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Abstract. It is shown that expansion waves for the compressible Navier-Stokes 
equations are nonlinearly stable. The expansion waves are constructed for the 
compressible Euler equations based on the inviscid Burgers equation. Our result 
shows that Navier-Stokes equations and Euler equations are time- 
asymptotically equivalent on the level of expansion waves. The result is proved 
using the energy method, making essential use of the expansion of the 
underlining nonlinear waves and the specific form of the constitutive eqution for 
a polytropic gas. 

1. Introduction 

Consider one-dimensional compressible Navier-Stokes equations in the Lagran- 
gian Coordinates, 

v t - u~ = 0, (1.1)1 

U t -'k P x  = ( # U x ( V ) ) x ,  (1"1)2 (U2) 
e + ~ + (pu)x = (~cOx/v + p u u S v ) ~ ,  (1.1)3 

t 

where v, u, p, e and 0 are, respectively, the specific volume, velocity, pressure, internal 
energy and the temperatures of the gas, and the positive constants #, x are the 
viscosity and heat conductivity coefficients. The gas is assumed to be potytropic: 

RO 
p = RO/v  = A exp(s / c~)v - ' ,  e = - - - ~ i '  (1.2) 

where s is the entropy, R > 0 the gas constant, ?, > 1 the adiabatic constant, 
cv = R/(V - 1) the specific heat, and A a positive constant. We are interested in the 
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expansion waves. For this, it is convenient to work with the equation for the entropy 

1  (7-1)/pvx  
s, = - -  - -  (PSx)x I I +--R#uZ~ (1-1)3' 

pv co pv k v / x  P vz ' 

Equations (1.1)1, (1.1)2, (1.1)3 and (1.1)1, (1,.1)2, (1.1); are equivalent. 
Our purpose is to show that expansion waves for (1.1) are nonlinearly stable. 

For expansion waves the right-hand side of (1.1) decays faster than each term in 
the left-hand side. Therefore the compressible Navier-Stokes Eq. (1.1) may be 
replaced, time-asymptotically for expansion waves, by the compressible Euler 
equations 

V t - -  U x ~ 0 ,  

ut + Px = 0, 
St = 0. (1.3) 

There are two families of expansion (rarefaction) waves for (1.3), Courant -  
Friedrichs [1]. We will describe only the 1-rarefaction waves, which are character- 
ized by 

2 
s and u + (yvp) 1/2 constant in (x, t), and 

7 - 1  
21 (v, s)(x, t) - - (7pv-  1)1/2 increasing in x. 

Suppose that the end states of the initial data for (1.3) satisfy 

s+ - s( _+ oo,0) = So, 

2 1/2 \ 2 1/2 )(+ 0/ Ao, u± + - v ~ ( y v + p + )  - u +  _ o 0 ,  = 

,~+ - ,~l(v,s)( + oo,0) > , t~ (v , s ) ( -  oo,0) - )o_. 

Rarefaction waves for (1.3) with same end states converge to each other. For 
definiteness, we choose a particular 1-rarefaction wave of (1.3) ( u , v , s ) ( x , t ) =  
0i, ~, s~(x, t): with initial value 

~(x, 0) =0 ,  
2 

a +  ( ~ # ) ~ / 2 ( x , O ) = A o , ( a , O ( +  oo,0)=(u+ v+),v+ > 0 , v _  >0 ,  
y _  1 - , _ 

21 (g, 0)(x, 0) = (2 + + 2 _)/2 + ((2 + - 2_)/2) tanh x, (1.4) 

where, for simplicity, we have set s o = 0. Our main result is the following stability 
theorem. 

Theorem 1. Suppose that (if, g~, 0) is the rarefaction wave o f  the compressible Euler 
equation (1.3), (1.4) and that the initial data (u, v, s)(x, O) = (uo, vo, so)(x) o f  the 
compressible N a v i e r - S t o k e s  equations (1.1) satisfy (uo, v o, so) (+_ or) = (u + , v + , O) 
and that at t = O, 

