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Cyclic homology and the Macdonald conjectures

Phil Hanlon*
Department of Mathematics, California Institute of Technology, Pasadena, CA 91125, USA

Summary. Let 4, (k) denote the ring C[t]/t**! and let 4 be a reductive
complex Lie algebra with exponents m,, ..., m,. This paper concerns the Lie
algebra cohomology of #® 4 , (k) considered as a bigraded algebra (here one
of the gradings is homological degree and the other, which we call weight, is
inherited from the obvious grading of 4® A4, (k)). We conjecture that this Lie
algebra cohomology is an exterior algebra with k+ 1 generators of homolog-
ical degree 2m +1fors=1,2,...,n. Of these k + 1 generators of degree 2m,+1,
one has weight 0 and the others have weights (k+1)m,+t for t=1,2, ... k.

It is shown that this conjecture about the Lie algebra cohomology of
%® A, (k) implies the Macdonald root system conjectures. Next we consider
the case that ¢ is a classical Lie algebra with root system 4,, B,, C,, or D,. Itis
shown that our conjecture holds in the limit on n as n approaches infinity which
amounts to the computation of the cyclic and dihedral cohomologies of 4, (k).
Lastly we discuss the relevance of this limiting case to the case of finite n in this
situation.

Section 1. The Macdonald root system conjectures

Let @ be a reduced, finite root system of rank n with basis 4 ={«,,...,a,}. Let &*
be the set of positive roots with respect to 4. Each « € @* can be written uniquely as
a non-negative linear combination, a= 3 c;;, of the «;. Define the height of o by

htO(=ZCl.

Recall that there are n positive integers m,, ..., m, associated to & called the
exponents of @. The simplest description of these numbers is in terms of the height
function.
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Definition 1.1. For each positive integer i, let ®; denote the subset of @*
consisting of all roots of height i. Define the exponents m, ..., m, of ¢ by saying
that the multiplicity of i as an exponent is |®;| —|®; . .

Foreach e R", let ¢* be a formal exponential of «. In other words, the e* are a
set of commuting indeterminates subject only to the relations

P =e*th,

=1,
The following conjectures were originally formulated by 1. G. Macdonald. For a
more thorough background on these conjectures, the reader should consult [19].

Conjecture 1.2 (Macdonald). Let ® be a root system with rank n and exponents
my,...,m, and let k be a positive integer. Let C(®, k) be the polynomial

C@,k= T1 TI A—-ge)(1—qg"'e™®).

OZigk ac®*

Then the constant term of C(®,k) is

(k+1)(m;+1)
n[ )

where [Z] is the q-binomial coefficient
q

[a] _(-g)-g""..(A—g"""
bl, 1-¢g)1-¢"hH..(-qg)

In the above conjecture “constant term” refers to that part of C(®, k) which is
independent of the e*.

In the form above, the Macdonald conjectures are known for the following
values of @, k and g:

1) g=1, #=B,,C,,D,, all k (see [19] or [22])

2) d=A4,, all k, all g (see [2])

3) all @, all q, k=0,1 (see [19])

4) all @, k=oo, all q (see [7], [20], or [21]).

5) &=A,, B,, C,, D,, all k, all g as n— oo (see [10]).

In this paper we will start from an equivalent formulation of Conjecture 1.2
also due to Macdonald. A proof of their equivalence can be found in [19].

For this conjecture, let 4 be a semisimple complex Lie algebra with root system
@. We let A ¢ denote the exterior algebra of 4 with A’% its r'®-graded piece. The
adjoint action of ¢ extends naturally to a degree-preserving action of ¥ on A %.
This in turn extends to an action of 4 on (A"H®... ®(A™%). Let
(A9 ... ®(A™%))? denote the subspace of (A"'%)® ... ®(A™%) annihilated
by 4.

Conjecture 1.3. Let 9 be a semisimple complex Lie algebra of rank n. Let @ be the
root system of 4 and let m,, ..., m, be the exponents of ®. Then for every positive
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integer k,

S dim((A™9)® ... @A)’ (~ 1) g = TT [T (1 —gtk* ),

s=1¢t=1
where the sum on the left is over all sequencest =(r,, ..., r,) of non-negative integers.

Note that the left-hand side of Conjecture 1.3 makes sense for ¥ =gl (T) even
though gl (€) is not semisimple (and so technically does not have exponents). This
problem is remedied by defining the exponents of gl (C) to be 0,1, ...,n—1. With
this convention, everything stated in this paper for semisimple Lie algebras also
holds for gl,(C).

Recall the notion of Lie algebra cohomology (see for example [4] or [15]). Let
% be a complex Lie algebra. Define §,_,: (A" ' L)*>(A"Z)* by

@)y Ao Ax) =2 (=D (X X JAX A AR A L AR

The Jacobi identity for % shows that §,0,_,=0. Define the Lie algebra
cohomology of # (with trivial coefficients) to be the graded ring HL*(.¥) defined
by

AL AX).

HI(#)=(kerd,)/(im3, ).

One important result which we will need later is the following theorem (see [3],

[12], or [15]).

Theorem 1.4. Let £ be a semisimple, complex Lie algebra of rank n with exponents
my, ...,m,. Then HL¥(¥) is isomorphic to an exterior algebra with n generators of
degrees 2m)+1,i=1,2,...,n.

Suppose next that ¥ is an N-graded Lie algebra, ie., # has a vector space
decomposition & = DY, and [ ¥, £, ] C %, ., This grading of & gives a grading
of ANY which we call weight. The case we will consider is where
&£ =9@(C[t]/t** ). We define the i™-graded piece of this Lie algebra to be
F=%@¢t. It is easy to see that this gives a Lie algebra grading. The exterior alge-
bra A% is also graded by exterior degree. The two gradings together give an N-
bigrading of A % whose (d, w)-graded piece is denoted A %™*.%. More explicitely,

AL =F{AN°LIR(A"ZLNR(AL)D ...}

where the sum is over all (ry,ry,75,...) With X r;=r and Y ir,=w.

We can now state a set of conjectures in terms of relative cohomology of Lie
algebras which imply the Macdonald root system conjectures. The idea to restate
the conjectures in terms of Lie algebra cohomology did not originate with this
author. It was observed by Garland and Lepowsky that Conjecture 1.2 has a
stronger homological form which they proved when & is infinity (see [7]). We will
state a strengthened version of Conjecture 1.3 which we henceforth refer to as the
strong Macdonald conjectures.

Conjecture 1.5. (The strong Macdonald root system conjectures.) Let % be a
semisimple complex Lie algebra of rank n with exponents m,, ..., m,. Let k be a
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positive integer and let A (k) be the ring C[t]/(t**'). Let & be the Lie algebra
%®A (k). Then the cohomology of % is an exterior algebra with n{k+1)
generators. For each s, there are k + 1 generators of degree (2m,) + 1. One of these
k+1 generators has weight 0, and the other k have weights (k+1)m,+t for
t=1,2,...,k.

Before proceeding, we pause to show that the strong Macdonald conjectures
imply the previously stated Macdonald conjectures.

Proposition 1.6. Let ¥ be a semisimple complex Lie algebra. If the strong
Macdonald conjectures hold for the Lie algebra 4® A, (k), then Conjectures 1.3
holds for % and k.

