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PREFACE

On February 1, 1959, Consumers Power Company and Commonwealth Associates
Incorporated began a contract for research with The University of Michigan.
The objective of this research program was to develop the art of utilizing
digital computer equipment in an analytical manner to enable the optimization
of power plane designs.

The research program is under the general supervision of Associate Dean
Glenn V, Edmonson and under the technical direction of Assistant Professor
Franklin H. Westervelt assisted by Dr. Robert Albrecht, Mr. Jon Squire, Mr.
Robert Hohmeyer, and Mr. James Stokes.

Four major computer programs have been devised. They may be used sep-
arately, or linked together, to enable optimization of power plant designs.
This report explains the computer programs as presently developed and indi-
cates areas in which further work remains to be done.

The details of the logic involved in the computer analysis are presented
by Professor Westervelt in a separate publication entitled Automatic System
Simulation Programming. Details of the SIMULATOR PROGRAM are explained by
Mr. Jon Squire in Appendix A. Details of the STEPWISE RECRESSION PROGRAM
WITH SIMPLE LEARNING and of nonlinear estimation are explained by Mr. Robert
Hohmeyer in Appendix B. Details of the COST ANALYSIS PROGRAM are explained
by Mr. James Stokes in Appendix C, Details of the OPTIMIZATION PROGRAM are
explained by Mr. Jon Squire in Appendix D.

During the past year, the research group conducted a training program
for personnel of Consumers Power Company and Commonwealth Associates In-
corporated. An outline of the portion of the training program designed to
provide the background of mathematical statistics necessary for understanding
the computational logic of the computer program is presented by Professor
Westervelt in Appendix E. The material covered in other portions of the
training program is presented in Appendices A, B, and D.
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1. THE PROBLEM TO BE SOLVED

1.1 THE PROBLEM

The designer of a steam power plant 1s faced with a formidably complex
task when he must decide upon the specifications of the components of the
system. Only a few of the specifications—such as those of size, power, ca-
pacity, and tolerance of a particular component in a particular applica-
tion—can be selected by following standard and well-accepted procedures.

When the designer comes to such specifications as efficiency, loss, and op-
erating point, he is faced with a range of possible values, or "free choices."
He must now "play it by ear" and trust his own experience and his knowledge
of the design of previous power plants.

Why does this create a problem? Simply because each of the values the
designer selects will affect the operation of all the rest of the system
and thus modify the over-all efficiency and the capital investment of the
entire system. It is a very rare case when the designer can select an ef-
ficiency, a loss, or an operating point knowing that it will not affect the
efficiency, the initial cost, and the operating cost of the whole system.

Until now there has been no practical way to solve this problem, to
make the design of a power plant a science, rather than an art. The designer
cannot select one "free choice" and then design the rest of the system to
match. He has no way of determining that the particular value he selected
will result in the greatest efficiency for the complete design. What value
of what "free choice" should be select to get the greatest system efficiency?

The logical method of solving this problem would be to look over all
possible combinations of all "free choices,” try out those combinations which
appear desirable, and finally select that combination which gives us the
lowest total cost.

Such a method is clearly beyond the capability of a single designer, or
even a whole group of them. It would take years to perform such an analysis.
But this method can well be adapted to a modern high-speed digital computer
which can perform a very large number of computations in a very short time.

1.2 THE SOLUTION

This problem has been solved through the creation of a series of com-
puter programs:



a. SIMULATOR PROGRAM—translates a verbal description of the flow di-
agram of the system into a computational procedure, in this case
the Heat-Balance Program, which enables us to solve for the ef-
ficiency of the system.

b. STEPWISE REGRESSION PROGRAM: WITH SIMPLE LEARNING—derives formulas
for predicting costs and efficiencies from given sets of data.,
These formulas are used in the Cost Analysis Program and the Heat-
Balance Program.

c. COST ANALYSIS PROGRAM—uses the efficiencies calculated by the
Heat-Balance Program and the cost formulas derived by the Stepwise
Regression Program to predict the equipment and operating costs of
the design.

d. OPTIMIZATION PROGRAM—selects various combinations of "free choices"
for the Heat-Balance Program to determine the combination that will
give us the most economical design as defined by the Cost Analysis
Program.

These computer programs may be used separately to solve a variety of problems,
or they may be linked together to optimize the design of a whole system.

Provided information from several sources is available, it is possible
that by the time this report is distributed, each of these programs will have
been tried out separately. We will soon try them linked together by running
a Heat-Balance Program created by the Simulator Program with the Cost Analysis
and Optimization Program. Two "free choices" and only a few cost formulas
from the Stepwise Regression Program will be employed in an attempt to analyze
the design which will provide maximum economy over a thirty-five year period.
Additional work on the writing of element descriptions, and refinements in
the Cost Analysis Program, will enable us to use many more "free choices" in
the design analysis.

This report explains in very general terms how a digital computer can
be instructed to perform such an analysis. The computer needs a completely
detailed description of this analysis for this purpose--so detailed that the
essential principle involved is easily lost in the forest of instructions.
Because this report is intended for a wide audience, rather than for computer
specialists, the body of the report deliberately omits these details and con-
centrates on the principles involved.

The techniques of preparing instructions for the computer and the details
of its operation are discussed in the Appendices attached to the body of the
report.



2. THE SIMULATOR PROGRAM

This particular program produces a computational process, or another com-
puter program, to enable us to analyze a system. This can be any system that
we can specify. Let us describe how this can be used to analyze a portion of

a steam power plant design, in other words, to produce a Heat-Balance Program
for a steam-water system.

2.1 FLOW DIAGRAM

To design a power plant, one ordinarily starts with a flow diagram. The
same thing is done when we use a computer to analyze the efficiency, or the
economy, of a particular power plant design. On this flow diagram we must
indicate all the components essential to the operation which add energy or
decrease it. Thus, pipes are included because energy is lost in them, but
pipe hangers and turbine foundations are not. Such a diagram might resemble
the one in Fig. 2.1, but there is no theoretical limit to the number of en-
ergy components. We may make the plant as complicated as we wish.

The computer, of course, cannot read a flow diagram. Therefore, the
flow diagram must be described for it. Ordinary words typed with a keypunch
onto IBM cards will do. There is only one limitation; the words must not be
longer than six alphanumeric characters, i.e., combinations of letters and

digits. For this reason TURBINE must be shortened to TURBIN or Tl, T2, or
T3.

There are frequently several components in the system with the same des-
ignation, such as PUMP, but they come in different sizes and capacities and
are connected to different parts of the system. To differentiate one pump,
or one condensor, from another, the name may be followed by a comma and an
additional six-character identifying name or symbol, for example, PUMP, A
or PUMP, ALT—for alternate pump.

But how 3o we describe the links, or connections, between components?
This is done simply by typing, in parentheses, following the component name,
an additional name or symbol identifying the point of attachment of the con-
nection or link. For example, a pump inlet, outlet, and shaft are points of

attachment. They would be described as PUMP,A(INLET), PUMP,A(OUTLET) and
PUMP, A( SHAFT) .

These points of attachment must be connected to points of attachment on
another component. Thus PUMP,A(OUTLET) might lead to a pipe which in turn
leads to a condensor inlet. These connections are indicated by the simple
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word TO set off with commas on either side, or PUMP,A(OUTLET),TO,PIPE,TO,
COND, B( INLET) .

But what if the connection of a component is multiple; what if the out-
let of a pump is divided between two condensors? All we need to do is to
differentiate between the points of attachment, just as we identified the
components, by adding a comma and an identifying word or symbol. Thus PUMP,
A(OUTLET,?2) ,TO,COND,B( INLET, 1) .

Now the flow diagram of Fig. 2.1 might be described for the computer
as follows:

RIVER, TO,PIPE, TO,PUMP, A( INLET)
PUMP, A(OUTLET, 1) ,TO, COND(IN), etc, etc.

Have we omitted anything? Forgotten any connections or attachments? We
can ask the computer to check the description of the flow diagram for con-
sistency as it prints out the description. The computer will do this by
simply sorting through these connection statements looking for duplicate terms.
That is, if PUMP,A(OUTLET,1) appears twice in the flow diagram we have either
inadvertently typed out PUMP,A(OUTLET,1),TO,BOILER,A(INLET) twice, which is
merely redundant, and of no importance, or we have PUMP,A(OUTLET,1) also con-
nected to another attachment on another component, which is illogical. In
case the computer discovers this second type of duplication, it adds AMBIGUOUS
to the printed sheet it is producing.

2,2 PARAMETER LOGIC

A1l we have done so far is to describe the flow diagram of the power
plant design to the computer. We must now go further and describe to the com-
puter what performance data, taken at numerous points over the operating range,
we can measure on each component, at which attachment on the component we
take this measurement, and how this measure of performance is related to other
measurements at other attachments. For example, on a constant-speed motor we
can measure the horsepower at the shaft, or HP(SHAFT). The HP(SHAFT) is, of
course, related to the torque at the shaft, or TORQUE(SHAFT).

If we are given the value of one of these measurements, logic indicates
that we can compute the other. The computer needs to be told this. It has
no intuition and can perform no inferential leaps. We must explain to it
exactly what the logical relationships are. Thus, we tell it that if we
know the horsepower at the shaft, then we can compute the torque at the shaft.
Or, HP(SHAFT),THEN, TORQUE(SHAFT) .

Further, we need to explain to it how we can find the torque at the

shaft from the horsepower at the shaft. Therefore, we follow the general



logical satement with the more specific one, ZTORQUE(SEAFT)J = 26, bx3HP( SHAFT) &,
or the torque at the shaft equals 26.4 times the horsepower at the shaft. The
symbols & serve as arbitrary brackets and indicate that real number values

will be provided or will be computed to provide the value of the word within
these symbols. The asterisk (%) stands for the operation "multiply."

2.5 ELEMENT DESCRIPTION

Now we must describe for the computer each component, or element in the
system, including its name, its attachments, and the logical relationships of
the parameters, or performance data, that we can measure on the component.

First we must tell the computer what we are sbout to do. Therefore we
write, ELEMENT DESCRTIPTION.

Next, obviously enough, NAME OF ELEMENT = MOTOR.
Next we list the attachments of the element. For example,
ATTACHMENT NAMES = SHAFT, INPUT, OUTPUT

If there are multiple connections at a single attachment, some of the
parameters are likely to be identical. For example, the pressures at mul-
tiple outlets of a pump are likely to be the same. To simplify the statement
collections we can indicate these identical parameters under the heading
BROAD SCOPE PARAMETERS = PRESS. But we must be careful; if the parameter is
declared "broad scope" for one element, it must be so declared in every el-
ement description in which it appears.

In some cases we will want to try out various types of components in
conjunction with a single design arrangement. It will save a great deal of
time if we can indicate to the computer that we plan to utilize the element
being described in several design arrangements. We can do this by next writ-
ing PERMANENT. When the computer reads this, it will preserve the element
description in its memory to use it in another analysis rather than dis-
carding it.

Now we will tell the computer each of the steps of parameter logic that
we have for this element. This follows the form discussed in Section 2.2,
but we must precede each general and specific logical statement with the
phrase STATEMENT COLLECTION. For the motor we are describing, these state-
ment collections might appear as follows:

STATEMENT COLLECTION
HP( SHAFT) , THEN, TORQUE( SHAFT)
STORQUE( SHAFT) § = 26. 4*3HP(SHAFT) &



STATEMENT COLLECTION
TORQUE( SHAFT) , THEN, HP( SHAFT)
SHP(SHAFT) § = .038x3TORQUE( SHAFT) &

And in a number of statement collections, especially those dealing with
the designer's "free choices," we must indicate that the parameter depends
on the values of other parameters and must be computed from a formula we may
not yet have. For example, we can compute the electric power at the term-
inals of a motor if we know the horsepower and the torque of the shaft and
have a formula for the efficiency of the motor. A statement collection of
this type might appear as:

STATEMENT COLLECTION
HP , TORQUE( SHAFT) , THEN, ELECPR( TERM) (electric power at terminals)
SELECPR(TERM) § = $HP( SHAFT) &/EFFMIR. ( $TORQUE( SHAFT) &)

The formula indicated by the term EFFMTR. will be devised by the computer it-
self from the Stepwise Regression Program described in Section 3.

If an single statement collection is going to appear under all similar
attachments of components in the system (as the relationship of torque, rpm,
and shaft horsepower of all shafts in the system will) we can save a great
deal of time by typing this statement collection only once under NAME OF EL-
EMENT = UNIVERSAL,

Finally, we must tell the computer either DESCRIPTION FINISHED, or
ANOTHER ELEMENT FOLLOWS.

2.4 INPUT PARAMETERS

Now that the flow diagram, the parameter logic, and the elements have
all been described to the computer, we can indicate to the computer what
data, or parameters, are known for each component and at which point of at-
tachment of the component these data are measured. Thus we may know the
pressure at the outlet of a pump, or the temperatures to be expected of the
river water.

These given parameters are described to the computer by beginning with
the statement INPUT PARAMETERS. This statement is followed by a name for
the parameter, such as FLOW, or TEMP, or PRESS (for pressure). The parameter
name must be followed by the name, in parentheses, of the specific attach-
ment of the specific component where this 1s measured, for example, PRESS
(PUMP, B(OUTLET,2) ) .

If the particular attachment is not specified, as in PRESS(PUMP( INLET)),
the computer will assign pressure as an input parameter to the inlet of every



pump in the system. This can save time in describing the input parameters,
but if the input parameter is described this way by accident, the program
produced by the computer (described in Section 2.5) will be wrong.

2.5 DESIRED RESULTS

Ultimately we should like to ask the computer to give us the answer to
the question, how many kilowatt-hours of electricity will a power plant of
this design produce for each ton of coal? In other words, what is the unit-
net-heat-rate at the generator terminals? We ask the computer this by typ-
ing,

DESIRED RESULTS
UNHR( GENER( TERMIN) )

The computer cannot give us an answer to this question in numbers because
we have not yet provided it with numbers to work with. We have, however,
told the computer, as we explained in Section 2.4, what number values we can
supply for certain parameters. We have also told it, as explained in Section
2.2, how these parameter values are logically related. Thus, we have told
the computer, in the STATEMENT COLLECTION under the element description of
the generator, BTU(FUEL),THEN,UNHR(TERMIN). If we work our way back down the
flow diagram from the desired result toward the given ‘NPUT PARAMETERS we can
eventually describe how to calculate the desired result from the given input
parameters. In other words, we have created a computational technique, or
computer program.

This sounds like a very simple procedure. In principle it is simple;
but in actual practice it is tedious and exasperating. It is very much like
working through a maze with a great many alternate alleys. For a simple sys-
tem it would take days to do it; for a complex system, weeks or months. And
by the time we got through we would be able to calculate only a few of the
many different results we desire.

Fortunately, the computer can do this sort of maze-running very rapidly.
If we ask a digital corputer to produce one single program to calculate all
the parameters that can be calculated at all the points in the system, it
can do this in a matter of minutes. And it learns as it runs; that is, when-
ever it runs into a blind alley, it backs up and starts again. But this
time, by assigning a lower probability of selection to that particular alley,
it remembers that this alley led only to a dead end. The method by which the
computer is told how to do this is described in detail in Professor Frank
Westervelt's dissertation.*

*Westervelt, Franklin H., Automatic System Simulation Programming, The Univer-
sity of Michigan, 1960.




The output of this maze-running is a series of logical steps leading
from the INPUT PARAMETERS to the DESIRED RESULTS. In other words, the com-
puter produces a computational process, or Heat-Balance Program, completely
ready for the computer—no more hand work needs to be done. This is a very
desirable answer to our original question. We can now insert real number
values in place of the INPUT PARAMETERS and get a real number answer back in
a matter of minutes.

A more detailed description of this Simulator Program is presented in
Appendix A.






3, THE STEPWISE REGRESSION PROGRAM WITH SIMPLE LEARNING

In analyzing either the efficiency or the economy of a power plant de-
sign it is necessary to describe in computational terms the relationship be-
tween a number of interacting variables. For example, the efficiency of a
single stage of a turbine varies with the torque of the output shaft, the
temperature of the steam at the output, the pressure of the steam at the in-
put and the output, and the rate of flow of steam at the input, the extrac-
tion point, and the output, and the number and arrangement of turbine stages.
In the same way the cost of the turbine depends not only on its efficiency,
but also, among other things, on its material, and its size. Each of these
variables influences the cost in a different way.

For this reason we cannot insert in the STATEMENT COLLECTION a simple
mathematical equality such as:

HP( SHAFT) , THEN, TORQUE( SHAFT)
STORQUE(SHAFT) § = 26.L4x3HP(SHAFT) &

The specific logical statement appearing in the second line is a simple re-
gression equation, or an equation which enables us to predict the value of
the torque if we know the value of the horsepower at the input. We could
plot this relationship with a simple straight line on a graph.

But when several variables interact, we cannot use a simple regression
equation. If we superimpose the curves of efficiency of our turbine versus
each of the variables that affect it, we get a very complicated-looking
graph. The computer cannot, of course, interpret graphs as such. It can,
however, predict the efficiency of the turbine from these variables if it
can generate a multiple regression equation, which is a mathematical model
of this curve. This equation must be derived from the data.

We now give the computer data in the form of coordinates of selected
points along each curve of each graph of a real turbine whose efficiency is
already known. From these coordinates the computer now derives a multiple
regression equation which will enable it to predict the efficiency of a new
and different turbine from any given set of values of the parameters of pres-
sure, temperature, torque, and flow.