~ - I v +  - v _ l  + [ u + - u - I  + I[ Vo-~il[~= + I luo-a l l~  + II So IP~ 
+ II (Vox, ~o~, So~)JIL (1.5) 
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is sufficiently small. Then the solution (u, v, s)(x, t) of(1.1) exists for all time and 

lim sup {Iv-~)(x,t)t+t(u-O(x,t)l+ls(x,t)l}=O. 
t - ~  - -  O9 < a g ' <  oO 

Analogous results also hold for linear superposition of 1-rarefaction and 
3-rarefaction waves by combining our technique here and the characteristic-energy 
method of Liu [3]. The stability of expansion waves for the isentropic flow has 
been proved by Matzumura and Nishihara [5]; see also [4] and [6] for stability 
of expansion waves for other systems. Expansion waves and compression waves 
for (1.1) are both stable, but in a markedly different sense. Expansion waves are 
stable in the sup(L~) norm but not in the integral (L1) norm, while compression 
waves are supposed to be stable in both norms, cf. [3]. As a consequence the 
stability analysis for expansion waves differs in some basic way from that for 
compression waves. Although we use the energy method as in previous works 
[5, 4, 6], we do not use the smallness of 5, (1.5), to control some of the first order 
terms. Instead, we used the entropy equation (1.3)' and the specific form of the 
constitutive relation (1.2) for the final, and crucial, energy estimate; see the proof 
of Proposition 3.5. 

2. Expansion Waves 

The characteristics for the Euler equations (1.3) are 

2a = - (ypv-1) l / z ,  22 = 0, 23 = (ypv-1)l/z. 

It can be shown easily that because the 1-rarefaction waves form (1.3) take value 
along the 1-characteristic direction, the characteristic speed 21 satisfies the inviscid 
Burgers equation, [2]: 

021 2 (~21-0 (2.1) 
o - T +  1 0 x  - " 

The specific choice of the initial data (1.4) yields, by characteristic method for (2.1), 

21 (x, t) = - ½((?p_ v_ - 1)l/2 _ (7P + v + - 1)l/z) tanh (x - 21 (x, t)t) 
- ½ ( ( ? p + v +  - 1 ) m  + ( ~ p _ v _  - 1 ) , /2 )  

= - ½((ATv_ -"-*)l/z _ (Ayv+ -~- 1),/2) tanh (x - 21 (x, t)t) 

- ½((Ayv + - ' -  ,)1/2 + (Ayv_ - ' -  1)x/z). (2.2)1 

This can be solved for 21(x, t). 2, rarefies in that 021/c'~x decays at the rate t -  1. The 
other physical quantities are obtained from 

~(x, t) = 0, 
2 

5 + 1 (Y~5/~)~J2(x' t) = A o, y--  
- (y~f- 1)1/2(x, t) = 21 (x, t). (2.2)2 

Thus (fi, ~) also rarefies. It follows from these identities that their Lp norms decay 
algebraically. 
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Lemma 2.1. Le t  6 o = Iv+ -- v_ I + lu+ - u_ I, then for  bounds 0(1) independent o f t  

(i) g,(x, t) > O, v_ > v +  > 0 ,  

(ii) 11 (g, ti),~ IIL~(:,) = O(1)6~/P( 1 + t ) -  ~ + J'/p II tix IIL~<~) = o(1)6o, 1 < p < 0% 

(iii) = O(1)min (6o,(1 + t)-  t), 1 < p < 0% l > 2, 
Lp(x) 

(iv) II (v, ti)t IIL~(~) = O(t)tl(g, ti)[IL~>. 

For  the details of the proof, see Matzumura-Nish iha ra  [5] and Xin [6]. 

3. Energy Estimates 

In what follows II'll~, 1 = 0 ,  1,2, . . . ,  denote the usual Sobolev norms for HZ(x), 
I I ' l l - - I I ' l l o ,  I ' l - I I ' l l L ~ )  and II IlL, the Lp(x)  norm, 1 =<p__< oo. Let (u ,v ,s ) (x , t )  
be the solution of (1.1) with initial value 

(u, v, s)(x, O) = (Uo, Vo, so)(x), 

(Uo, Vo, So)(_+ oo) = (u+, v+, 0), (3.1) 

and (~i, g, g)(x, t) the solution (2.2) of (1.3) and (1.4). Set 

C - - v - g ,  0 - = u - a .  (3.2) 

Since (u, v, s) satisfies (1.1), (1.1)2 and (1.1)~ and (a, g,s-) satisfies (1.3) we have 

C , - g , ~ = O ,  

O, + (p(~o + g, s) - p(g, o)~) = ~ + , 

(3.3)1 

(3.3)2 

1 ~ R ~ ( ~  + ~)~ 
s, p(~o + ~,s)(C + g) co (P(~ + ~'s)sx)~ ~ p ( ~ o + g , s ) ( q ~ + g ) 2  

