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§ 1. Introduction

Let E and F be Banach spaces, EcF, and A an interval in R. In this paper
we use bifurcation theory to study the set of solutions of an equation M(u, 1)=0,
where M is a smooth operator, M: Ex A — F. Suppose G is a compact Lie
group acting on E and F, and that M is equivariant with respect to G in
the sense that M (gu, A)=gM(u, 4) for all geG, ueE, icA. Then the set of solu-
tions also admits a G-action. Suppose too that (u;, 1) is a smooth curve of
invariant (symmetric) solutions under G; ie., gu, =u,, for all ge G. We investigate
under what conditions there exists bifurcation from this curve of invariant solu-
tions to non-invariant solutions; that is, we study the general problem of “sym-
metry-breaking”. We consider the case where the u-derivative, dM,, ; has a
finite positive spectrum, and using an equivariant version of the Conley index,
we prove the existence of bifurcation whenever there is a “change” in the positive
spectrum. This problem arises naturally in the study of bifurcation of radial
solutions of the semilinear elliptic equation

Au(x)+ f(u(x)=0, xeD%, (LY
with homogeneous linear boundary conditions
au(x)—pdu(x)/dn=0, xedDk, (1.2)

into asymmetric ones (the problem of “symmetry breaking”; see [SW,, SW;,
SWs]). Here G =0(n), the n-dimensional orthogonal group, D’ denotes the n-ball
of radius R centered at the origin, d/dn denotes differentiation in the outward-
pointing normal direction, a>+ %=1, and f is a smooth function. We shall
show that our general results apply to this problem, and that under fairly general
hypotheses on the nonlinear function f, there are infinitely-many symmetry-
breaking solutions. Furthermore, we prove that at each such solution there
bifurcates out families of distinct solutions having distinct symmetries.

Our general bifurcation result can be described as follows. Suppose that
{(u;, A)}: 2, £A<4,} is a smooth family of symmetric solutions of M(u, 3)=0,
and let P, be the vector space generated by the set {veE: dM,, ,v=pv for
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some p=0}. Then if P, and P, are distinct representations of G, there is a
A, Ay <A <A4,, for which (u,, A) is a bifurcation point for M. To be somewhat
more specific, let M be as above, and assume that P, , i=1, 2, contains k; copies
of some fixed irreducible representation of G, where k, # k,, and that dM,,

is non-singular, i=1, 2. Then modulo two technical assumptions, one of which
mimics the notion of ellipticity, and the other of which is valid for groups
G having less than 5 components (e.g. O(n)), we have that bifurcation for M
occurs in 1; <A< 4,; (see Theorem 3.3 for the precise statement).

Our method is to construct a “modified”, equivariant Lyapunov-Schmidt-
type reduction, global in 4, not to the kernel, (or center manifold), as previous
workers have done, but to a finite-dimensional subspace containing the spaces
B and P,. This has the advantage that when e.g, G=0(n), we can obtain
the simple condition that the Conley indices (for an associated finite-dimensional
problem), are different at 4, and 4, iff B, = PB,,, as representations of O(n). This
last condition is easily verified in our application to the problem (1.1) (1.2),
and enables us to prove that bifurcation must occur. A further argument is
given to show that the symmetry breaks.

There are several different ways of relating “infinitesimal bifurcation” to
bifurcation, (see e.g. [AZ, B, Ch, K, Kr, R, Ry]), but none of these are applicable
to our symmetry-breaking problem, (1.1), (1.2). This is because the problem
either lacks a specific form of variational structure, or the hypotheses required
of the derivatives are not satisfied, or some “transversality” condition is just
too difficult to verify. Moreover, we do not require that eigenvalues be simple,
or “odd-dimensional” as required in the bifurcation theorems of Crandall-
Rabinowitz and Krasnoselski, [S]. Our method avoids these difficulties by using
the Conley index. Similar ideas were used by Kielhofer [K], who uses the stan-
dard Lyapunov-Schmidt reduction (local in 1), to the kernel of dM, ,, and
he also requires a certain “crossing number” to be non-zero. Our approach
is simpler, can be done equivariantly, is easily applicable to the symmetry-
breaking problem for (1.1), (1.2), and does not require the crossing number
to be non-zero.

In Sect. 2 we prove an abstract bifurcation theorem. Our method is to reduce
it to one in finite dimensions whereby we show that information on the structure
of the spaces P,, (i=1, 2), implies that we can explicitly compute Conley indices
for rest points of an associated finite dimensional equation. For these equations
we prove that bifurcation occurs, and then we transfer this information back
to the given infinite dimensional equation. (To apply the Conley Index Theory
directly in the infinite dimensional situation is simply too difficult.) These things
are discussed in the introduction to Sect. 2, whereby we also make connections
with the results of previous work in the literature.

In Sect. 3 we consider an equivariant form of the Conley index suitable
for our purposes. We show how a theorem of Lee and Wasserman, [LW],
applies to yield a general bifurcation result in the presence of a group action
(Theorem 3.3).

In Sect. 4 we consider the application of our abstract results to the problem
(1.1), (1.2). We state our precise hypotheses on f, and we summarize the linear
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results contained in [SW]. That is, in [SW4] we have shown that under rather
general assumptions on f, “infinitesimal” symmetry breaking must occur, in
the sense that there are radial solutions of (1.1), (1.2), with the property that
the associated linearized operator about such a solution is singular, and its
kernel contains asymmetric elements. We use these type of results in Sect. 5
to show that the hypotheses of our previously obtained general theorems are
satisfied, so that bifurcation must occur. In order to rule out some very degener-
ate situations (which can arise — see [Po]), in certain cases we impose the
conditions of analyticity on f. Using a general theorem in [SW,], we prove
that the resulting bifurcating solutions are asymmetric ones, so that symmetry-
breaking indeed occurs.

The existence of solutions having particular symmetry groups is discussed
in Sect. 6. We prove a general theorem giving conditions under which there
exist distinct bifurcating solutions admitting distinct symmetry groups. This is
applied to the problem (1.1), (1.2) for subgroups of O(n), the form O(p) x O(n—p),
(and also to other subgroups of O(n)), and we deduce the existence of bifurcating
solutions having at least these symmetries.

Finally in the appendix we show that two apparently different problems
are in fact equivalent. Thus as is well-known, we can consider (1.1), (1.2) with
fixed boundary conditions and allow the radius R to vary, or equivalently,
we can fix the radius and have the equation vary. However, if a § %0, this requires
that the boundary conditions also vary with the parameter. The standard bifur-
cation framework considers fixed radius and fixed boundary conditions, and
only the equation is allowed to vary. That is, if «ff+0, one cannot set up
the bifurcation problem in the standard framework as a mapping from a product
B, x A— B,, where B; and B, are Banach spaces of functions, and 4 denotes
the parameter space. However, we shall show that the relevant function-parame-
ter space forms a vector bundle over R, and is thus locally a product. This
local product structure then suffices to fit our probiem into the general bifurca-
tion theory framework which we have discussed in the previous sections.

§ 2. An abstract bifurcation theorem

Let B,, By be Banach spaces, H a Hilbert space, and assume that B, B, H,
where each of the embeddings are continuous (in many applications, B, = C2(£),
By=C°%Q), H=12(Q)). Let 4 be an interval in R, and suppose that M is a
smooth operator,

M: Bz XA—’B().

We assume too that there is a continuous 1-parameter family {u,} < B, satisfying
M(u;, 2)=0, and we denote by dM,;(w)=dM,, ,(w, 0) the associated linearized
operators.

Definition 2.1. The peigenspace P, of d M, is the closed sub-vector space spanned
by {veB,:dM; v=uy for some u=0, v%0}. The neigenspace N, of dM , is defined
similarly but with ¢=0 replaced by u <0. (Thus the peigenspace (resp. neigen-
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space) is the space generated by those eigenvectors of dM; corresponding to
non-negative (resp. non-positive) eigenvalues.)

In this section we shall show that under mild hypotheses, if M is a gradient
and

(%) if for some 4y, 4, in A4, dim P, +dim P,,, and both dM;, and dM,, are
non-singular, then there exists a A between A, and A, such that (u,, 1)
is a bifurcation point for M.

Note that if this problem were one in finite dimensions, (ie., if B, and By
were finite dimensional), then the Conley indices h(u;), would satisfy h(u,,)
+h(u,,) so that Conley’s Continuation Theorem implies that (*) is valid, (see
[S] for details).

Now although the Conley index theory has an extension to the infinite
dimensional case, [C, S, Ry], the corresponding notions are quite abstract, and
the theory requires some subtle constructions which are not easily applicable
to our bifurcation problem. Indeed, in this case it is no easy matter to compute
the homotopy types [N;/N,] of an index pair (N,, N,), for a non-degenerate
solution u;, from a knowledge of the peigenspace P,, even assuming that dM,
is symmetric, and Fredholm of index zero, and that P, is finite dimensional.

In a recent interesting paper, [K], Kielhofer considers a related problem,
and obtains a corresponding bifurcation theorem. His method involves a local
argument (in A and u), reducing the problem to a finite dimensional one on
the null space of dM;, via a Lyapunov-Schmidt reduction. He uses the idea
of a “crossing number”, together with a Brouwer-degree argument and certain
ideas from the Conley index theory. His result does not apply when the crossing
number is zero and indeed, such crossing numbers are often quite difficult to
compute. These remarks apply, in particular to the symmetry-breaking problem
for (1.1), (1.2). A related result can be found in a paper of Amann and Zehnder,
[AZ]; here again the bifurcation problem is reduced to one in finite dimensions,
but their result is not applicable to our problem. A similar idea occurs in the
paper of Chow and Lauterbach, [CL], whereby they reduce the problem to
a finite-dimensional one on the center manifold; this theory too is not applicable
to our problem.

