface of a
misslle with the pressure at the surface, this solution can be
used to obtain the opressure distribution over the dody.

The solutlion will determine a Mach net made up of the two
families of characteristic lines in the physical plene and the
velocitles assoclated with each intersection of the character-
1stic lines. The angle of the shock weve will also be determined
as 1t deereases from the shock angle associated with the tip
of the missile investipgated to the free stream Mach angle at
lerge distances from the tip. This procedure is a step-by-step
solution in & meridien plane,
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Symhols
X = local Mach angle = sin 1/M

-local veloelty of sound

0
* o
n

‘velocity of sound when M =}

“gs‘ 2 1.4 for air

= O3
]

» w
Mach number =

u = component of veloclty along the local
- Mach 1line = w cos®&

v = component of velocity across the locel
Mach line = w gin®&

local free stream velocity

=
i

maximum velocity attainable by exhausting
adiabatically into a vacuunm,

¥max
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Discussion

This graphicel-numerical solution nmakes use of & physical
plane and a velocity plane. These two planes are connected by
difference equations which will be discussed later, The method
requires & large amount of arithmetical celculation and careful
measuring. It is recommended that a scele-of at least 1 inch =
3 inches be used in the physiceal plane, and e scale of at least

10 inches for the corltical veldclty of wh* = E— = 1 be used in

the velocity plane., 1If a larger size surface than the standard
drafting table is availsble, 1t should be used in order that the
scale be as larze as posslble. The large scele helps to elinin-

te inaccuracles that can occur when measuring the small quanti-
ties that arise in using the difference equatlions, Tables are
used throughout the method of keep the procedure as orderly as
possible and to Drevent redundant calculations,

The fundamental dlifference equations employed throughout
this graphical solution asrise from a methematical manipulation
of the hyperbolic supversonlc differentlal equation for axlally
symmetrical flow. R. Sauer and others have treated the mathe-
metical background thoroughly and methodically in several
references, References 2 and 4 present such dlscuseions in
(1et&i]. »

The working equations derived through manlpulatlion of the
axially symmetrical supersonic differentiel equatlion are glven
below. These equations connect the physical plane and the
veloclty plane.

1

Sk =i

ap

s1in? an (1a)

aqg = L s1n? &K dF (1v)

where, as 1llustrated in Figure 1,

dp - increment of the component of stream

velocity in the direction of the local
Mech 1ine at the engle- ( §= & ) with
x exis.,

dq - increment of the component of strean
veloclity in the direction of uhe local
Mach line at the angle {  § + & ) with
x axls.

v - radial component of the stream veloclty
or component perpendlcular to x axis,

S'- angle of stream velocity with the x axlis,
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o - local Mach engle = sin~1 %4'

r - the radial distance of e point in
the physical field from the x axis.

d7(- length of side of Mach quadrangle
in the Mach line direction at the
engle ( £+ & ) with x axis.

<
d f - length of slde of Mach quadrangle
in the Mach line direction at the
angle ( §=® ) with x axis.

x axis - axis of symmetry.

All of these terns anpear in Figure 1. Presume that the
velocities of voints 1 and 2 are known and that the velocity at
roint 3 1s deslred. By making use of equatlons (1) which con-
nect the physical and veloclty planes the velocity at unknown
point 3 can be determined. That is, through measuring v, r, 4
®, end d ¢, enough quentities in equation (1) are known to
determine dpf? and dq§§ which locate the velocity of point 3 in

the velocity plene,

Before proceeding with a detalled discussion of the various
techniques employed in this solution, a few recommendations will
be made.