(~-- 1)K ( p ( o  + g,s)(C~ + g~)) (3.3)a 

(q~, •, s)(x, O) -- (q)o, 0o ,  so)(x) = (Vo - g, Uo - u, so)(x). (3.4) 

F rom (1.5) we have 

6 - Iv + - v _ 1 + t u + - u_  1 + tl (~0o, O o, So)fi 2 << 1. (3.5) 

For  brevity we denote by 

/5 - p(g, s-) = p(g, O) = Ag- ' ,  
p - p(q~ + g,s) = A(~o + v--)-'exp(s/cv), 

N(t)  =- sup II (~o, O, s)(-, z)1[ 2. (3.6) 
ONt~t 

Lemma 3.1. Suppose that  N(t)  is small. Then  

6(0  -- sup )(q~, ~b, s, ¢~, ¢ . ,  s~)(', z)l = O(1)N(t)  
O<t<-_t 
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is small and p(x, t) > Po, v + rp(x, t) > Vo for some Po > O, v o > 0 and - oc < x < 0% 
O<_z<_t. 

The proof of the above lemma following easily from the Sobolev inequality, 
and that p_ > 0 and v_ > 0. In the estimates below 0(1) denotes functions which 
are uniformly bounded for all time. We start with the estimate for the entropy s 
in the next lemma followed by the estimate for q~, ~ in the following two lemmas. 
These estimates are then put together in Proposition 3.5, whose proof contains 
the key new ingredient in our theory. In the following 1emma we always assumed 
that for some e, sufficiently smaU, 

N(t) < ~. (3.7) 

Lemma 3.2. 

-°° ~ $ K ( ? -  1)t -!oo s~dxdt ~(?-v E_- 1)} _ .T sx q~ xdx dt 
O--co 

s2(O)dt, = 0(1)(6 0 + Ni/2(t)) (c~ 2 + t~x+sx)dxdt+2 2 (~10/6 +-21 ~ 
- - n O  

s(t) = s(x, t) etc. (3.8) 

Proof. Multiply (3.3)3 by s(t) and integrate over R 1 x [0, t] to obtain 

t 0o /C 

½ll s(t) 112 -½H s(0)[]2 + ! ~ cv(dp + g) s~dxdt 

_ }  ~ / - - t c l  1 ) R # ( t ~ + ~ )  2 
--  0 xPSxS 4 p (  ~) -{- 0 2  

_ (y-1)~c ( P ( ~ + g x ) ~  s~dxdt  (3.9) 
p ( q , + ~ , s ) \  q , + ~  /x  / " 

We first estimate the second term on the right-hand side: 

it 

(u~ + ~x)2 sdxdt = < O(1)fftst(Iti~l 2 + [Ox[2)dxdt R/l 6 [ - ~  p(q~ + 0 2 

t t 

_<_ o(1)  y Jl s IJ lj2 tf s~ tI 1/: fl ~ if 2dxdt + O(1)N(t) ~ II q,~ II 2tit 
0 0 
t t 

< o(1)  j" II s II l/z(¼ II s,, II 2 + ¼ II a,, 118/3) dxdt + O(1)N(t) ~ II ¢'~ II 2 dt 
0 0 

t co 

< O(1)N1/2(t)~ ~ (s 2 + ~ ) d x d t  + O(1)Ni/2(t)6~/3, 
0--oo 

where we have used Lemma 3.1, Sobolev inequality, (3.6)° Young's inequality, and 
(ii) of Lemma 2.1. Similarly the other two terms on the right-hand side of (3.8) are 
estimated as follows: 

v o -~  p(c~ + O x psxsdxdt 
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- , , : '  ~ Y~,'_ 
= G ! Zcop(q5 + 0 2 ((p.(v + ~p) + p)(O~ + ~p~) + p~(O+ q~)sx)dxdt 

t 

< 0(1)~ ~ [sl(~ + s~ + tp2)dxdt 
O - C O  

t o o  

< O(1)N1/Z(t)~ ~ (s~ + q~)dxdt + O(1)N1/2(t)6 3/', 
O - - c o  

- - i  S ( y - 1 ) x ( p ( ~ + ~ ) )  o -co p(tp + ~) \ ¢P + V xsdxdt 

= S -------= + - -  - -  " ~  (q9 + ~ 3 p 2  
o 

' ( )  
: - - -  - -  v ~ + T u )  a x d t  

- c o \ \ ( ( p - l - ~ ) 2 J  "~ p(~o-'~-V) ( p - l ' - ~  x 

+ i ~ (o(1)ts.~o.l(Iq~I + ,~o) + o(1)ls,pd(IGI + tGI + ts.l))dxdt 
0- -o0  

t co SxrP x 
< (~ - 1)~ j" ~ (o(1)lsG~l + - v ~  + oO)[s[(q~ + ~ + s~) 