The computer derives this multiple regression equation by another form
of maze-running. It begins by selecting a given parameter, such as pressure,
and computes the coefficient (or multiplier, like the coefficient 26.k4 by
which horsepower must be multiplied to get the value of torque). If this
one parameter and its coefficient enables us to predict efficiency from pres-
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sure with reasonable accuracy, the computer adds another parameter and com-
putes the coefficients of both parameters at once to attempt to provide a
prediction with less error. In this way, step by step, the computer tries
out the combinations of parameters and their computed coefficient values,
and, by rejecting the less successful combinations and keeping the more suc-
cessful, it learns which combination produces the best prediction of the
real efficiency of the real turbine. This combination is then used as the
equation to predict the efficiency characteristic of a new turbine through-
out its range. This equation is the mathematical model of the complicated
curve,

If, when a parameter is added to the combination, the prediction becomes
less accurate, the computer goes back to the best previous combination and
adds a different parameter to it. In computer language this technique is
called '"branching."

A more detailed description of this program is presented in Professor
Frank Westervelt's dissertation.* Further refinements in this program to
provide for nonlinear estimation are present in Appendix B,

*Westervelt, Franklin H., Automatic System Simulation Programming, The Univer-
sity of Michigan, 1960.
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L, THE COST ANALYSIS PROGRAM

We can now find the efficiency of a given design very easily. However,
an efficient design may be so costly to construct that it would be uneconom-
ical. Further, we will not be running this plant at 100% of its capacity all
the time, and if the cost of operating the plant at less than capacity looms
too large, we may find that a design of less efficiency is nevertheless the
better design in terms of economy. Therefore, we must find out how much the
equipment of our design will cost and how much it will cost to operate a
plant of this design.

4,1 EQUIPMENT COST

Since most of the important components of a power plant are specially
bullt items, we cannot merely look up the price in a manufacturer's catalogue.
Just as the efficiency of a component depends on a set of interacting var-
lables, so the cost depends on a set of interacting specifications. Again we
are faced with the problem of deriving a multiple-regression equation.

Once again we can call on the computer to do this for us through the
Stepwise Regression Program described in Section 3. As we did before, we
give the computer coordinates along the graphs of cost versus a variety of
specifications of existing components. And, as before, the computer tries
out various combinations of specifications and computes the coefficients until
it arrives at the combination of specification parameters and coefficient
values which will best predict the cost of the existing component. By in-
serting numerical values for the specification parameters, we can predict the
cost of each item of new equipment, and by adding these costs, get the total
equipment cost of the design,

4,2 OPERATING COST

Now that we know how to find out how much the equipment will cost, in
what way can we find out the cost of operating the plant we are designing?
The best way to compare the operating costs of two different designs is to
determine the costs of the coal required to run each plant during its expected
lifetime. We will arbitrarily choose a number of years as the expected life-
time of a power plant.

As the power plant grows older it will probably be operated less and

less at capacity. Newer and more efficient plants will have been added to
the over-all distribution system and will be providing a larger and larger

13



share of the power, Therefore, we will now give the computer the number of
hours we think this plant will operate at 100%, 85%, 70%, 55%, L40%, 25%, and
0% (shut down for maintenance) of its capacity during each five-year interval
of its expected lifetime. We expect to develop a formula which will -enable
the computer to predict the number of hours of operation &t various capacities
in each year.

As we explained in Section 2,5, we already have a computational process,
or computer program, which will enable us to find the unit-net-heat-rate, or
the number of Btu's of fuel required for each kilowatt-hour at each percentage
of capacity. This makes it easy to compute the number of Btu's of fuel re-
quired for each five-year interval of the expected life of the plant.

But the cost of fuel is likely to change with time. So we determine the
cost of coal in past periods, and by projecting these costs into the future,
we can compute the probable cost of coal used by the plant.

Other operating and maintenance costs must be taken into account. By
adding these to the fuel costs, we get the operating cost for each five-year
interval of the expected life of the plant.

4,3 TOTAL COST

The total cost of the equipment, must be multiplied by a specified fixed
charge rate to account for interest, taxes, insurance, and the return on cap-
ital investment, The product of this multiplication, added to the operating
cost for a given year, will give us the annual revenue required in that year
to operate and pay for the plant at a predetermined rate of return.

These annual revenue requirements are then translated into "present
worth" and summed to give us the total cost of the design. This enables us
to compare the total costs of two different designs on the same basis of
"present worth."

A more detailed description of the Cost Analysis Program is presented in
Appendix C.
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5. THE OPTIMIZATION PROGRAM

Thus far we have only created computational techniques, or computer pro-
grams, which tell us how to find various answers. How now do we combine these
programs to use the numerical values we can supply and solve for the numerical
results we desire?

First, of course, we can given real numerical values to the Stepwise
Regression Program so that the computer can derive the formulas that tell us
how to predict the efficiencies of individual components and their costs.

These formulas we then can add to the element descriptions of Section
2.3 in the form of STATEMENT COLLECTIONS. Then through the Simulator Program
we can have the computer devise its own Heat-Balance Program to determine
the efficiency and the equipment cost of the entire design from the various
INPUT PARAMETERS that we intend to supply.

In addition we have devised a Cost Analysis Program for predicting the
operating costs from a given number of hours of operation at various percent-
ages of capacity. However, we need to supply the unit-net-heat-rate of the
design. This value, of course, can be provided by the Heat-Balance Program.
The operating costs and equipment costs added together will give us the econ-
omy of the total design.

All we need to do is to choose the values of the input parameters. But
this is where we began. There are so many choices available to us! Of
course we do have a big advantage because now we can compute the efficiency
and economy of our combination of "free choices" very rapidly, but there
still remains a host of "free choice" combinations we could try out.

The computer is still available to us; why not let it try out these com-
binations in some logical fashion? We can do this with Optimization Pro-
gram.

To do this we give the computer, not a set of fixed INPUT PARAMETER
values, but a range of values. We can specify the range of values within
maximum and minimum limits, as PRESS(PUMP(OUTLET)) = 100PSI,MIN,TO,150PSI,
MAX, Or we can set the limit of a combination of values, as pressure times
temperature must not exceed a certain value, PRESS*¥TEMP = 900OOOMIN,TO,
150000MAX., Or we can set a limited number of permissible values, as TEMP
(TURBIN(INLET)) = 900,950,1000,1050. Some of the input parameters are ob-
viously going to fixed, that is, only a single value will be supplied, be-
cause of certain design features.

15



Following the procedure set up by the Optimization Program, the computer
will now select a random combination of parameter values and solve for the ef-
ficiency and total cost of the entire design. Why a random combination? Sim-
ply because we wish to investigate various possible combinations of parameter
values, and, contrary to what seems to be common sense, a random selection
of values, combined with simple learning, is a more efficient way of hunting
for the best combination than is systematic selection., Selecting the values
systematically would eventually lead us to the best combination, but random
selection enables us to explore interactions between variables more effi-
ciently because we cover a greater range of value combinations in less time.

Once the combination of parameter values has been selected, the computer
will then increase the value of one parameter and solve for the total cost
again, If the cost 1s lower, the computer will increase the value of this
parameter the next time it changes it; if the cost is higher, it will decrease
the value. The computer tries out each parameter in turn, learning whether
its value should be increased or decreased to get a lower total cost.

With the direction of change of each parameter value determined, the
computer now changes all the parameter values at once by a small increment
and solves for the total cost again. If this cost is lower than the first
cost, it changes all the parameter values again by a larger increment, and
solves again. It keeps changing the parameter values by larger and larger
steps until the cost is no longer reduced.

The computer then selects another random combination of parameter values,
but this time it refuses to select values that it has already tried, and re-
peats the same process over again. It keeps repeating this process with new
random combinations of values until it has tried out a reasonable sample of
all the values within each range of parameter values we have given it, and
has found the combination of these values that will produce the lowest total
cost.

In this way the computer works closer and closer to that combination of
"free choices" which will give us the most efficient, and economical power
plant from this particular flow diagram.

There is an important advance being comtemplated for this Cptimization
Program. If the element descriptions themselves can be modified in this
program, a completely new flow diagram can te tried out. 1his technique is

being developed by writing the element descriptions in a modified way.

Further details of the Optimization Program are presented in Appendix
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6. FUTURE APPLICATIONS

Each of the programs described in this report can be used separately or
linked with the other programs to solve a variety of problems. To what sorts
of problems might they be applied?

It is clear that the Simulator Program can be used to analyze any sys-
tem that can be adequately described to it. It should be easy to apply it
to transmission networks, either gas or electric. But the system might Jjust
as well be a biological or social, rather than a physical, system. If the
complex of a river system can be described, this program could well produce
a computational scheme for analyzing the effects of population growth and in-
dustrial development on the water purification, sewage treatment, and con-
servation requirements of the entire drainage area. If a customer relations
system can be described, an analysis of the effects of various changes of
policy should be possible.

In like manner, the Stepwise Regression Program with Simple Learning,
with its proposed refinement to handle nonlinear estimation, can be used,
where mass data are available, to predict the effects of a number of inter-
acting variables., Demand figures and maintenance and repair costs may be
analyzed in this way. The program has already been used to predict the in-
cidence of disease from a mass of biological data and to predict personality
characteristics from a mass of psychological data,

And, as explained in this report, where management 1s faced with a number
of alternatives, the Optimization Program can be a very useful tool.

These computer programs have other potential advantages. It is quite
clear that they can exert a powerful educational influence. They enable one
to perceive relationships that were formerly obscure and thus provide a new
understanding of complex phenomena., If the element descriptions discussed
in this report could be made a standard part of every manufacturer's cat-
alogue, designers would be able to analyze a variety of configurations very
swiftly and economically. Finally, these programs, and especially the el-
ement descriptions that they employ, preserve for the benefit of a new
generation of designers the accumulated knowledge and skill which has here-
tofore been lost to a concern as an experienced man retires from the organiza-
tion,
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1. INTRODUCTION

Many fields of engineering are concerned with problems of analysis as a
guide to design., When dealing with a particular component, this analysis can
be carried out by combining physical laws with the aid of mathematics and a
slide rule. If the problem is expanded to the analysis of a group of com-
ponents operating together as a system, it becomes necessary to find more
powerful techniques. Simulation is one such technique. To analyze by sim-
ulation one chooses a set of operating conditions in such a way that the be-
havior of a system is completely determined. The behavior of the system can
then be evaluated for this particular set of operating conditions. By spec-
ifying various operating conditions, the general behavior of the system can
be determined.

Once a step-by-step procedure has been set up for determining the be-
havior of the system, many sets of operating conditions must be calculated.
Here a digital computer is of tremendous aid. The computer is an accurate
and fast tool for doing the calculations required for simulation.

Specific attention will now be given to the problem of simulation. By
simulation we mean the process of representing physical parameters by nu-
merical quantities and using these numerical quantities in mathematical ex-
pressions of physical laws. In other words, any physical parameter such as
temperature, pressure, flow, voltage, or current can be represented by a
number which is read off the appropriate type of meter or gage.

There are three basic things that must be known in order to do a simula-
tion. First, the parameters for which values will be given must be listed.
Second, the parameters which are to be calculated must be listed. Third, an
algorithm or calculation procedure must be found which yields the values of
the unknown parameters when known parameters are given.

One of the objectives accomplished by this research project was the de-
velopment of a computer program called The System Simulator to make simula-
tion of systems relatively easy. The philosophy used during the development
of the System Simulator Program (hereafter referred to as The Simulator) was
to require the user to do as little as possible yet keep the structure of
The Simulator independent of the type of problem., Thus The Simulator can
work on problems involving mechanical systems, electrical systems, chemical
systems, or even economic systems.

The average user of The Simulator will not have to know a computer lan-

guage, nor will this user be required to specify any form of algorithm for
doing the simulation. The Simulator does both of these tasks. The basic
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information required by The Simulator is as follows: (1) A list of the pa-
rameters for which values will be specified (the specific name "Input Pa-
rameters" is given to this type of parameter). (2) A list of parameters for
which values are to be calculated (the specific name "Desired Results" is
given to this type of parameter) . (3) An accurate description of how the
various components of the system are tied together (the name "Connection"
will be used for any statement which describes a point where two components
are attached).

Having been given Imput Parameters, Desired Results and Connections, The
Simulator will produce an algorithm or procedure for calculating the values
of Desired Results when given numerical values of the Input Parameters. The
Simulator then produces a computer program to perform the algorithm. The
computer program produced by The Simulstor plus a set of data consisting of
numerical values for the Input Parameters is submitted to a computer. The
results of this program computation are the numerical values for the Desired
Results. The same program may be used with different values for the Input
Parameters. The relation between the values of the Input Parameters and the
values of the Desired Results can be interpreted to determine the behavior of
the system,

Before using The Simulator to generate simulation programs, a library
of mathematical models of various components or elements must be prepared
for The Simulator. (The more general name "Element" will be used instead of
component.) Typical Elements are turbines, pumps, pipes, resistors, gen-
erators, etc. The Element is the basic building block of a system that is
to be simulated. The mathematical model as it appears in The Simulator'’s
library is called an "Element Description." An Element Description once writ-
ten may be used any number of times in any number of different systems. More
detail about writing Element Descriptions is given later,
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2. CONNECTION STATEMENTS

To define unambiguous connections between elements, specific points on
each element (called "attachments") are given names. For example Fig. A-1
shows an element called PUMP. This element has three attachments: INLET,
OUTLET, SHAFT. To define a connection of this pump to some other element we
may state an element name, attachment name, the word TO, another element
name, and another attachment. An example of this type of connection state-
ment is PUMP(OUTLET)TO,COND(CIRWIN)., See Fig. A-2. Note that the order of
stating the connected points is unimportant.

PUMP
O- reooyl SHAFT
OUTLET t-7 ) 0
( - —'l— —— - —
~_ 7 INLET
Fig. A-1l.
COND ‘ O
SHAFT __~
:<> Wt PUMP
CIRWIN ~  QUTLET
0O
INLET

COND( CIRWIN) TO,PUMP( OUTLET)

Fig. A-2.

Since it is possible to use the same element more than once in a system,
a second name called an "Element Identifier" may be used. The Element Ident-
ifier is placed after the element name with a separating comma. See Fig. A-3.
If more than one connection is to be made to a particular attachment of a
particular element, an "Attachment Identifier" must be used for each connec-
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tion. The Attachment Identifier follows the attachment name in brackets,
with a separating comma.

PUMP, A

OUTLET
0O

COND

CIRWIN 2

Pl —O0
PUMP, B

OUTLET —— 0
P2

PUMP, A(OUTLET) TO, COND( CIRWIN, 1)
PUMP, B( OUTLET, P1) TO, COND( CIRWIN,2)

Fig. A-3.

There is a slight restriction on all types of names mentioned above. For
ease of manipulation we require all names to be six or less alphanumeric char-
acters. Alphanumeric characters are the decimal numbers O through 9 and the
letters A through Z.

There are two types of elements for which a shorthand notation may be
used, They are elements with one or two attachments. Typical unary elements
are pure sources or sinks such as a river or a coal mine. Unary elements are
recognized by the fact that no attachment name is given in the connection
statement involving this element. 1If an attachment name was used it would be
the single number 1 (see Fig. A-4). Binary elements such as pipes or wires

0
"\
RIVER SNLET FUME
—O
RIVER, TO, PUMP( INLET)
Fig. A-k.
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have two attachments, named 1 and 2. A binary element may be used without
specifying attachment names if 1t appears between the TO connectives. See
Fig. A-5.

RIVER PIPE | I§2ET | PUMP

RIVER,TO,PIPE,TO,PUMP( INLET)

Fig. A-5.

A summary of all possible connections (CONN) is given below. The fol-
lowing abbreviations are used:

Element name = EL

Element identifier name = EID
Attachment name = AT

Attachment identifier name = AID

Let CONN be any form below:

EL
EL, EID

EL( AT)

EL, EID( AT)
EL( AT, AID)

EL, EID( AT, ATD)

then allowable connection statements are,
CONN, TO, CONN

and
CONNy , TO, CONN»,TO ... TO,CONN,

This completes the techniques for specifying the connections between the
elements of the system., See Fig. A-6 for general example.



RIVER

W—

PIPE POP,MAIN |
—O
PO, AL L0

PIPE, L
PUMP
INLET —0
Fig. A-6.

CONNECTIONS
RIVER(1, A) TO,PIPE, TO,PUMP,MAIN( INLET)
RIVER(1,B)TO,PIPE, (1)

PIPE, L(2, AT2) TO,PUMP, AUX1( INLET, B1)
PIPE,L(2,AT1) TO,PUMP( INLET)

PUMP, AUX1 ( INLET, B2) TO, PUMP, MAIN( INLET, B2)



3. INPUT PARAMETERS AND DESIRED RESULTS

Once the system has been specified, further information must be given
about the physical parameters which are known as "Input Parameters," and
about the parameters which are to be calculated "Desired Results." FExam-
ples of known parameters are output voltage of a generator, pressure at the
inlet of a turbine, temperature of a river, etc. FEach input parameter and
desired result consist of a parameter name (VOLT, PRES, TEMP, etc.) and a
specific point in the system (as given in the connection statements). Input
parameters and desired results have exactly the same form. When the simula-
tor encounters the declaration: INPUT PARAMETERS, it interprets the suc-
ceeding statements as input parameters until another declaration is found.

The declaration for desired results is DESIRED RESULTS. Examples of single
input parameters, or desired results, are:

TEMP( COND( CIRWIN) )
PRES(PUMP, A(OUTLET) )
FLOW( PUMP, B(OUTLET, P1) )
TEMP( RIVER)

Notice that the exact location of the place where the parameter is to
be measured is given by any form: CONN, which was defined on page A-T. Let
PAR be any parameter name, then: ‘

PAR( CONN)

is a statement of an input parameter, or desired result.

There are several shorthand forms which are allowed for the convenience
of the user. First, up to twenty parameters can be specified at the same
point in the system with the connection point given only once. For example:

PARl, PAR2, PAR3,...,PARN(CONN),

where PAR1,...,PARN are parameter names.

The second shorthand notation allows a parameter to be specified at many
different points in the system while writing the parameter only once. This
1s a convenient way of specifying a desired parameter at every attachment of
an element. For example:

PRES( TURBIN)

would specify the pressure at every attachment of the element TURBIN. 1In
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fact, if there were more than one TURBIN in the system, distinguished by el-
ement identifiers, the above parameter statement would apply to every attach-
ment of every element called TURBIN. The general rule is stated as follows.