Proof. Assume Conjecture 1.5 holds for ¥ =%QC[t]/t**!. Let %, denote the
subalgebra ¥®1 of £. By Proposition (v) on page 116 of Guichardet [9], we have
the following isomorphism of bigraded algebras:

H**(g) — H*O(g0)®H**(§)9o

where % is the ideal ¥@(C[t]/**!) in #. Since the strong Macdonald
conjectures hold for .#, H**(#)%° is an exterior algebra with k generators of

degree 2m,+1 for each s=1,2, ..., n. Moreover these k generators have weights
(k+1)ym+t fort=1,2,...,k. Thus

n k
> dim(H™(£)")(~1g"= IT IT A —q** ", (11)

s=1t=1

By complete reducibility of representations of %, H* *(Z)¥° is the cohomology of
the graded complex

AO¥(P)oos ALY @Yoo A2 D)oo ...
Computing the Euler characteristic of this complex we get, for each w,
T dim(A(Z)%) (—1) = T dim(H*(Z)*) (- 1)

Substituting in equation (1.1) we obtain,

n k
Y dim(A"M(L)*) (—1)g" = H H (1—gq**Dm*). (1.2)
Write Z=%,® ... ®Y, where 4,=%®¢’. Then

APHZ)o=T{(A"G)® ... (A"}

where the sum is over all (r,...,r,) with > r,=r and Y ir,=w. Thus (1.2) is
equivalent to

n

S dim(A"$)® .. O(A )% (~ 1= T TT (g ")

which is exactly Conjecture 1.3
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The rest of this paper is devoted to proving something close to the strong
Macdonald conjectures for the classical Lie algebras. In the case of the classical Lie
algebras, 4,=sl,(C), 0,(C), or sp,,(T), the complex (C,**, §) for computing the
cohomology of 4,® A4 , (k) approaches a limit as n approaches infinity. That is to
say, there is a bigraded complex (C**, §) with the property that (C,**, ) is a
quotient of C** by a §-invariant subspace J,%*, and J, %" is zero for n large with
respect to d. As C,%*=C*"/J, %", there is a natural homomorphism =,: H**(C)
—-H"*(%4,8 A , (k). Thus part of the cohomology of ,® A , (k) is projected from
the n equals infinity complex.

We will compute this image =, (H* *(C)) (in Theorems 4.9 and 4.12) and show
that it is an exterior algebra with n(k+ 1) generators of degrees (2m,)+1 with
weights 0 and (k+1)m)+¢, for s=1,2,...,n and t=1,2,...,k. The strong
Macdonald conjectures are verified for the classical Lie algebras if it is shown that
7, is onto. Given Theorems 4.9 and 4.12, there are several weaker conditions that
willimply the strong Macdonald conjectures. We summarize these in the following
proposition.

Proposition 1.7. Let %, be a semisimple, complex Lie algebra with root system A,,
B,,C,, or D,. Thenany of the following three conditions imply the strong Macdonald
conjectures for the Lie algebra 9 and the positive integer k.

C1) The map =, is onto.

C2) Thecohomology ring H*(4,® A . (k)) is an exterior algebra with generators
of odd degree.

C3) The cohomology of the Lie algebra 4,8 A4 , (k) has dimension 2"+ D,

Proof. It is obvious that C1 implies Conjecture 1.5 (given the result mentioned
above). Suppose C2 holds. Using Proposition (v) from Guichardet [8, p. 116] we
have

S dimH"(E,®4.,.(0)*)(-1)'q"=1-¢")(1—-¢")...(1—¢")

where N is the number of generators of the exterior algebra H*(4,8 A4, (k)*).If N
is less than or equal to nk, then we are done by C1. So assume N > nk. Reversing
the integration argument given by Macdonald (see [19]) we obtain an expression
E(q) for the right hand side of Conjecture 1.2 from the product [T(1 — ¢*). Since N
is greater than nk, E(1)=0. But this contradicts the weak Macdonald conjectures
at g=1 which are known to hold for the classical root systems.

Lastly suppose that C3) holds. Since the image of m, has dimension 2"+ 1) jt
must be that z, is onto which completes the proof.

Condition C3 of Proposition 1.7 leads to an interesting deformation-theoretic
interpretation of the strong Macdonald conjectures. For each complex number z,
let L, be the Lie algebra

L,=9®C[/¢** " ~2)).

It is easy to check that L, is isomorphic to a (Lie algebra) direct sum of k+ 1 copies
of ¢ for z not equal to 0. So for nonzero z, the Lie algebra cohomology of L, is
isomorphic to the tensor product of k+1 copies of H*%). The structure of
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L,=% ®A +(k) is very different. The strong Macdonald conjectures say that even
though the Lie algebra structure of L, changes at z=0, the cohomology remains
constant.

Section 2: Cyclic and dihedral homology

Let A be any associative C-algebra and let M be an A-bimodule. By definition,
H,(A4; M) is the space of derived functors of (—)® 4,4 4M evaluated on A. One
particular complex for computing H _(A4; M) is (C,, 0) where

C,=MRAR®A® ... ®A (n copies of A)
and

MmR®a,® ... ®a,)=(ma,)Ra,® ... Xa,
+{Z(—1)1m®al® e ®(aiai+1)® ree ®an}
+(-D)"(am®a;,® ... ®a,_; -

If M =C is the trivial 4-bimodule, then the above complex is the Bar complex for
computing H,(4;C) and if M=A with module structure being the regular
representation of A on itself, then the above complex is the Hochschild complex for
computing H,(4; A). We denote the differentials in the Bar complex and the
Hochschild complex by b’ and b respectively.

Consider the case where M is itself a C-algebra, where 4 is commutative and
where the left and right actions of 4 on M are identical. Define a product -:
C,xC,—C,,, by

(M®a;® ... ®a,) o (M@, 41 ® ... ®dyyp)
= 2.5gn(0) (mm)Qa,; ... s+ p)
where the sum is over all €S, , with the property that
ol<o2<...<on and o(n+1)<...<o(n+p).

It is easy to check, for a€ C, and fe C,, that
oo B)y=(0oce f)+(—1)" (o= 0).

In particular, o induces a product o: H,(4; M)x H,(A; M)—H, . (A; M). This
product is called the shuffle product.

Recall the C-algebra A, (k)=C[t]/(t***!). We will compute certain shuffle
products in the case A =M = A (k). Although these computations are not strictly
necessary for what follows, we do them to simplify the upcoming arguments and to
display explicit representatives for certain homology and cohomology classes. In
what follows we use the notation T"(V) to denote the r™ tensor power of a vector
space V.
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Definition 2.1. Define x € T*(A ., (k)) and y € T3(A4.(k)) by:

x=1®t
Vo=1RFRt+tRF 1@t +... +£ 1@ Rt

Lemma 2.2. Foruand vintegers, define a,(v) to be 1 if vis less than or equal tou and
0 otherwise. Then

A) Loyp'=Lou(Za)+9E TR QR ... @@t

and

B) toxoyy'=Xa((Xa)+)tE TR TR ... @t et

where t* refers to the ordinary u'™ power of t and yg," refers to the u™ shuffle power of
Yy

Claim. y*=Y *Qt* " @t® ... ®t* " *®t where the sum is over all (a,, ..., a,)
with Y a;<k.
To begin the proof of this claim, write y* out as

V=Rt M@0 (Tt @) 0. o« (T @ T “®1).

Each choice of (a,, ..., a,) gives rise to a number of terms in the shuffle product.
Each of these terms begins with =%, hence each of these terms is 0 unless 3" a,<k.

Choose (a4, ..., a,) with 3" a;<k. We consider the corresponding term (2.1) in
the shuffle power y*,

("Rt ®1) o (2@ "2 ®1) o ... o (@ t* T *R®t1). .1)

Let i and i’ correspond to t*~“ and ¢, i.e., the second and third tensor positions in
the i factor of (2.1). The full shuffle product in (2.1) is a sum of terms indexed by the
permutations o of 1,1,2,2', ..., u, v satisfying o(i) <o(i") for all i. We call such a
permutation admissible, and let 7, denote the term in (2.1) indexed by o.

Let ¢ be an admissible permutation. We say i’ and j’ are consecutive primed
numbers with respect to o if o(i’) immediately precedes o(j) in the order
1<1’<...<u<u’. Note that if = is the permutation obtained from o by
interchanging o(i") and o(j), then 7 is also an admissible permutation. We say that
two admissible permutations ¢ and = are equivalent if © is obtained from ¢ by a
series of interchanges of consecutive primed numbers.

Let o be an admissible permutation written out into groups of consecutive non-
primed and primed numbers, with wy, v, w,, 05, ..., w,, v, the sizes of the groups.
Then the size of the equivalence class containing ¢ is v;!v,! ... v,!, there being one
admissible permutation equivalent to ¢ for each choice

(g, 0, ...,2,) € Sym,, x Sym,, x ... xSym,,_

of a permutation in each group of consecutive primed numbers. Also if n is
equivalent to ¢ via (ay, ..., o,) then sgn(n)=sgn(s) (I'Tsgn(x,)).
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Thus we have that

_)sgn(o) if vi=v,=..=9,=1
Lsgn(m)= {0 otherwise .