O - c o  

+ 0(1)(5o + N(t))(s 2 + ¢p2))dxdt 

~< (y - 1)x! ~£f-dxdt  + 0(1) IsGxldxdt 
- c o  0 - c o  

t o0 

+ o(1)G + N1/~(t)) I S (sl + C)  + O(1)NX/Z(t)~ ". 
0 - - o 0  

Next, from Sobolev, Young inequalities and (iii) of Lemma 2.1, 

t co t 

S ~ i sGxldxdt <= ~ il s li 1/211 s~ II 1/2 II G~ li ~, dt 
O - c o  0 

t 

-~ ! Ijslla/2(¼1lsxll2 + 311GxlI'/3~'*L' ,-~ 

t co 

O(1)N1/2(t) ~ 
0 - - o ~  

s2xdxdt + O(1)N1/Z(t)6~/6. 

The lemma follows from these estimate and (3.9). Q.E.D. 

Lemma 3.3. 

co 
(½]¢(0] 2 + ½[p~- ] [qS(t)t 2 --pTs(t)q~(t))dx 

- - c o  

co # 

_ 
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__< 0(1) { II (o(0)l[ 2 + tl 0(0)I] 2 + 11 s(0)II 2) 

+ O(1)(6o + N~/2(t)( II ~o(t))II 2 + II sit)II 2 
t ao 

+ I f (l~°A 2 + 10~t 2 + Is~,I 2 + Vt(P2) dxdt + NX/2(061/6" 
0 - - o 0  

p[ =p~(v_,O), p; --p~(v_,O), p~-p~,(v_,O). (3.10) 

Proof. Multiply (3.3)1 by p(g + ~o, s) and (3.32) by 0 and integrate their sum to get 

1 oo t co 

j[ i0(t) l 2dx + I f ipi ,s)- + + ip( , o ) -  p( ,s) tdxdt 
2 - -  O - - c O  

=l~[o(o)[2dx+i ~ ( l ~ O ( 2  o - ® \  \~5+(P/xOx ] + / @ ( ~ ) ~ ) d x d t .  (3.11) 

We first estimate the right-hand side of (3.11) by parts: 

~0 = - [ .  I _--:--ONxdt 
0 - o o  x O - oo V -I- (p 

) = -- + 0(1)(6 o + N(t)) 02dxdt, 
o 

and by Lemma 2.1, Sobolev and Young's inequalities: 

t oo 

= I f O(1)(]0zi~l + [0~7~1 + [O~oxldxdt 
O - - a o  

= i Oil)(  110 II x/2 II 0~ I1 ~/2( II ~ix~ tl + I1 ~x I12 + If ~ 1t II ~o~ II )dt 
o 

t 

= O(1)N1/2(t)f( l] 0~ I[ 2 + il ~i~ 114/3 + 1] f~ 11 s/3 + II q~ If 2 + II ~L II 3) dt 
o 

t oo 

= o(1)N~/2(t)f • (01 + q~1)dxdt + O(1)N~/2(t)6~/6. 
0 - - o o  

Next we estimate the left-hand side of (3.11). Since p(v,s) is a smooth function we 
have from Taylor expansion that 

p(~ + q~,s) - p(~,s) = p~(O,s)~o + Q~o 2, 
p(g,s) -- p(g, O) = p~(g,O)s + Q 2  $2 

for some smooth functions Q1-Ql(~,q~,s) and Q2=Q2( /~ , s ) .  Using integration 
by parts, (i) of Lemma 2.1 and that Po~ > O, (1.2), we have 

- - 0 0  - -cO t t 

= -~° Ip~(g,s)[~-dx t=o + O(1)N(t) -~ 42dx t=o 
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- + pvv(v,s)vt~+pvs(~,s)st-~- dxdt 
O - - c o  

@a 
+ i ~oo (Q lvvt + Q , ~oq~t + Q lsst)--f dxdt. 

t (02 
+ ( p ~  + 0(1)(6o + N(t)))! -~7 vt-~ -dxdt 

+} 7 - @ @ dxd,. 
O-co 

The above integrals which involve s t is estimated by (3.3)3, Lemma 2.1, Sobolev 
and Young's inequalities as in previous estimates: 