The technique which we use involves a generalized Lyapunov-Schmidt reduc-
tion, global in A, whereby we reduce the problem to one on a finite dimensional
space that contains P, and B,.

With B,, By, H, and A defined as above, let M be a C' mapping M: B,
x A - By, satisfying

M@©,)=0, Aed. (2.1)

(This entails no loss in generality; merely replace u by u+u;.) For ¢>0, let
P, , denote the peigenspace of dM ;+¢l. We assume that there is an £>0 such
that for all Ae4,

dim P, ,<0. (2.2)

Here is the main result in this section.
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Theorem 2.1. Let M be a gradient operator for each A€ A, satisfying (2.1), and
(2.2). If there exists 1, <A, in A satisfying

() dM;, is non-singular, i=1,2, and

(i) P, is not isomorphic to P,,, then there exists a Ay, Ay <Aq<A, such that
(0, A) is a bifurcation point for M(u, A)=0.

We remark that since P,c P, ,, hypotheses (2.2) implies that dim P, <o,
i=1,2. Hence condition (ii) means that dim P, +=dim F,,. We have stated (ii)
in this slightly awkward way in anticipation of the results in Sect. 3, where
we shall extend this theorem to the equivariant case, i.e., to the case where
there is a group acting on the space.

Proof. Let I=[4,,24,]. Since M is a gradient, dM, is symmetric, and hence
diagonalizable. Since (2.2) implies that the eigenvectors of d M, corresponding
to eigenvalues greater than —¢ lie in a finite dimensional space, it follows that
there is a finite codimensional space E;, < B, such that

{dM e, edD < —¢le]* VeeE,cB,

where the inner product, and norm are those in H. Since the mapping A —»dM,
is continuous (in the strong operator topology), it follows that there is an open

interval I, about A on which <dM,1e,e>§—%|e|2 Vuel,;, VecE,. A finite

number of intervals I, ..., I, cover I; let E= () ExnPinPL. Then EcB,
i=1

has finite codimension. Note that E; = P}, " B,, so

N s 1
E=() ﬂf)eml’flm}'ﬁmB2=(U P,lhauPMuPb) NB,=F*nB,,
i=1

i=1
so that E is a closed subspace of B, of finite codimension. Now if uel, then
3
uel;; for some j, and if e E then eeE;; so (dM e, e) < —§|e|2. Thus for each

Ael, dM restricted to F* is uniformly negative definite. Note that P,, U P, F.

Now write H=F'®F, B,=(B,nFY)®F, and By=(F'nBy)@®F, since
FcB,. Let n; be the projection n;: B;—(F* N By), i=0, 2, and note that mgomn,
=m7,. Note too that since F is finite dimensional, and the inner product is
a continuous function on B;, i=1,2, (since B; is continuously embedded in
H), it follows that (F* n B,) is a closed subspace of B;, i=0, 2.

We are now ready to make a Lyapunov-Schmidt reduction. Thus, for heB,,
we write

h=(x,y), xeF*+  yeF,
M(h, 2)=M(x, y, )= (u(x, y, 1), v(x, y, 1)),

where ue F*, ve F. Now since M (0,0, 1)=0 (by (2.2)), it follows that u(0,0, 1)=0.
We claim that u,(0,0, J), (defined on F*nB, to F* N By), is an isomorphism
for each Ael. To see this, note that u,(0,0, 1) is injective since if u, =0, for
some ceFt, and &40, then as u, is strictly negative definite, the relation
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{ug &, &) <0 gives a contradiction. Next, note that u,(0,0, )=mn,-dM,(0,0),
which we write for short as u, =mn,d M. We use this to show that u, is symmetric;
namely for n, y, 7, ze B,,

Que(ry y)y 1y 2) ={mo dM(m3 y), 5 2)
=<{dM(r; y), mo 12 2)
={dM(n,y), m, 2>
={n2 y,dM(r, z)}
={mo m; y,dM(n; 2))
={my ¥y, Mo dM(r, 2))
=T, Y, Uy (13 2)).

Next for xeH,
—5 Iy x| 2 <dM (m; x), 7 x)

=<{dM(r; x), o 73 X

={mgdM(n, X), Ty x)

= U7y X), 1y XD.
Thus the spectrum of u,(0,0, 4) is uniformly bounded away from zero. Since
u,(0, 0, 2) is symmetric and injective, it follows that u,(0, 0, A) is an isomorphism
for each Ael; this proves our claim.

Hence by the implicit function theorem, we may solve the equation

u(x,y, A)=0 for x=x(y, 4) in a neighborhood of (0, 0) x I. (This holds since we
can solve the equation in a neighborhood of (0,0, A) of the form U, x 0,, where

U, is a neighborhood of (0, 0), and 0, is a neighborhood of A in I.) By compact-
ness, a finite number of the 0, cover I, say 0,,,...,0, . Therefore we have a

unique solution on % x A" = () Uy, x | ) 0,,. Now define

i=1 i=1

oy, H=v(x(y,A),y,4), Ael. (2.3)

This is the global Lyapunov-Schmidt reduction which we shall use. We now
need two lemmas.

Lemma 2.2. Fix el and consider the differential equation (in finite dimensions),
=@ (y(s), A). Then this equation admits a Lyapunov function.

Proof. Write H=F, ® F}, and B,=F, ®(B,nF}),i=1,2. Then

M: F,® (B, F)—(Bon F) @ (Bo N F),
(%, ,V) '"’(u’ U)=M(x> y)::(l//x, ‘Py),

for some function . Now consider the differential equation

6, V=V .
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Then
Y(x, =y ut+y,v={y>>0

if (u,0)=#(0,0). If x=x(y,4), u=0, v+0, we have ¥, (x(y, 1), ) v(x(y, 2), 1)>0.
Thus if we define §/(y, )=y (x(y, A), y), then when x=x(y, 1), u=0, ¢p=v, and

J3, A=V x, 0+,
=ux, ¢+, v
=y, v>0

if v#0. Hence J is the desired Lyapunov function. [

Lemma 2.3. For i=1,2, P(d¢, 1)) =P, where the symbol = denotes isomor-
phism.

Proof. As before, we have

M: (FFAB)®F>(F*nB)®F
(x,y, A) = (u,©)=M(x, y, ),

where A= 4, or 4,. Since ¢(y)=v(x(y), y) (we are dropping the dependence on
4, for convenience), d¢p=v, x,+v,. Also u(x(y),y)=0, so that u,x,+u,=0.
Hence in % x A", we may write x,= —u; ' u,. Now since

dM:(”x “V>,
vy U,
the eigenvalue equation d M (B, o) = (P, o), gives the two equations

(ux—,u)ﬂ+uyoc=0
v f+(,— ) a=0. (2.4)

The eigenvalue equation for d ¢ reads
0=(dop—0)y=(—v,u; ' u,+v,—0)y. (2.5)

Now let ve P, F; then v=(0,a)' and dMv=pv gives u, =0 and (v,—pu) x=0.
Thus from (2.5) with o=y and y=a, we get

(d¢—/1)oc=(—vxu;1uy+uy—u)oc=0, (26)
so that ae P(d ¢(o, ). Next, we note that the map

h: Ra—’P(dflﬁ(o,z))
(0, o) —

is clearly injective; thus dim P(d ¢, ;)= dim F,. To show that h is an isomor-
phism, it suffices to prove that

dim P,2dim P(d¢,o ). @2.7)
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To do this, let xe P(d ¢(o, ), and define the vector L(o) by

L(a)z(—ux‘l u, a).

o

k
Then o= ) o, where d g, ;) 0= pt; a;, each p;20, and o; Lo if i=j. Hence

i=1

<dMA L((X), L(a)> = <ZdMA(—ux_ ! vy Ais ai)ts Z( _u; ! Uy &, ai)t>
= <Z(O’ TR Z(' Uy ! Uy &, o))
=Z<(0, M o) (—uy ! Uy &, ij)t>
iJj

=Z/¢i°‘i'aj=z,“i|°‘i|2§0' (2.8)
ij i

Now write (cf. Definition (2.1)), B,=P,® N,, and let = denote the projection
n: B,@® N, - P,. Consider the map noL: P(d ¢, 1) = P,. We claim that this map
is injective. Indeed, if no L{x)=0, then L(x)e N,, so if L(x)+0,

<dM L(2), L{2) <0,

which contradicts (2.8). Thus 7o L is injective and hence (2.7) holds. This com-
pletes the proof of the lemma. [

End of proof of Theorem 2.1. First we remark that solutions of M =0 are in
1 —1 correspondence with the solutions of ¢ =0. From Lemma 2.3 and hypothe-
sis ii), dim P(d ¢ o, 2,) ¥dim P(d ¢, ;,). Moreover, d¢ o, is non-singular since
if for some a%0 d¢, ,;,2=0, then from (2.6), (—v,u; ' u,+v)a=0. Hence
dM;, L{x)=(0, 0f, and this contradicts hypothesis (i}. Now consider the finite-
dimensional flow y,=¢(y, ). The Conley indices h(0, A)) of the isolated invariant

set (0, 4;), i=1, 2, can be easily computed in this case; namely h(0, A,-)zi where

8

Y is the pointed sphere of dimension s;=dimension P,; (sce, e.g. [S]), and
one finds h(0, A,)=h(0, ;). From Conley’s Continuation Theorem [C, S], if
¥" is any neighborhood of 0, then 0 cannot be the maximal invariant set in
v~ for each Ael. Thus there exists A(¥")el such that 0 is not the maximal
invariant set in 7~ for the equation y,= ¢ (y(s), A(¥")). It follows that the maximal
invariant set in ¥ for this equation contains a point y=0. Since Lemma 2.2
implies that this equation is gradient-like, it follows that the «- and w-limit
sets of y are distinct rest points. Thus there must exist another rest point in
" different from 0. Now let the neighborhoods ¥~ shrink to 0. As the correspond-
ing A(#")'s have a convergent subsequence A(¥;) — Ayel, we see that (0, A,) is a
bifurcation point. Moreover, A, <1<, since d ¢, ;, is non-singular, for i=1, 2.
It follows from what we have discussed above, that (0, 4,) is a bifurcation point
for the equation M (u, 1)=0. This completes the proof of Theorem 2.1.
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§ 3. Equivariant Conley index

In the standard form of the Conley Index Theory, a finite-dimensional general-
ization of the Morse index is constructed, and the theory is then extended to
infinite dimensions via the notion of index pairs; see {C, S]. One can also
consider the case when there exists a group G of symmetries acting on the
space X, and the flow (or semiflow) y,, is equivariant in the sense that the
group action commutes with the flow:

Y lgx)=gy,(x) VxeX, geG, teR(orR,)

In this section we shall assume that we are in this situation, and we shall show
how to define an equivariant Conley index for any G-invariant isolated invariant
set. Following Pacella, [P], we shall show that all the constructions of index
pairs, isolating neighborhoods, the continuation theorem, etc., can be done using
G-invariant neighborhoods.