When specifying the location of a parameter, any designation which is
omitted will be considered as if it matched every corresponding designation
in the connection statements. A designation refers to element name, element
identifier, attachment name, or attachment identifier. A parameter may be
given at every point in the system by the single statement

PAR( )

These two shorthand notations can be combined in any way that the user
may desire.

A summary of some possible input parameter and desired result statements
is given below:

PAR 1,...,PARN( )

PAR 1,...,PARN(EL)

PAR 1, \,..,PARN(,EID)

PAR 1,...,PARN((AT))

PAR 1,...,PARN((,AID))

PAR 1,...,PARN(EL,EID)

PAR 1,...,PARN(EL(AT))

PAR 1,...,PARN(EL,EID(AT))
PAR 1,...,PARN(EL, EID( AT, AID))
PAR 1,...,PARN(EL(,AID))
PAR 1,...,PARN(EL,EID(,AID))
PAR 1,...,PARN(,EID(,AID))

PARN can be the first to the twentieth parameter name.

A simple example using the features discussed thus far is given below.
This example is in a form as it would be punched on IBM cards and used as
data for the System Simulator Program.

(Declarations and statements may start in any column. Only
columns one to seventy-two may be used. Blank columns are ignored;
therefore, spacing is unimportant. If more than one declaration
and/or statement are on the same card, they must be separated by
periods (.). If.the declaration or statement must be continued on
the succeeding card, a dollar sign ($) must be placed in column 1
of the continuation card. There is no limit to the number of
continuation cards that may be used.)
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We will assume that the following element descriptions are available:
TANK, MOTOR, PIPE, and PUMP. TANK and MOTOR have a single attachment named
1. PIPE is a binary element with attachment names 1 and 2. PUMP has three
attachments INLET, OUTLET, and SHAFT. The parameter names are PRES, TEMP,
FLOW, RPM, and TORQUE. The physical setup of the system is shown in the di-
agram.

TANK, SOURCE 'WTPH—— PIPE
INLET
PUMP, HIGH
(1,A) . (1,B) OUTTED
SHAFT
MOTOR TANK,
SINK

CONNECTIONS
MOTOR( 1, A) TO, PUMP, LOW( SHAFT)
MOTOR(1,B) TO, PUMP, HIGH( SHAFT)
TANK, SOURCE, TO, PUMP, LOW( INLET)
PUMP, LOW( OUTLET) TO, PIPE, TO, PUMP,, HIGH( INLET)
PUMP, HIGH( OUTLET) TO, TANK, SINK

INPUT PARAMETERS
PRES, TEMP( TANK)

RPM( MOTOR)

DESIRED RESULTS
FLOW( TANK, SINK)

PRES(PUMP, LOW( OUTLET) )
PRES(PUMP, HIGH( INLET) )
TORQUE( ( SHAFT) )
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L, SYNONYM STATEMENTS

A special type of statement which can be very useful has been provided
in The Simulator. These statements allow the user to declare several names
to be synonymous. One possible application of synonyms is the ability to
use one short name in place of several long names. For example: the connec-
tion statements,

CONNECTIONS
TURBIN, STAGE3( EXTR) TO, . . .
TURBIN, STAGE3(OUT, 1) TO, ...
TURBIN, STAGE?( OUT, 2) TO, . ..

could be replaced by the following connection statements plus a synonym state-
ment,

CONNECTIONS
T3( EXTR) TO, . ..
T3(OUT, 1) TO, . « .
T3(OUT,2) TO, . .« .
SYNONYM
(TURBIN, STAGE3) = (T3)

thus saving considerable writing,

Notice that the true name or names are written first, followed by any
names which are to be synonymous to the true name. By true name we mean the
name that would have been used if synonyms were not available,

Synonyms may also be used to write out the connection, input parameter,
and desired result statements when we do not know the exact element, attach-
ment, and parameter names. Then, Jjust prior to giving these statements to
The Simulator, we supply a few synonym statements which specify the true names
as they appear in the available element descriptions.

Great flexibility has been provided in the use of synonyms. Since only
a few applications have been mentioned here, a detailed description of what
the synonym statement does is given below so that the user may find his own
applications.

RULE T—all synonym statements apply to all other types of statements
except to those in element descriptions, i.e., connection, imput parameter,
desired result, equivalence, and substitution statements may be modified by
the use of synonym statements.,
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RULE II—a true name (IN) or its synonym (SN) can refer to any of the
following designations: parameter name, element name, element identifier,
attachment name, attachment identifier.

In a synonym statement the designations are in the same positions used
for input parameters and desired results.

Let TN and SN be any of the following forms

PAR(EL( AT, AID) )
PAR(EL, EID( AT) )
PAR(EL, EID( AT, AID))

then allowable statements following the declaration SYNONYMS, are of the form

TN = SN
TN = SN1 = SN2 = SN3 =...,=SNN

Here TN represents a true name and SN the synonymous name which will be
replaced by the true name. The TN and SN of a given statement may have dif-
ferent forms, i.e.,

PARL(EL,EID) = PAR2
(,AID) = PAR(EL(AT) = PAR(EL2)

are allowable forms for synonym statements.

RULE ITI—a true name will replace a portion of a statement in some other
declaration under the following conditions:

SN is equal to a statement in every designation or the designation in SN
has not been given. For example, if no element identifier is given in the
SN part of a synonym statement, this synonym statement could apply to all
statements in all other declarations even if they had element identifiers.
It should be noted that any SN for which a parameter name is given can not
apply to any connection statement since the form of the connection statement
does not contain a parameter designation.
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RULE IV—Only the designations of TN which are given will be used to re-
place the corresponding designations in a statement which matches an SN, 1In
other words, if the SN part of a synonym statement matches a connection state-
ment, for instance, as prescribed in Rule III, then the connection statement
will be modified. The modification is governed by the structure of the TN
part of the synonym statement. Wherever a name has been specified in a
designation of TN, this name will replace the corresponding designation of
the connection statement.

There are three cases which do not exactly fit the above description.
First, in the connection statement no parameter is given; we therfore ignore
any parameter name given in TN. Second, there is no parameter, attachment
name, or attachment identifier given in substitution statements; therefore,
these are ignored if they are present in TN, Third, the true name of the
substitution and equivalence statements may not be modified by synonyms.

Due to the flexibility of the synonym statement, the preceding rules
are difficult to comprehend. Therefore, a number of specific examples will
be given, 1In each example the first group of statements will specify the
same data as the second group, the first group containing synonyms, the
second with no synonym statements.

SYNONYM EXAMPLE NO. 1

Part A

CONNECTIONS
PA(TI2)TO,PM(I2)
PA(INLET,Bl)TO,PIPE,TO,RIVER
DESIRED RESULTS
P,T,F(PA(I2))
P,T, F(PM)
SYNONYMS
(PUMP,MAIN) = (PM)
(PUMP, AUX1) = (PA)
((INLET,B2)) = ((12))

Part B

CONNECTIONS
PUMP, AUX1( INLET, B2) TO, PUMP, MAIN( INLET, B2)
PUMP, AUX1( INLET, B1) TO,PIPE,TO RIVER
DESIRED RESULTS
P, T, F(PUMP, AUX1( INLET,B2))
P, T, F(PUMP,MAIN)
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Note that part A has more statements, but they are shorter. It is usu-
ally easier to detect errors in shorter statements and more convenient to
correct errors in one synonym statement rather than many other statements.

SYNONYM EXAMPLE NO. 2

Part A

CONNECTIONS
S(P0S) TO, RES, TO, S(NEG)
s(1)To,CAP,TO,S(2)

SYNONYM
(SOURCE, A(1))
(SOURCE) = S
(SOURCE, A(2))

((Pos))
((NEG))

Part B

CONNECTION
SOURCE, A(1) TO, RES, TO, SOURCE, A(2)
SOURCE( 1) TO, CAP, TO, SOURCE(2)

Here an attachment was used to change the element name, add an element
identifier, and change the attachment name.

SYNONYM EXAMPLE NO. 3

Part A

INPUT PARAMETER
P, T(TURBIN, 1)
F(TURBIN,2)
P, T( TURBIN, 3)

SYNONYMS
(TRB)
(TRB)

»1)

(
(,2)

I

I

Part B

INPUT PARAMETERS
P,T(TRB, 1)
F(TRB,2)

P, T( TURBIN, 3)
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Here the element identifier is used to change the element name. This
type of change might be necessary if a slightly different system was to
be studied, and several stages of the turbine were to be described by a
new element description.
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5. CALCULATION STATEMENTS

The ability to insert additional MAD statements in the Simulator-gen-
erated program in provided through the use of the CALCULATION declaration.
Any statement allowed in the MAD language may be used as calculation state-
ment. This includes READ, PRINT, DIMENSION, and INTERNAL FUNCTION type MAD
statements,

It is often desirable to supplement the capability of element descrip-
tions through use of calculation. For example, if one wanted to compute the
total power loss of a system, this would involve the power loss from many el-
ements. It would be very difficult to include this computation within an
element description, but this computation is easily implemented with the
CALCULATION declaration.

Another potential use of this declaration is to set up special READ
statements for which it is more convenient to prepare data. Or, one may de-
sire more elegant output formats which can easily be inserted as CALCULATIONS,

The details of using calculation-type data are as follows:
(1) Calculation statements are in the standard MAD format.

(2) The last statement which is to be interpreted as a cal-
culation statement must have a plus sign (+) in column one. The
plus sign is removed before the simulator punches this calculation
statement.,

(3) Calculations come in two parts. These are separated by
one calculation statement which has a minus sign (=) in column one,

The first set of calculation statements, up to and including
the statement with the minus in column one, are inserted in The Sim-
ulator-generated program upon encountering the first minus of the
prolog. The second set of calculation statements are inserted when
the second minus is encountered in the prolog.

SUBSTITUTION-type statements apply to the calculation statements where
the 5 symbols are used.,
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6. EQUIVALENCE STATEMENTS

It is often desirable to know the exact name that will be assigned to a
parameter at a specific point in the system. For instance, if all input pa-
rameters and desired results were made equivalent to known names, the sim-
plified input—output of the MAD language could be used. In this way data
could be prepared for the execution run at the same time the data were being
prepared for The Simulator., This would minimize the chance of making errors
in preparing data and interpreting results. Another use of the equivalence
statement is for additional communication between elements., This is very con-
venient when one element computes a value needed by many other elements.

These statements are prepared for The Simulator as follows:

Give the declaration

EQUIVALENCE
followed by statements of the form

NAME = PAR(CONN),
where NAME is g valid MAD variable, PAR is a parameter name, and CONN is a
connection point as described in Section 2. CONN must appear as a part of
one of the connection statements in the set of data where the equivalence
statement is used.

A specific example might be:

MAINFL = FLOW(TURBIN,1(STMIN))
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T. FUNCTION-SUBSTITUTION STATEMENTS

It is usually more economical to set up a general procedure that can be
easily adapted to a special case rather than treat each case individually.
This is possible with three types of data: calculations, the prolog, and el-
ement descriptions. The statements in these types of data may contain var-
iables, constants, and portions of variables or constants, which are set off
by a pair of 3 symbols. This means that the characters between the g symbols
may be modified by function-substitution statements. If no statement is avail-
able which causes modification, then the § symbols are removed and the char-
acters are left unchanged.

Since function, or subroutine, names are most often modified, the declara-
tion

FUNCTION SUBSTITUTION

is usually used. But since the technique applies to many other modifications
the declaration

SUBSTITUTION

may also be used.

The statements which follow either of these declarations are of the
form:

NEW, OLD( EL, EID)

NEW, OLD( EL)

NEW,O0LD
where NEW represents the new characters that are to replace the characters be-
tween the g which are represented by OLD. The above statements which refer
to elements (EL) and/or element identifiers (EID) apply only to element de-
scriptions, while the

NEW,OLD

statement refers to calculations, the prolog, and element descriptions.

An example of how the procedure works follows.
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Glven
SUBSTITUTION
2,1(TURBIN,2)
3,1(TURBIN, 3)
COUNT, NO
GRAPH, PLOT
and

10SS(818) = 1.-EFF515. (' TOTAL)

at turbine 1,2, and 3, and

EXECUTESPLOTS. (3NOB, 5VARD , STYPED)

The result would be:

10ss(1) = 1.-EFF1.(TOTAL)
L10ss(2) = 1.-EFF2, (TOTAL)
10SS(3) = 1.-EFF3.(TOTAL)

EXECUTE GRAPH, ( COUNT, VAR, TYPE) ,

Since statement labels may appear in calculations, prolog, or element
descriptions, a special combination of symbols can te used to prevent dupli-
cation of the same label on two or more statements., By writing Oxx in front
of the label and 0 after the label, the simulator will prevent duplication.
This is a form of substitution, but the computer handles all phases of the
modification,
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8. NEW ELEMENT TAPE

The over-all form of the program which is generated by The Simulator is
shown in Fig. A-T. The majority of the work done by The Simulator is to pro-
duce the section of cards called the generated program in Fig. A-7. This is
the procedure for computing the values of the desired results from values of
the input parameters. Most of this section of cards came from the logical
organization of the information in element descriptions. To get a complete
program which can be executed to obtain numerical results more than just the
generated program section is needed.

There are two methods for making the additional information available to
The Simulator. The first, special calculation, has been described in Sec-
tion 5. The second, the prolog, is described later in this section.

Since an element tape must be available to The Simulstor there must be
some way of originating such a tape, This is done by giving the delcara-
tion.

NEW ELEMENT TAPE,

This declaration is then followed by the prolog that will be used until
another element tape is written. The prolog consists of valid MAD state-
ments, with a few special indicators for The Simulator.

The indicators in the prolog are used to specify where the cards from
the two parts of the calculations, and the cards from the generated program
are to be inserted in the prolog. This allows the prolog to have control
over each section of the program by using the appropriate MAD statements.

The first type of indicator is a plus (+) or minus (-) sign in column 1.,
The first minus sign in column 1 is placed on the card which is to precede
directly the first part of the special calculations. (See Section 5 of this
Appendix.) The minus sign is removed before the card is punched so that the
card can be a valid MAD statement. Following the last card of the first part
of the special calculations is the next card of the prolog. Similarly, the
card with the second minus sign is followed by the second part of the spe-
cial calculations. The card with the third minus sign is followed by the
cards of the generated program.and finally the last card of the prolog, which
1s the last card of the total program produced by The Simulator, has the
plus sign in column 1. The 3 minus signs and the plus sign must appear in
every prolog.
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For example, a simple prolog to set up the stimulator output as a sub-
routing could appear as:

NEW ELEMENT TAPE

$ COMPILE MAD, PRINT OBJECT, PUNCH OBJECT
EXTERNAL FUNCTION (A,B,C,D)
- ENTRY TO HB.

TRANSFER TO ALG
-CALC2 CONTINUE

FUNCTION RETURN
-ALG CONTINUE

TRANSFER TO CAILC2
+ END OF FUNCTION

The arguments A, B, C, and D are defined equivalent to their respective
input parameters and desired results through the use of equivalence state-
ments, as described in Section 6 of this Appendix.

The symbol & is another indicator in the prolog. The first occurrence
of this symbol causes the list of MAD names which correspond to the input pa-
rameters to be punched on cards and inserted at the place where the $ is found.
The & is removed. This list is the form required by the MAD READ FORMAT or
PRINT FORMAT statements. The second occurrence of the 3 causes the same list
to be punched again. This policy was adopted since it is desirable to print
out data immediately after they are read in. The third and final & causes a
list of the desired results to be punched so that the results may be printed
through the use of a PRINT FORMAT MAD statement. The & indicator does not
have to appear in a prolog if no list is needed.

The substitution ability defined in Section T of this Appendix may be
used in the prolog.*

*For more examples of prologs see Westervelt, Franklin H., Automatic System
Simulation Programming, The University of Michigan, 1960.
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The segments with the corner V///4
i hich ar
blacked in are cards whic e TRANSFER TO

in the prolog. The list for the

read format and print format are SECOND CALCULATIONS
internally generated. The cal-

culations are supplied with +
each run as MAD statements.
The cards in the generated GENERATED PROGRAM
program are modified and
properly ordered cards

from element descrip- LI77771Z
tions. PRINT FORMAT...
(DESIRED RESULTS)
CALCULATIONS
(SECOND PART) —
/11 8
TRANSFER TO
GENERATED PROGRAM )
7
CALCULATIONS
(FIRST PART)
7z
SETUP
Yomuns
READ FORMAT...
(INPUT PARAMETERS) There are seven
v flags in the pro-
FRINT FORMAT... log to signal the
27
"ﬁ' beginning or end of
INITTALIZATION a segment:
y Three & symbols
o) Three negative signs
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V

Typical deck make up of the program that has been produced by the sim-
ulator.

Fig. A-T.
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9. ELEMENT DESCRIPTION

The purpose of an element description is to supply a computational pro-
cedure which defines the operation and/or physical characteristics of an
element to The Simulator. If the operation of an element can be described
completely by a number of simple computations, it is relatively easy to write
the element description. Consider, for example, a synchronous electric
motor. The parameters of interest in defining the operation of the motor
are torque, horsepower, and efficiency. The characteristics for the motor,
as given in catalogs, might be an efficiency vs. torque characteristic. This
can be converted into a formula which can be used on a computer to compute
the efficiency for any specific numerical value of torque. The other rela-
tions are torque = 26.l4xhorsepower or horsepower = .038%torque (assuming a
1200 rpm motor). '

The actual preparation of an element description requires some specific
declarations. These declarations are:

ELEMENT DESCRIPTION

NAME OF ELEMENT = .....