Lastly note that if ¢ and n are equivalent, admissible, permutations then the
terms in the shuffle product (2.1) indexed by ¢ and n are equal. So there is no
contribution to (2.1) except by equivalence classes of size one. But it is easy to see
that the only admissible permutation which is equivalent to no others is the
identity and so the shuffle product (2.1) consists of only one term, this being

AR/ TNRIR ... QFTH®RL.

This proves the claim.
A similar argument shows that

(1®) (F Rt "®Rt® ... ®t* " ™“®1)

also consists of only one term, this being

AR TIRR ... QtF TRt .

Lemma 2.2 now follows immediately.

Assume now that M is a filtered A-bimodule and let E°(M) denote the
associated graded object. Then there is a spectral sequence converging to
H/(A; M) with E';  =H(A; E°(M)). Each term E’ is bigraded, E'= @ E"; , by
homological degree d, and filtration degree q. The differential 8, of E" maps E', , to
Erd ~-r,g+r—1°

Tlfis situation arises when A is an augmented algebra with augmentation map
¢: A—C and augmentation ideal A =kere. In this case, M can be given the A-adic
filtration which makes E°(M) into a trivial A-module. So the E! term simplifies to
E'; ,=M®H (4;0). In the more specialized situation where M =A with the
obvious bimodule structure, and where A4 is an N-graded, commutative C-algebra,
the grading of 4 induces a grading of H,(4; N) for any N, which we call weight.
The above spectral sequence becomes trigraded, E"; , ,, with d being homological
degree, g being filtration degree, and w being weight. The differential 0, preserves
weight and the sequence E'; , ,, converges to H,; ,(A; A). We record these well-
known facts in a lemma for future reference.

Lemma 2.3. Let A be an N-graded, commutative C-algebra. Then there is a
trigraded spectral sequence

{Erd,q,wa ar} = Hd,w(A; A)
with E* term E'; , ,=A,®H, (4;C).
Theorem 2.4. Let notation be as above. Then

1 if wgk

dim(Ho, (4. (k); A, (k) = {0 otherwise.
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For d>0,
1 if d=2e and (k+De<w<(k+1)(e+1)

dim(H, (A, (K); A, (R)=11 if d=2e+1 and (k+1)e<w<(k+1)(e+1)

0 otherwise.

Moreover let y,,=(®@*®@)+ (@ '@t)+... + (*®t®¢). Then a set of ho-
mology representatives for the nonzero homology groups H,; (A4 ,(k); A (k)) are
given below:

(d,w) representative for H, (A4 ,(k); A, (k))
O,w) 0=w<k t”

(1,w) 1wk iRt

(2e,(k+1e+s) 1=s=k Poyoyo...o0y

Qe+1,(k+1De+s) 1Ss<k £ 'o(1®Doyo...0y.

Here u - v denotes the shuffle product of u and v. In each of the last two rows, the
representatives end with the e shuffle power of y.

Proof (Steve Mitchell). Our first step is to compute H (4, (k); C). Recall that
H,(A,(k);©)=Tor*+®(C,T)
and note that there exists the following free resolution:

TS A 0L A A S 40— C—0 (22

In (2.2), the map f, is multiplication by ¥, the map f, is multiplication by t, and the
map ¢ is evaluation at 0.

Upon applying the functor C® A4 , (k) to (2.2) we obtain the complex
. »C->C->C-0
with all maps 0. Thus H,(4 ,(k);C) has dimension 1 for all d.

Using the usual bar resolution for computing H (A4 . (k); €) one can show that
representatives for Hy (4 ,(k); C) are given by:
FRIRFR ... ®*®t for d odd
IRFR® ... t*®t for d even,

Let x=t and y=t*®t be the representatives given above for H,(4,(k);C) and
H,(A4 ,(k); C). By an argument similar to the one given earlier to prove Lemma 2.2,
one can show that the representative given above is exactly:

yoyo..oy  if disodd

Xoyoyo...oy if d iseven.
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Here o denotes shuffle product. So the ring structure of H (A4, (k); C) is given by
H,(A,(k); €)=Ext(x)®Sym(y) 23)

where Ext and Sym denote exterior and symmetric algebras respectively.
Now to compute H, ,(A4.(k); A.(k)) we use the spectral sequence of
Lemma 2.3. The E! term is

E'=4, () ®Ext(x)®Sym(y),

and thefiltration degree of " @ Ext(x)®Sym(y) is r. Note that the filtration stops at
degree k so the spectral sequence must collapse at E**!. In other words,

E**'=H, (A.(k); 4, (K)).
We claim that
E'=A4,(k)QExt(x)®@Sym(y)
for 1 <i<k. The proof is by induction on i.
Recall y,;, which was defined by
Yo=1@t@t +H@* Q4.+t I ®t.
We have

0i—1(ve) = (@t + 1) + (@t — 1@ + > @1* 1)
+({Rt -2t 1+ 3@t )+ ...
+(tk®t_ti— l®tk—~i+2 + ti®tk—i+ 1)
— i(tk®t) + (ti®tk—i+ 1)
=0 in EI7',
Also yy=y;-1,in E* . So y, is a lifting of y;_ 4, to the kernal of ¢;_,. It is clear
that 0;_,x=0 and so it follows easily that 4, (k)®Ext(x)®Sym(y;-y)) in E'~ !
lifts to A, (k)®Ext(x)®Sym(y) in E'.
By induction on i we have that E¥= 4, (k) @ Ext(x)®Sym(y,,). Now consider
d, acting on E*.
First we compute 3,(t/ o x o ¥4 1)*). Using Lemma 2.2,
Ot o x o yus 1) =RV TRIRF TR ... @ *®1)
=od —-B+€—9

where o = o (X a) +j+ )E0 M@ . @ @t
Q= Zak(k—al +1)t(za")+j®tk’al+1® . ®tk—au®t

=Y atk—a,+)EVRJQIJF T ® ... QL@ %!
and

D=3 (T a)+j+DEHMRJR ... @t@1F ™.
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Note that there is an exact cancellation of terms with the (a4, ..., a,) term from &/
cancelling the (¢, +1,4,,...,a,) term from # and the (a4, ...,q,) term from €
cancelling the (a4, ...,a,—1) term from 2.

Hence 0, acts trivially on 4, (k)®@x@Sym(yg+ 1))-

Next consider d, on 4, (k)®1®Sym(y+,)). Again using Lemma 2.2, we have

ak(tfoy(k+1)u)=6k(z (EHQE- R ... Q@ 1)

where =A+B-%
A =3 0 (5 a) +j+ k—a) (@it Re | @k m®t
B=Yak—a,+DE IR @ ... QL@ %1

and

C=Xou((Xa)+j+DtEN IRt ... @@,
As above, #—% =0 and 50 J,(t/ yy +1)") = /. Note that

. _ 1 if j=02=a3=.‘.=au=0
ock((Zai)+]+k——a1)—{0 otherwise.
So, *k+D)(EQIOF® ... E®t) if j=0

Jo ") —
Ot o Y+ 1y") {O it j>0.

On the other hand,

tk°x°J’(k+ 1)"_1 =Y o+ C a1 ® ... @@t
=t*QIRF® ... Rt*®L.

Thus 0, is 0 on A,(k)®1®y4+1)" except on the one dimensional space
{1®1®y+1)"> which it maps onto (FX®@yg+1)*” ).

We’ve shown that as an A, (k)-module, H, (4 .(k); A.(k)) is cyclic in each
dimension with Ho, (4 (k); A, (k) = A, (k) and H, (4, (k); A, (k) = 4 (/)
for d>0. Moreover, multiplication by x is an isomorphism between
H,, (A (k); A (k) and H,, ;1 (AL (K); A, (k). Explicit generators are as given
in the statement of this theorem.

Let s, be the antisymmetric cyclic shift map on T%(A) defined by

500,® ... ®a)=(—1)"a,0a;® ... Ra,_,).

Note that s, preserves both degree and weight.
Also define the map a,: T%(4)— T%(A) by

ad(al®a2® e ®ad)= ""("_1)(d(d_1))/2(a1®ad®ad_l® o ®a3®a2) .

Again note that o, preserves both degree and weight. It is easy to see that the
groups of linear transformations of T%(4) generated by {s,} and {s,, a,} are the
cyclic group of order d and the dihedral group of order 2d, respectively. Let N, and
L, be the projections of T(A) to the invariant subspaces of these two groups. More
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explicitely we have
P Y Ny=(1/d)(A +5s4+...+s57YH

Li=(12d) (1 +5,+ ... +58 1oyt 0,8+... 40557 Y).