1. Use a graph paper with lines spaced 20 to the inch 1if
a gcale for W = 1 of 10 inches 1s used.

2. Usge & drafting machine with the scales marked in
tenths of an inch and finer divisions. This makes
angular nmeasurenents and fractional nmeasurements
ginmpler,

3. Use tables throughout to keep the numerous neasure-
nents and calculations in order and prevent needless
repetitinn of measurements. Filgure 2 illustrates the
scheme of such & table,

L, Uge the "adiabatic ellipse® throughout to measure

sin?® in the velocity plane. This eliminates a tre-
nendous amount of calculation which would occur 1if
these quantities were to be determlned individually,
The ellipse should be drawn on transparent paper. The
adiabetlc ellipse 13 dlscussed in simple deteil in
Reference 4, pages 55-56, The equation for the ellipse
arlises fron the energy equation in the form:
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v? 4 v2 , . 0% - w2 max (2)
2 J-1 2

4 =1 (3)

decause the velocitles in the velocity plane are repre-
sented in terms of c%*, the velogcity of sound when M = 1, plot

the seml-melor axls as g; s = 2,45, and the semi-mlnor

-1
as g% = 1 to be consistent. This ellivse can be utilized in

the velocity plane to determine ™ ard gin & for any particular
veloclty vector as shown in the sketch below:

A\e

Veloc¥tv Plane

ELLIPSE 175 Fr7T7r&L 7o
i‘/}’o OFF pELacITY VECTOL

When 'the ellipse 1s adjusted to a velocity vector ag shown
above, the locsl Mach angle & and the corresvondling sin< c( can
be read on the scale as the angle betwegn the velocity vector
and the mejor axee of ‘the elllose. 8in< X apvears in the 4dif-
ference equations (1).
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In the solutlon, use ls nede of the shock polar in the
v2iocelty vlene., Thies »wolar denends upon the free strean Aacn
number M1 snd is constructed in the veloclty »lane using the

~eometrical constructlon »f a stronhold descri»ed 1n Reference
@, »p, 107-110, exoressing a2ll velocitles 1n terms of c*. This
Aiagranm will appear in the veloclity nlane as shown by the sketch
below,

Velocity Plane

Vs
z; 4
— ‘?-.J' o
cx ‘
SHoca /
Lol /
1/
/
\ T TE

To make use of this method, the veloclities of at least two
pointg behind the shock wave must be known. Taylor and Maccoll
in Reference 7 have pregented the solution for an axially sym-
metric cone, Usge 1s made of this valuable solution to give the
velocities at certailn points behind the shock by approximating
the tip of the miesile to be investigated with & cone. This can
be done without sacrificlng an undesirable amount of accuracy
in the region of the tip. Reference 5 presents this date in
excellent detail for a large range of Mach numbers.

After using the information from the above sources to deter-
miné two or more initiel velocities behind the shock, the
solution employing the fundamental working equations (1) proceeds,
During the solutlion, three distinct cases occur which differ in
detall in thelr handling. These are:

1. The case where the velocity to be determined lies in
the free stream behind the shock wave,

2. The case where the veloclty to Be determined lies on
the boundary or surface.

3. The case where the velocity to be determined lies on
the shock wave.
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Each of these dlfferent cagses merita 2 discussion on the
teshnlique of handline them when they arlse,

Corisider Case 1. Agsume the velocities sre known at points
1 and 2 and the veloclity at point 3 1is to be determined as 1s
shown 1in Figure 1. Here use is made of the table in Figure 2,
F111 in columns (1) through (6) for voints 1 end 2 by measuring
the aporopriate quantities in the physical and veloclty plane
as shown in Filgures 1 and 2. Next, roughly estimate the nositlion
of the end point of veloclity vector 3 in the veloclity plane &and
thus establish the apnrroximate values of columns (1), (2), (3)
(L), and (5) for point 3. Now take the mean value of ( § + &
and ({ =™ ) for points 1 end 3 and points 2 and 3 end put in
columns (9) and (10) for row 7 and 77, l.e.

- (81-0‘)24 (S*OC)j

(§ +%) .