BROAD-SCOPE PARAMETERS = +.uvyeeneyenn.
ATTACHMENT NAMES = +uvuyenenyenenynnn
PERMANENT

STATEMENT COLLECTION
DESCRIPTION FINISHED
ANOTHER ELEMENT FOLLOWS

The first declaration of every element description must be ELEMENT DESCRIP-
TION and the last declaration must be either DESCRIPTION FINISHED or ANOTHER
ELEMENT FOLLOWS. Every element must have a name, and this name must be six
or less alphanumeric characters. (The one exception is the special element
name UNIVERSAL which will be described later.) In the preceding example the
element name might be MOTOR and the statement for The Simulator would read:

NAME OF ELEMENT = MOTOR

Since elements are either of permanent or temporary status, a selection
must be made. If the declaration PERMANENT appears in an element description
(before the first STATEMENT COLLECTION and ATTACHMENT NAMES declarations),
this element will go on the permanent element description library tape, thus
making this element description available until the element tape is destroyed
or modified. If no PERMANENT declaration appears, the element is assumed to
be of temporary status, i.e., this element description will be available for
the current set of data being processed but will effectively be erased before
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any other set of data (new connection statements, Imput Parameters, etc.) is
processed.

Above we defined the general structure of an element as a component which
connects to other components at its attachment points. In an element descrip-
tion the names of these attachments must be given with the declaration:

ATTACHMENT NAMES = ....,.

ey
Again using the previous example, this declaration might read

ATTACHMENT NAMES = SHAFT, INPUT (Input refers to the point where
horsepower is measured.)

At each attachment there may be more than one connection. Multiple con-
nections to the same attachment are generated by specifying attachment iden-
tifiers as well as the attachment. We define a parameter whose value is not
dependent on the number of identifiers or on a specific identifier as a broad-
scope parameter. None of the parameters in the example fit into this class.
Typical broad-scope parameters are voltage, or temperature, or pressure. The
other classes are narrow-scope parameters like current, flow, torque, etc.
Since most parameters are narrow-scope no special declaration is needed for
these. If a parameter is declared to be broad-scope in any element, it must
be declared to be broad-scope in every element where it occurs.

The statement collections are the main body of the element description.
Each statement collection consists of a computational procedure (usually in
the MAD language) which describes some operation and/or physical characteristic

of the element.

Consider the following picture to go with our example:

(-

J

INPUT

A typical computational procedure might be written:

SHP(INPUT) & = .038x3TORQUE( SHAFT) &,

shere the symbols &--3 act as brackets to set off parameters
and attachment names. (The information between the 3--3 is
automatically condensed to 6 or less alphanumeric characters
to form an allowable MAD varisble name,)
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Mong with this computational procedure, there must be a logical state-
ment pertaining to the information required and the information yielded. In
this case,

TORQUE( SHAFT) , THEN, HP( INPUT)

would be the appropriate capability statement. On other words, this state-
ment says that if the torque at the shaft is known then the horsepower at the
input can be computed. The actual form is given below:

STATEMENT COLLECTION
TORQUE( SHAFT) , THEN,, HP( INPUT)
$HP(INPUT) & = .038*TORQUE(SHAFT) &

There can be only one capability statement per STATEMENT COLLECTION declara-
tion, but there can be as much computational procedure as necessary for the
indicated capability. There can be as many statement collections as neces-
sary to describe completely the element.

For example, the remaining statement collections might appear as follows:

STATEMENT COLLECTION
HP( INPUT) THEN , TORQUE( SHAFT)
STORQUE( SHAFT) & = $HP( INPUT) &
STATEMENT COLLECTION
TORQUE( SHAFT) THEN, EFF( INPUT)
$EFF( INPUT) § = MTREFF. (3TORQUE( SHAFT) &)

This completely describes the motor since, if horsepower or torque is given,
everything else can be calculated. (Note that MTREFF is a function or sub-
routine which could be produced by The Stepwise Regression Program from the
data given in an efficiency-torque characteristic curve.)

Since there is usually more than one parameter at each attachment, a
shorthand notation for this is provided. The parameters associated with the
same attachment are listed (separated by commas), followed by the attachment
name in parentheses.

For example a capability statement might appear as follows:
PRES, TEMP, FLOW( INLET) , FLOW( LEAK) , THEN, PRES,, FLOW( OUTLET)
This statement says that if the values of the parameters PRES, TEMP, and FLOW
are known at the attachment INLET and if the value of the parameter FLOW is

known at the attachment LEAK then there exists a computational procedure which
can calculate the value of PRES and FLOW at the attachment OUTLET.
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There is no limit to the number of parameters or the number of attach-
ments which can be used to describe a capability. There are four over-all
limits which are necessary due to storage limitations. The number of distinct
attachments may not exceed 20 in any given element, and the total number of
distinct parameters in all elements may not exceed 70. The total number of
elements in the library, temporary plus permenent, may not exceed 94 and the
total number of elements referred to by a single run may not exceed 59.

There is one special element name, UNIVERSAL, which has the following
feature. The statement collections in this element can be used anywhere in
the system. Thus general, or universal, relationships defined in the UNIVERSAL
element may be omitted from many elements each of which would normally re-
quire a copy of the relationships. Other than this feature the UNIVERSAL el-
ement description is written Just as any other element description.

It was mentioned that an attachment may have many other attachments con-
nected to it, each with a unique identifier. The method of preparing cap-
ability and calculational procedure for the statement collection is as fol-
lows.

(1) To compute the total flow into a junction use:

STATEMENT COLLECTION
FLOW( INLET) THEN, FLOW( OUTLET)
T=0.
T=T+$FLOW( INLET, I) &
SFLOW( OUTLET) $=T

(Note that the I in the attachment identifier position indicates this state-
ment is to be repeated, substituting the specific name of the parameter flow
at every identifier.)

(2) To compute the total flow into a junction and the pressure at the
inlet to the Jjunction use:

STATEMENT COLLECTION
FLOW(INLET) , PRES( OUTLET) THEN , FLOW( OUTLET) PRES( INLET)
T=0,
T=T+3FLOW( INLET) &
T=T+sFLOW( INLET, I) &
FLOW( OUTLET) =T
PRES( INLET) $=¢PRES( OUTLET) &- . 02%T

Note that an additional statement

T=T+$FLOW( INLET) &
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is required to get all possible identifiers because the attachment INLET ap-
pears to the right of the THEN.

(3) To computethe flow at one attachment use:

STATEMENT COLLECTION
FLOW( INLET) , FLOW( OUTLET) THEN, FLOW( INLET, I)
T=gFLOW( OUTLET) &
T=T-$FLOW( INLET, I) &
SFLOW( INLET) §=T

Again note that FLOW(INLET) applies to the point where a result is sought
while FLOW(INLET,I) applies everywhere else. The (INLET,I) in the capability
statement puts the restriction on this collection that it be used only once,
The need for this is evident because, if the flow is not given at two points,
repeated use of this collection results in a never-terminating cycle.

There are occasions when a statement collection may apply to a modifica-
tion of a basic element, for instance, an element with an attachment (AT1)
removed. In this case, the capability statement must contain the statement

..., WITHOUT AT1,...

It 1s also useful to have a capability that requires no input, i.e.,
nothing to the left of the THAT. In this case, the word COMPUTE replaces
the ..,THEN, in the capability statement.

To be able to handle completely general algorithms an iterative procedure
must be available. This is accomplished by using ESTIMATE to replace the
...,THEN, in the capability statement. This means that an estimate of the
values of the parameters listed after the ESTIMATE is available, but there
must be some other algorithm found which can be used to improve the estimate
and determine when the iteration should terminate. A typical example is
available in Section 11 in the element RES.
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10. MACRO DECLARATIONS

The situation sometimes arise where a minor change is to be made in a
system for the purpose of comparison., To facilitate a change of this type
several macro declarations have been provided.

The declaration which must appear Jjust after the basic system descrip-
tion (this includes connection statements, input parameters, element descrip-
tions, etc.) is written as:

CONFIGURATION CHANGE NO. X

where X is any alphanumeric word of six characters or less. Essentially,
this statement begins a completely new set of data for The Simulator, ex-
cept that some of the data has already been read in and partially processed.
This statement will also be used as a heading for the appropriate output.
Following this declaration, there must be one of the following declarations.

DELETION(S)
ADDITION(S)

ELEMENT TO BE DELETED
ELEMENT DESCRIPTION
CALCULATIONS

The (S), indicating the plural, may be used or omitted. The Element descrip-
tion declaration and the form of an element description have been described
earlier.

The declaration
ELEMENT TO BE DELETED, Y

where Y is the name of an element in the permanent or temporary library, is
used to remove the element Y. Another element description with the name Y
may then be added to the library.

The use of the Calculations declaration causes the previous calculation
statements to be ignored and the new statements to be used. The Calculation
declaration was discussed in detail &gbove.

The remaining Addition and Deletion declarations apply to the following
sections: Connection, Input Parameter, Desired Result, Synonym, Substitution,
and Equivalence, The word Addition implies that the statements which follow
are to be added to the basic system data., The word Deletion implies that the
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statements which follow are part of the basic system data and should be re-
moved.

The result of the changes is a new set of data for The Simulator. To
clarify the discussion in this section an example follows.

Example of a portion of a basic configuration, configuration change
statements, and the new configuration which results.

BASIC CONFIGURATION

CONNECTIONS
RIVER(1, A) TO,PUMP, A( INLET)
PUMP, A(OUTLET) TO, COND( INLET, 1)
MOTOR, P1( SHAFT) TO, PUMP, A( SHAFT)

INPUT PARAMETERS
EFF(PUMP, A( SHAFT) )
TEMP( RIVER)

DESIRED RESULTS
POWER(MOTOR( SHAFT) )

CONFIGURATION CHANGE NO. 2 PUMPS
DELETIONS
CONNECTIONS
MOTOR, P1( SHAFT) TO, PUMP, A( SHAFT)
ADDITIONS
CONNECTIONS
MOTOR, P1( SHAFT) TO, PUMP, A( SHAFT)
ADDITIONS
CONNECTIONS
RIVER(1,B)TO,PUMP,B( INLET)
PUMP, B( OUTLET) TO, COND( INLET, 2)
MOTOR, P1( SHAFT, 1) TO, PUMP, A( SHAFT)
MOTOR, P1( SHAFT, 2) TO, PUMP, B( SHAFT)
INPUT PARAMETERS
EFF(PUMP, B( SHAFT) )

The new configuration which results from changing the basic configuration

is not actually generated as shown below, but the effect is the same as if
these statements were given as a second basic configuration,

CONNECTIONS
RIVER(1,A) TO,PUMP, A( INLET)
PUMP, A(OUTLET) TO, COND( INLET, 1)
RIVER(1,B) TO,PUMP,B( INLET)
PUMP, B(OUTLET) TO, COND( INLET, 2)
MOTOR, P1( SHAFT, 1) TO, PUMP, A( SHAFT)
MOTOR, P1( SHAFT,2) TO,PUMP, B( SHAFT)
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“JTUT PARAMETERS
EFF(PUMP, A(SHAFT) )
TEMP ( RIVER)
EFF(PUMP, B( SHAFT) )

DESIRED RESULTS
POWER(MOTOR( SHAFT) )
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L. CONTROL INFORMATION

When preparing data it is often desirable to insert comments so that
future reference will be easy. For this purpose a slash or divide symbol
(/) may be used in column one of a data card. With a slash in column one,
the card image is printed along with the rest of the input data, but the in-
formation on the card is not interpreted.

There is one control card which can be used to modify the processing of
data. This card has an asterisk (*) in column one., Columns 7 through 14 may
contain identification which will be punched on all cards produced by The
System Simulator Program. The cards will be consecutively numbered, provid-
ing the last several characters of the identification are numeric. The first
card produced by The System Simulator Program has the information, given in
columns 7 through 14 on the control card, punched in columns 73 through 80.
One is added to column 80 for each succeeding card., Carries are propagated
as needed until a non-numeric character is encountered.

A one (1) in columns 19 through 21 can be used to suppress various
processing. The column and corresponding process suppressed are given in
the table which follows.

Column
19 Punching input-output statements for input
parameters and desired results
20 Punching prolog and epilog
21 Generating algorithm

A one in columns 25 through 28 can be used to get extra output, as
listed in the table below.
25 Print element tape

26 Print collections even if no algorithm has
been found

27 Punch collections even if no algorithm has
been found

28 Print table of collections used

Many of the above items will be better understood after rereading the
section on element descriptions. ’
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12. COMPLETE EXAMPLE

A complete example is presented to pull together the information given
in preceding sections. This example uses most of the features that are avail-
able,

Except for the headings and page numbers the following are the data
exactly as they are punched on cards.

The example shows the data that were given to The System Simulator Pro-
gram in order to get a program that could simulate the operation of a feed-
back amplifier on a computer.

The circuit diagram for the feedback amplifier is given below. The data
given to The System Simulator follow, with some subroutines needed by the
simulator-generated program. Finally, two of these subroutines, which de-
fine the operation of vacuum tubes, were produced by the Stepwise Regression
Program.

The declaration CHECK RUN is for use while checking out the simulator
program. This should be used only on small sets of data since a very large
amount of extra printing is initiated by this declaration.

The declaration NEXT SET OF DATA is used at the end of a data set if
another data set follows.
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XI1 COMPLETE EXAMPLE
DATA AS PREPARED FOR INPUT TO THE SYSTEM SIMULATOR PROGRAM

THE DIAGRAM FOR THIS DATA IS ON THE PRECEEDING PAGE

$ DATA

CONNECTIONS
TN{1sA) TOs CAPs2y TO9 RES»1(19FB1)
TN(1sB) TOs RES92y TO9 RES»1(19FB2)
TN(1sC) TOs GEN » TO9 T96J5(GRID)
TN(1sD) TOs» RES#3y TO»T96J5(CATH)
TN(1sE) TO9 RES»4(2)
TN(1sF) TOs T96C4(CATH)
RES»1(2) TOy CAPsls TOs RES#5(190UTPUT)
RESs6(1sC) TOs CAP939 TOIRESH4(19C)
RESs4(19G) TOs Te6C4(GRID)
RESs6(2) TOs TERMIPOS(1sT1)
Te6J5(P) TOy RESH6(14P)
RESs5(2) TOs TERMsPOS(19T2)
RESs5(19P) TOs Te6C4(P)

EQUIVALENCE
FBACK = V(RESs1(1sFB2))
INPUT = V(GEN(2))
OUTPUT =V(RESs5(1s0UTPUT))

DESIRED RESULTS
V(RESs1(1sFB1})
V(RES#5(1»0UTPUT))

VIT96J5(GRID))
T{TERMyPOS(OUTPUT))
1(T96J5)

SYNONYMS
{TERMSNEG) = (TN)
(TRIODE) = (T)
({PLATE)) = ((P))

FUNCTION SUBSTITUTIONS
6J59TUBE{TRIODEY6J5)

6C4»TUBE(TRIODE»6C4)

CONNECTIONS
TNC(INPUT) TOs TN(OUTPUT)
TERMsPOS({INPUT) TOs TERMIPOS({OUTPUT)
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INPUT PARAMETERS
VITNCINPUT))
V(TERMsPOS ( INPUT) )

OHM (RES(2))
FARAD (CAP(2))

* TEST2000

NEW ELEMENT TAPE.

* COMPILE MADsPRINT OBJECT9PUNCH OBJECT
START READ FORMAT FORMsF(1l)eesF(12)
F{13)=%*%

F(O)=31H +9%
READ FORAMT F(1)48
- PRINT FORMAT Fs®
R FIRST PART OF CALCULATIONS END HERE
TRYCNT=1
FIRST=18B
REPEAT=0B
TRANSFER TO BEGIN
BACK CONTINUE
WHENEVER TRYCNTeLel0 ¢ANDREPEAT
REPEAT=08B
FIRST=08B
TRYCNT=TRYCNT+1
TRANSFER TO BEGIN
END OF CONDITIONAL
- WHENEVER REPEATs PRINT FORMAT FORMs$ONO CONVERGENC IN 10 TRYS
R SECOND PART OF CALCULATIONS END HERE
TRANSFER TO START
- BEGIN CONTINUE
TRANSFER TO BACK
INTEGER TRYCNTsF
BOOLEAN FIRSTsREPEAT
DIMENSION F(13)
VECTOR VALUES FORM=$12C6%$%
+ END OF PROGRAM

CALCULATIONS
THROUGH SETLPsFOR J=0s19JeGa50
I(J) = 0o
IT (J) = O
V(J)=0e

SETLP VT(J)=0a
DT=e628E-4
TM=40314
K=0
- THROUGH MAINLPYFOR TMSEC=0¢9DT s TMSECeGeTM

H=K/5
WHENEVER HeGEe1009H=99
X(H)=TMSEC
X(H+100)=TMSEC
X(H+200)=TMSEC
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Y(H) = FBACK
Y (H+100)=0UTPUT
Y{(H+300)=INPUT
K=K+1
THROUGH RSETsFOR J=03919JeGe50
IT(J) = T(J)
RSET VT(J)=V(J)
MAINLP CONTINUE
DIMENSION VI(50)sVT(50)s1(50)9IT(50)9X(299)sY(299)
INTEGER JsKoeH

PRINT FORMAT FORMs$1 GRAPH OF VOLTAGES AS A FUNCTION OF TI

1MES
PRINT FORMAT FORMy3$0$%
EXECUTE GRAPHe (XsYsNOPTSsNOPTS(3)934YHEAD)

PRINT FORMAT FORMy$0 TIME IN THOUSANDTHS OF A SECOND

1%
VECTOR VALUES NOPTS=10041009100+3F$,5%5,51%

VECTOR VALUES YHEAD=$ VOLTAGEy F=FEEDBACKs #=0UTPUTs I=INP

+ 1uT $

ELEMENT DESCRIPTION
NAME OF ELEMENT = TRIODE
PERMANENT
ATTACHMENT NAMES = GRIDsCATHsPLATE
BROAD SCOPE PARAMETERS = V
/
/ THIS ELEMENT REQUIRES TWO FUNCTIONSes ICe(VKPsVKG) s IBe(VKPsVKG)
/
STATEMENT COLLECTION
VIGRID)s V(CATH)s V(PLATE)s THENs I(GRID)s I(CATH)s I(PLATE)
VKP = VOPLATE® = VOCATH®
VKG = VOGRID® - VOCATH®
IBPLATE® = IBOTUBEOW (VKPsVKG)
IGGRID® = ICOTUBEGs (VKPsVKG)
I®CATHO® = - IOPLATE® =~ IGGRID®
DESCRIPTION FINISHED

ELEMENT DESCRIPTION
NAME OF ELEMENT = GEN
PERMANENT
ATTACHMENT NAMES = 142
BROAD SCOPE PARAMETERS = V
STATEMENT COLLECTION
COMPUTE V(2)
VB2® = GENe(TMSEC)
STATEMENT COLLECTION
I(2) THENs I(1)
1916 = 1626

DESCRIPTION FINISHED

A=3T
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ELEMENT DESCRIPTION.