The Conley index h(I) of a non-degenerate critical point I in finite dimen-
sions, is given by h(I)=Z2* where Z* denotes a pointed k-sphere, and k is the
number of positive eigenvalues of the linearized equations about I. More general-
ly, if V is the peigenspace of I, h(I) is the homotopy type of the pointed space
D(V)/S(V), where D(V) is the unit ball in V and S(V) the unit sphere in V.
If we ignore the group action, then since V is a vector space of dimension
k, D(V)/S(V)~Z* However, when there is a group acting on the space, we
can put more structure on the Conley index; namely it becomes a pointed
G-space. We write this index as hg(I). The advantage of using the equivariant
Conley index is that it is possible to have h(I,)=h(I,) but hs(I,)+hg(I,), or
h(l, 2))=h(, ), but hg(I, A,)Fhg(I, A,). Therefore under such circumstances
using the hg index it is possible to prove that bifurcation occurs while no such
statement is possible from the ordinary Conley index. Moreover, just as in
the non-equivariant case, at a non-degenerate critical point I we may identify
the Conley index with D(V)/S(V), (where as above, V=peigenspace of I), and
it may happen that at distinct parameter values A, +4,, we have dim V, =dim V,,
and thus h(I,4)=h(l, 1,). But by a result of Lee and Wasserman, [LW], if
G=0(n) and V;+V, as representations of O(n), then hyuy(F, 1) % hgw (I, 12).
It is thus quite useful to extend the notion of the Conley index to the equivariant
case, and we shall now outline an “equivariant” Conley Index Theory.

Let X be a metric space, let G be a compact Lie group and let y:
(RxG)x X —> X be a G-flow on X; ie, for all teR, g,,g,€G, and xeX, we
have

Y(0,e,x)=x, (e=id.elementin G),
and
YUt g1, ¥tz 82, X)) =W (t; +15,81 82, X)

Thus if g=e, Y (1, &, x)=1,(x) defines a flow on X. If t=0,  induces an action
of G on X by (0, g, x)=gx. If = is the canonical map

n: X = X/G,
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where X/G is the orbit space of X with respect to G, then if (N,, N,) is an
index pair in X/G, (c.f. [P]), then (™ *(N,),n~!(Np)) is an index pair in X.
If I is a G-invariant set in X (ie, gl<l VgeG), and [ is also an isolated
invariant set for the flow ,, we define hg(I), the equivariant Conley index of
I to be the equivariant homotopy type of the pointed space =™ *(N,;)/n~ 1 (Np)
where (N, N,) is a index pair for n(I). (We remark that Pacella, [P] has shown
that there is an induced flow on the orbit space X/G, and if I/G is an invariant
set for the flow on X/G then if (N;,Ny) is any index pair for I/G,
(m~ Y(Ny), =~ 1(Np)) is a G-invariant index pair for I.)

Now let (N, N,) and (N,, N;) be G-invariant index pairs for I. Then there
exist equivariant maps, (i.e., maps which commute with the G-action),

S (N1/Ny, No) — (ﬁ1/ﬁo, No)
h: (N1/N07 No) —(N;/Ny, No)

such that both hof and f-h are equivariantly homotopic to the identity map.
That is, the pointed spaces (N,/N,, N,) and (N,/N,, N,) are of the same equivar-
iant homotopy type. We thus can unambiguously define the G-invariant Conley
index of I, hg(I), to be that equivariant homotopy type. Note that if G={id},
this definition agrees with the usual definition of the Conley index. The definition
given here is somewhat richer since as the relevant spaces admit a group action,
we can distinguish indices which have the same homotopy type as pointed
topological spaces, but which are not of the same homotopy type as pointed
G-spaces. We observe that the reason there exist maps f and h as defined above
follows just as in [C, S]. All maps constructed there are easily seen to be G-
equivariant if G operates on the space and the index pairs (N;, N,) and (N, Np)
are G-invariant. In fact, all other things such as the fact that h;(I) is independent
of the isolating neighborhood containing I, the existence of index pairs, Morse
decompositions, and the Continuation Theorem all go through mutatis mutandis
in the equivariant case. We remark that the advantage of defining the equivariant
Conley index as a pointed space is that it is a “primary” definition. We can
compose this index with any equivariant algebraic invariant to derive any other
proposed definition of an equivariant Conley index; c.f. [P] for other definitions.

Finally we shall explain how the above ideas are used to extend the results
of Sect.2 in order to deduce an “equivariant” of Theorem 2.1. That is, we
shall now that if the peigenspaces differ as G-spaces, then bifurcation must occur.

Thus let B, and B, be G-invariant Banach spaces, H a G-invariant Hilbert
space, B, = B,< H, where the embeddings are all continuous, and let 4 be an
interval in R. Let M: B, x A — B, be a smooth G-invariant operator (M(gu, 4)
=gM(u, \)VgeG, ueB,, ieA), satisfying

M(@©0,A)=0, Vied (3.1

Since M is G-invariant, it follows that the peigenspaces P, and the neigenspaces
N, (see Definition 2.1) are also G-invariant. We assume that there is an ¢>0
such that for all AeA the peigenspace of dM,+e¢l is finite-dimensional, for
each Aed.
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Definition 3.1. If d M ; is non-singular, the reduced G index of 0, h$(0, 1) is defined
to be the equivariant homotopy type of the pointed G-space:

hi(0, ))=D(B)/S(P),

where D(P) denotes the unit ball in P, and S(P) denotes the unit sphere in
P.

Note that in the finite-dimensional case, this definition coincides with our
equivariant formulation of the Conley index given above.

Theorem 3.1. With M defined as above and satisfying (3.1), assume that M is
a gradient for each A€ A. Suppose that there exist A, <1, in A satisfying

(i) dM;, is non-singular fori=1,2,

(i) hR(0, 2,)+h§(0, 2,).
Then there exists a Ay, Ay <Ao<, such that (0,4y) is a bifurcation point for
M(u, ))=0.

Notice that if G={id}, the trivial group, then this theorem reduces to Theo-
rem 2.1,

The connection of hypothesis (ii) with the peigenspaces is made via the follow-
ing theorem of Lee and Wasserman [LW].

Theorem 3.2. If G=0(n) and V and W are representations of O{n), then the
pointed O (n)-spaces D(V)/S(V), and D(W)/S(W) are equivariantly homotopy equiv-
alent iff VW as O(n) representations.

Theorem 3.2 is valid for other groups besides O(n). Thus, we call a group
G “nice” if whenever V and W are two vector spaces satisfying D(V)/S(V)
~ c(D(W)/S(W) (same equivariant homotopy type as G-spaces), then Va~W as
representations of G. Then if G, denotes the component of G containing the
identity, G is nice if, for example, G/Go=Z, x ... XxZ,, {so G=0(n) is nice),
ofr G/Go=Z;3x ... xZs, or G/Gy=Z,, or G is connected, (so G=80(n) and
G =U (n) are nice); see [LW]. On the other hand there are groups G and distinct
representations V and W with D(V)/S(V) equivariantly homeomorphic to D(W)/
S(W); see [CS].

In view of Theorem 3.2, we see that Theorem 3.1 is equivalent to the following
theorem, (since h3™ (0, A)=D(P,)/S(P), i=1,2):

Theorem 3.3. Assume that the hypotheses of Theorem 3.1 hold but with (i) replaced
by

{iiy P, is not isomorphic to P, as a representation of O(n). Then the conclusion
of Theorem 3.1 is valid.

The proof of Theorem 3.1 is virtually the same as that of Theorem 2.1. In
the statement of Lemma 2.3, P(d @, 3,) = P,,, must be understood now as mean-
ing that the two spaces are isomorphic as G-spaces. The map h in the proof
of Lemma 2.3 is also equivariant (i.e., h(gx)=gh(x)YgeG), since the spaces P,
and B! are invariant under the group action. The global, (in 1), Lyapunov-
Schmidt reduction given in Lemma 2.3 can easily be done equivariantly, and
Theorem 3.3, which states that if the peigenspaces differ as G-spaces, then bifur-
cation occurs, is a strengthened version of Theorem 2.1.
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Proof of Theorem 3.2. If VW as O(n) representations, then there is an equivar-
iant linear isomorphism L: V— W and so D(V)/S(V) and D(W)/S(W) are equivar-
iantly homotopy equivalent. To prove the converse we first recall that a represen-
tation is determined by its character; ie., two representations are the same
if they have equal characters. Now by [LW, Th. 2.21], if ¥V and W are two
representations of G, and D(V)/S(V) is equivariantly homotopy to D(W)/S(W),
and 0(G/Gy)=p* where p is a prime number, and G, is the component of the
identity in G, then the derivative, D[x(V)— x(V)]=0. Thus the difference in
characters, y(V)— y(W) must be constant on components of G. Now if G=0(n),
we shall now y(V)—yx(W)=0. First note that G,=S0(n) and 0(G/G,)=2. Next,
as D(V)/S(V) is homeomorphic to the sphere $4™Y it follows that dim V'=dim W.
Also as y(V) (e)=dim V(e=identity in G), we see that x (V)= x(W) on the identity
component of G. Now if G=0(n), we can find an element geO(n) such that
g?=e; for example, let g=diag(—1,1,...,1). Then a calculation gives x(V)g
=2xdim V¢—dim ¥V, where V¢ is the fixed point set of V; ie., those elements
in V fixed by all geG (see (6.1) below). Thus yx(V)g—x(W)g=2(dim V¢
—dim W¢)=0 from [LW, Theorem 2.7]. Hence x(V)=x(W) so that V=W, and
our theorem is proved.