@3 
i ~o~ (Pvs(v,s)stq~---; + Ql~st-~-)dxdt 

t co 

= (sx + ¢Px + ~kx)dxdt + O(t)N1/2(t)~ ~ 2 2 2 O(1)NllZ(t)6~13, 
O - - c o  

details are omitted. From (3.3) and the Sobolev inequality, 

<=~1 7 0 2dxdt+O(1) 7 1@1211@11211@~,112dxdt 
- c o  0 - - c o  ~'1 0 - c o  

t co <=el} 7 ¢2dxdt+O(1)NZ(t)I I @ 2dxdt 
0 - c o  ~1  0 - c o  

= (tPx + @~)dxdt, O(1)N(t)~ 2 2 
O - - c O  

if we set e 1 = N(t). The above estimates yield 

t co 

f f [p(~,s)-p(e+ @,s)]~,dxdt 
0 - C O  

t oo @2 

+ (IP;] + 0(1)(6o + X(O))! J~ vtTdxdt 

O--CO 

Similarly we have 

t cO t oD 

~ (p(O,O)-p(O,s))@,dxdt=-~ ~ (ps(O,O)s@t+ Q2s2@,)dxdt 
0 - c o  0 - c o  
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c~3 I / = !  t CO 
| 

= - ( p ;  + O(1)(ao + N(t)) j sq~dxl + I I (p~(~,O)s,e + p~(go)~,se 
t = O  0 - - ~  

+ Q2vvts2q) + Q2ssts2q~)dxdt. 

The lowest order term on the right-hand side is estimated from (3.3)3: 

t oO ~ oO 

i (P,(v,O)stg°) dxdt = -- ~p; (1 + O(1)(N(t) + 6o))~ ~ s~(p,dxdt 
0 - o o  C v V -  0 - m  

(~ - 1) ,~ , oo 

- v 2_ P;(l+O(1)(N(t)+6°))!-ool 4 )2dxdt 

t o:3 

+ 0(1)(~o + N(t))~ ~ vtq)2dxdt 
0 - - o o  

t oo 

(sx + q~ + + +O(1)N1/=(t)l ~ 2 2 ~2)dxd t O(1)N1/2(t)6~/3. 
0 - - o o  

Other terms are estimated similarly as above and we have 

t oO 

f [(p(~,O)-p(O,s))]q~,dxdt 
O--¢tO 

= -- (p£- + 0(1)(6 o + N(t s(t)rp(t)dx - s(O)q~(O)dx 

t oo 

xP; (1 + O(1)(N(t) + 6o) ) I I s~°xdxdt 
C v V  - 0 - oo 

+ P2 (1 + O(1)(N(t) + 60))f q ~2dxdt 
--  O - c o  

t oo 

+ 0(1)(6o + N(t)) I f ~q~dxdt 
0 - - c ¢  

t oO 

+ O(1)N1/2(t) I I (Sx2 + ~0~2 + ¢~)dxdt + O(1)Nt/2(t)6~/a. 
0 - - o 0  

The lemma follows from (3.11) and the above estimates. 

Lemma 3.4. 

Q.E.D. 

# [(p~(t)[2dx- q)~(t)@(t)dx + [p~-[~ ~ ~p2dxdt 
zv_ o - - - 0 0  - -  OG 

- P2 1 f sxq~dxdt - 02 dxdt < O(1)(N2(0) 
0 - o o  0 - m  

+ o(1)(aU + N'2(t)) I q,x(0)12dx + (0 2 + ~o~ + s~)dxdt 
0 - - c t ~  

+ o(1)N,2(0ao ,6 + O(0a~/6. (3.12) 
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Proof. Integrate (3.3)2 times ~o~ and make use of (3.3 h to get 

# -~o v + (p o-0o 

= O,~o~ + (po(~ + ~o, s) - pv(~, s ) )~q ,x  + (pv(~, s) - p~(~, o 1 ) ~ o ~  
O -  

+pA~+~o,s)sxe~-~ ~ q ~ + ~ q ) t q ~  dxdt. (3.13) 

We now estimate the terms in (3.13). Integration by parts (3.3)~ and Lemma 3.1 yield 