/

NAME OF ELEMENT = TERM

/

BROAD SCOPE PARAMETERS = V

/

PERMANENT

/

/
/

NN NN NN N

/

/ THIS ELEMENT MUST BE USED AS SINGLE ATTACHMENT CONNECTIONS

/

ATTACHMENT NAMES = 1y INPUTy OUTPUT

ONLY ATTACHMENT 1 SHOULD BE CONNECTED TO OTHER ELEMENTS

USE TERM(INPUT) TOs TERM(OUTPUT) IF VOLTAGE IS TO BE GIVEN
OR CURRENT IS TO BE CALCULATED

REQUEST TOTAL CURRENT AT OUTPUT
SPECIFY VOLTAGE AT INPUT

STATEMENT COLLECTION
VIINPUT) THENsVI(1)
EQUIVALENCE (VOINPUTOsVO1sA0)
EQUIVALENCE (VOGINPUTOsVO010)
STATEMENT COLLECTION
I(1) THENsI(QUTPUT)
1T=0.
IT=1T + 161,A8
I60UTPUT® = IT
STATEMENT COLLECTION
I(1) WITHOUT (QUTPUT) THENs I{1yA)

I1T=0.
IT=IT + 1014A0
1819 = -IT

DESCRIPTION FINISHED

ELEMENT DESCRIPTION

NAME OF ELEMENT = CAP

PERMANENT

ATTACHMENT NAMES = 142

BROAD SCOPE PARAMETERS = V9FARADsC

STATEMENT COLLECTION
FARAD(2) THENs C(1)
STATEMENT COLLECTION
FARAD(1) THEN,y C(1)
EQUIVALENCE (VveloyvE1lyAB)
EQUIVALENCE (V0B26yV629A8)
EQUIVALENCE (®FARAD(1)8+sB8FARAD(19A)B+COLIAH)
EQUIVALENCE (®FARAD(1)898FARAD(25A)B9CB25A0)
EQUIVALENCE (8FARAD(1)6+C016)
STATEMENT COLLECTION
C(l) THENs C(2)
EQUIVALENCE (VO18yVh1lsAB)
EQUIVALENCE (VB20sV&29A8)
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9COLyAQ)

EQUIVALENCE (®FARAD(1)®s®FARAD(13A)®
(29A)0sCH29AB)

EQUIVALENCE (®FARAD(1)8y8FARAD
EQUIVALENCE (®FARAD(1)8®+C0O18)
STATEMENT COLLECTION
CeVeI(1l)y V(2) THENs I(2)
VIB18) = +ABS«(VO1® =~ VB28)
1 818 = COLO *(VT(616)-Vv(618))/DT - 1029
STATEMENT COLLECTION
CseVeI(2)s V(1) THENs I(1)
V(B18) = +ABSs(VE16 -~ VB28)
1626 = CH2 & *(VT(818)-V(®1®))/DT - 10618
STATEMENT COLLECTION
ESTIMATE I(1)
WHENEVER FIRST

REPEAT = 1B
TI®l® = 1618
OTHERWISE

1616 = ITTRe( 1010y TIB10®s REPEAT)
END OF CONDITIONAL
STATEMENT COLLECTION
ESTIMATE I(2)
WHENEVER FIRST

REPEAT = 1B
TI®206 = 1028
OTHERWISE

1626 = ITTRe( 18206y TIB26y REPEAT)
END OF CONDITIONAL
STATEMENT COLLECTION
CyVseIl(l)s I(2) THENs V(2)
VIB26) = VT(628) + DT*(1918+1028)/CB18
Vel = vez2o + V(628)
STATEMENT COLLECTION
CoeVeI(2)s I(1) THENs V(1)
V(B28) = VT(620) + DT*(1016+10620)/C628
Ve28 = vele = Vv(629)
DESCRIPTION FINISHED

ELEMENT DESCRIPTION.
NAME OF ELEMENT = RES
/
/ %% NO RESTRICTIONS ON THE CONNECTION OF THIS ELEMENT.
/
BROAD SCOPE PARAMETERS = VsOHMsR
PERMANENT o
ATTACHMENT NAMES = 12
/
/
STATEMENT COLLECTION.
R(1) THENs R(2)e
STATEMENT COLLECTIONs
OHM(2) THENs RI{1)
EQUIVALENCE (OHMO®16sRO18)
EQUIVALENCE (VO10,V01sA8)
EQUIVALENCE (V&20sV025A0)
EQUIVALENCE (OHM®189OHMB19AGIROL9AB)
EQUIVALENCE (OHM®1890HMB2 9AbsRB29A8)

A=39

DCAP
DCAP
DCAP
DCAP
DCAP
DCAP
DCAP
DCAP
DCAP
DCAP
DCAP
DCAP
DCAP
DCAP
DCAP
DCAP
DcAP
DCAP
DCAP
DCAP
DCAP
DCAP
DCAP
DcAP
DcAP
DCAP
DCAP
DCAP
DCAP
DcAP
DCAP
DCAP
DCAP
DCAP
DCAP

RES
RES
RES
RES
RES
RES
RES
RES
RES
RES
RES
RES
RES
RES
RES
RES
RES
RES
RES

332
333
334
410
420
430
431
510
520
530
531
610
620
630
631
632
633
634
635
710
720
730
731
732
733
734
735
810
820
830
831
910
920
930
931

000
0lo
011
012
013
020
030
040
100
104
110
120
210
220
230
231
232
233
234



STATEMENT COLLECTION
I(1) I(2) THENs I(1sA)s
T=0e
T =T+ 1819A0
$=0e
S =S + 1029A0
1619 = =S =T
STATEMENT COLLECTION
OHM(1) THENs RI(1)
EQUIVALENCE (OHMO109RO16)
EQUIVALENCE (VO610sV019AD)
EQUIVALENCE (VO28sV8025A8)
EQUIVALENCE (OHMB&1®sOHMBL19A®DIROLHAD)
EQUIVALENCE (OHMB14yOHMB2 sABIRB29A0)
STATEMENT COLLECTION.
1(1) T1(2) THENs I(2sA)e

T + 181yA0

= S+ 162y9A8
1629 = -S =T
STATEMENT COLLECTION
ESTIMATE I(1)
WHENEVER FIRST

REPEAT = 1B
TIO1O = 16168
OTHERWISE

1616 = ITTRe( 1610y TIG1®y REPEAT)
END OF CONDITIONAL
STATEMENT COLLECTION®
Ry Is V(1) V(2) THENy I(1sA).
T=0s
T =T+ 1I619A0
1616 = ( vO1l® ~ VvH28 ) / ROL1® ~T
STATEMENT COLLECTION
ESTIMATE 1(2)
WHENEVER FIRST

REPEAT = 1B
TIG28 = 1626
OTHERWISE

1620 = ITTRe( 10628y TIB26s» REPEAT)
END OF CONDITIONAL
STATFMENT COLLECTIONS
Ry Ty VI(2) V(1) THENy I1(29A)
T=0s
T =T+ 1624A8
18286 = ( v6286 - vBl10d ) / RH26 -T
STATEMENT COLLECTION
ESTIMATE V(1)
WHENEVER FIRST

REPEAT = 1B
TVele = Vol
OTHERWISE

VB1l® = ITTRe( VB1®s TVE1&s REPEAT)
END OF CONDITIONAL
STATEMENT COLLECTIONS
Ry Iy V(1) THENs VI(2)oe
T=0.
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RES
RES
RES
RES
RES
RES
RES
RES
RES
RES
RES
RES
RES
RES
RES
RES
RES
RES
RES
RES
RES
RES
RES

_RES

RES
RES
RES
RES
RES
RES
RES
RES
RES
RES
RES
RES
RES
RES
RES
RES
RES
RES
RES
RES
RES
RES
RES
RES
RES
RES
RES
RES
RES
RES
RES
RES
RES
RES

310
320
330
331
340
341
350
410
420
430
431
432
433
434
510
520
530
531
540
541
550
610
620
630
631
632
633
634
635
710
720
730
731
750
810
820
830
831
832
833
834
835
910
920
930
931
950
1010
1020
1030
1031
1032
1033
1034
1035
1110
1120
1130



T=T+ 1I01yA0
V26 = V6ele - T * RO1S
STATEMENT COLLECTION
ESTIMATE Vv(2)
WHENEVER FIRST
REPEAT = 1B
TVE20 = vO26
OTHERWISE
V20 = ITTRe( V820y TVO28y REPEAT)
END OF CONDITIONAL
STATEMENT COLLECTION,
Ry T9 V(2) THENs VI(1l)e
T=0,
T =T+ 1629A0
Vole = V620 - T * RO28
STATEMENT COLLECTION.
Ry V(1) 1(2) THENs V(2)e
T=0,
T=T+ 1829A0

ve2e = Vvele + ( T + 16206 ) * ROL6

STATEMENT COLLECTION
Ry V(2) TI(1) THENs V(1)
T=0s
T =T+ 181yA0

Vold = veze + ( T + 16106 ) * Re20

DESCRIPTION FINISHED
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RES
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RES
RES
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1131
1150
1210
1220
1230
1231
1232
1233
1234
1235
1310
1320
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SUBROUTINES THAT WILL BE REQUIRED BY THE SIMULATOR GENERATED PROGRAM

$ COMPILE MAD GEN 000
EXTERNAL FUNCTION (T)
ENTRY TO GENo
FUNCTION RETURN SINe(10004%T)
END OF FUNCTION

$ COMPILE MAD ITTR 00
EXTERNAL FUNCTION (ARG1sARG2sNC)
ENTRY TO ITTR.
WHENEVER .ABS.(ARGl*ARGZ).GooOl*(oABScARGl+oABS.ARGZ)sNC 1.
ARG2=(ARG1+ARG2) /24
FUNCTION RETURN ARG2
END OF FUNCTION

THESE SUBROUTINES WERE PRODUCED BY THE STEPWISE REGRESSION PROGRAM

$ COMPILE MAD 1B6J5000
EXTERNAL FUNCTION (EBsEC)
INTEGER I
DIMENSION T(14)
ENTRY TO IC6JU5e
ENTRY TO IC6C4e

X1=EB/100+

X2=EC

T(1) = 0e56313861E-02

TC 1) =T 1) ¥ X1 ePe ( =2)

T( 2) = =0e32877611E-02

TO 2) = T{ 2) * ¢ABSeX 1 «Ps ( =04500000)
T 2) = T( 2) * X 2

T( 3) = =0e10737944E 01

TO 3) = T( 3) % ¢ABSeX 1 «Ps ( 04142857)
T( &4) = 0e16821247E=02

TO 4) = T( 4) ¥ X 1 oPe ( ~-1)

T 4) = T( &) *¥ X 2

T{ 5) = =0e90962253E-05

T 5) = T( 5) ¥ X 1 ¢Ps ( =3)

T 5) = T( 5) ¥ X 2 oPe ( 3)

T( 6) = =0e15554141E=03

TO &) = T( 6) % X 1 oPe ( 2)

TO 6) = T( 6) * 4ABSeX 2 «Pe ( 04500000)
TET) = TCT7) % X1 oPe ( =1)

TO 7)) = =0412864274E~04

TCT) =T 7) % X 2 oPa ( 3)

T( 8) = 0+454098414E 00

TL 8) = T{ 8) * 4ABSeX 1 oPs ( =04166667)
T( 9) = =0466028692E-01

T 9) = T( 9) ¥ X 1 oPe ( =1)

T(106) = 0¢40204109E~-02

T(10) = T(10) * 4ABSeX 1 ePs ( 04142857)
T(10) = T(10) * X 2

T(11) = 0460386404E 00
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SUM

T(11) = T(11) * 4ABSeX 1 ePe ( 0e333333)
T(12) = 0494997922E=07

T(12) = T(12) * X 1 «Ps ( 7)

T(13) = =0412147852E-06

T(13) = T(13) % X 1 «Pe ( =1)

T(13) = T(13) * X 2 «Pe ( &)

T(14) = =0420375654E~04

T(14) = T(14) ¥ X 1 ePe ( =4)

T(O) = O

THROUGH SUMs FOR I = 1lylsl oGe 14
T(O) = T(O) + T(I)

FUNCTION RETURN T(O)

END OF FUNCTION

$ COMPILE MAD

IN

SUM

EXTERNAL FUNCTION (EBsEC)
DIMENSION T( 9)

INTEGER 1

ENTRY TO 1B6J5e

X1=EB

X2=£C

TRANSFER TO IN

ENTRY TO IB6C4e

X1 = EB/85e

X2 = EC*495

WHENEVER X2eLeOsy FUNCTION RETURN O

T( 1) = 0e56313861E~02

T 1) =T 1) * X1

TO 1) = TC 1) * ¢ABSeX 2 oPs ( 04250000)
T( 2) = 0063145097E-07

Tl 2) = T( 2) % ¢ABSeX 1 oPe ( =04500000)
T( 2) = T( 2) ¥ X 2 «Pe ( 5)

T( 3) = 0e24672532E~02

T( 3) = T( 3) * ¢ABSeX 1 ePe ( =04250000)
T( 3) = T( 3) % X 2

T( 4) = =0e13613705E=-07

TO 4) = T( 4) % X 1 oPe ( =2)

T( 4) = T 4) * X 2 «Pe ( 6)

T( 5) = 0e99646928E-09

T 5) = T('5) ¥ X 2 ¢Pe ( 5)

Tl 6) = =0e25777743E 0O

T 6) = T( 6) ¥ X 1 ePe ( =3)

T{ 7) = =0612208366E-08

TO 7Y = T 7) *¥ ¢ABSeX 1 ePe ( =04333333)
TC7) = TC 7) % X 2 «Pe | 6)

T( 8) = 0¢39028671E=~05

T( 8) = T( 8) ¥ X 1 ePe ( =6)

T( 8) = T( 8) *¥ X 2 ePe ( 6)

T( 9) = =0e54927094E=02

T( 9) & T( 9) * ¢ABSeX 1 oPe ( 04250000)
TC9) =T 9) * X 2 «Pe ( =2)

T(O) = O

THROUGH SUMy FOR I = 19191 oeGe 9
T(O) = T(O) + T(1I)

FUNCTION RETURN T(O)

END OF FUNCTION
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Declaration

ADDITION( S)

ANOTHER ELEMENT FOLLOWS
ATTACHMENT NAMES=
BROAD-SCOPE PARAMETERS=
CALCULATION(S)

CHECK RUN

COMPUTE

CONFIGURATION CHANGE NO.

CONNECTION(S)
DELETION(S)
DESCRIPTION FINISHED
DESIRED RESULT(S)
ELEMENT DESCRIPTION
ELEMENT TO BE DELETED
EQUIVALENCE

ESTIMATE

FUNCTION SUBSTITUTION(S)
INPUT PARAMETER(S)
NAME OF ELEMENT=

NEW ELEMENT TAPE

NEXT SET OF DATA
PERMANENT

STATEMENT COLLECTION
SUBSTITUTION(S)
SYNONYM( S)

WITHOUT

13,
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1. THE LOGIC OF STEPWISE REGRESSION

1.1 STATISTICAL REGRESSION

Regression is a method of statistical analysis. This form of analysis
attempts to find a relationship among several variables and represent it in
the form of an equation. In using regression analysis, we are, in effect,
attempting to draw a single line through a set of data points in such a way
that this line is the "best" line that describes the set of points. Actually,
instead of drawing this single line through the points, we are here inter-
ested in forming & single mathematical equation to represent this line. This
equation is called the regression equation,

In general, the regression analysis is used in finding relationships
among several variables. Where a sufficient amount of data already exists,
or can be collected, this method will prove valuable in finding the existing
relationships.

1.2 STEPWISE REGRESSION

Stepwise Regression was developed by Dr. Franklin H. Westervelt in con-
nection with this research project at The University of Michigan and is a
sophistication of the regular regression discussed sbove. Stepwise Regres-
sion differs from regular regression in the following way.

Regular regression first requires that the form of the final regression
equation be assumed and given. Then analysis is carried out to see if this
equation, which was assumed, is really an adequate representation of the data.
Stepwise Regression, on the other hand, does not first assume the final form
of the regression equation. By trying terms out one by one in the equation,
Stepwise Regression finds the form of the regression equation in a stepwise
manner. Thus there is an obvious advantage to using Stepwise Regression over
regular regression. When the form of the regression equation is unknown, it
1s advantageous to let Stepwise Regression find the equation rather than to
assume 1it.