§ 4. Semiilinear elliptic equations — A summary of the linear results

In this section we begin to discuss the application of our results to the problem
of symmetry-breaking for solutions of (1.1), (1.2). In an earlier paper, [SWs],
we showed that for a fairly broad class of nonlinear C'-functions f, “infinitesi-
mal” symmetry-breaking must occur in the sense that for a fixed nodal class,
there exist infinitely-many degenerate radial solutions of (1.1), on distinct balls,
the kernels of whose linearized operators contain asymmetric elements. We shall
use this result to show that actual symmetry-breaking occurs.

The symmetry-breaking problem presents certain difficulties which do not
occur in the bifurcation problems usually encountered. One such difficulty is
that we do not bifurcate off of a “trivial” branch (i.e., u=0) of solutions, and
if one transforms the problem so that we do bifurcate off of a trivial branch,
we lose a certain variational structure so that the basic bifurcation theorems,
(e.g. [B, Kr, R]), cannot be applied. Another difficulty is that one cannot directly
apply the Crandall-Rabinowitz theorem. There are two reasons for this: namely,
if n> 1, we never bifurcate from a “simple eigenvalue”, and secondly, the “trans-
versality” hypothesis is quite difficuit to verify. However, there is a way to
finesse the first difficulty, (by considering O(n— 1)-invariant functions; see
[SW,]), but the verification of the transversality condition remains a difficult
open problem. (However see [SW;], where the transversality condition is verified
for positive solutions of the Dirichlet problem.)

For these reasons, we have found it necessary to develop a different approach
to the symmetry-breaking problem. Our method is based on the Conley index
and can be described as follows. We show that in any given nodal class, the
radial solutions u(+, 1) can be parametrized by a real parameter A>0, i> /.
We then show that there is an increasing sequence A; — oo for which the peigen-
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spaces P, satisfy the hypotheses of Theorem 3.3, so that bifurcation must occur.
We then give an additional argument in order to show that radial bifurcation
can be avoided so that the symmetry actually breaks.

The verifications of the hypotheses of Theorem 3.3 concerning the peigen-
spaces P, follows easily from [SW]. It is here where we must place additional
hypotheses on f in order to rule out certain highly degenerate situations. For
example, if we consider radial solutions lying in a k>1 nodal class, we require
f to be analytic.

We remark too that in using the Conley index, we must pay a certain price,
this being that we cannot assert the existence of a connected branch of bifurcating
solutions — in fact, we do not know the precise structure of the bifurcating
set; (see [Po] for an interesting algebraic example). On the other hand, there
are some interesting advantages to using the Conley index technique. One is
that by employing an equivariant from of the Conley index, as discussed in
the last section, we are able to avoid certain “cancellation of indices”, which
may occur in the non-equivariant theory. That is, we can prove that bifurcation
occurs even if the usual Conley index has not changed, provided that there
is a change in the representation. This enables us to prove that symmetry-
breaking occurs under less restrictive hypotheses. Another advantage of this
technique is that we can obtain a richer bifurcating set in the sense that we
can show that distinct solutions come out having distinct symmetries. This aspect
is discussed in Sect. 6. Finally, the use of the Conley index enables us to avoid
requiring that the eigenvalues be “simple”, or “odd-dimensional”, or that they
“cross transversally” at bifurcation points, as required in the theorems of Cran-
dall-Rabinowitz, [S], or Krasneselskii, [Kr], B6hme, [B], and others.

In the remainder of this section we shall formulate the problem, and recall
the main results in [SWs]. In the next section we shall consider in detail the
verification of the hypotheses of Theorem 3.3.

We consider the equations (1.1), (1.2) where we assume that the function
f satisfies the following hypotheses:

There exist points b< 0 <y such that:

i) f=0f1<0

(i) F(y)>Fw)if b<u<y (here F'=f and F(0)=0)

(i) F(b)=F(y)

(iv) if f(b)=0, then ' <0

V) uf)+2(F(y)—F)>0if b<u<y. “4.1)
These conditions have been discussed in [SW]; we remark that conditions
(ii) and (v) are implied by the condition uf(u)>0 if ue(b, )\ {0}. We shall have
more to say below, about the import these conditions have to our symmetry-
breaking problem.

Now radial solutions of (1.1), (1.2) satisfy the equation

n—1

u'(r)+ W)+ fu(r)=0, O<r<R, r=|x), 4.2)

r
together with the boundary conditions

' (0)=0=au(R)— pu'(R). 4.3)
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The solution of the initial-value problem for (4.2) with u(0)=p>0, v/ (0)=0,
will be denoted by u(r, p), and p will be considered as a parameter. We define
angles 6, and 0(r, p) by

Oo=Tan"Y(a/f), —n/2Z6y,<mn/2, and (4.4)
0(r, p)=Tan ™' (/ (r, p)/u(r, p)). (4.5)

If k is a given non-negative integer, and f(p)>0, we define the function T,(p)
by

0(Tip), p) =00 —kn (4.6)

It was proved in [SWs, Prop. 2.2], that Ti(p) is well-defined for p near y. Note
that T,(p) plays the role of R, and so R now varies with p. Since k will be
fixed, in what follows, we write T,(p)=T(p). A solution of (4.2), (4.3), and (4.6)
will be said to belong to the “k™ nodal class” of f. With these preliminaries
out of the way, we can now summarize the main results of [SW].

The principal result in [SWs] states that there are infinitely-many points
pj» 0<p;<y for which the corresponding solutions u(+,p;) of (4.2), (4.3), (4.6)
are “degenerate”, in the sense that the kernel of the corresponding linearized
operator is singular and contains asymmetric elements. More precisely suppose
that the dimension n, and the nodal class k are given. Then there is an integer
N having the following property: For every integer N = N, there are k-solutions
u(-,pY)ji=12, ...,k A}im pY =y, of (4.2), (4.3), (4.6) such that the linearized prob-
lem o

Aw(x)+f'(u(x), p)) wx)=0, |x|<T(p}),
aw(x)—Bdw(x)/dn=0, |x|=T(p}) 4.7

admits solutions of the form a(r) ®y(0), where a=0 and &, lies in the N'*
eigenspace of the Laplacian on the (n— 1)-sphere S"~'. Furthermore, the peigen-
space at u(-, pY) contains exactly j copies of Ey and less than j copies of Ey,
(if j>0). From the results in [SWy], it is easy to show that we may choose
pY*'>PYif N2 N. Thus we can say that “the symmetry-breaks infinitesimally”
for all sufficiently high modes if k>0. Moreover, if hypotheses (4.1), (ii) and
(v) are replaced by the stronger hypotheses

(i), ufW>0if b<u<0,or0<u<y,
and

W [10)>0,
then the integer N is universal, i.e., it is independent of f. The main purpose
of this section is to strengthen these results by showing that the symmetry
breaks, in the sense that actual bifurcation to asymmetric solutions occurs on
infinitely-many degenerate radial solutions.

In order to study the bifurcation problem, it is necessary to work in a fixed
space of functions; ie.; we wish to remove the dependence of R=T(p), on p.
We accomplish this by a simple scaling device, namely, if u(x) solves (1.1), (1.2)
on the n-ball x| <R, then the function z(y)=u(R y) solves the equation

Az()+R*f(z()=0, |yl<l, (4.8)
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together with the boundary conditions

aw(y-RBdw(y)/dn=0, |y|=1. (4.9)

Notice that R appears explicitly in the boundary conditions (4.9) only if both
o and f§ are non-zero; i.e., Dirichlet or Neumann boundary conditions do not
explicitly involve the parameter R in (4.9). The explicit dependence of R in
the boundary conditions causes certain technical difficulties, in that we cannot
consider pairs (u, R) lying in a product space of the form B x R. Thus we cannot
apply bifurcation theory in the usual sense. To get around this, we show in
the appendix, that the set

{(u, R)eC3(D") x R ; : au(x)— BRAu(x)/dn=0,|x|=1}

forms a vector bundle over R ., whose fiber at R equals p~ '(R), where p is
the projection on the first factor; ie., for any R, and sufficiently small ¢, we
show that p~*[(R,—e¢, Ry +¢)] is a product. This local product structure is suffi-
cient to apply the usual bifurcation techniques, as we also show in the appendix.

§ 5. Symmetry-breaking bifurcations

We shall show here that the results of Sect.2 and 3 apply to the symmetry-
breaking problem for (1.1), (1.2). Thus we shall that for N> N (c.f. the discussion
preceding (4.7)), that we can find an increasing sequence of numbers Ay — 0
for which the peigenspaces P, satisfy the hypotheses of Theorem 3.3; ie. dM,,
is non-singular and P, and P, differ as representations of O(n). Thus there
must be infinitely-many bifurcation points, u(*, 1y), Ay<Zy<Ay+:. As we have
mentioned before, it does not follow that the symmetry breaks on these solutions;
indeed, u(-, Ay) could be a “radial” bifurcation point. In other words, there
can bifurcate out of u(-,1y) a branch of radial solutions. We shall, however,
prove that this doesn’t occur if Ay is sufficiently large, so that the symmetry
must break on such solutions.