Proposition 2.5. Let b and b’ be the boundary maps from T%(A) to T* (A) in the
Hochschild and Bar complexes for computing H(A; A) and H(A; ). Then,

Nd._lbzb,Nd and Ld—lb"_—b,Ld'

Definition 2.6. For each d,w let C, . (4) and D, . (A4) denote the spaces of
invariants in T%*(A) under the groups {s,> and {s,, 6,> respectively. Define d,:
Ca(A)—Cy-4,4(A) and 8p: Dy (A)>Dy_ 4 ,(A) by

Oc=Ny-1b,
61) = Lli -1 b .
Proposition 2.7. The maps 0. and 05, both square to 0 (on the spaces C(A) and D(A)).
Proof. HveC, ,(A) then v=Ny. So,
0c*v=(Ny_,bNy_1bN v
=(Ng—2bNy_*b)v
= Nd"ZbNd— lb'l)
=N, (b)*v
=0.
Similarly, 0,>=0.
Definition 2.8. Define the bigraded cyclic and dihedral homologies of A by
(Cyclic homology)
HC,; 1 W(A)=((kerdc)nCy, (AN/((iMI)NCy (A4))
(Dihedral homology)
HD,_ 1, (A)=((kerdp)nDy ,(A))/(imdp)nDy,,(A4)).

For fixed w, the cyclic and dihedral homologies of weight w are defined to be the
homologies of the graded complexes,

o 2Cas 1, W(A) =G W (A) = Cy g (D) ..
oo Dy, (A) 2Dy W(A) 2Dy g, W A)— ..

Define the cyclic and dihedral cohomologies of A to be the cohomologies defined by
the dual complexes,

o HCym 1 W AN* (Cy i (A)* 2 (Cs 1, WA ..
vee Dy 1 W A)* (D, W AN* = (Dt 1, w(A))*— ...
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This notion of cyclic homology was introduced by Connes [5, 6] and indepen-
dently by Tsygan [22]. The definition of cyclic and dihedral homology given here is
valid only in characteristic 0. One can define cyclic and dihedral homology as the
homologies of certain double complexes and this definition is the correct one in all
characteristics (and of course agrees with the definition given here in characteristic
0). For details of this and an excellent exposition of cyclic homology the reader
should see Loday and Quillen [16]. For details in the dihedral homology case, one
should see Loday [17]. We will need three basic facts concerning cyclic homology,
one due to Connes and two due to Loday and Quillen.

Theorem 2.7 (Connes [5]). There is a weight-preserving long exact sequence
relating the cyclic homology of A and the Hochschild homology of A:

. —=H,; (A;A)-HC, (A)—~HCy 5 (A)—>Hy 1, [(A;4)— ...
Moreover, the map from H, (A;A) to HC, ,(A) is the map N,.

The other two maps S:HC, (A4)-HC, , (A) and B:HC,_, [(A)
-H,_, (A;A) are described in either Connes [5] or Loday and Quillen [16].

Theorem 2.8 (Loday and Quillen [16]). Let Prim(HL, (gl (C)® A)) denote the
primitive  elements in  the homology of gl (C)®A and let
Prim(HL, (gl (C)®A))FC  denote the gl (€) - invariants in
Prim(HL, (gl (C)® A)). Then dim(Prim(HL, (gl (C)® A)*®)) approaches the
limit dim(HC, ,(A)) as n— 0.

More succinctly, lim(HL(gl (C)® A)¥©) is the graded exterior algebra of
HC(A).

The last result we need concerns the case where A4 is an augmented algebra, i.c.,
A=(1-C)®I where I is an ideal and 1 is a unit.

Theorem 2.9 (Loday and Quillen [16]). Let A=(1-C)®I be an augmented
algebra. Then HC, ,(A)=HC, (C)®HC, ().

We will need similar results for dihedral homology which are due to Loday. It
is easy to verify that b commutes with the maps ,. So the Hochschild homology of
A splits as a direct sum

H(A;A)=H(A;4)* ®H(4; A)~
where o,0=0v for ve H(A; A)* and ov= —v for ve Hy(4; A)".
Proposition 2.10. For the ring A=A (k) we have
H (A, (k);A.(k)* for d=1,2mod4
Hy(A (k); A (k))~ for d=0,3mod4

Proof. For any uekerb, let [u] denote the homology class in H(A, (k); A, (k))
containing u. Recall x and y defined earlier by

x=1®t
y=Y Rt ®t.

Ha(A+(k);A+(k))={



144 P. Hanlon
Clearly Hy(A,(k); A, (k) is in H(A,(k); A.(k))~ and H,(4.(k); A, (k) is in
H(A,(k); A, (k))". Weconsider H,(4,(k); A, (k)). We begin with a computation.

Claim. For any a with 0<a<k, we have
1®t]=at* 1-[x].

Proof. The proofis by induction ona. Fora=0, wehave 1®1=b(101®1)so the
result holds. For a>0,

S (1@t '@ =1""'@t— 1@ +t®t" " *.
0,
U@ ]=[""'®+[t®t" 1]
=t Lo [x] 4 1o ((@a—1)e 2o [x])
=at* " 'o[x], which proves the claim.

Now consider y —a;y.

y—a3y= Y (R Q- Rt®t* )
=3 (1®F ) (101).
So,
[l+as3[y]= X to (k=)™ " e [x] o [x]
=0 as [x]o[x]=0.

Next suppose that A=a,®a,;® ... ®q;and B=b,®a,,,® ... ®a, . are in
T(A,(k)). Then

Osier1(AeB) =041 04 1{2.580(7)(00b0) R D ... ® Ay, o}

where the sum is over all T with 11 <12 <...<td and 1(d + 1) <... <7(d +e). Note
that for such 7, sgn(r) is the number of pairs (a,.;,4;) with 1<j<eand 1<i<d
such that a,.; occurs to the left of 4;in a,,® ... @a, g+,

Applying 6, ., wWe have

Oates1(AoB)=—(=1)4" 9TV 5 5gn () (abo) @4 +® - By

where this time the sum is over t withtd <... <1l and ©(d +e)<...<1(d+1), and
sgn(7) is the number of pairs (a;, a, ;) with g;to the left of 4, ;10 a4+ ,® ... ®a,;.
So

Og+e+1(AoB)=

— (=)L (— 1) D 26, (B)} o {— (=)™ D2a,, (A)}

= —Ud+1(A)°Ue+1(B)

the last equality holding because (d+¢€)(d+e—1)2=(d(d—1)/2)+ (e(e—1)/2)
+de.

Let [y]” denote the r'* shuffle power of [y]. Since 6,.,4;
= —0441(A)o 0, ,(B) we have that t' o [y]? is in Hy (A4, (k); A, (k))* for r odd,
and in H,(A,(k);A.(k)~ for r even. Likewise t'o[y]P-[x] is in
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Hj, i 1(A4(k); Ap(k))* if ris even and in H,,  ;(A.(k); A, (k))” if r is odd. By
Theorem 2.7, the result follows.

We will need two results due to Loday. The first is the analogue of Theorem 2.7
for dihedral homology.

Theorem 2.11 (Loday and Procesi [18]). Let A be a graded C-algebra. Then for
each d and w, the dimensions of Prim(HL, (0, (C)® A)*®) and
Prim(HL, ,,(sp2{C)® A)**>"D) approach the same limit as n approaches infinity and
this limiting dimension is dim(HD, ,(A)). In short, the graded exterior algebra of
HD(A) equals lim HL(0,(C) ® A)°"® =1lim HL(sp,,(C) ® A)**>®,

In {17], Loday defines dihedral homology as the homology of a certain double
complex. A spectral sequence argument shows that his definition agrees with ours
in characteristic 0. The next result concerns certain homology groups HT, .(A4)
which are defined to be the homology of a subcomplex of Loday’s double complex
for computing dihedral homology. For this application, we won’t need the exact
definition of HT(A4), as so we refer the interested reader to [17] for further details.

Proposition 2.12 (Loday [17]). Let A be a graded C-algebra. Then there exist
bigraded homology groups HT, ,(A), and a pair of long exact sequences (2.4) and
(2.5) which satisfy:

.. —)Hd~ 1,w(A; A)‘_’Hd,w(A; A)+_—)H’I;,W(A)
—Hy 3 (4;4) >Hy o A5 > . 24)
. >HT, (A)~HD, (A)>HDy_ 4 JA-HT_ (A~ ..., (25

In the first sequence (2.4), the map from H, _, (A4; A)” to H, ,(A4; A)" is the map
B from Theorem 2.7.