Stepwise Regression has direct implications for the methods of approach-
ing and solving certain problems. In those problems where relationships
among a large number of variables are to be determined, and where little or
no knowledge exists of the form of the relationship, the Stepwise Regression
procedure will be a valuable aid in the analysis,
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Within the scope of this research project, Stepwise Regression has two
important applications: (1) finding physical performance relationships to
describe the technical behavior of an element in the system, and (2) finding
the cost of an element in terms of its engineering design parameters.
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2. THE COMBINATION OF STEPWISE REGRESSION AND NONLINEAR ESTIMATION

2.1 DIFFERENCE BEIWEEN THE TWO TECHNIQUES

We are also concerned with the improvement of Stepwise Regression so that
it will meke available more terms for our use. Particularly in optimization
work we find a need for certain kinds of nonlinear terms. We have taken steps
to improve this process by finding ways to introduce Nonlinear Estimation in-
to the technique which we have found valuable in developing regression equa-
tions, *

Nonlinear ®stimation is another method of statistical analysis. It is
similar to Stepwise Regression, discussed above. The basic difference be-
tween the two methods of analysis lies in the kinds of terms that each method
is able to utilize in its final predicting equation.

Stepwise Regression utilizes terms that are linear in their coefficients.
This linear concept is displayed graphically below. For example, let y =
a-x2, where a is the coefficient of x-squared (x2). If we double a and leave
x fixed, then the value of y doubles. This is simply a straight-line rela-
tionship and is called linear in the coefficient a.

y

y=a- x2

L —
L

a

A linear relationship in the coefficient a.

On the other hand, Wonlinear Estimation utilizes terms that are nonlinear
in their coefficients. For a contrasting example to the linear case, let y =
cos(a.x); the graph of y versus the coefficient a is shown below:

*Forecasting by Generalized Regression Methods, by G. E. Box, Princeton,
IBM Report , 1960.

B-5



4|

\\\¥ Z/,\\\ //, y=cos{i;?)
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This relationship is not a straight line; hence it is called "nonlinear" in
the coefficient a.

Another difference between the two methods is that Stepwise Regression
can actually find the predicting relationships, as mentioned before. Non-
linear Estimation can at best analyze a known relationship. It cannot pre-
dict it.

2,2 NEED FOR COMBINED TECHNIQUES

Suppose we are confronted with a problem of relating one observed var-
iable to several other observable quantities. We have also found after pre-
liminary analysis that what is happening is more aptly described by a formu-
lation in which we must remove the restriction of linearity. Instead of each
coefficient being linearly related to the dependent quantity, some are formu-
lated so that they have an exponential, logarithmic, or, in general a non-
linear relationship to the dependent variable. The problem can no longer be
solved by Stepwise Regression economically

We have then entered the domain for application of Nonlinear Estimation.
By using the program we can evaluate these coefficients, which will be termed
"parameters,'" and assess the worth of our mathematical model.

However, to use Nonlinear Estimation we need to have a mathematical
model to predict the relationship., Herein lies an area of proposed future
research, We plan to develop a learning mechanism that will be used in the
selection of the terms for consideration in the mathematical model. The terms
will be tried out in a predicting equation using both Nonlinear Estimation
and parts of the Stepwise Regression procedure.

The combined program would be a strong tool of analysis in investigating
both linear and nonlinear relationships. Thus the restriction of linearity
would no longer exist. Secondly, this type of analysis would require no
prior knowledge of the relationship between the variables. The combined
procedure would not only have the applications that exist presently for Step-
wise Regression, but would also be able to extend its applications into areas
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of more complex relationships. It is expected that this method would be val-
uable in basic research and applied studies in the physical and social sci-
ences, It would also be valuable as a tool for studying and forecasting com-
plex subtle marketing relationships in the business cycles. In our own work
it will be valuable in the optimization of the design of physical systems.

The geometrical logic and the mathematical description of Nonlinear Es-
timation are presented in Sections 3 and 4 of this Appendix.

2.3 METHOD OF COMBINATION

The procedure or program would consist of three distinct parts: Step-
wise Regression, Nonlinear Estimation and a Monitor. Stepwise Regression
would attempt to find a linear relationship from among the independent var-
iables considered. Nonlinear Estimation would attempt to find the best esti-
mates of the nonlinear parameters in the equation. The Monitor would be
charged with both the analysis of the work done by Stepwise Regression and
Nonlinear Estimation and learning in the simple learning mechanism,

The simple learning mechanism would contain the knowledge of what func-
tions of independent varisble and parameters were useful in explaining the
relationship between the dependent variable and the independent variables.

Basically the procedure would be first to arbitrarily select a set of
functions with nonlinear coefficients. The nonlinear coefficients would be
assigned a value determined by some preliminary analysis of the data. The
resulting set of functions would be considered as a new set of independent
variables by Stepwise Regression. Stepwise Regression would attempt to find
a minimal set of these functions which described the relationships present
in the data. Then Nonlinear Estimation would attempt to get the best fit of
the nonlinear coefficients from the minimal set of functions. This basic
process would be repeated until the termination criteria setup by the user
are satisfied.

A three-cornered diagram shown below would characterize the combined
program,

Q/- Monitor '\@

Stepwise 1 Nonlinear
Regression Estimation

Fig. B-1. The combined program.
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The Monitor would first select a library of functions. Preliminary anal-
ysis of the data would be done to obtain a best guess for the values of the
nonlinear coefficients in the selected functions. The values of best guesses
would be assigned to the nonlinear coefficients. The Monitor would edit the
data to make the nonlinear functions appear as regular independent variables
for Stepwise Regression.

(1) The Stepwise Regression Program would select those independent var-
iables for the prediction equation that enabled it to predict the relation-
ship and delete those variables that did not enable it to predict the rela-
tionship. Stepwise Regression would also find the meaningful interactions
among the independent variables.

(2) Control would be returned to the Monitor. The results of Stepwise
Regression would be analyzed, and the termination criteria would be tested
for the existence of a satisfactory predicting equation.

(3) If the termination criteria were not all satisfied, control would
go to Nonlinear Estimation. With the minimal set of terms left from Step-
wise Regression, Nonlinear Estimation would find the best values for both the
remaining nonlinear and linear coefficients and then return to the Monitor
for analysis.

(4) The termination criteria would again be tested. If the procedure
was not finished, the Monitor would observe what happened to each of the
functions in the equations along with the coefficients. The learning mech-
anism would be updated in the Monitor. Then the process would repeat with
another set of functions chosen probabilistically from the library of pos-
sible functions.
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3., THE GEOMETRICAL LOGIC OF NONLINEAR ESTIMATION

To illustrate the procedures that Nonlinear Estimation employs, let us
consider a general experiment in which we have made three observations of
the dependent or response variable. Corresponding to these three observations
we also have three observations of a single independent variable, Let each
observation assume a separate dimension in a hypothetical "observation space,’
the set of observations becoming a single point in the observation space.
Our set of three observations determines one point in this three-dimensional
observation space.

!

O3

where ©41 is the ith observation
Y and y is the observed point of
the dependent variable

s

£,
. Observation Space

We have assumed that we can mathematically relate the observations of
the dependent variable in terms of the independent (or predictor) variables.
Let us call this mathematical relationship a function. For this discussion
let us assume that our function has two parameters and the property that when
we assign numerical values to each parameter the value of the function is
uniquely determined.

If the values of these parameters of the function are allowed to vary
through all their possible values, a surface of the function will be gen-
erated in our observation space. Let the parameter of the function be de-
noted by the single variable 6, a vector. The surface of the function might
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lock like this for a particular set of observations on the independent var-
iable x. Let the observed point on the dependent variable be the point y.
Recall that we are trying to estimate those values of the parameters, denoted
by 6, such that the distance between ¢, the function surface, and the ob-
served point y is a minimum.

3.1 ITERATION PROCEDURE

The method by which the values of these parameters are estimated is as
follows:

(1) Select an initial set of values for the parameters. Denote them
by 6p. This determines a value for the function ¢, called ¢o. Consequently,
this point ﬁo lies on the function surface in the observation space.

(2) At that point do, construct a plane tangent to the function sur-
face. We will use this plane as a linear gpproximation of the function about
the point do.

(3) ©Now we use a multiple linear regression analysis to find the point
in the tangent plane which is closest to the point y. Call this closest point
o+ We use this new point in the tangent plane to estimate a new set of values
©; for our parameters. At this point, E, we construct another tangent plane
and repeat the procedure of (2).

(4) We now repeat steps 2 and 3 over and over until a set of values for
© has been found such that the value of the sum of squares is a minimum.

The procedure described above, termed "iteration," is the basic mechanism
of the first part of the program. In this manner the process repeats itself
using successive estimates of the parameters ultimately to determine the best
estimate. Since this method estimates parameters of nonlinear functions, it
was given the name "Nonlinear Estimation."
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This is a convergent process on most classes of functions. The sum of
the squares, S, which we are trying to minimize might look like the graph
below after six steps. For example:

sk

3.2 INTERPOLATION PROCEDURE

A modification to the iteration procedure is optionally available to the
user. This modification is called "interpolation." Steps (1) and (2) proceed
as before, but after finding the new estimates of the parameters from the
regression, the following procedure is instituted.

(a) Consider the segment between 6, and ©;, the difference between the
first values of the parameters and our last values of the parameters. Halve
this segment and at the point 91/2, find the value of the function ¢1/2.
Determine the distance from the point y to the function surface at the point
f1/2. Let the squares of the distances from y to fo, $1/2, end 1, be So,
Sl/g, and S; respectively. Here S refers to the square of the distance from
y to the function surface, not to the epproximating tangent plane,

sy
®

Example of Interpolation

(b) Contracting type of search: interpolation. Compare S1/2 with S;.
If 51/2 is less than or equal to S; as shown above, the segment between ©¢
and ©; is halved again. This half interval process is continued as long as
S decreases.
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(c) Expanding type of search: extrapolation., Alternatively if Sl/2 is
greater than S,, the segment between ©p and ©; is doubled. The square of the
distance is determined and this process continues as long as S decreases.

ol

5]

&

(d) When S no longer decreases, the last three S points are fitted by
a quadratic to find the values of the parameters corresponding to the minimum
sum of squares. This new value of © constitutes the new value of do for re-
peating steps (2) and (3) of the normal iteration procedure,

3.3 LOCAL EXPLORATION PRCCEDURE

Having terminated the procedures of iteration and interpclation, we now
assess the worth of the estimates of the parameters. We accomplish this by
exploring the region in the neighborhood of the estimated parameters.

A confidence region can be determined which defines a contour surround-
ing the least squares estimates of the parameters. The formulation of the
confidence region is based on an approximation to the function which is linear
in parameters. If the approximation were correct and the errors were inde-
pendently and identically normally distributed, the confidence region would
include the true values of the parameters with a confidence coefficient of
(1-a) . The symbol o is the significance level of the Fisher F-distribution
at the appropriate number of degrees of freedom.
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The sum of squares on the confidence contour is generated from

S = S L+ E o ()] (3.3-1)

where

= contour sum of squares

= minimum sum of squares

number of parameters

= number of observations

= Fisher's F-distribution value
= significance level,

Qs w
]

The geometrical significance of this confidence contour is as follows:

Consider the observation space. The value é, of the function determined
by least squares lies on the function surface. Construct a tangent plane,
ét, to the surface at the point @. Now, any point in the tangent plane will
be a greater distance from y than é. Applying the F-test, the contours at
fixed distances from y in the é plane are swept out. Call these contours Ft.
(See Fig. B-2).

- s e amn a» e ED_SEED

Fig. B-2. Observation space.
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This contour also sweeps out a contour in the parameter space Qt, which
will be an ellipse. In general, however, the projection of the confidence
contour on the function surface will not be an ellipse, but will be some non-
elliptical contour. Likewise, the contour in the linearized parameter space
6% will be an ellipse, while the contour in parameter space will be non-
elliptical. (See Figs. B-3 and B-k4).

92 g2
Nonelliptical f ‘
* Contour Ellipse
d \\ = 61 —p— 0
Fig. B-3. Parameter space. Fig. B-4. Linearized parameter
space.

The contours found in the ét tangent plane are used to establish the
region over which the parameters may be varied for a specified confidence in
their estimation.

The relative confidence which one can place in the estimation of param-
eters can be judged by the elongation of the ellipse in normalized, linearized
parameter space. That is, all the parameters are given the same dimensions
by a normalizing factor so that if the two parameters ©,; and 65 are equally
well determined, the confidence contour in linearized parameter space will be
a circle. If one parameter or one linear combination of parameters is better
determined than another, the contour in parameter space will become ellip-
tical. The most poorly determined parameter, or linear combination of param-
eters, will have the largest projection of the ellipse. The most well-deter-
mined parameter, or linear combination of parameters, will have the smallest
projection of the ellipse.

Determining whether the distance J§£ from y to 8 is a true absolute min-
imum is, in principle, only possible by calculating the sum of squares cor-
responding to each point on the surface. This task is nearly impossible in
most cases, thus alternative methods are employed.

One method of gaining information about other possible minima is to re-
do the problem several times, each time starting from a different initial
guess of parameters and seeing if we always return to the same minimum. If
another local minimum is found, the values of the sums of squares are com-
pared to ascertain which is better.
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Another method of attacking this problem is to generate larger and larger
contours in the tangent ét plane about the point Et and calculate the sum of
squares along the projections, F, of theseﬁ;ontours on the function surface,
looking for a sum of squares smaller than S.

If by several applications of the previous methods there is a consistent
preference for one minimum, one may infer with some degree of certainty that
that is the true minimum.

With how much certainty can we use these methods of linear approxima-
tions to answer the following questions?

(1) For a certain degree of confidence, over what range may the pa-
) g b
rameters estimates vary?

(2) What is the relative confidence that can be placed in the determina-
tion of several parameters?

Information concerning the success of linear methods is obtained by com-
paring the contour in the normal parameter space to the elliptical contour
in the linearized parameter space. If the contours are similar, the func-
tion is approximately linear in the parameters in the region of the best es-
timate, and these linear methods are successful. On the other hand, if the
two contours are highly dissimilar, one should be suspicious of the success
of these linear methods.
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L. MATHEMATICAL DESCRIPTION OF NONLINEAR ESTIMATION

The following will be a fairly concise mathematical development of the
same problem dealt with in the geometrical development. Except that now we
have generalized the problem to include k independent variables, n obser-
vations, and p parameters. In this section little descriptive material will
be included because the preceding geometrical development should have suf-
ficiently illuminated the concepts.

Mathematical Model

p = f(X1,0..,%Xk; ©1,..-,6p) (k.0-1)

Experimental Data

Observed values of dependent variables

Ji
ya

g = (4.0-2)

In

~

Observed values of independent variables

Ky e |

Xn 1 o0 o0 Xnk
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Computed Values
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Multiple Regression

Jteration Formula

Objective

Minimize

£t - 0 = p.g°

Wl = y - f©

Fit (£%-9) to (y-£O)

DDoB° = Di(y-£0)
DiDoBC = DLW
B° = (DgDo) " ‘Dew’
i+1 i

v =1 1
= 6 + (D3Di) DV

8 = X(yi-fi)

B-18

(k.0-10)

(4.0-11)

(4.0-12)

(4.0-13)

(4.0-14)



5. COMMUNICATING THE MATHEMATICS TO THE COMPUTER

5.1 DATA

The data must be on IBM cards with each observation of the dependent var-
iable followed by the corresponding observations of the independent variables.
The form of the numbers presented to the program is specified on a control
card.

5.2 CONTROL CARDS

Two control cards are required with -this program. One of the control
cards specifies the control parameters for the operation of the regression
portion of the program. The other control card specifies the Fisher F-values
to be used in generating confidence contours. Both control cards must be
present (whether or not confidence contours are to be generated).

Table 5.2-1 describes the information which must be supplied on the first

control card. This table should be self-explanatory. Examples of control
cards used in actual problems can be found in Section 6.3,
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Card Columns

1 6
7 10
1
11 1L

41 48
L 1
49 60
L _]
61 72
[ ]
> 80
al

TABLE 5.2-1

CONTROL CARD NO. 1

Significance
Problem Identification
Trial Number

Meximum Iteration Count
O0—pPNo Limit
Otherwise > 3

Interpolation
+ Activate
- Suppress

Maximum Interpolation Count
O0=DNo Limit
Otherwise > 3

Preliminary Eigenvalue Analysis
+ Activate
- Suppress

Number of Observations

Correlation Matrix
+ Compute
- Suppress Computation

Number of Independent Variables

Parameter Increments
+ Compute
- Supplied on Data Cards

Number of Parameters

Contours to be Based on
+ F-Values
- Sums of Squares

Number of Contours

+ Print Input Data and
Intermediate Stages
- Suppress this Printing

Number Used to Compute Ap's

Termination Based on Relative
Change in

+ Parameters

- Sum of Squares

Termination Error
Output Format
Input Format

Cerd I.D.
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CONTROL CARD NO. 2

Card No. 2 can contain a maximum of seven floating point numbers, punched
according to the standard "MAD" input format TF 10.4. There are three cases:

(1) Contours based on sums of squares values: A maximum of seven of
these may be punched.

(2) Contours based on F-values with internal estimate of error variance:
A maximum of five may be punched. Use the first five fields.

(3) Contours based on F-values with external estimate of error variance:
A maximum of five F-values may be punched in the first five fields. If there
are N contours desired, the estimate of the error variance must be punched
in the (N+l1)st field and its corresponding degrees of freedom must be punched
(as a floating point number) in the (N+2)nd field.

NOTE: If local exploration is suppressed, Card No. 2 must be supplied, but
it may be blank.

5.3 FUNCTION SUBROUTINE

The function subrountine may be either a "MAD" or "Fortran" subroutine.
Here only "MAD" subroutines will be discussed.

A typical function subroutine might be one which computes the function

%A- _1-eT
=1 ¢t 5T g

where T is the independent variable, and A; and 05 are parameters.

The calling sequence for the subroutine is EXTERNAL FUNCTION (X,K,P,IP,
F,S,). The significance of each of the arguments is given below:

is the first independent variable

is the number of independent variables

is the first parameter. All parameters must be stored sequentially.
is the number of parameters

is the value of the function to be returned

is a statement label for error return.

UJ"L:IL_Y;"U:X:N
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Using the above nomenclature the function subroutine is written.