The actual verification of the hypotheses of Theorem 3.3 is made difficult
since one must avoid certain degenerate situations whereby it is conceivable
that zero lies in the spectrum of the linearized operators for an entire open
interval of A’s. For example, if 4’ changes sign, it is possible to have distinct
elements ay(r) @y (0), apy(r) @,,(0), N+ M, in the kernel of the linearized operator
about a given radial solution u(+, A); see [SW,, Theorem 3.4]. This situation
is depicted in Fig. 1. Thus as A varies, different elements ay @y could enter
and leave the kernel, so as to render degenerate an entire continuum of solutions
u(+,A). However, we shall show that this problem can be avoided if the
function f is assumed to be analytic. This leads us to consider separately the
cases u'(r,A)<0, 0£r<1, and the general case where u’ is allowed to change
sign; only in the latter case need we assume f to be analytic. In order to
carry out the above program, we find it technically more convenient in comput-
ing peigenspaces, to consider the family of radial solutions parametrized
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A wa-fla’=0

r=Tip)

(3, ah/

™~ (ay, ay)

Fig. 1

by p, rather than by 1; as we show in the appendix, this does not affect the
computation of indices.

Under the hypotheses (4.1) on f, if k is a fixed positive integer, then there
is a so <y such that [s,,7)=dom(T)=dom(T,); (see [SWs]). Also, as was shown
in [SW,], there is an s, with so<s;<y such that T,(p)>0 if s, <p<7y. For
such p, the linearized operator Pw=Aw+ [’ (u(+, p))w, defined on functions
w satisfying the boundary conditions (1.2) (R=T(p)), has a finite number of
positive eigenvalues each of finite multiplicity. If { is an eigenfunction of the
Laplacian on S"~! with eigenvalue Ay= — N(N +n—2) and ¢ is a radial function
satisfying the given boundary conditions on |x|=T(p) then w=¢{r)y satisfies
the boundary conditions and I’ w=(I%, ¢)y where

-1 A
O el S IO N 1)

Thus, I, has no positive eigenvalue for large N. Also, if ¥y, , has j positive
cigenvalues, then L4 has (at least) j positive eigenvalues. On the other hand,
for p close to y, L has k (or k+ 1) positive eigenvalues of multiplicity Iy. Since
the eigenvalues of I are continuous in p, we can find p§ <y, for 0<j<k, such
that L’,’é’ has exactly j positive eigenvalues of multiplicity Iy, if N is large. (The
proofs of the above statements can all be found in [SW4]). We shall show
below that we can choose the points pj such that each IF¥ is non-singular.
This will imply that the conditions of Theorem 3.3 are satisfied, so that we
have bifurcation on some u(-, p), p between p} and pi"!. Furthermore the bifur-
cation must be non-radial since T'(p)>0 (see [SW,]); Le., symmetry-breaking
occurs.
We begin by considering the case of monotone radial solutions.

Theorem S.1. Assume that f satisfies hypotheses (4.1). Suppose that we consider
monotone radial solutions of (4.2), (4.3) with 0<0,<n/2 and thus k=1. Then
there exists an increasing sequence of numbers A, — oc for which the corresponding
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radial solutions u, (-) are symmetry-breaking bifurcation points. Equivalently,

there exists a sequence p,, 7 v for which the radial solutions u(-, p,,) are symmetry-
breaking bifurcation points. The kernels of the associated linearized operators

have dimensions at least
2 2m—
lmz(m+n+ )(n+ m 2) 5.1)
n n+m-—2

Proof. We recall from [SW], the definitions of the operators Liy: ¥, — C(0, T(p)),
where

¥,={¢eC*(0, T(p)): $(0)=ad(T(p)— &' (T(p))=0}; (5.2)

namely,

=g+ 21 ¢+( +f((rp)d> (53)

We endow ¥, with the following inner product:
T(p)

(o y>= [ o()yr)r'dr.
0

Then with N defined as above, and ieZ, satisfying i >N, let!
pi=sup{p: (L5 <0,s, <p<y};

here o(Lf) denotes the sup of the spectrum of the operator Lf. At this point
we need a lemma.

Lemma 5.2. If p<p;, then (L) <0 for j=i.
Proof. For ¢ ¥,

T(p)
W= § |60 0y +(r e+ d) o ar
= Tof(p)[qb(r" Yoy +(f (u(r, p) + >¢2 " l]
=L ¢, ¢ <0,

from which the result follows. [

Corollary 5.3. If u(-,p) is a monotone solution of (4.2), (4.3), then p;,,>p; for
allizN.

! It was shown in [SW, Propositions 4.3 and 4.5], that if i2 N ¢(I£) <0 for certain p’s, s, <p<y



80 J. Smoller and A.G. Wasserman

Proof. Our lemma implies p; ., = p;, and since u'(r, p) <0, it follows from [SW,
Theorem 3.4} that p;,., >p;ifi=N. [

We can now complete the proof of Theorem 5.1. Thus fix i = N, and consider
solutions ay of the initial-value problem for the equation L% a=0, for varying
N. The orbit segments (a;(r), a;(r)), (a;(r), a(r)), j<i, and (a,(r), a;(r)), I>1i, at r
=T(p;), are depicted in Fig. 2. That is, if j<i, the orbit (a;(r), a}(r)) has crossed
the boundary line A=aa—fa’ =0, and for I>i, the orbit (a;(r), a;(r)) has not
crossed this line. In fact each operator I§ has exactly one positive eigenvalue
if i<N and has negative spectrum if i>N. These facts are consequences of
Proposition 3.16 in [SW;].

A:aa-fa'=0

r =T(P|)

|- (3, 3}
I>i>]

(3, 3

(a;, aj)

Fig. 2

Thus the operator 4+ f'(u(, p;)), (defined on C2-functions ¢ on |x|< T(p),
satisfying the given boundary conditions), has exactly (i — 1)-positive eigenvalues;
namely

{Wp)isjsi-1},
where
1 (p)=sup<L; ¢, $>.
¢

Let A(p) denote the number of positive eigenvalues of the operator 4 + 7 (u(-, p)),
again on functions in C?(|x| £ T(p)) which satisfy the boundary conditions.

Now #'~!(p) must become positive for some p < p;; namely, since the orbit
(a;—1(r), a;— 1 (r)) at r=T(p;) has crossed 4, (see Fig. 2), '~ (p) cannot stay <0
for all p<p,. Thus (see Fig. 3), there exists points g;, p;~, <q;<p; such that
#~1g)>0, A(g)=i—1,and

Pic g; P Gist Pist
Fig. 3
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this is true for every i=N. Now we claim that zero is not in the spectrum
of the operator 4+ f'(u(-, p)), satisfying the given boundary conditions. To see
this, note that If*, has no zero eigenvalue (since p'~'(g)>0), and if j=i, L}
has negative spectrum, while if j<i—1, the orbit (a;(r), a}(r)) bas crossed the
boundary line A4 when r=T(g;). Thus our claim holds so that the solutions
u(+,q;) are non-degenerate for each i=N. It follows that the peigenspaces P
= P(u(*, q;)) satisfy

P+P,,, asO(n)representationsfori=N. (5.9

Thus Theorem 3.1 together with the result in the appendix, imply that there
are points g;, ¢;<{g;<q;., such that u(+, 3, is a bifurcation point. Now as in
[SW;], we can show that ¢q;—7y as i—>oo. Moreover, as T'(p)>0, s, <p<7,
it follows that there is an integer ioeZ , for which

T'(g)>0, izio. (5.5)

Next, as shown in [SW,], condition (5.5) together with hypothesis (4.1) (v) implies
that radial bifurcation cannot occur. It follows then, that the symmetry breaks
on u(+, ), if i=iy. This completes the proof of the theorem. (]

We now turn to the case where the radial solutions are not monotone;
1.e., the case where u'(+, p) changes sign. As we have mentioned above, we find
it necessary to assume here that f is analytic.

Theorem 5.4. Let f be an analytic function satisfying conditions (4.1), and consider
radial solutions of (4.2), (4.3), (4.6), (which are not necessarily monotone). Then
there exists an increasing sequence of points, p,,— 7, for which the corresponding
radial solutions, u(+, p,,), are symmetry-breaking bifurcation points. Equivalently,
there is a sequence A,,— oo for which the corresponding radial solution u(-, A,,)
are symmetry-breaking bifurcation points.

Proof. Since f is analytic, it follows that any (smooth) radial solution u(r, p)
of (4.2) is analytic as a function of both r and p. (The proof of this statement
for p is the same as in the C*-case; see the appendix in [SW,].) Now denote
by a(r, p) the solution of

a”+n—:la’+(f’(u(r, p))+—r/17i)a=0, 0<r<T(p), (5.6)
a(0)=0=aa(T(p), p)— B (T(p), p). 6.7

Since (5.6) has a regular singular point at r =0, the well-known result of Froben-
ius shows that this equation has a one-dimensional space of solutions analytic
in r and p at r=0, and hence for all r >0. Let ay be the unique analytic solution
satisfying ay(r)/r¥ — 1 as r — 0 (c.f. Lemma 3.6 of [SW5]).
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Now define the function ¢y (r, p) by

én(r, p)=Tan" ' (ay(r, p)/ay(r, p)), (5.8)

and note that ¢(T(p), p) is an analytic function if T(p) is analytic, where T(p)
is defined in (4.6). Moreover, using the implicit function theorem, we see that
T(p) is analytic provided that &'(T(p), p) +0.