~_ f _ 5 ;  dx , oo 
- v+~o 22oov+(p t = o - - 2 - o - ~  \ v  + rp/ ,  

=~- ~_ + O(1)(b + N(t)) Soo(~Ox(t)- q~x(Ol)dx-2! -~o ~ 0(t)(~, + ~9~)~p2dxdt 

=~ 7f+O(1)(a+N(t)) ~ (~o:(t)-~o:(O))dx+O(1)2(a+N(t))i ~ q~2dxdt, 
- m  0 - m  

t oo t oo 

-- 5 I p~(O + q~,s)q~2 dxdt = (IPv-[ + O(1)(b + N(t))) 5 5 q ~2 dxdt" 
0 - m  0 - 0 o  

From integration by parts and (3.3)t, 

O,~o~dxdt = ~o~dx ,=o- I I ~gO**dxdt 
0 - m  0 - m  

= (0(0q~x(t) - 0 (0)o , (0) )dx  +)" I ~,Idxdt. 
- m  0 - o o  

From (ii) of Lemma 2.1 and Lemma 3.1, 

t oo t o0 

S ~ (P,(V+ q~,s))-(p,(~,s))~xq)xdxdt = O(11 t I [~oOxq~[dxdt 
0 - o a  0 - m  

= O(1)j" f [~°I([v~t 2 + ~°21 dxdt 
O - - a O  

t t 00 

= 0(1) f II ~0 II 1/2 II ¢P~ II 1/2 I115x II 2 dt + O(t)N(t) f I 0 2 dxdt 
0 0 - - o ~  

t oo 

= O(1)bo/((ll~oll 1/2 It (~Oxll 2 -~ N(~II 1/2 IlOxlls/3)dt + O(1)N(t)~ ~ ~o2dxdt 
0 0 - o o  

). 
Similarly from Lemma 2.1. 

~ oO t oO 

0 - m  0 - m  
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t oo 

= O(1)j" ff Ist(l~A 2 + 1%I2)dxdt 
O - - C O  

t 

= 0 ( 1 ) N 1 / 2 ( t )  ~( 11 q~x 112 + [1Sx 11Z)d t + O ( 1 ) N 1 / 2 ( t ) 6 1 / 6 ,  
0 

- ~  = o ( 1 ) I  I (l~xll~xl+l~ll~o~l+la~l)lq,~ldxdt 
0 - c o  0 - c o  

t oo t co 

= 0(1)6~/z ~ ~ ¢p2dxdt + O(1)6o ~/2 ~ ~ (la~14 + lax~t2)dxdt 
0 -co  0 -co  

~. co 

= o(1)6U I ~ ~o~a~dt + 0(1)6~ ~, 
O - c o  

i ~ (0x + ¢p,) " -  0(1) i _~co [~ + ¢p~lOx%dxdt o - o ~ l a ~  cpt%axat= o 

t oo 

= 0(1)(5o +N(t)) I I (01 + q)2) dxdt- 
0 - - o o  

The lemma follows from (3.13) and the above estimates. Q.E.D. 
In the proof of the following key estimate we make use of the specific form of 

the constitutive relation (1.2). 

Proposition 3.5. There exists a positive constant e such that if 

then 

N(t) + 5 0 < ~2, (3.14) 

t 

tl(cP,@,s)(t)tt 2 + S [[(¢Px,~Jx, s~H2(t) dt <- C(N2(O) + 6~/6) (3.15) 
0 

for some C independent of t, N(O) and 6o. 

Proof. The proof is based on Lemmas 3.2 ~ 3.4. From (t.2) 

ps=p/c ~ ( y - l )  ?P p v v = y ( ? + l ) ~ .  (3.16) - ~ P '  Pv= v '  

For simplicity we write p = p_, v - v_ etc., and set 
t 

2 M - ~ (~o(t) ~ + ~(t) 2 + s(t)2)dx + ~ ~ (cp~ + tp2~ + s~ + IO, tcp2)dxdt. (3.17) 
- c o  0 - c o  

For e sufficiently small we have from Lemma 3.2 ,,~ 3.4 and (3.16) that 

t cO 

2~c(?- 1)! £ s~dxdt s2(tldx -v -R~ 
- o o  

= O(1)eM + O(1)(N2(0) + 6ol/6), 

(O2(t) + yp q~2(t) _ 2(7 -- 1)p s(tlq~(t)dx 
-oo v R 

2tc(7 - 1) i v £ ~ sx% dxdt 
0 --CO 

(3.18) 
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' J ~ (  2# 2 --v- 2(7-  1)2kp v2R 7(7-2+-1)P J ~3~ 1 (P2 + ! G + 

= O(1)m2(o) + O(1)eM + O(1)m~/2(t)8~/6 + O(1)amE(t), 

# 2 -~ ~°2 R ~oo(~-_vC])~(t)_q~(t)~(t))dx÷i~(Y~P v ( 7 -  1)P 

= O(1)mz(o) + O(1)eM + 0(1)6~/6. 