EXTERNAL FUNCTION (X,K,P,LP,F,S)
STATEMENT LABEL S
INTEGER K,IP
ENTRY TO FUNCTN.
F = 0.0
THROUGH ONE, FOR I = 0,2,I1.G.6
ONE F = P(I)*(1.0-((1.0-EXP.(-P(I+1)*X,8))/(P(I+1l)%X)))+F
FUNCTION RETURN
END OF FUNCTION

It is important to note that all the parameters must have the same name,
P. To accomplish this we simply assign the even locations of the P-list to
A, and assign the odd locations of the P list to a.

Thus,

P(0),P(2),P(4),P(6), are assigned to Ay,2, 3,4,
and

P(1) ,P(3),P(5) ,P(T7), are assigned to 1 2,3,4:
We must now be sure to recall this identification of parameters when looking
at the print-out from any problem performed with the use of the above func-
tion.
5.4 INITIAL PARAMETER ESTIMATES

The program must be supplied with initial parameter estimates in order
to have some place from which to begin the iteration. The closer the initial
estimates are to the "best" values, the less computer time will be spent in
getting the answer.

The initial parameter estimates must conform to the "MAD" input format
specification on control Card No. 1 and are included at the end of the data
deck.

5.5 ©SUPPLIED PARAMETER INCREMENTS

One may elect to supply values of parameter increments rather than al-

lowing the program to compute these increments from Ap; = 0.0l x pj. If pa-

rameter increments are supplied, they must be included after the initial pa-
rameter estimates in the input deck.
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5.6 ARRANGEMENT OF DECK

/ PAR. INC'S.
/ INIT. PAR'S.

L

/ OBSERVATIONS

(/ CONTROL NO. 2

CONTROL NO. 1
DATA

/| FUNCTION SUBR. —

Z
// NONLINEAR EST.

'/ EXECUTE, DUMP
/ 1.D. M. 2

I.D. NO. 1

Fig- B-5o

5.7 TECHNIQUE OF PROGRAM CONTROL

At present, the nonlinear estimation program requires that the investigator
supply the program with certain control information. This information consists
of the maximum allowasble number of iteration stages, the maximum allowable
number of interpolations, information about the function and the data, print-
ing control, and format information. Of course, each problem is different and
will require different control information. However, one may make some gen-
eralizations about the control parameters which are applicable to a wide range
of problems.

Meximum number of iteration stages.—The amount of machine time required
for an average iteration stage is a function of the size of the problem (the
number of observations, number of paremeters, and complexity of the function).

For small problems the time per iteration stage may be as short as fif-
teen seconds, but for large problems the amount of time required per itera-
tion stage could be as much as a minute or two.
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Obviously, a problem will take less machine time and will have a smaller
likelihood of going astray if the initial parameter estimates are as close as
possible to the final value. This means that it 1s advisable for the inves-
tigator to supply the best parameter estimates available to minimize machine
time and avoid the possibility of finding a minimum which may not be the true
minimum because of local minima. Also, as the example problems point out, it
is advisable to supply initial parameter estimates that do not require the
program to move parameters through singularities in parameter space,

Thus, we see that the maximum number of iteration stages allowed depends
upon how well we can estimate the initial parameters and how complicated the
problem is.,

Another consideration which may influence the number of allowable itera-
tion stages is the confidence which we have in the ability of the program to
find a solution. For potentially difficult problems in which we anticipate
possible inadequacies in either the data or the function, it may be advisable
to run only a few (say three) iteration stages and then examine the print-out
to see if the program is making progress. If satisfactory progress is being
made, the input control should be modified to correspond to the last stage to
date and allow the program to continue for (perhaps) a larger number of stages.
If it is observed that difficulty is being encountered, the information which
is causing the difficulty should be modified and then another check run should
be made.

Meximum number of interpolation stages.—This 1s at present a rather sub-
Jective matter. One may feel that he is not going to derive much benefit from
interpolation and therefore suppresses it (-col. 15) or he may feel that inter-
polation will aid convergence and activate it. Because of the nature of the
interpolation algorithm, if interpolation is activated the number of alliowed
interpolation stages must be » 3., One way to judge objectively whether inter-
polation will be of much help is to observe the output from the program when
it is run for only three iteration stages and see if interpolation and/or ex-
trapolation of the results from one stage to another would yield results
quickly. If it is found that such an interpolation or extrapolation would
help, then it is advisable to activate interpolation.

Occasionally, when the function surface is particularly rough, iteration
may lead to an increasing sum of squares., In these cases, it has been found
that interpolation helps to keep the program under control and not allow it
to go too far afield when searching for a minimum sum of squares.

Print control,-—One may call for intermediate print-out if he sc desires.
It is recommended that this print-out be called for in the check-out stages of
solving a problem, but be deleted for "production runs."” During the check-
out phase the intermediate print-out may be valuable in finding sources of
difficulty, however, the print-out is time consuming and should te avoided
when not needed.
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Format specifications.—The form of the information for the form spe-
cification is described in the "MAD" and also in "Fortran'manuals for the
computer,

Termination criteria.—Along with the problem, the user must supply the
criteria by which the program decides when it has solved the problem. The
criterion may be either (1) that the change in parameter values should be
less than E from one iteration stage to the next; or (2) that the sum of
squares should be less than S. The usual criterion is the less-than-E cri-
terion; however, when the user has an independent estimate of the sum of
squares the less-than-S criterion may be useful.

Statistical control.—The user must supply information to the program
for use in performing the analysis of the results obtained., This information
specifies whether or not the program computes the correlation matrix, how
many confidence contours are to be generated, and for what values of confi-
dence these contours are to be generated.

To make the preceding specifications, the user must find the Fisher F-
value for the confidence regions desired, using the degrees-of-freedom spe-
cifications of Eq. (3.3-1).

Summary of control.—With the nonlinear estimation program that is pres-
ently in existence one must exercise considerable judgement in specifying
the control information for each problem. The format for the required con-
trol cards is discussed in general in Section 5.1 with specific control cards
illustrated in Section 6.3.

Error procedure.-—Several types of errors can be encountered during
execution of nonlinear estimation, Several subroutines used contain error
checking, and the program is equipped to take action when a subroutine en-
counters an error. Floating trapping mode is on during execution, and over-
flow during a calculation will cause an error. If underflow occurs, the con-
tents of the register in which the underflow occurred will be replaced by
a zero, and computation will proceed.,

When an error is encountered the comment"Error type N at loc L" is
printed. N is an integer identifying the error type. (See Error Table.)
L is an octal number giving the location in core storage at which the error
occurred.,
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ERROR TABLE

Cause

Floating trap error-check location to determine point
at which trap occurred.

Negative argument to SQRT during computation of stan-
dard deviation.

Negative argument to SQRT during computation of norm-
alizing element.

Negative argument to SQRT during computation of grid
parameters in local exploration.

Function error-nonincrementing procedure.
Function error-incrementing procedure.
Error return from EVV (P.E.A).

Error return from INV (singular matrix).

Diagonal element of correlation matrix differs sig-
nificantly from 1l(machine error).

Error return from EVV (local exploration).

Attempt to divide by zero., Check location to deter-
mine where.
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6. SAMPLE PROBLEM NO. 1

In the following example, the formulation, communication, and solution of
the problem will be discussed. The sequence of events is designed to follow
the method in which such problems might be solved in practice. This example
problem was worked by R. W. Albrecht.

6.1 DESCRIPTION OF THE PROBLEM

Consider the problem of the compound decay of an isotope into a second
isotope which then decays into a third isotope. (A case of particular inter-
est in reactors might be I*3°_ X335 (335.) An equivalent problem might
be a problem in chemical reaction kinetics, where a feed material, A, pro-
duces a product, B, which in turn produces a product, C. Symbolically, either
of these cases can be represented by

AX1s B 2y g,

where k; and kp are rate constants. The differential equations are

dA

a-t— - klA

dB

e k,A-koB
T 1A-K2

aC - xB.
dt

If only the concentration of B is observed, the solution to the set of equa-
tions for the concentration of B may be written

B - X1 (e'kzt - e-klt)°
Ky -ko

Now, if the experimentor observes the concentration of B at several
times t, and wishes to infer the rate constants k; and ko from these measure-
ments, he has a nonlinear problem to solve which is ideal for nonlinear es-
timation.
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6.2 DATA

Concentration of B Time
(dependent varieble) (independent variable)

0.166 10

0.192 20

0.3655 Lo

0.413 80

0.4355 160

0.247 320

6.3 CONTROL CARDS

The control cards used are shown below. Refer to Table 5.2-1 for the
meaning of the entries.

Card No. 1

INTERP 3 10+ O+ 6+ 1+2+3+ .01 + .O0L1Hl P6E12, L4*2F10,5% TESTOO1
1 10 20 30 4o 50 60 70

00000000000000000000000000000000000000000000000000000000000000000000000000000008
123456700101 120314151617181920212220202526 27282030 313233 34 35.36 37 38.39 40 41 42 43 44 45 45 47 48 43 50 51 5253 54 55 56 57 56.59 60 616263 64 65 66 6T S G 0 71 1273 74 7576 77 78 79 80
IR R R R R R R R R R R R R R R R R R R R R R R R R R R R R R R S 2 R R R R R R R R R R R R R R R R AR R R RERRRR R AR
22222222222222222222222222222222222222222222222222222222222222222222222222222222
333333333333333333333333333333333333333333333333333333333333333333333333333333%
CAA4 4444444444444 44 0440444444444 040440040004844400440044044040040400 00044000014 3
§5555555555555555555555555555355555555555555°5555855555555555555555555555555555555
66666666666666666666666666666666666656666666666666666666666666666666666666666666
1111117111171777132237713717117111717171717111717111117137717711171771217111111711311111111111
$8888888888088880808000808885888888888080888:388888888080688888080850888888880688888888088839

9999999999999999999999999999999999999999999999999999999999895999999999999999989498¢

123435 “'|”A.B’ 1(0)" 121341516171819202122232425262128293031 R M5B BIQHQ2LB4454647484950515253M4 565756596061 2034656567660 07I NRBUISHTINN N
508}
g e E
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Card No. 2

L. 22 6.954 18.0 TESTO02
1 10 20 30 4o 50 60 70

goooooo0DOOOODO0OO0OCOCO0000000000D000000000000000000000000000000000000000000000000000
12345678 81010121314151617181920212223262525 272829 3031 32 33 34.35 36 37 38 39 40 41 42 43 44 4546 47 48 49,50 51 52 53 56 55 56 57 56 59 60 61 6263 64 6566 67 G8EI TN NI 2 I M TS 16 77 78 73 80
IR R R R R R R R R R R R R R R R R R R N A Z R R R R R R A R R N R R R R R R R R R AR R R R
22222222222222222222222222222222222222222222222222222222222222222222222222222222
33333333333333333333333333333333333333333333333333333333333333333333333333333333
S4444444444444444444444444444444844 4444448040 444444 0444 444444444444444444444444%
§55555555555555555555555555555555555555555555555550555555555555555555555555555535
66666666666666666666666666666666666666666666666666666666666666666666666666666666
T1711111111771113117717111111717771710117117711371713171717117171117171711711173711711171111111111111

B8888886888030808068668888888808880080688888688808080688888888888888808838B8088888888888888

999999999999999999999999999999999999999999999999999999999999999999999999999999489
12 554;;%;;i?wmunwmnunuﬁnunnwmuuuﬁmnunmnuuuﬁwuwﬂwmaaﬂsxnawwznu B5HIBRNNRBHUEHTINRIN

6.4 FUNCTION SUBROUTINE

The function subroutine which computes the desired function is listed
below,

EXTERNAL FUNCTION (X,X,P,LP,F,S)
STATEMENT LABEL S
INTEGER K, LP
ENTRY TO FUNCTN.
= P(0)/(P(0) -P(1)) *(EXP. (-P(1) ¥X,S) -EXP. ( -P(0) %X, S) )
FUNCTION RETURN
END OF FUNCTION

This function subroutine is compiled and placed at the rear of the pro-
grem deck. (Fig. B-5.)
6.5 INITIAL PARAMETER ESTIMATES

In this problem it is apparent that k; and ks should be positive since
they are reaction rates. We, therefore, expect the resultant values of k; and

ko to be positive.

We observe that when k; approaches ko we have a region in the parameter
space which is nearly singular. The value of the function becomes very large.

B-29



It is, therefore, evident that if we pick initial parameters such that
in the iteration process we must cross this region go get to the desired
point, we will encounter difficulty. Thus, we should do some preliminary
analysis of the data to ascertain whether k; > ko or ks > k; is more likely
to give initial parameter estimates which cause no machine problems.

To converge to an answer in the shortest time, we pick parameters k;
and ko as close to the correct values as a preliminary analysis allows. This
implies making some kind of preliminary Jjudgement of the values of k; and ko
usually by an "eye fit" to the data.

Let us suppose that we have exercised the decisions required and have
made the initial parameter estimates below,

6.6 RESULTS AND DISCUSSION

We now arrange the program deck according to Fig. B-5 and submit this
to the computer for the actual execution of the procedure. The numerical
results for this example are found at the end of this Appendix.

Some knowledge of statistics is required to analyse the results that are
concerned with the quality of the final best estimate. The results indicate
that there is a contour No. 1 with a contour value of 4,32 (in this case, the
F-value for (l-o0 = 90%). Iater on there is the minimum sum of squares, con-
tour sum of squares, and grid sum of squares, to which attention will now be
directed.

Nonlinearity considerations.—Inferences can be drawn if the nonlinear
situation is linearized and a knowledge of linear statistics is brought to
bear on the problem. If the particular problem under study were truly linear
in the parameters, the contours which outline the confidence regions would be
ellipses. As soon as a problem, such as this one, in chemical reaction ki-
netics becomes nonlinear in the parameters, the confidence regions become
distorted. No longer are they true ellipses, but the approximation might
still be good depending on how nonlinear the problem is.

If the problem is very nearly linear the sum of squares characterizing
the ellipse in linearized space will be close to the sum of squares in non-
linear space. To compare these sums of squares the print-out gives the con-
tour sum of squares and the sums of squares at the end points of the ellipse.

Notice that in this problem the contour sum of squares is larger than
the minimum sum of squares. It represents an ellipse which corresponds to
the range over which the parameters may vary for 90% confidence. Note also
that the grid sums of squares are not greatly different from the contour sum
of squares, so that we expect that the problem is approximately linear in
the parameters in the region of the best estimate.
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Contours No. 1, 2, and 3 are shown in the print-out. They correspond to
the 90%, 95%, and 99% confidence and are thus increasingly larger ellipses.
Using the grid parameters listed, Fig. B-6 was constructed.

Kz Confidence
‘ Level
10 < ¥
' 99%
95%
.05 90%
P +
0 —T— kl
0 .05 .10 .15 .20

Fig. B-6. Parameter space.

Significance of parameter estimates.—The shape of the ellipse gives in-
dications about the relative confidence placed in the estimates of the param-
eters. The linear combination of parameters corresponding to the longest axis
is most poorly determined and the linear combination corresponding the shortest
axis is best determined when the shape of the ellipse is examined in normalized
parameter space.

The approximately equal eigenvalues indicate that in this problem the
parameters are nearly equally well determined.
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PRINT-OUT OF EXAMPLE 1

PROBLEM INTERP
TRIAL NO. 3

NO. OF OBSERVATIONS 6

NO. OF INDEPENDENT VARIABLES 1
NO. OF PARAMETERS 2

OBSERVATIONS
1.6600E-01 1.9200E-01 3.6550E-O1 L4,1300E-01 k4.3550E-01 2, 4700E-01

INDEPENDENT VARIABLES
1.0000E 01 2.000E O1 L4.0000E 01 8.0000E OL 1.6000E 02 3.2000E 02

PARAMETERS
1.2500E-02 7.0000E-0%

INCREMENTS
1.2500E-04 7.0000E-05

EIGENVALUES OF MOMENT MATRIX-PRELIMINARY
1.0771E 03 3.75LLE 03

CORRELATION MATRIX
1.0000E 00 e.3669E-01 2,3660E-01L 1.0000E 00

NORMALIZING ELEMENTS
2.8525E-02 1.6071E-02

EIGENVALUES OF CORRELATION MATRIX
T.6331E-01 1.2367E 00

EIGENVECTORS OF CORRELATION MATRIX
7.0711E-01 -7.0711E-01 7.0711E-01 7.0711E-O1

TRANSFORMS OF EIGENVECTORS OF CORRELATTON MATRIX
2.L4789E 01 -L.3998E 01 2.4789E 01 L.3998E 01
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CONTOUR NO. 1

Confidence Level 90%

CONTOUR VALUE
L.3200E 00

CENTER OF GRID PARAMETERS - FINAL BEST ESTIMATE

1.1857E-02 6.5755E-0%

GRID PARAMETERS-(POSITIVE GRID)
1.408%E-02 5.3%214E-0% 1.4690E-02

GRID PARAMETERS-(NEGATIVE GRID)
9.6310E-03 7.8295E-0% 9.0237E-03

CENTER OF NORMALIZED GRID PARAMETERS
4,1566E-01 L.091LE-01

NORMALIZED GRID PARAMETERS-(POSITIVE
4,9370E-01 3.3111E-01 5.1L499E-01

NORMALIZED GRID PARAMETERS-(NEGATIVE
3,3763E-01 L.8717E-01 3.163L4E-01

MINIMUM SUM OF SQUARES
7.3860E-03%

CONTOUR SUM OF SQUARES
2.3%3L0E-02

GRID SUMS OF SQUARES-(POSITIVE GRID)
2.4362E-02 1,9222E-02

GRID SUMS OF SQUARES-(NEGATIVE GRID)
2.2533E-02 2.5136E-02

1.1717E-03

4, 9792E-03

GRID)
5.0846E-01

GRID)
3,0982E-01
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CONTOUR NO. 2
Confidence Level 95%
CONTOUR VALUE
6.9400E 00