Lemma 5.5. Let f be analytic; then for p near y, ¢5(T(p), p) is an analytic function.
Proof. We have, from (4.5), and (4.6)

n—1
T(p)
where u and v are evaluated at (T'(p), p). Note that if a=0 or f=0, (5.9) implies
& (T(p), p)+0 if p is near y; this follows easily from hypothesis (4.1) (v). We
may thus assume «+0 in what follows. Now along the level curve H(u, v)=0v?/2
+ F(u)=H(y,0), (v=u'), we have v>*=2(F(y)— f (u)), so that (4.2) (v) implies that
uf(u)+v?>0 along this level curve. We claim that this level curve meets the
boundary line A: au— fv=0 transversally. Indeed, if we compute the derivative
dH/dp of H in the direction tangent to A, we find dH/du=(B,4)-VH=
Bf(u)+av. Thus on the line f/a=u/v, we find that (v/e) dH/dpu=uf(u)+v>>0
along the level curve; this proves the claim. Let Q=(i, #) denote the point of
intersection of A with H(u,v)=H(y,0}); cf Fig. 4. Now using the same sort
of arguments as Proposition 2.2 of [SW,], we find that for p near y, the orbit
(u(r, p), v(r, p)) meets A at a point (u,,v,) near Q. If J(u,v)=uf(u)+v? then
J (@, v)>0 so for p near y, J(u,, v,) = J (i1, )/2. Choosing p so

u*+0%) 0'(T(p), p)= — uv—uf(u)—v (5.9)

v

{ulr,pl,v(r,p))— Hiu, v)=F{y)
{up,v,)

Q (T, vl

A au-fv=0

Fig. 4

close to y so that |[(n— 1) uv/T(p)| <J (u, v)/4, we see that for such p, 6'(T(p), p) <0,
and this completes the proof of the lemma. []

We can now complete the proof of Theorem 5.4. To this end, note first
that from our lemma, there is an interval I=[p,,y], po>0, such that T(p)
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is analytic on I; thus ¢y(p)=¢dx(T(p), p) is analytic on I for all N. Choose
MyeZ ., My2 N such that

Drmo(Po)> 0o (5.10)

(cf. Fig. 5a); this can be achieved using Lemma 3.6 of [SW]. Thus in some
interval U, about p,,

a a'

A:wa-fa=0 A

Oy, (Py) O, {py) \
90 e a ™ DIK—/ i a
(k=2)
Fig. 5

maxA(p) S (k+ 1) (1+1, +1p+ .y, =L, (5.11)
peUo

where I, is defined in (5.1), and as above, A(p) denotes the number of positive
eigenvalues of the operator 4+ f”(u(-, p)) defined on functions in C2(|x|< T(p))
satisfying the given boundary conditions.

Choose M eZ, such that M, > M, and

(k+ 1)1y, >L (5.12)

Using Proposition 3.15 in [SW], we can find a point p;, po<p; <7 such that
(cf. Fig. 5b),

Op,(p)<bo—kn (5.13)
It follows that in some interval U, about p,,
Ou, ()<bo—km, pel; (5.14)
Note that U, n U, = ¢ since (5.12) and (5.14) imply that
Ap)zk+1D 1y, >L, if pel. (5.15)

Now ¢x(p) is an analytic function of p for every integer N. Thus for each
N, ¢n(p)=0, for at most a finite number of p’s. We can thus find points g€ U,
and g, €U, such that ¢ (qo)* 0o, dp,(q:)F00; ie., the radial functions u(+, g,),
and u(-,q,) are non-degenerate. Consequently (5.11) and (5.15) imply that the
peigenspaces P(u(*, qo)) and P(u(, q,)) satisfy

dim P(u(-,qo))=r, and dimP(u(-,q,)=s, r<L<s,
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r=2A(go), and s=A1(g,). That is, the dimensions of the peigenspaces, at these
non-degenerate solutions are different.

Next choose M,eR . such that (k+1)l,,>1(q,), and M,>M,. As before,
we can find a point p,, g, <p, <y such that ,,(p,)<8,—kn. We can choose
a neighborhood U, of p, for which 8,,(q)<8,—kn if qeU,. Also, for such
g, we have A(q)=(k+1) Iy;, > A(q,). Again using the fact that 0,,(p) is an analytic
function of p, we can conclude that there is a point q,e U, with A(g;)>A(q,);
ie.,

dim P(u(, 42))=4(q2) £ A(q,)=dim P(u(*, q,))

Continuing this procedure yields a monotone sequence {q;} having the property
that

dim P(u(-, g)+dim P(u(*, gx+1)), k=12, ..., (5.16)

and each u(-, q,) is non-degenerate. Another application of Theorem 3.1 yields
the existence of bifurcation points {u(-,p,):k=1,2,...}, and as in the proof
of the last theorem, the symmetry breaks on each such solution if k is sufficiently
large. O

Using Theorem 3.1, we can do a finer analysis. For example, we can find
points g4, 1<j<k in (s,,7) such that g4 <g¥ ., for each j, and u(-, ¢}) is non-
degenerate, and the peigenspace P(u(-, gk)) has j-copies of Ey_; but <j copies
of Ey. Thus Theorem 3.1 implies that there is a point gye(qk, ¢+ ) such that
u(+, k) is a bifurcation point. We thus get a k-fold infinite family of bifurcation
points. To see this, set, for 1 £j <k,

P{v‘—“inf{Pe(ﬁ ,7): On(p)=0o—jm}.

Then from the results in [SWs], ¢y (Ph) <O —jms0 Py (p)<0p—jmforp< Pk
and p close to pj. Choose g} to be such a point where u(-, ¢i) is non-degenerate.
Then at u(-, ¢4) the peigenspace has j-copies of Ey_; and <j copies of Ey.

§ 6. Distinguishing solutions by their symmetry subgroups

In this section we shall show how to obtain different asymmetric solutions
of (1.1), (1.2) at each bifurcation point. (Of course, we assume that f satisfies
hypotheses (4.1) and that f is analytic if k>1.) How this will be achieved can
best be understood by reviewing the non-equivariant case. Thus, from [SWy,
Theorem 3.1], we know that for every NeZ., there is a point sy, O0<sy <9,
SN<Sy+1, SN— 7, such that if sy <p<7y, then the spectrum of Ly (c.f. (5.3)) con-
tains k-positive elements. If [; is the dimension of E;, the j® eigenspace of the
Laplacian on §" %, then (c.f. (5.1))

(j+n—2)(2j+n—2)
e (R | e il
J j+n-—-2
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Thus if 4, denotes the peigenspace of the radial solution u(-, p), then dim 4,
N

2k Y 1. It follows that as p—7y, dim 4, —o0. These changes in dimensions
j=0
are what enabled us to prove the existence of infinitely-many symmetry-breaking
solutions. We want to use similar techniques, now taking the group action
into account, in order to show that solutions bifurcate out having different
symmetry groups.
Let H be a subgroup of O(n), and consider the set

A ={wed, whx)=w(x) YheH,VxeDi,}

A} is called the fixed-point set of H in the peigenspace 4, of the radial solution
u(*,p). By Theorem 3.1, if 4, #4,, and dM,,. ,, ,; are non-singular, i=1,2
there is a point p between p, and p, for which u(-, p) is a bifurcation point.
But the hypothesis 4,, + 4, does not necessarily imply AY #+ AL (as representa-
tions of N(H)/H, where N (H) denotes the normalizer of H; A% is not necessarily
invariant under G but is invariant under N(H), and in fact N(H)/H acts on
this space.) Moreover, even if A% +4% this does not imply bifurcation on
some u(-,p) (for p between p, and p,), since N(H)/H may have more than
four components, and we cannot apply the results in Sect. 3; in particular the
results in [LW] do not apply. On the other hand, if dim A¥ +dim A}, then
there is a p between p, and p, such that u(-, p) is a bifurcation point. (Proof:
In a manner similar to what we have done in Sect. 2, consider M: BY x A — B,
perform the same Lyapunov-Schmidt reduction, and conclude as before, that
on the finite dimensional space, the Conley indices are distinct at p, and p,
so bifurcation occurs.) The following abstract general theorem will allow us

to assert the existence of many bifurcating solutions at each bifurcation point.

Theorem 6.1. Suppose that the hypotheses of Theorem 3.1 hold and assume that

(0, ) are the only invariant solutions of M (u, )=0 for each e[, A,], and that

ker[dM ] contains no invariant elements. Let H and K be subgroups of G satisfy-
ing

dim P +dim P¥, and dim PX<dim P%, (6.1)2

HXK, the group generated by H and K satisfies HK =G. (6.2)

Then there exist A and A in (4,, 4,) such that (0, A¢) (resp. (0, Ay)) is a bifurcation
point of solutions with symmetry (at least) H (resp. K). The bifurcating solutions
do not coincide.

Proof. The existence of bifurcation points (0, A5) and (0, Ax) follows from (i)
in view of our above remarks. Since ker(d M) contains no invariant elements,
no invariant bifurcation is possible (see [D, Remark on p. 288]). On the other
hand, any solution fixed by both H and K must be fixed by HK and thus
must be invariant, because of (ii). It follows that the bifurcating solutions must
be distinct. [

We now apply this result to the problem (1.1), (1.2).

2 More generally, WVN®VH (0, 1) hR¥N®H(Q_ 1) and kY EVR(Q, 1,) 4 h¥EIK(Q, 1,); see [LW]
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Theorem 6.2. Assume that f satisfies hypotheses (4.1) and consider radial solutions
of (4.2), 4.3), (4.6). If k>1, assume that f is also analytic. Let H and K be
subgroups of O(n) satisfying condition (ii) of Theorem 6.1. Suppose that for p
near 7, the kernel of the linearized operator about u(-, p) contains no purely radial
element. Assume too that at each degenerate solution both a K-invariant and
an H invariant element comes into the peigenspace. Then there exist p,—7 such
that u(-, p,) is a bifurcation point. At each u(+, p,) there bifurcates out solutions
{ufl .}, and {uk ;} having symmetry groups at least H and K respectively, and
these solutions are distinct; i.e., uy ,+uk ; for all o and B.