~

Construct the first approximation(tg the)Mach quadran:%e
by dreving line fron 2 at anrgle - and lne
: "z » | z3 7 3

from 1 at angle (S-—X)Ig,. The intersectlion of these two lines

locates the first anproximation to noint 3 in the ohysical plane
end ensbles the value of rs for voint 3 in column (6) to be

mecsured as well as the vaiues d} and d.?{ . Thst ig, dﬁ —
3 13 23
1s the dlstance bhetween points 2 and 3 and d77I§ is the distance

between voints 1 and 3. These valuee are put in proper columns
for T3 and 23 as shown in Figure 2. Now all columns (1) through

(6) are filled in for rows I3 and Z% by takxing the mean of the
values for volnts 1 and 3 ard 2 and 3, Then ell of the quantities
ere determined for ecquations (1). TiLat is, for I3 and 23 columns
(1) ana (12):

\
dp__ = 'T7 sin?¢__ 4 (12)
I 7 13 77I§
7
V o)
iq’;ﬁ = rﬂ sin“ dﬁ (1p)
4 Core) - ~J
~_J

Now, dp__ 1
12
velocity Dlane in direction £"°\)_“. A merpendiculsr is
1'1

™m

leyed off along & line from point 1 in the




from the encost o o oo o Fiiure 1. dg 1s layed
23
irom point 2 in the direction ( S*‘NJ and & perpendiculsr

“iacted from the end point. The intersection of the perpendicu-
Lre locates veloclty voint 3, If the veloclty point 3 corresponds
closely with the first estimated location, no further calcula-
ticn 1s needed, However, this occurs rarely and further calcula-
tlons are necessary, Using the values of this velocity point 3
in &olumns (1) throush (5), the process described ebove is re-
peated. If the results of this recelculation ylelds a point 3
closely epproximeting the location of the previously caslculsted
voint 3, then no further calculations are needed as point 3 is
determined within the accuracy of this method. All points in

the flow field behind the shock wave not on elther the boundary
or shock wave are determined in this manner,

Congider case 2 where the point to be determined lles on
the boundery. . Referring to Figure 3, assume that the velocity
has been determined at point 5 and that the velocity at some
noint 6 on the surface is to be determined., Columns (1) through
(6) and (9) and (10) in Figure 2 for known point 5 can be filled
in. Draw a line from point 5 at angle 6"’P¢)5 to determine

& first aporoximetion to the locetion of »oint 6 on the surface,
(61). Measure the angle from the axis of gymmetry made by the

~_tengent to the surface at point 6. Because the flow is tangent
to the surface, this angle is a first apomroximetion fto the
desired angle 5 for the veloelty plene, Next take the mean of

this 56 with 55 end find (53'6 - 0(5) and lay off another line

in the physicel plane from 5 at this angle to give a closer
approximation to point 6 on the surface (i.e. 62 in Figure 3).

Ageain neasure the angle of the tangent and record i1t in the table

as 86 for point 6, Lay thls off in the velocity plane and meke

an estimate of the locatlion af velocitg point 6 somewhere along
1t, Measure the values for columns (1), (3), (4), and (5) from
the veloclty plane and the value for column té) in the vhysical
plang end record for point 6. Take tht means of each of these
values and record in row 56 columns (1) though (6). Measure
dfﬂ_g in the physical plane and record in column (7). Use

z ,
columns (2) and (3) row 56 to determine columna (9) and (10) row
76, All quantities are now known to determine quE using equa-

tion (1b) t.e.

vV
dq__ = FZ sin? & (1v)

%z % F 5

50
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This quantity is layed off in the velocity plane from
xnown velocity point 5 in the direction of ( §+# X )__. A per-

‘pendicular 1s erected fromethe end point of 4 ag shown in
' 56

Figure 3 snd its intersection with the 56 line locates point 6,

If this point 6 coincldes with point 6 estimated, no further

calculations are necessary. If not, use the new values fog

point 6 columns (1) through (5) to construect a new lihne ( -0()__3
| 5

in the physicsel plane to locate a new voint 6 (i.e. point 63 in
Figure 3). Measure a new ’86 here and repeat the process deter-

mining dq_g exactly as done for the first approximation making

use of the values for poéint 6 resulting for the first approxima-
tion. Generally this second approximation will yield a location
of point 6 in the veloglty plane very close to the previously
located velocity point 6 indicating that no further calculations
are necessary. All points on the mlgslle surface are found using
this method. It 1s of interest to note here that 85 will not

necessarily always be of lerger magnitude than 56 as is shown in
Figure 3.