2(7 -- 1)2kp s~q~f] dxdt 
R2v 

- -  Sxq~x - ~2 ) dxdt 

(3.19) 

(3.20) 

The terms on the left-hand side of (3.18) ,-~ (3.20) which are not necessarily 
nonnegafive are eliminated through linear combinations and the Cauchy-Schwartz 
inequality. Since the double integrals of ~ appear only in (3.19) and (3.20) they 
can be eliminated by adding (3.19) times v/2# and (3.20), 

~ ( v~ ~7P (7 -#~l )PV s(t)q~(t)d x ~k2(t) + ~v ¢p2(t) -- q~.(t)~b(t) + ~b2(t) 

+i ~ ((7-1)2xP÷y#Rpq~2 (7--1)2KP+(7--1)#RPsxq~x 
o 2o~ \ #vR R2# 

7(7 + 1)p ig, tq~2~dxdt + 
6#v ] 

= O(1)N2(0) + O(1)~M + O(1)N1/2(t)6~/6 + 0(1)6o ~/6. (3.21) 

Note that the first three terms above are positive definite: 

~(-~z(t)-(ax(t)~(t)+~-vq~2(t)dx)>O 

by the Cauchy-Schwartz inequality. Thus (3.21) yields 

~2¢P2(t)_(  7 -  l)v ( - -~ ~ s(t)qfft)dx + oi _~ (7 1) 2~cvR + 7#R q~2 

(7 -- 1)2~cPR 2+ (7 -- 1)#R , (7 + 1) -- sxq~x-t-~]~]q~ 2 dxdt 
/ 

= O(1)N2(0) + O(1)eM + O(1)N1/2(t)6~/6 + O(1)6o ~/6. (3.22) 

Add (3.22) to (3.18) times a variable ~, 

+ i ~ 7(7 + 1) lg~tcpZdxdt + i +(o (2k(7-l)C~s~ q (7 -1 )  2/c + 7ktR cp • 
o-~ 6v o Y~ \ Rv vR 

_{2k(~'~Z 1)~ (7 --1)2K + (7 - -1)#R) ) 
~k V2 q- R2 Sxq~ x dxdt 

= O(1)(N2(0) + 6o 1/6) + O(1)eM + O(1)Nl/2(t)6~/6. (3.23) 

The variable a is chosen so that the left-hand side of (3.23) is positive definite. For 
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the single integral to be positive definite we need 

( 7 -  1) 2v2 
g >  

2R27 

For  the double  integral to be positive definite we need 

A - \/2~(77~- 1)a ~- (? - 1)2x R 2+ (? - 1 )#R)  2_ 8~(? - 1)aE(gR2v 2-  1)2x + ?pR] 

for some a satisfying (3.24). 
The expression A assumes minimum Ami, at a = ami, given by 

41c(7 - 1) (2~(?  - 1) (? - 1)g~+ !? - 1)#R" ~ 
/)2 \ V2 gmin q- R 2 J 

R 2 v 2  - -  0, 

(? - -  1)2~¢ + (1 + ? ) # R  V2" 
~ml. = 2xR~(7 -- 1) 

Clearly a = am~. satisfies (3.24) because ? > 1. Direct calculations yield 

A = ( 2~:(7 - 1)~i"72- q (7 -- 1)z~c + (? -- 1 )#R)  2 R 2  - 8t@ -- 1)amin [(7 -- 1)2t¢ + ? # R ] R 2 v  2 

4(7 - 1)z~ + y/./R) 2 4(7 - 1)21¢ + (? - 1)2#R)2(? - 1)21¢ -t- ?/~R) 

(3.24) 

< 0  

R a R 4 

- -  4(? - 1)2#1cR) 2 -- 47#2R 2 
= <0 .  R 4 

This shows that the integrals in (3.23) are positive definite and so: 

(s2(t) + cP2(t)) dx + S ~ Ig*[~2dxdt + ~ ~ ( s2 + t!'2)dxdt 
- c o  0 - o o  0 - m  

= O(1)(N2(0) + 6~/6) + O(1)eM + O(1)nl/2(t)6~/6. 