Proof. We have seen in Sect. 4 that the points where O lies in the spectrum
of the linearized operators forms a discrete set. At these degenerate points the
H- and K-invariant peigenspaces change; hence Theorem 6.1 is applicable and
the theorem is proved. []

We shall now find subgroups of O(n) for which the hypotheses of our theorem
can be verified. We first need some notation. For p, geR, 1 <p, g<n, let O,(p)
be that subgroup of O(n) consisting of matrices of the form

p n—p
el

and let 0,(q) denote the subgroup of O (n) consisting of matrices of the form

h—q

o {[é 2]}4'

q

Lemma 6.3. Let ISp<q<n, and let H=0,(p)x0,(n—p), K=0,(g) x 0,(n—q).
Then KH = 0(n).

Proof. We shall prove the stronger statement
0,(p+1) 0,(n—p)=0(n); (6.3)
then as the elements in K are of the form

q n—q

Ll

we see that O,(p+ 1)< K. Since O,(n— p)= H, (6.5) implies that KH < O(n).

Our proof of (6.3) will be by induction. To this end, we fix n—p, and proceed
by induction on n. Let LeO(n), and set L(e;)=v,;,i=1,2, ..., n, where {e;} denotes
the standard unit vector basis in IR". We first show that there exist elements

T,€0,(p+1), S,€0,(n—p) suchthatS,(T e)=v,. (6.4)
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To do this, let v, =(x4, ..., x,), and choose T, €0,(p+ 1) such that

n 1/2
Tey=(xy,...,X,,1,0,...,0)  where t=(2xi2) )

p+1i

This can be done since O,(p+ 1) acts transitively on SP. Now if =0 then (6.4)
obviously holds. Thus suppose t 40, and choose S; €0,(n— p) such that

1
Sl(ep-i-l):?(oa "'70’xp+17 ""xn)’

Then
S;Tye;=8(x1,...,%,,40,...,0)

X1y s Xpa Xpa 1y ey Xg) =0y,
s0 (6.4) holds.

Now the orthogonal transformation T, !S;'L fixes e, so
T, 'St Le Q,,(n— 1). Thus _ by our induction hypothesis,
T, ' S LeO,(p) O,(n—p), where O,(p) denotes the subset of O(n) of consisting
of matrices of the form

1 r n—(p+1bH
17 1 0...... 0 ]
0
P{ : * 0 1;
n—p+n (L O 1 0 1 1

that is, 0,(p+1) operates on e, ...,epyy. Thus Ty ' ST LeO,(p+ 1)0,(n—p)
so that Le0,(p+ 1) O,(n—p), and this completes the proof. []

Now in order to apply Theorem 6.2, we must verify (6.1) and (6.2) for the
groups H=0,(p)x 0,(n—p) and K=0,(q)x0,(n—q), 1<p<q=<n. To do this,
we need the notion of “isotropy group”. Thus, if u is a solution of (1.1), (1.2),
the isotropy group at u, or the stability subgroup of u, O(n), is defined by

O(n),={ge0(n): u(gx)=u(x),VxeDy}

Now it is sometimes possible to prove the existence of a solution u; whose
isotropy group contains a given group H,; i, O(n),, o H,. If u, is another
solution and O(n),,o>H,, then u, can be distinguished from u, if we know
that H, H,=0(n), and not both u; and u, are radial. In particular since we
know that for p near y, radial bifurcation cannot occur [SW, ,], then if for
each p, 1 £p<n, we can prove the existence of a solution having isotropy sub-
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group containing O(p) x O(n—p) then Lemma 5.2 shows that solutions with
isotropy group H,>0(p,)xO(n—p,), and solutions with isotropy group
H,>0(p,)xO(n—p,), (0<p,<p,<n), do not lie in the same orbit. Thus we
can say that solutions have distinct orbits by considering their stability sub-
groups. In this way we can obtain many different bifurcating solutions via Theo-
rem 6.1. [Note too that the groups O(p) x O(n—p) and O(n— p) x O(p) are conju-
gate in O(n); namely if u is a solution with symmetry group O(p)x O(n—p),
there is a geO(n) such that gu is a solution having symmetry group
O(n—p) x O(p). In order to rule out this trivial case, we shall assume 1 <p<n/2.]

The existence of bifurcating solutions having symmetry group 0(p) x O (n—p)
is a consequence of the next two lemmas; they will imply that (6.1) is satisfied;
we have already proved (6.2) in Lemma 6.3.

Lemma 6.4. Let 1<p<n, and set H=0(p)x O(n—p). If R[xy, ..., x,] denotes
the set of all polynomials in n variables, with real coefficients, then

]R[xl’ ""xn]H=]R[r29 FZ]’

where R[x, ..., x,]" denotes the set of elements in R{x,, ...,x,] fixed by H,
rr=xi+ . +x2,and P=xt, 4+ .. +x2.

Proof. Let peR[r? #]. If TeO(p)x &, then T preserves r*> and doesn’t affect
Xp+1s ---» X, 50 12 and 7 are unchanged by T. Similarly, if Seex O(n—p), r?
and 7 are likewise unchanged by S. It follows that R[r2, ] <R[x,, ..., x,]%.
For the reverse inclusion, assume p(x,, ..., x,) e R[x4, ..., x,]%. Now there are
elements TeO(p), SeO(n— p) such that

T(xq5 ..., x)=(t,0,...,0), t*=r?
SXpi1s s Xg)=0(s50,...,0), s*=F
Thus
p(xy, oo, x)=(Tx 8 p(xy, ..., x,)=p(t0,...,0,s0, ...,0).

Next, 3T'€ O (p) such that T"(x,, X,, ..., X,)=(—X;, X3, ..., X,), and 3§'e O(n—p)
such that §'(x,+1, ..., X)=(—Xp41,Xp42, ..., X,). Thus

P(x1, ooy X)=(T'TXS) p(xy, ..., X,)
=p((T'TxS)(xy, ..., X))
=p(T'T)(X15 -+ Xp)) S(Xp+ 15 - Xn))
=p(—t0,...,0,s0,...,0).

Similarly, p(x,, ..., x,)=p(t0, ...,0, —s,0, ...,0). Thus p(x,, ..., x,)=q(t% s?),
where g is a polynomial, so that p(x,, ..., x,)=q(r% ) eR [} 7] O

Lemma 6.5. Let E, denote the k™ eigenspace of the Laplacian on $"~*, and let
H=0(p)x O(n—p), 1 <p<n. Then dim Ef =1, if k is even.
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Proof. We identify E, with the space of homogeneous, harmonic polynomials
of degree k in n-variables. Let B, denote the homogeneous polynomials of degree
k in n-variables, and consider the following commutative diagram:

B¢—A_’ I )

H 4 H
' —— KL,

where i, and i,_, are inclusion maps. We shall show that 4| is surjective.
Once having proved this, it follows that

since by our last lemma, a basis for Pfi is given by the (k+ 1)-elements
Pk FRpel L FRk

Now it is well known that 4: F,— B, _, is surjective (c.f. [SW,]). Thus let
geBR2 ,; then there is a peP, such that Ap=gq. If u denotes (normalized) Haar

measure on H, then as hq=gq for all he H, we have
fhgdp=fqdu=q | du=q.
H H H

It follows that
q= [ hdpdu= | A(hp)du=A[[ (hp)du].
H H H

But since p= j (hp)dp is invariant under H, we see that pe B and thus A |py
H

is surjective.
Alternatively, we take as a basis for P the elements r??7*%*~9 4=0,1, ..., k,
(Lemma 6.4), and we compute:

A (rZHFZ(k—a)):(A r2“) fz(k—a)+r2aA (fz(k—a))
=2a(p+2a—2)r*e-bj2k-a
+2(k—a) [(k—p)+2(k—a)—2] r2eF2-a=1),

If S is the subspace of Pf, generated by the set {r?*F*~9:1<a<k}, then we
see that the matrix for the Laplacian defined on S to Pfi_, is triangular in
this basis, with all non-zero entries on the diagonal. Hence 4|y is injective and
thus surjective. It follows that A restricted to PX is surjective. []

Notice that this lemma implies that (6.1) holds for the groups 0(q) x O(n—q),
1<g<n, since as p—y, p>py, implies that dim(A¥)=kN. We thus have the
following theorem.

Theorem 6.6. Let f satisfy hypotheses (4.1), and assume that f is analytic if k=2.
Let H,=0(p)x O(n—p), 1=p=n/2. Then there are points q;—7, (q;<7), such
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that at the radial solution u(-, q;) the symmetry breaks, and there bifurcate out
distinct solutions having symmetry groups (at least) H,, 1 <p=<n/2, and O(n—1).
(The statement regarding O(n—1) was proved in [SW,].)

It is still an open problem to describe the entire bifurcation set; i.e., what
else bifurcates out?

Appendix

The quantity p=u(0), which has been used to parametrize the family of radial
solutions u(+, p) of (1.1), (1.2) is unsuitable as a bifurcation parameter. This
is due to the fact that in bifurcation theory, one must work on a fixed product
space B x A where B is a Banach space of functions, and 4 denotes the parameter
space. But in our case, choosing p as parameter forces the radii R of the balls
to vary with p, (ie.,, R=T(p)), so that the parameter appears in the function
space. The obvious way to overcome this difficulty is to perform a change of
scale, taking |x|<R to the unit ball, and indeed, for homogeneous Dirichlet
or Neumann boundary conditions, (x § =0), this technique works and we recover
the desired product structure. However, if ab =0, it turns out that the parameter
enters the boundary conditions and we again do not have a product structure.
It is the purpose of this section to show that our problem nevertheless is equiva-
lent to one on a fixed ball with fixed boundary conditions. In fact, our develop-
ment will be such that all of the usual bifurcation theorems, e.g. the Crandall-
Rabinowitz Theorem, [S], as well as the bifurcation results obtainable via the
Conley Index Theory, (as discussed in § 2 and § 3), are applicable. Our technique
is to prove that the relevant space forms a vector bundle over IR, and is thus
locally a product. We then show that this local product structure suffices for
doing bifurcation theory.
Consider the system (1.1), (1.2), which we rewrite for convenience as

AU(2)+f(U(2))=0, zeDk, (Ay)
aU(z)—BdU(2)/dn=0, zedD%. (A)

Here, as we have seen in § 4, R="T(p) on radial solutions U(-, p). Thus, if we
change scale by writing

x=z/4, u(x)=U(Ax), A=R, (Aj)
then the problem (A,), (A,) goes over into the problem

Au(x)+A2f (u(x))=0, xeD"=D"} (A,)
oau(x)— pArdu(x)/dn=0, xedD" (As)

where now A is considered as the parameter, and A+0. Notice however that
the boundary conditions (As) vary with 4, unless =0 or f=0; ie., unless
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we are considering the Dirichlet or Neumann problem. Hence, if «f=0, the
problem (A,), (As) can be considered as one defined on a (product) space

{(u, Ye C*(D") xR, 1 u(x)=0if xed D"}, if p=0,
{(u, )eC*(D"y xR, :du(x)/dn=0if xe D"}, if a=0.