The last cagse to be considered in detaill is the case where
the veloclty to be found 1s orn the shock wave, This is the case
that makes use of the shock polar in the velocity plane. Assume
that the velocities for points 8 and 9 in Figure 4 are known,
Record the values of columns (1) through (é) in Figure 2 for
points 8 and 9. We know that eny point that apmears on the shotk
wave in the physical plane must be represented on the shock polar
in the veloclty plane. Since the shock wave bends in the clock-
wise sense, the angle @ as measured in the physical plene 1is
decreasing. Thls determines that the point 10 must be on the
shock polar below point 8 as @ 10 willl be less than 68 as shown

in Figure &4,

The first step in case three is to estimate the »osltion of
point 1C on the shock polar. Measure and record columns (1)
through (5) in PFigure 2. Measure Bq and 910 in_ the veloclty

8 2

plane as shown in Flzure 4 and take the mean to get & 2s
shown in Figure 4, This is the first approxinmetion to the shock
line segment #YH. Fill in the columns (2) through (5) for row
UI0 by averaging the agpropriate velues for points 9 and 10
columns (2) through (5). Obtain columns (10) and (11) row 510
by meking use of columns (2) and (3). Draw s line from known
point 9 in the vhysical plane at the angle ( $+W )__. Where

' - 910
this line intersects the shock line 810 locates the first approxi-
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nation to the nosition of voint 10 in the »nhysical plsne, Meagsure
T o and record it in column (€) row 10 and use it to deternine

and record it in row 910. Now calculate

21
ap l.e.

—————

910

r . lMeagure d7
- (310

(1e)

a
910 I'-9-1- 310 7910

Ley this value off in the veloclty plane along & line fronm

xnown point 9 in the direction of (-0 )___ . Erect a perpen-
: 910
diculer a2t the end of dp__ . VWhere the perpendicular intersects
910

the shock polar as shown in Figure 4 locates the new positlon of
velocity point 10. If this voint closely epproximates the origil-
nal estimated position of nolnt 10 nc further cslculation is
needed. However, thls rarely occurs and the procedure 1is re-
peated making use of the new velocity point 10 throughout instead
ol the veloclty point 10 originally ectimited. One nore calcula-
tion is usuelly sufficlent to converge the veloclty point to the
solution within the accurscy of the method.

This completes the discusslon on the three variations of
solution encountered in dealing with configuratlions of the axlally
gynnetric tvoe. This sgstevp by sten solution ylelds results in
the ohysicrl plene similar to Flrure 5. The corresponding vel-
ocitles assoclsted with each Mach line or charecteristic line
intereection is recorded in the tables used in the nethod such
na Figure 2 coluan (1).; The velocities of noints on the surface
can be used to deternirie the pressure coefflclent at each volint,
A1l voints will nrovide dets for s rlot of the pressure coeflfi-
clent in a meridian »nlene. Such s plot 1s shown 1in Flgure 6 for
an nrivel nose ot a Mach number slishtly less than 2.

Thie solution is time-consuming and requires cesreful atten-
tion to detalls. The results obtalned, however, are very accurete
and closely apvroximate experimental results,
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Conclusion

This report presents the esecentlal detells of the mechanles
of spplicetion of the three-dimensional method of chearacteristice
1n determlning the velocity distribution over an axially symmetric
body lmmersed in a supersonic stream. The report treats in
detall the technique employed in determining an unknown veloclty
behind a shock wave for three distinctly different cases:

1. A point in the free stream behind the shock

wave,

2. A point located on the surface of the body.

3. A point located on the shock wave,

This method is time-consuming and leborious in application,
but nay well merit use in certaln specific cases. The purpose
of this paper 1s to present an explanation of the procedure of
the method including certain refinements which help to keep the
labor involved to a mininmums

It is anticlpated that thls method will be employed to
sorie extent to determlne the pressure distribution over missile
configurations orior to and in conjunction with wind tunnel tests,
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