This completes Sect. 2. In the next section, we will compute the cyclic and
dihedral homologies of the truncated polynomial ring 4, (k).

Section 3. The cyclic and dihedral homologies of A . (k)

Let k be a positive integer which is fixed for the remainder of this section. Let 4, (£)
denote the ring C[t]/(t**?), and let 4, (k) denote A, (k) modulo C. Note that
A, (k) is an N-graded ring with the i'® graded piece given by 0 if i exceeds k and by
C¢ if i is less than k+1. Our aim in this section is to compute the cyclic and
dihedral homologies of A . (k) as a graded algebra. As in previous sections, we use d
and w for the respective indices of degree and weight and denote the (d, w)-
bigraded piece of the cyclic homology of A4, (k) by HC, ,(A4.(k)). The following
theorem is one of the main results of this section.

Theorem 3.1. As a bigraded vector space, the cyclic homology of A (k) is given by:
1 if d=2r and rk+1)<wZrkk+1)+k
dim(HC, (A,+(k)=31 if d=2r and w=0

0 otherwise.
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We will actually prove the following proposition which states a slightly
stronger result.

Proposition 3.2. Recall the long exact sequence of Connes:

2 Hy(A 4 (k); A1 (k)= HC(A (k) > HCy_ 5(A (k)= ...

with maps
N:HyA,(k); A+ (k)>HC (A, (k)
S HCHA(k)—>HC;_ (A, (k)
Th B:HCy_ (A4 (k))>Hy_ (A (k); A4 (k).
en,

(1) S is identically zero on HC (A ,(k)) for any nonzero weight w.

(2) S is an isomorphism between the 1-dimensional spaces HC,, (A, (k)) and
HC,y_ 3 o(A+(H).

(3) For d even, N is an isomorphism of Hj(A,(k); A.(k)) onto HC (A, (k)).
For d odd, N is identically 0.

(4) For d even, B is an isomorphism of HC,_ ,(A.(k)) onto
H,;_(A.(k); A (k). For d odd, B is identically 0.

k if d iseven
0 is d isodd.

Proof. We first prove (1). We will use the following lemma due to Goodwillie ([9],
Corollary 11.4.6).

(5) dim(HC(4 (k)= {

Lemma. Let D be a derivation of A and let L, be the induced homomorphism on
cyclic homology. Then LpoS=0.

We apply this lemma with A= A4 (k) and D the derivation D¢' = it'. It is easy to
see that Ly, restricted to HC (A4 . (k)) is just multiplication by w. So by the lemma
above, S must be identically zero on HC,, (A4 ,(k)) when w is nonzero. This proves
part (1).

We now prove parts (2)}5) by induction on d. Assume that w is nonzero. By (1)
we have for each d the short exact sequence

0—HCy- 1, (A4 () > Hy W(A+(0; A, ()~ HCy (A, ()0, (1)

If d is odd then by induction on d, the total dimension of HC,_, (A4, (k)) in
nonzero weight is k. By Theorem 2.4, the total dimension of H,; ,(A4 . (k); A, (k))in
nonzero weight is k. By the short exact sequence (3.1), the map B is one to one and
so HC, ,(A . (k)) must be zero. This proves statements (3)~(5) for odd values of d.

If d is even then HC,_, ,(A.(k)) is zero for w nonzero by our inductive
hypothesis. So by the exact sequence (3.1) the map N is onto for nonzero weight w.
Also by our induction hypothesis and Theorem 2.4 we have that the total
dimensions of H; ,(A.(k); A.(k)) and HC, ,(A4.(k)) in nonzero weight are both
k. This proves (3)(5) for nonzero weight.

It remains to prove statement (2) for weight 0. This follows easily from the
observation that HC, ((A.(k))=HC,C). This completes the proof of
Proposition 3.2,
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Note that Theorem 3.1 follows from Proposition 3.2 and our previous
knowledge of the weights of H; , (A, (k); AL (k)).

We next compute the dihedral homology of 4 , (k). We first need the following
proposition.

Proposition 3.3. Let HT(A (k) be the homology groups referred to in Proposit-
ion2.12. Then

dim(H,;, (A,(k); 4.(k)) if d=2mod4
dim(HT; (A (k)= dim(H,_, (A.(k); A (k))) i d=1mod4
0 if d=0,3mod4.

Proof. We use the long exact sequence (2.4) along with Proposition 2.10. To see
how these apply, assume first that d is congruent 2 mod4. Then we have

Hy (A (k); A (k)™ =Hy-5(A4(k); A, (k)" =0
by Proposition 2.10. So from (2.4) we obtain the exact sequence
0> Hy(A+(k); A4 (k)" > HT(A (k) > Hy (A, (k); A, (k)™
—Hy (A (R); A+ (k)" —=HT;_ (A, (k) > Hy (A, (k); A, (k)™ 0.

Also the map between H, _,(A4 . (k); A,(k))” and H;_ (A, (k); A, (k))" is the map
B which is an isomorphism since d —2 is even (by Proposition 3.2 (3)). So we have

HT (A, (k)= Hy (A, (k); A (k)" xH(A . (k); A, (k)
and
HT; (A, (k) =H,_3(A.+(k); A (k)" =H,_5(4,(k); A+ (k).
If d=0 mod4 then
Hy( A, (k); A, (k)" =Hy_o(A+(k); A, (k) =0
and
H, (A (k); A (k)" =H,3(A+(k); A, (k)™ =0.
So from (2.4) we have the exact sequence
0->HT(A+(k)>0-0-H,_,(4,(k))-0
which completes the proof.
Theorem 3.4. The dihedral homology of A (k) is given by

1if d=4s)—2 and w=2s—1)(k+1)+¢t for 1<tk

dim(HD;, (4., (k))= {0 otherwise .

Moreover, for those d,w with HD, (A.(k)) nonzero, the map L, from
H, (A, (k); A, (k) into HD, (A (k) is an isomorphism.
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Proof. The proof is structured very much like the proof of Proposition 3.2. We
proceed by induction on d and use the long exact sequence (2.5) which relates
dihedral homology to the homology groups HT (A4 . (k)).

To begin our induction, we have from (2.5) the exact sequences

0->HT(A.(k))->HD(A4.(k))—0

for 0<i<3. The map from HT(A,(k)) to HD(A ,(k)) is the inclusion map. By
Proposition 3.3 we have

0 for i=0,1,3

HE’“’(A"'(k)):{HZ(A+(k);A+(k)) for i=2

with equality in the case i=2 achieved by the inclusion of H,(A4 ,.(k); A, (k)) in
HT,(A . (k)).
Assume the result is known for d <4s. By our induction hypotheses,

HD gy 4(A, () =HD,s_3(A, (k) =HD 45— 1(A.(k))=0.
Also by Proposition 3.3 we have
HTy.3(A+ (k) =HT (A, (k))=0.
Using these facts in the sequence (2.5) we obtain exact sequences,
0—HDy 3,,(A4+(k))—0 (3.2

0->Hygi 2 w(A+(k); AL (k)= HDy 5 (A1 (K))
—HD,; 5 (A (k)—>H,y, l,w(A+(k); A (k)= HD,,, 1,w(A+(k))—’0 .

0-HD,,,(A.(k)—-0. 34

(3.3)

The sequences (3.2) and (3.4) immediately imply that
HD 4 (A + (k) =HD 45+ 3,4(4.,(k))=0.

In (3.3) the map from H,, (4.(k); A, (k) into HD,,, (A, (k)) is inclusion
(equivalently the map L,,,,). Also, by our induction hypotheses,

dim(HD 4 5, (4 + (k) =dim(H s, (4. (k); A (k).

So to complete our induction step, it remains to show that HD,,,, (4, (k))=0.

To show that HD,, ., (A4, (k)) is zero, we use the same argument as in the
proof of Proposition 3.2. All that is required is a generalization of Goodwillie’s
Lemma which is applicable in this case. This generalization follows easily from the
version stated earlier. We leave the details to the reader.