In either of these cases we have the usual framework for bifurcation theorems.
But if 40, (the only case we consider, in what follows), the space of functions
again depends on the parameter 4, and we still do not have a product structure.
We shall show, however, that the space of functions forms a “vector bundle”
over R (cf. [L]) and is thus locally a product space of the desired form. We
shall then transport the differential equation to this product space, so that the
transformed system fits into the standard framework of bifurcation theory. We
can then check that the eigenvalues of the transformed operator are the same
as the eigenvalues of the original operator, and in particular the transformed
linearized operator is Fredholm iff the original is Fredholm, the Crandall-Rabin-
owitz transversality condition holds in one problem iff it holds in the other,
and the peigenspaces of the transformed rest points are isomorphic to those
of the corresponding rest points in the original problem. Then having proved
that bifurcation occurs in the transformed system, this immediately implies bifur-
cation in the original system. We shall now carry out this program.
For any Ay >0 consider the boundary condition

—PBrodu(x)/dn=0, |x|=1. (Ag)

Then for A near Ay, and k=0, 1,2, ..., consider the bounded linear maps Sﬁo:
C*(D")— C*(D"), given by

(S5, 009=| 55 -l Juto

An easy calculation shows that if u satisfies the boundary condition (A;), then
S%, u satisfies the boundary condition (Ae). Note that S5 is equivariant with
respect to the action of O(n); i.e., it commutes with O(n) operatlons Note too
that S7¢ is the identity map, and

(A=4g)* o

Sﬁo Sﬁo u(x) = u(x) 412 12 ﬁZ

(I = Dulx).

Thus S}, is invertible if 4 is near 443.

3 More generally, we could consider equation (A,) with the boundary conditions a{l)-
u(x)+ p(A) du(x)/dn=0 on |x| =1, where o> + %=1, and B(4)+0 for ail A. Then the transformation
A) B(4o) - B(A) a(4o) B(4)
Shu x)=[°‘( (= 1xP)+ 2 )
sl 26007 O )

takes functions satisfying the variable (i.c. 1) boundary conditions to the fixed 4, boundary conditions.
The development we give below, can be carried over immediately to this more general case
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Next, for k=1,2, ..., let
E*={(u, )e C*(D") x R: au(x)— BAdu(x)/dn=0, |x|= 1}, (Ag)
and define the projection p: E* >R, by
pu, A=A (Ag)

We shall show that E* is a vector bundle over R ,, whose fiber at 1 is p~ !(A).
Thus, for fixed 4, let

F} ={ueC¥(D"): au(x)— By du(x)/dn=0,|x|=1}, (Aqo)
and for any ¢ >0, define a map
S: Ffx(Ao—& Ag+e)>p ' [(Ao—& Ao+e] < E* (A1)
by
S(u, A)=(4, S%, u). (Ar2)

Now S is a vector bundle homomorphism, and for sufficiently small ¢>0, it
is one-one and onto, so it is an isomorphism. It follows that

P [(ho—¢ Ao +e)] 2 Fi, x (Ao —¢, Ao +8), (A1)

so that p~ ' [(1o—&, Ao +¢)] is a product, and hence E* is indeed a vector bundle.
Note too that S} induces an isomorphism between the spaces Fj, and Fj if
[A— 4, is small enough.

Now for leZ, 1 22, consider the operator, M: C' — C'~2(D") defined by

M(u, )=A(u+u;)+ 2 f(u+uy), (Ayq)
where {u,: Ae A} is a family of smooth solutions of (A,), (As); thus in particular
M(0,2)=0.

Next, for each fixed Ay, and each leZ, =2, for sufficiently small £>0, define
a mapping
L: Fi x(lo—& Ag+&) > C'"2(D"),
by
LV, )=(S?)"' M (4,5}, V). (Ays)

Notice that solutions of L =0 correspond under S in a 1 —1 manner to solutions
of M =0. Indeed, if L(V, A)=0 for some (V, 1), then MS(V, 1)=0, and conversely,
if M(u, 2)=0, then as (u, A)=S(¥, 1) for some VeF] , it follows that L(V, 1)=0.
Finally, observe that since S% and (S;)”! are linear, taking derivatives in the
V-direction gives

dL=(S%)"'dM(S}),
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so that dL and dM have the same eigenvalues, and corresponding eigenspaces
and kernels. Thus dL is Fredholm iff d M is Fredholm, and the Crandall-Rabin-

owitz transversality condition, (see [S]), Z—’; £0 holds for dL at an eigen-
A=2Ag
value  iff it holds for d M at u because the eigenvalues are identical.

It follows from our above remarks that the rest points of the equation
Vi=L(V, 4), (Ate)
correspond in a one-one way to rest points of the equation
u,=M(u, A), (A7)

where 1 is held fixed in both cases. The equation (A ) corresponds to solutions
of (Ay,), (As). Thus, given any rest point of (A,,), it corresponds to a unique
rest point of (A,¢), and the peigenspaces of both are isomorphic. Moreover,
if @ is a Lyapunov function for (A ), then t,>t, implies @(V(t,))>P(V(t,)),
so that @((S7,)™" u(t,))>®((S5,) "' u(t,)), and hence ®-(S5)” ' is a Lyapunov
function for (A, -). Since the argument is easily seen to work in the other direc-
tion, we see that (A,¢) is gradient-like if and only if (A,,) is gradient-like. We
can now state the main theorem in this section.

Theorem A,. Assume that f satisfies (4.1), and consider radial solutions u(-,p)
of (1.1), (1.2) which lie in the k™ nodal class. Suppose that there are points p,, p,,
with* s, <p,<p, <y such that the peigenspaces are not isomorphic, P(u(+, p,))
£ P(u(-, p,)), and O is not in the spectrum of the associated linearized operators
about u(+,p;), i=1,2. Then for some py, p;<po<pPa, U(*,po) is a bifurcation
point.

Equivalently, we have the following statement.

Theorem A,. Assume that f satisfies (2.1), and that under the change of scale
(A3), the radial solutions u,, and u;, of (Ay), (As) satisfy P, +P,,, and O does
not lie in the spectrum of the associated linearized operators about u,,, i=1,2.
Then there is some Ay, Ay <o <A, for which (u,,, Ay) is a bifurcation point.

We shall only give the proof of Theorem A,. Note first that since the map
u—u+u,; does not affect the dimensions of the peigenspaces, we see that we
may replace problem (A,), (As) by the problem M (4,u)=0, where M is defined
in (A;,). We are thus studying bifurcation from the trivial solution u=0. In
these terms the condition P, 4 P, becomes

P(0,4,)*P(0, 1,). (Aysg)

Suppose first that 4, —A; <g, where ¢ is so small that S§! is invertible. Then
the rest point solutions (0, 1,), (0, 4,) of (Ay,) also satisfy (A,g). Since (A;g)
is defined on a product space, we may apply Theorem 2.1 (see Lemma Aj;) to
conclude the existence of a bifurcation point (0, 4g), 1, <4dg<4,. Now assume
that A, — A, is not necessarily small. If (0, 1) is not a bifurcation point for each

4 Recall that T'(p)>0if p>s;
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AefA;, A,], then (0, 4) is an isolated invariant set for the finite-dimensional equa-
tions obtained by our Lyapunov-Schmidt reduction in the proof of Theorem 2.1.
By what we have just shown, the Conley index h°™(0, 1) is locally constant,
and hence constant on the entire range 4, <1=<4,. This contradicts h°™(0, 1,)
+ h%™(0, A,), and the proof is thus complete.

To conclude these set of ideas, we must show that (A,¢) is a gradient-like
system.

Lemma A,. The equation (A,;), where ueE* and {u;} is a smooth family of
solutions of (As), (A4) is a gradient system. In fact, for any fixed 2, if

Pu, = [ [But+u)Au+u)+AFutuy)ldx,

Ix]=1

where F'=f, then d®,=M(u, A).

Proof. For u, we EF,

do,(w)= | [%(u+ul)Aw(u+ul)+%wA(u+u,1)+izf(u+ul) w]dx

[xf=1

= | [du+u)+A2f w+u)]lw

IxIs1
1 dw du+u,)
+5 leL [(u+u,1) Y ],

after integrating twice by parts. But as u+u; and w both satisfy the boundary
conditions (A;), we see that the above boundary integral vanishes. Thus

d®,(w)=<M(u, 1), w),
and the proof is complete. [
Lemma Ag4. The equations (c.f. (A,), (As)),
u=Au+1*f(u), (x,0)eD"xR,
oau(x, t)—pldu(x,t)/dn=0, (x,t)edD"xR,,
form a gradient system, and if

dw) ()= | Budu+AFw]dx, (F=f),

x|t

then d®,= Au+ A*f (u).
The proof of this result is similar to the last lemma.
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