This and (3.19), (3.20) finally yield 

t 
(s2(t) + cP2(t) + ~'2(t) + q~2(t)) dx + ~ S (Iv*lq ~2 + s2 + cP2 + q~2) dxdt 

-co 0 -co 

= O(1)(N(0) + 6o ~/6) + O(1)eM + O(1)N 1/2(t)~51/6. 

In particular, we have from (3.17) that for e small, 
co 

(s2(t) +  o2(t) + 02(t) + + 5 (1¢I  2 + + + q, )dxdt 
- o o  0 - o o  

= 0(1)(N2(0) + ao ~/e) + O(1)Nm(t)a */6. 

This completes the estimate of the lower order terms on the left-hand side of (3.15). 
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The higher order terms are estimated in a similar way using the energy method 
applied to the derivatives of (3.3). Since the argument is exactly the same, we omit 
the details. Thus we have 

t 

I[(~o, O,s)(t) II ~ + ~ II ,px, Ox, s~ll~(t)dt = O(1)(N2(0) + 6~/6) + O(1)N1/2(t)61/6. (3.25) 
0 

In particular we have from (3.6) that 

NZ(t) = 0(1)(N2(0) + 6~/6) + O(1)N1/Z(t)6~/6, 

which implies, for NZ(0) and 6o small, 

NZ(t) = O(1)(N2(0) + 6ol/6). 

This and (3.25) finally yield (3.15). 

4. Existence and Asymptotic Behavior 

With proposition 3.5 the proof of our main theorem becomes routine. First, the 
hypothesis (3.14) is implied by (3.15) under the assumption that N(0) and 6 o are 
small. This observation and the usual local existence theorem for the hyperbolic 
parabolic system (1.1), or (3.3) yield the global existence theorem. 

The asymptotic behavior is the consequence of the Sobolev inequality, 
Proposition 3.5 and the equicontinuity of I] sx(t)t[, I[ ~0x(t)11 and II [kx(t)II in t, which 
is contained in the estimate of these terms. Since we did not carry out the detail 
of the estimate, we now illustrate the equicontinuity of It ~,x(t)lt by integrating 
~bx(3.3)2 ~ over - oo < x < oo, t 1 <_ t < t: 

1 ~  t209 
(~b2(tz)-O~(tl))dx= ~ (. -(p((p + f , s ) -p( f ,O))xxOJxdt  

- -  09 t l - - o 0  

t 2  

By carrying out the above derivatives on the right-hand side we have 

1_ ~ (O2(t2)_O~(tl))d x 
2 - o o  

t2  09 

= ° (1) f  f (Iq~xA + IsxA + I~xl 2 + I~x~l + 14'~l 2 + Isxl2)dxd t 
t l  --09 

which yields, by Lemma 2.1 and the Cauchy-Schwartz inequality 

t 2 0 " ~  

(p2(te)dx= S (PZ(tl)dx + O(1) [, I (IcPA~ + IsA~ + IOA~ + IO~I 2 
- -  c~9 - - 0 9  t l --CO 

t -~ >_0. + l~Oxxl 2 + 1s~I2) dxdt + 0(1)80(1 + l) , t2 > tl 
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Similar  es t imates  also hold  for 11 ~o~(t)I[ and  [T s~(t)If: 
t2  

II (~ox, 0x, s~)(t2)II = [I (~o~, ~x, s~)(tl)II + o(1) ~ II ~ox, 0~, s~ II 2(t) dt 
t l  

+ O(1)6o(1 + t l ) -  1, t 2 > t 1 > 0. 

By in tegra t ing  with respect  to the var iable  t t we have 

t 

II (~o~, ~ ,  s~)(O II = o(1)  ~ II (q~, Ox, sx)(O II dt + O(1)fio(1 + t)-1,  t > 1. (4.1) 
t - 1  

F r o m  Propos i t i on  3.5, (3.15), for a rb i t r a ry  given t,  there exists to > 0 such tha t  

to 

F o r  any t > t o + 1, we have from the Sobolev inequali ty,  (4.1) and  (3.15) tha t  

sup I(q~,O,s)(x,t)l ~II (¢p,O,s)(t)ll'tl (q~, t~,s~)(t)I1 
-- o9 < X < O 0  

1 

< O(1)(N(0) + ,~:)I1 (~ox, 4'~, s~)(t)II 
1 

< O(1)(N(0) + ~o12)(s + ~5o(1 + 0-1) .  

Since s is a rb i t ra ry ,  we finally conclude  

lim sup [(~o, tp, s)(x,t)[ = 0 .  
t ~ o 0  -- cO < X <  oo 

This proves  our  ma in  theorem.  
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