The next result summarizes the two main results of this section in terms of
cyclic and dihedral cohomology. Although these results follow immediately from
their homological versions, we state them here because we will actually work with
cyclic and dihedral cohomology in later sections.
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Corollary 3.5. The cyclic and dihedral cohomologies of A (k) are given by:

1 if d=2s and w=({(k+1s)+t with 15tk
0 otherwise,

1 if d=4s+2,w=((k+1)Qs+1))+t with 1<tk
0 otherwise.

dim(HC* (4., (k))) = {
dim(HD*"(4 ,(k))) = {

To end this section we display explicit representatives for the cyclic coho-
mology classes of A , (k). First choose a basis for C(A4 , (k)) in which each element is
of the form N, ("' ®...®t"). For d odd, there is a unique such basis and for d even,
the basis elements are unique up to sign. Let { , > be the bilinear form whose
matrix with respect to this chosen basis is the identity. Using the nondegenerate
bilinear form { , ), identify C(A4 . (k))* with C(4 ,(k)) and thus view d.=0.' as a
map from C; ,(4.(k)) to Cyyy (A.(k). It is easy to check that with this
identification . is given by,

Se(t“t.. ) = T (= 1) e e {3 ey e

where the first sum is on i from 1 to d and the second sumisonjfrom 1 tou; — 1. We
will use the following piece of notation. For u a positive integer define d,(t* **) to be

dk(tk+u): {Z tl®tk+u—l}_{z (tl®tk+u—l)+(tk+u—l®tl)} .

Here the first sum is on I from 1 to k+u—1 and the second sum is on [ from 1 to
u—1.

Let p be the dual of the boundary map b’ from the Bar complex for 4, (k+u).
Then d,(t***) is f(t***) minus any terms which involve a higher power of ¢ than k.
In particular, d,(t***) consists of terms involving only ¢, %, ..., t*. Note also that

B (™)) = — T + TE@d (7). (3.83)
Definition 3.6. For s a non-negative integer and 1 <N <k, define 4, , to be

Ay =Ny {22 i @d(t* " TR (T TR, @y (T )},

where the first sum is on i from 1 to N and the second sum is over all ordered
sequences (u,, ..., u;) of non-negative integers which sum to N —i.

Note that Ay ;is in Cygy 1, k+1)s+8(A+ (k). We will show that 4 ; is a cyclic
cohomology representative for the nonzero class of degree 2s+1 and weight
(k+1s+N.

Lemma 3.7. .(4y ,)=0.

Proof. We separate d-(4y ;) into several parts.

54y )=A+B+C+D+E,
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where A= D3 St Id (1), (g
B=— DR T d (T dy(e ).y ()
C=Y Y3 3itd (t* 1) (d( YD) L dy (k)
D=—=3Y 3y Fitld () (Fd (T YT (),
and

E= ZZZ itidk(tk+ 1 +“’)...dk(tk+ 1 +us—l)tl .

Note that C+ D=0 as the term in C corresponding to the summation indices i,
(uy, ..., uy), j, | can be thought of as cancelling the term in D corresponding to the
indices i, (uy, ..., u;—hL uj +1,..,u), j+1,1

Also A can be rewritten as

A= ZZ(X+y)txtydk(tH1+"1)...dk(tk+ 1 +us),

where the first sum is over all pairs x, y with x + y < N and the second sum is over
all (uy,...,u,) with 4,20 and 3 u;=N —(x+y). This in turn can be rewritten as
A=A+ A, where

A1 = sztxtydk(tk+ 1 +“1)...dk(tk+ 1 +us)
and
A2= _ Zzytydk(tk+ 1+“1)...dk([k+1+"s)tx .

Clearly A, = —B and A, = —E which proves the lemma.

Proposition 3.8. 4y  is a representative for the nonzero cyclic cohomology class of
A (k) of degree 2s+1 and weight (k+1)s+N.

Proof. Fix s non-negative and N in the range 1 to k. Let W, ¥, and U be the spaces
Cos+iw+ nys+nA 4 (k) fori=0,1,and 2. Let D and E be the matrices for .: U—»V
and d.: V- W respectively. Here the matrices are taken with respect to the bases
for U, V, W described earlier. Let R denote the row space of E and let C denote the
column space of D.

We know that CCR*' and that dim(R*/C)=1. By Proposition 3.2, we also
know that

Rt=C@®Chy . (3.5)

A vector v is a cohomology representative if and only is veker(D") and
veim(EY). These latter two conditions are equivalent to ve C* and veR. The
previous lemma shows that 4, ;e C*. To show that 4, , € R it suffices (by (3.5)) to
show that {4y ,, ny . is nonzero. The key observation is that in terms of our
chosen basis {b;} for Cye4 1,4+ 1)s+8(4 +(K)), both 4y  and ny have non-negative
coefficients. To be precise,

Ays=2pb; and ny =3 qb;,
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where the p; and the ¢; are non-negative integers. Hence the inner product of A4y ;
and 5y, is nonzero provided there exists an i with p; and ¢; both nonzero. Such a b;

' b=N("®tRR..Qt®1).
This completes the proof of Proposition 3.8.

Section 4. Projection to finite n
Part I — Cyclic cohomology

Let z; ;fori,je{1,2,...,n} be the matrix with a 1in the i, j entry and O’s elsewhere,
and let A4 be an N-graded C-algebra with homogeneous basis
B=1{b,:u=1,2,...}. Theset {z; ;®b,} is a basis for the Lie algebra L=gl (C)® 4.
Let {(z; ;®b,)*} denote the dual basis of L*.

Recall the boundary map d: A"L— A" 'L in the Koszul complex for
computing HL (gl (C)® A),

A AN

0y A ona)= (=D o0 Aa A Ad AL A .

J
We will need an explicit formula for the dual of ¢, which we denote by . For the
purpose of this formula, let d be the map from A® A4 to A4 given by
d(a®b)=ab.
Let d* be the dual map from A* to A¥® A*, written explicitely as
d*(b,*) = X ¢y p,wb,* @b,*

(since A is N-graded, hence finite dimensional in each graded piece, the above sum
is finite). The next lemma is a simple computation. The proof is left to the reader.

Lemma 4.1. Interms of the natural basis of A(L*) extending the basis {(z; ;®b,)*}
of L*, the map é is given by
5((Zi1,j1®bu1)* A (Ziz,j2®bu2)* A A (Zid,jd®bud)*)
=¥ (21, ;s @b )* A A=) T E X €y ol 1®b)* A (2, @b,,)*
AN (zy, @b, )%,
In the case that A=A, (k) with basis 1,1, ...,t* the result of Lemma 4.1 is
formula (4.1) below:
(4.1) For L=gl(C)®A . (k) with basis {z; ;®t"} we have
0(zi,,;, ®“V* A ... Alz4,,;,RE)%)
=Y iy @) A A=) T D (2, ) A (2, @)}
Ao Az, QD

Recall the complex (C* *(A), é.) for computing the cyclic cohomology of A.
The vector space C**(A) is the dual space of C, ,(4) where C,_; ,(4) is T%A)
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modulo the relations
0®..Qu=(—-1)"16,Q...Q0u,®q,. 4.2)
The coboundary d is given explicitely in terms of the basis B by
00, *®...8b,.%)=3b,*R...0{(— 1) ' Xy, 0 wh*®b*®...Qb, *.
4.3)

Define the ring RC(A4) by saying that RC(A) is the tensor algebra of C(4) modulo
the relations

a@B=(—1)VETIBRa for aeCm*(4), PeC *4). (44)

Foro,e C**(A)(i=1,2,...,p)leta, - a, - ... - a,denote theimage of o, ® ... ®a, in
RC(A). Define the degree and weight of a, - ... - o, by
deg(a; ... a)=(d + D)+ (d+ D) +...+(d,+1)
WE(y ) =Wy W,
Bigrade RC(A) by degree and weight and let RC**(4) denote its (d, w)-graded
piece.
Extend d. to an antiderivation on RC(A). Thus
oc(a- By =(0c(@) - B+(—1)"""a- (6c(B))

for «e RC"*(A). Define HRC*'*(4) to be the bigraded cohomology of the
complex (RC(A), d¢).
The next result is well-known.

Proposition 4.2. Let A be a graded C-algebra. As a ring, HRC(A) is isomorphic to
the tensor product of the exterior algebra of the even degree part of HC(A) and the
symmetric algebra of the odd degree part of HC(A). In short,

HRC(A)= A (HC*"**(4))@Sym(HC*(4)).

Definition 4.3. Define @,: C(4)~ A (gl (€C)® A) by
D,(Nyf(a,*®...®a,*)) = Z(Zil,i2®a1)*®(ziz,i3®a2)*®"'®(zid,i1®ad)* s

where the sum is over all iy, ...,i; with 1<i;<n.

It is easy to check that the sum on the right is annihilated by gl (C) and is
mapped to (—1)?~ ! times itself when the a; are permuted cyclically. Thus @, is a
well-defined weight preserving map from C(A4) to (A (gl (€)® 4)*™® which raises
degree by 1. If a € C"*(A) and f e C*>*(A) then

¢n(a) A ¢n(ﬂ) = (— 1)(r+ Dt 1)¢n(ﬁ) A Qn(a) .

Thus @, extends to a degree and weight preserving homomorphism of the ring
RC(A) into the ring A (gl (C)® 4)s©,
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Comparing Lemma 4.1 with formula (4.3) we have
HP(Ny(a1®...®ay))) = P, (0c(N (2, ® ... ®ay)))

for all a,,...,a,€ A*. Thus &, gives a ring homomorphism (also called ¢,) from
HRC(4) to HL(gl,(C)® A)*©. The next result is implicit in the work of Quillen
and Loday but can also be found in Tsygan [22].

Theorem 4.4. Let A be a graded C-algebra. Then for d <n and for all w, @, is an
isomorphism of HRC**(A) onto HL**(gl (C)® A4)s"®,

Our goal in the rest of this section is to obtain more information about the
image of map &, in degrees d >n. Note that C(C) has dimension 1 at each even
degree and dimension 0 at each odd degree. So HRC(C) is an exterior algebra with
one generator R2s—1)=1®1®...®1 in each odd degree 2s—1. The next
proposition can either be proved by topological means or can be obtained as a
direct consequence of Theorem 5.4 in Kostant [14].

Proposition 4.5. Let A=C and let G(n) and F(n) be the subalgebras of HRC(C)
generated by {R(s):s=2n} and {R(s): s> 2n} respectively. Then @,(F(n))=0 and
&, restricted to G(n) is an isomorphism of HRC(C) onto HL(gl,(T)).

Let A(k) denote the ring ©[]/(1 —t** 1). The next lemma determines the image
of @, in the case 4=A(k).

Lemma 4.6. Let % be a semisimple complex Lie algebra, and let HL (Y ® A(k))®
denote the %-invariants in the Lie algebra homology of %® A(k). Then
HL, (9® A(k))? is isomorphic to the tensor product of k+1 copies of HL(%). In
particular,

dim(Prim(HL (4@ A(K)™) = {k+1 if d=2e+1 forean exponent of 4

0 otherwise.
Proof. Let o=e>™**V_For je{0,1,...,k} and x€ ¥, let x; be defined by

( x;= Y 0 (xQ@t%).
Let M;={x;:xe¥}.
It is easy to check that [x;, y,,]=90; m[x, y]; Thus

g@A(k)sz®ml®...®mk

is a Lie algebra direct sum, and so ¥® A(k) is isomorphic to a direct sum of k+ 1
copies of 4. The result follows.

Recall that C,,(A.(k)) denotes the complex for computing the cyclic
homology of A, (k). In what follows we use the notation f(z) for z an integer to
mean z—(k+1) if z>k and 0 otherwise.

Definition 4.7. Define 8™ : Cg (A4 (K)>Cy- 1 w—r—1(A+(K)) by
0c  (N(t"®...Qt"))
=N, (=D 7Bt u D@ @t 1 EI DR | @
F (=1 Bug ) IR @t}
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The following facts are easily verified.

(1) (6c7)*=0,

(2) 8c*0c™=—0c"0c",

(3) dc~ lowers degree by 1 and weight by (k+1).

So (Cy ,(A,(k)),0c%,0c7) constitutes a double complex with the slightly
unusual bigrading indicated in the picture below:

CO 2k+2 Cl 2k+2 CZ 2k+2>

//

C0k+l Cl k+1 C2 k+1>

S

Cio *_—Czo

Co.0

Let Tot(C(A.(k))) be the associated total complex and let H*' (A, (k)) be the
homology of this total complex. We will need the following result.

Theorem 4.8. Let A(k) denote the ring C[t]/(1—t**!). Then H"' . (A, (k)
=HC (A(k)). Moreover,

dim(HC,(A(k)))= {

k+1 if diseven
0 if disodd.

Proof. Note that as vector spaces A,(k) and A(k) are both isomorphic to
CoC:dC?®...@C*. Thus the usual complexes Cy (A4, (k)) and C,(A(k)) for
their cyclic homologies are identical as vector spaces.
Let t*®1®...®t"* be a basis vector for C(A(k)) and let d. be the differential
in C(A(k)). Then
Oc(N{t" R ®...®t"})
=Ny (T (=171 — B+ u N ®... Q1R ... @t
+ B+ Uy P QT TET DR | @t
H(= DTN {1 = Blug +u)) T @1 Q.. @t
+B(ug+u )t e E DR @ a1},
Observe that
0t (" ®... Q1)
=N (S (=171 = B+, N Q... QT4 Q.. @1
+(— DA B(uy +u )t TR, @41

From this it follows that H" (4, (k))= HC,(A(k)).
By the result of Loday and Quillen, Theorem 2.8, we have

HC (A(K)) =lim Prim(H (gl (C)® A (k))"©).
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By Lemma 4.6, the primitive part of H (gl (€)® A(k))*~© has dimension k+1 if d
is 2e+1 for e an exponent of gl (C) and 0 otherwise. Since the exponents of gl (T)
are 0,1,2,..., n—1. Theorem 4.8 follows.

We are now ready to state, for gl (€), one of the results alluded to in Sect. 1.

Theorem 4.9. Let D(n) and E(n) be the exterior algebras generated by the generators
of HRC**(A,(k)) of degrees greater than 2n and less than 2n respectively. Then
1) @, maps E(n) isomorphically into HL(gl (C)® A . (k)).
2) If the map &,.:HRC(A (k))->HL@ELC)®RA.(K)) is onto then
®,(HRC(A,(k))) =P (E(n)).

Proof. We first prove 1).

For each de{1,3,...,2n—1} and each w of the form ((k+1)(d—1)/2)+t
(1=5tZk), let x, ¥ denote a representative from the unique cohomology class
in HC? V"(A4,(k)). It is easy to see that the vectors of highest exterior degree
(degree kn?) in A (gl (€)® A) represent a nonzero Lie algebra cohomology class.
Also,

€C.=Ax.,, 0,

has exterior degree kn®. So by the usual properties of an exterior algebra, the
theorem is proved if we show that €, is nonzero.

Let 6. and 6.~ be the duals of the maps d.* and 9.~ defined above. Let
{E", 0,} be the spectral sequence with E? term

E*=H*(HC(A.(K),0c7),

which abutts to HC(A(k)). This spectral sequence provides a degree-preserving
isomorphism between HC (A, (k)) and HC(A(k)), since we have already shown
that HC(A4 ,(k)) and HC(A(k)) have the same dimension. Under this isomor-
phism, x,,(® becomes a representative y, ,, for a cyclic cohomology class in
HC(A(k)). We write this representative as

— 0 1 2
yd,w_xd,w( )+xd,w( )+xd,w( )+'--7

where x, % has degree d and weight w+(k+1)i.
By Proposition 4.5 and Lemma 4.6 we have that A (®,(y,,)) is a nonzero
element of A (gl,(C)® A(k)). Writing this out in terms of the x, ,,) we have

0 =i:( /\ ¢n(xd,w(0))) + H ’

where H is a sum of terms each having weight greater than the weight of
A D,(x4.,,?). Note that
WE(A @y(xq,,, )= T X ((k+1)d+1)
={k(k+1)(n(n—1)/2)} + {nk(k + 1)/2}
=n’k(k+1)/2.

But n?k(k+1)/2 is the highest weight occurring in A (gl (C)®(4 , (k)) so H=0.
Thus €, is nonzero as desired.
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We next prove 2). Assume @, is onto and let §,* and &, be the coboundaries in
the Koszul complexes for computing HL(gl (C)® 4 . (k)) and HL(gl (C)® A(k))
respectively. Let 6, =6,—6," so 8, increases degree by 1 and decreases weight
by k+1.

As in the stable (n= c0) case, there is a spectral sequence E', , with E' term
HL(gl (€)® A4 , (k)) which abutts to HL(gl (€)® A(k)). In our proof of statement
1), we showed that &,(E(n)) is mapped isomorphically onto HL(gl(€)® A(k)) by
this spectral sequence. Let @,"(E(n)) be the image of @,(E(n)) in E', and let &
denote the coboundary in E". Thus,

(A) o Erp,q—bE'p+r,q—~r(k+ 1)»

(B) 8@, (E(n)=0,

(C) @,/ (E(n))nIm(5")=0.

We need to show that &,(D(n))C @,(E(n)). Clearly it is enough to show that
@, (X) € @,(E(n)) for each generator X of D(n). Assume to the contrary that &, (X)
is not in @,(E(n)) for some generator. Choose X to be a generator of D(n) of
minimal degree for which this happens, and let q denote the weight of @,(X).

By Proposition 4.5, @,(X) vanishes at some point in the spectral sequence. Let r
be that point and let @,7(X) be the image of &,(X) in E". Either §"(®,’(X)) is nonzero
or @,/(X) is in the image of ¢". In the latter case, ¢, (X)=0"(Y) for some
YeE',_, 4+r4+1) By the minimality of the degree p, E',_, ;4 ¢+ 1)C @' (E(n)) and
so this case is impossible by observation (B) above.

So it must be that §"(®,’(X)) is a nonzero element of E", ., ,_ ¢+ 1)

Claim. E' ;. 4 vge+ 1) C P (E(M).
Proof. Clearly it is enough to show that
E1p+r,q—r(k+ l)C ¢n1(E(n)) = dsn(E(n))
Suppose that this is false. Then there exists a nonzero Y,
Y=, )A...AD,(),

in HLP*r e r&*+ (gl (C)® A, (k)) with the I'; generators of HRC(A . (k)) and with
@ (') notin @,(E(n)). Let p; and ¢; be the degrees and weights of the @,(I;). We will
use the observation that if I is any generator of HRC(A, (k)) of degree p” and
nonzero weight ¢’ then

—(k=1D22(k+D)p/)—q' =(k-1)/2.

By the minimality of p, we have p, = p hence g, =0 or ¢, 2 ((k+1)p—((k—1)/2)).
Note that ¢, =0 is impossible by Proposition 4.5 and the bound p, = p=(2n+1).

So. 021/ (e D)p—(k=1)).

Also, g=(1/2)((k+ Dp+(k—1)) so
q-rk+1)sq—(k+1)<1/2)((k+D)p—(k—1))=q, .

But g—r(k+1)= 3 ¢, and this is a contradiction which proves the claim.
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Continuing with the proof of Theorem 4.9 we now have that @, (E(n))nIm(d")
is nonzero which is a contradiction.

The importance of Theorem 4.9 is that it shows that the image under ¢, of the
subalgebra E(n) is an exterior algebra with nk generators of exactly the degrees and
weights which are conjectured to be the degrees and weights of generators for
HL(gl(€)® A , (k)" ©.

The author believes that statement 2) of Theorem 4.9 is too weak. He
conjectures that @,(D(n)) is zero with no assumptions about @, being onto. One
way to prove this would be to show that @,(x) is in the image of J, " for the explicit
cyclic cohomology representatives x of degree greater that 2n given in Sect. 3. One
might hope that for these x, @,(x) would be zero in A (gl (C)® 4 ,(k)). However,
for n=2 and k=2, the representative x of degree 5 and weight 8§ given in Sect. 3 is
the only possible cyclic cohomology representative and @,(x) is nonzero in
A (gl,(€C)® A,(2)) (although @,(x) is zero in HL(gl,(C)® A4 . (2))).

Part 11 — Dihedral cohomology

In this part we prove results analogous to Theorem 4.9 for the symplectic and odd
orthogonal Lie algebras. The overall approach is exactly the same as in Part L.
First we extend HD(A) to a ring HRD(A) and define a degree and weight-
preserving homomorphism ¥, from HRD(A) into HL(9,@A4) (where
4, =05, 1(C) or sp,,(C). The analogue of Proposition 4.5 is equivalent to a well-
known topological result. It is used to obtain the analogue of Theorem 4.9.

Most of the details will be just as in Part I and will therefore be omitted. Also
the exposition is nearly identical for the orthogonal and symplectic cases and so we
consider just the case of the symplectic Lie algebras. Recall that sp, (C) is the Lie
algebra of 2n by 2n real matrices x,

m m ,
x N [ 1’ 1 , } ’
My | Mz 2
which satisfy m, ,'=m, ,, m, ,'=m, ;,and m, ,'= —m, ,. In order to define ¥,

we need notation for a basis of sp,,(C). This basis, denoted {t; ;} is given in the list
below:

Basis vector Notation

z . 0

>J L —j=t_j;
0 | —~z; ’ ’
02+ o=t

o] 0 b=t

Z,'J'*"iji 0
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Definition 4.10. Define ¥,,: D(A*)> A ((sp,(C)® A)*) P by
YLi(a*®...®a,) =2 (t;,,;,@a)* A ... A(t;,;,Qap)*,

where the sum is over all nonzero iy, ...,i, with —n<i;<n.
As with ¢,, the definition of ¥, seemingly depends on the order of a,, ..., a,.
However it is easy to check that

1) ¥ (Li(a,*®...04,*®4a,*))=(—1)""'¥,(L(a,*®...®a,*))
2) P (Li(a:*®a*®...®a,*)=(— )" V"W (L (a,*® ... ®a*)).

It is also easy to check that ¥ (L (a,*®...®a,*)) is annihilated by sp,,(C) so
¥, is a well-defined map from D(A*) into A ((sp,(C)® A)*) PO,

As in Part I we define a bigraded ring RD(A*) to be T(D(A*)) modulo the
relations

a®B=(__1)(r+ ”‘”“B@a,

for w € D"(A*) and p € D°(4*). The bigrading is that inherited from D(A*) but with
degree shifted up by 1. Extend 6, to an antidetivation on RD(A4*)and let HRD(A*)
be the bigraded cohomology of the complex (RD(A*),5,). The analogues of
Proposition 4.2 and Theorem 4.4 hold with the role of gl,(C) being played by
$p,,(C) in Theorem 4.4.

We will need the appropriate analogue of Proposition 4.5. Via deRham
cohomology, the following result is equivalent to the well-known topological
result that the cohomology of Sp(2n,IR) projects onto the cohomology of
Sp(2rn—2,R) (see for example [23], p. 341).

Proposition 4.11. For each s, let g(s) be the unique non-vanishing dihedral
cohomology class in HD**~%(C). Let G(n) and F(n) be the subalgebras of HRD(C)
generated by {g(s) : s<4n} and {g(s) : s> 4n} respectively. Then ¥ (F(n))=0and ¥,
restricted to G(n) is an isomorphism of G(n) onto HL(sp,,(C)).

From this point on, the proof is identical to the proof given in Part I. We state
the analogue of Theorem 4.9 and leave details of the proof to the reader.

Theorem 4.12. Let A=A (k) and let E(n) be the exterior algebra spanned by the nk
generators of HRD(A) of degree less than 4n. Then ¥, maps E(n) isomorphically
into HL(sp,,(C)® A)*©),

Lastly we need to discuss the case of the even orthogonal groups 0,,(C). In this
case, the analysis above shows that the projection from the n= co complex is not
onto. The image is an exterior algebra with (k+ 1) generators in each of the degrees
3,7, 11, ..., 4n—7. As usual, one generator of degree 4s+ 3 has weight 0 and the
remainder have weight (k+ 1) (2s+ 1)+ tfort=1,2, ..., k. Thus k + 1 generators of
our conjectured cohomology ring are not in the image of the projection from
n=o00.

It is possible to write down cohomology representatives for these k+1
“missing” cohomology classes and show that they, together with the (n— 1) (k+1)
generators projected from the n= oo complex, generate an exterior algebra with
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the degrees and weights predicted by the strong Macdonald conjectures. This
requires detailed analysis of the centralizer algebra of SO(2n, R) in the tensor
powers of the defining representation (see [1] or [11]). This will appear in a
separate note.
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