CENTER OF GRID PARAMETERS - FINAL BEST ESTIMATE
1,1857-0e 6.5755E-03

GRID PARAMETERS-(POSITIVE GRID)
1.4678E-02 L,9860E-03 1.5448E-02 8.5987E-03

GRID PARAMETERS-(NEGATIVE GRID)
9.0357E-03 8.1650E-03 8.2659E-03 L.5523E-03

CENTER OF NORMALIZED GRID PARAMETERS
L, 1566E-01 L4.091L4E-01

NORMALIZED GRID PARAMETERS-(POSITIVE GRID)
5.1457E-01 3,1024E-01 5.4155E-01 5.3503E-OL

NORMALIZED GRID PARAMETERS-(NEGATIVE GRID)
3,1676E-01L 5.0804E-01 2.8978E-01 2.8325E-01

MINIMUM SUM OF SQUARES
7.3860E-03

CONTOUR SUM OF SQUARES
3.35015E-02

GRID SUMS OF SQUARES-(POSITIVE GRID)
3,5454E-02 2.5366E-02

GRID SUMS OF SQUARES-(NEGATIVE GRID)
3,16L0E-02 3,7202E-02
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CONTOUR NO. 3
Confidence Level 99%
CONTOUR VALUE
1.8000E 01

CENTER OF GRID PARAMETERS - FINAL BEST ESTIMATE
1.1857E-02 6.5755E-03

GRID PARAMETERS-(POSITIVE GRID)
1.6L400E-02 L.0156E-0% 1.76LOE-02 9.83%38E-03

GRID PARAMETERS-(NEGATIVE GRID)
7.3134E-03 9.1353E-03 6.0737E-03 3.3171E-03

CENTER OF NORMALIZED GRID PARAMETERS
4,1566E-01 L4.0914E-01

NORMALIZED GRID PARAMETERS-(POSITIVE GRID)
5.7494E-01 2.4986E-01 6.1841E-01 6.1188E-01

NORMALIZED GRID PARAMETERS-(NEGATIVE GRID)
2.5638E-01 5.68L2E-01 2.1292E-01 2.06L0E-01

MINIMUM SUM OF SQUARES
7.3860E-03

CONTOUR SUM OF SQUARES
7.3860E-02

GRID SUMS OF SQUARES-(POSITIVE GRID)
8.8012E-02 L,726LE-02

GRID SUMS OF SQUARES-(NEGATIVE GRID)
7.0716E-02 9,1996E-02
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7. SAMPLE PROBLEM NO. 2

7.1 DESCRIPTION OF THE PROBLEM

ILet us assume that we are required to design a rectangular cooling fin.
We have the specifications that the steady state temperature distribution on
one edge is sinusoidal and that the temperature on the other three edges are
to be held constant (at T = 0, for example). Neither length (a or b) is spr
cified, but the desired temperature distribution is specified.

y
b u(x,b) =0
(X;Y)
u(0,y) = 0 . u(x,y) y (a,y) =0
-— X
u(x,0) = f(x) a
Fig. B-T.

The problem is to find the optimum lengths, a and b, of the fin (assuming

that only two dimensions are important) to satisfy the specified temperature
distribution in the least squares sense.

Let u(x,y) describe the steady-state temperature at point x,y and satisfy
Laplace's equation in two dimensions.

2 o2

The following equations describe the boundary conditions:

u(+0,y) = 0 u(z-0,y) = 0

u(x,b-0) = 0 u(x,+0) = f(x)
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By separating the varisbles in the usual way, that is, setting u(x,y) =
X(x)+Y(y), the functions

. nuX s nn
sin —g}-51nh[a— (y-c) ] n =1,2,..

are found to be solutions of the heat equation which satisfy boundary condi-
tions in Eq. (7-1) for every constant C.

When C = b, they satisfy the first
condition of Eq. (7-2) and the series
[00]
) . . nyw
u(x,y) = ngi Ansin Eg§ sinh[Z= (y-D) ]

satisfies the second condition of Eq. (7—2) provided that

£(x) = - Y Apsinh 2® gin B (0 < x < a),
n=1 a a

According to the Fourier sine series, this is true if the coefficients A, are
determined so that

- Apsinh BTP
a

® 1Mo

a

/ﬁ £(x)sin 2 4x.
Jo a
Using this, the formal solution can be written

sinh[ZX (b-y)
a

] f a
. nnx . nmx
sin f(x)sin =—= dx .
a
n=1 Sinh( anb) o a

Now, if the face temperature, along the x-axis is sinusoidal;

u(x,0) = 500 sin gE ,

then the solution may be written

T

i 500 -sinh[z (b-y) ] o

u(x,y) = = sin == ,
sinh ('5:—)

since
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n=1

a
.oX . nux
J/\ sin & sin 2 4x =
o a a

O No

n#l.

At this point, the problem is specifically to find the "best" parameters,
& end b, which give the least-squares fit of the data for x,y, and u(x,y).

Other information that might be useful is the degree of confidence which
may be placed in these estimates, the difference between the supplied tem-
perature distribution and the temperature distribution which would exist in
the fin with the parameters a and b, and the amount that a and b could change
and not effect the temperature distribution more than some pre-determined
amount .

1.2 DATA

Temperature at the point

(x,y) X ¥
L5 .1 5
72.5 .2 A
86 .3 5
86 oA .6
Th.5 5] T
55.5 .6 .8
35 T .9
1.5 .8 1
h10 .9 1
3Lk 1.0 2
286 1.1 .3
225 1.2 o
168 1.3 5
118 1.L .6
5 1.5 T
L0.5 1.6 .8
15.5 1.7 .9

) 1.8 1
29.5 1.9 5
1.0 2.0 .3

1.5 CONTROL CARDS

The control cards used in this example are shown below.
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Card No. 1

TEMPS 1 5 2020 2 2 3 .01 .0011H 1P6E12.L4*2F10.5% Card 1

1 10 20 30 40 50 60 70

00000000000000000000000000000000000000000000000000000000000000000000000000000000
1234567 9lﬂ|llZ‘lleIsl1ll1920212223242526212329103132333435363738394041#261“454&474649505!52535055565158598051628354656681535970717273747575177879&)
EERRRRERRRERRRRRR R R R R R R R R R R R R R AR R R AR R AR R R R R R R R R R R R R RN AR AR RRERRRRRRRRERRRRE
22222222222222222222222222222222222222222222222222222222222222222222222222222222
33333333333333333333333333333333333333333333333333333333333333333333333333333333
AAA44444444444404444840044444444440444444444404444444444444444444444444444044444
555555555555555555555555555555555555555555555555555555555555555555555555555555535
66666666666666666666666666666666665666666666666666666666666666666666666666666666
71171717111717171717717112171111717111771711111717111171111771171117171111111111117111111171111171711

88888888888888886888888808083386888888888888888888888888888888888888888888888888838

99999999999999599999999999999999099999999999999999999999999999899999999998
4 TABégl:géz::ulsunmeznzlzznuz“snnznon:znu;nsznnsum41434445!6474“95051525354 5 57 58 59 mssusssssrueswn727314151:177079.0
Thseg vans

Card No. 2

2.0 5.0 10.0 Card 2

1 10 20 30 Lo 50 60 70
00000000000000000000000000000000000000000000000000000000000000000000000000

8 91011121314 1516 17 18 19 20 21 22 23 24 25 26 27 28 29 30 31 32 33 34 35 36 37 38 39 40 41 42 43 44 45 46 47 48 49 50 51 52 53 54 55 56 57 58 59 60 61 62 63 64 65 66 67 63 69 70 71 72 73 74 75 76 77 78 13 80

0000
34567
IRERRRRRRRR AR AR R R RN A R R R AR R R RN R R R R R R R R R RN R R RN R RN R R R R R R R R R R R R R R R R R AR R B

1
1
22222222222222222222222222222222222222222222222222222222222222222222222222222222
33333333333333333333333333333333333333333333333333333333333333333333333333333333
A44440444444440444044444444444444440444444444444444444444444444444444444044444444
55555555555555555555555555555555555555555555555555555555555555555555555555555555
666666666666666666666666666666666605666666666666666666666666666666666666666666666
1717171171711 717711771777171177171119717717171171717171171110711717117117117117171711117171717117111111111111111
8880888888088800888068080886808888088888808808888088808888880888088808860886808888880888888888888
999999
123458

45
TA
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7.4 FUNCTION SUBROUTINE
The MAD Function used to evaluate u(x,y) for this problem is shown below.

EXTERNAL FUNCTION (X, X, P, LP, F, S)

STATEMENT LABEL S

INTEGER K, LP

ENTRY TO FUNCTN.
=(3.1416/P(0)) (P

22_5.1u16*P ) /P(0)

23=3,1416xX(0) /P(0)

S1=(EXP.(21,5) -EXP.(-21,5))

s2=(EXP. (22,5) -EXP. (-22,5))

S3=SIN.(23.5)

F=500, ¥51%53 /52

FUNCTION RETURN

END OF FUNCTION

(1)-x(1))

~—

2.0
2.0

/
/

7.5 INITIAL PARAMETER ESTIMATE
The parameters "a'" and "b" are initially estimated to be, 2.5 and 1.5
respectively.

7.6 RESULTS AND DISCUSSION
The final best estimates of "a" and "b" are 2.0 and 1.0 respectively.

From the print-out under Example 2 we see that the correlation matrix
has small off diagonal elements and that the eigenvalues of the correlation
matrix are not very different. Thus we are able to have some confidence in
these estimates.

The confidence contours obtained indicate the tolerance one may have in
designing the fin close to the specifications. The comparison of grid sums
of squares with contour sums of squares indicates that the function surface
is nearly linear in the region of the final best estimates of "a" and "b."
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PROBLEM TEMPS

TRIAL NO. 1

NO. OF OBSERVATIONS 20

PRINT-OUT OF EXAMPLE 2

NO. OF INDEPENDENT VARIABLES 2

NO. OF PARAMETERS 2

OBSERVATIONS
4,5000E 01
3,5000E Ol
1.6800E 02
2.9500E 01

7.2500E 01
1.5000E 00
1.1800E 02
1.0000E 00

INDEPENDENT VARIABLES

10.0000E-02
.O000E-01
. O000E-0L
. 0O000E- 00
. 3000E 00
.6000E 00
. 9000E 00

e e =

3.0000E-01
6.0000E-01
9.0000E-01
2.0000E-01
5.0000E-01
8.0000E-01
5.0000E-01

8.6000E 01 8.6000E 01 T7.4500E 01 5.5500E 01
4.1000E 02 3.LLOOE 02 2.8600E 02 2.2500E 02
7.5000E 01 4.0500E 01 1,5500E 01 5.000E-O1

2.0000E-01
5.0000E-01
8.0000E-01
1.1000E 00
1.4000E 00
1.7000E 00
2.0000E 00

PARAMETERS - INITIAL ESTIMATES

2.5000E 00

INCREMENTS
2.5000E-02

1.5000E 00

1.5000E-02

WO ONW T

EIGENVALUES OF MOMENT MATRIX-PRELIMINARY
1.8618E 05 2.8940E Ok

CORRELATION MATRIX

1.0000E 00 -2.3758E-01 -2.3758E-01 1.0000E 00

NORMALIZING ELEMENTS
1.7112E-03 1.7859E-03
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. O000E-01
. O000E-0OL
. 0O000E 00
.OO0OCE-0O1
.O000E-0OL
. O0O0O0E-0O1
.0000E-01

3.0000E-01 5.0000E-01
6.0000E-01 8.0000E-01
9.0000E-01 10.0000E-02
1.2000E 00 4.0000E-01
1.5000E 00 7T.0000E-0O1
1.8000E 00 1.0000E 00



EIGENVALUES OF CORRELATION MATRIX
7.6242E-01 1.2376E 00

EIGENVECTORS OF CORRELATION MATRIX
7.0711E-01 7.0711E-O1 -7.0711E-O1 7.0T1llE-O1

TRANSFORMS OF EIGENVECTORS OF CORRELATION MATRIX
4.1322E 02 3.9595E 02 -L4.1322E 02 3.9595E 02
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CONTOUR NO. 1

CONTOUR VALUE
2.0000E 00

CENTER OF GRID PARAMETERS - FINAL BEST ESTIMATE

2.0000E 00 1.0027E 00

GRID PARAMETERS-(POSITIVE GRID)
2,004L9E 00 1.0078E 00 1.9939E 00

GRID PARAMETERS-(NEGATIVE GRID)
1.9952E 00 9.9769E-01 2,0062E 00

CENTER OF NORMALIZED GRID PARAMETERS
1.1688E 03 5.61L8E 02

NORMALIZED GRID PARAMETERS-(POSITIVE
1.1716E 03 5.6430E 02 1.1652E 03

NORMALIZED GRID PARAMETERS-(NEGATIVE
1.1660E 03 5.5866E 02 1.172LE 03

MINIMUM SUM OF SQUARES
9.5725E 01

CONTOUR SUM OF SQUARES
1.1455E 02

GRID SUMS OF SQUARES-(POSITIVE GRID)
1.1527E 02 1.1LL3E 02

GRID SUMS OF SQUARES-(NEGATIVE GRID)
1.1547E 02 1.1576E 02

1.0091E 00

9.9631E-01

GRID)
5.6507E 02

GRID)
5.5T89E 02
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CONTOUR NO. 2

CONTOUR VALUE
5.0000E 00

CENTER OF GRID PARAMETERS - FINAL BEST ESTIMATE
2.0000E 00 1.0027E 00

GRID PARAMETERS-(POSITIVE GRID)
2.0077E 00 1.0107E 00 1.9903E 00 1.0129E 00

GRID PARAMETERS-(NEGATIVE GRID)
1.992LE 00 9.947TE-0L 2.0097E 00 9.9258E-01

CENTER OF NORMALIZED GRID PARAMETERS
1.1688E 03 5.614L8E 02

NORMALIZED GRID PARAMETERS-(POSITIVE GRID)
1.1732E 03 5.6594E 02 1.1631E 03 5.6716E 02

NORMALIZED GRID PARAMETERS-(NEGATIVE GRID)
1.1643E 03 5.5703E 02 1.17L5E 03 5.5580E 02

MINIMUM SUM OF SQUARES
9.3723E O1

CONTOUR SUM OF SQUARES
1.4579E 02

GRID SUMS OF SQUARES-(POSITIVE GRID)
1.L4739E 02 1.4558E 02

GRID SUMS OF SQUARES-(NEGATIVE GRID)
1.4831E 02 1.L875E 02
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CONTOUR NO. 3

CONTOUR VALUE
1.,0000E Ol

CENTER OF GRID PARAMETERS - FINAL BEST ESTIMATE

2,0000E 00 1.0027E 00

GRID PARAMETERS-(POSITIVE GRID)
2,0108E 00 1.01L4O0E 00 1.9863E 00

GRID PARAMETERS-(NEGATIVE GRID)
1.9893E 00 9.9147E-01 2.0138E 00

CENTER OF NORMALIZED GRID PARAMETERS
1.1688E 03 5.6148E 02

NORMALIZED GRID PARAMETERS-(POSITIVE
1.1751E 03 5.6778E 02 1.1607E 03

NORMALIZED GRID PARAMETERS-(NEGATIVE
1.1625E 03 5.5518E 02 1.1768E 03

MINIMUM SUM OF SQUARES
9.3723E 01

CONTOUR SUM OF SQUARES
1.9786E 02

GRID SUMS OF SQUARES-(POSITIVE GRID)
2.0060E 02 1,9719E 02

GRID SUMS OF SQUARES-(NEGATIVE GRID)
2.0%35E 02 2.0419E 02

1.0171E 0O

9.8839E-01

GRID)
5.6951E 02

GRID)
5.5345E 02

B-L5



APPENDIX C

COST ANALYSIS



1.

2.

3.

EQUIPMENT COST

OPERATING COSTS

TOTAL COSTS

APPENDIX C.

TABLE OF CONTENTS

Cc-2

Page
C-3
c-8

C-10



1. EQUIPMENT COSTS

The ultimate goal of this project is to design the most economical power
plant possible. To do this the cost of the equipment in the plant must be cal-
culated along with the cost of operating the plant once it has been built. It
will then be possible to compare the total cost of one design with the total
cost of another.

Two possible methods were considered feasible for determining the cost
function of the different equipment components of a power plant. One method
uses the actual cost of power plants which have already been built; the other
method is based on a manufacturer's price book, making it possible to compute
the price of a component much as an estimator would calculate the price.

Both these procedures could be used for any piece of equipment in a power
plant 1f past costs of the same component in different plants can be found
or if a manufacturer's price book can be used. However, for purposes of ex-
planation, the following example will be limited to the procedures used by the
procedures used by the author when studying condensers and condensing equip-
ment.

The reader should keep in mind what is being attempted. The purpose of
this study is to find a variable or group of variables that will best predict
the cost of the condensing equipment for a new power plant (for feedwater
heater equipment or boiler equipment if such a component were being studied).
At this Junction in the study the investigator has no idea which or how many
of the hundreds of variables that have been collected will most affect cost.
Obviously, most of the variables, if not all, may affect the cost, at least
slightly, but the purpose here is to find those few variables which most af-
fect the cost.

Another restriction which must be kept in mind is that we must be able
to compute from the heat balance every one of the variables that are even
possibilities for the cost equation. This restriction is imposed because, in
the final computer program, all the cost equations use, as inputs, values of
variables which are computed by the heat balance which is generated by the
simulator. Fortunately, some variables, such as condenser surface, may still
be considered, even though this variable does not come directly from a heat
balance, since it is a function of other variables which are computed in the
heat balance equations.

1.1 CALCULATION OF COST FUNCTIONS USING ACTUAL DATA

First, all the data that might be used had to be compiled. This was
done by referring to the contracts of completed jobs and all the data that
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might be considered pertinent were punched onto IBM cards. Such data included
all the data on costs which were available, any performance data which were
considered pertinent, and miscellaneous information such as delivery date,
proposal date, escalation information, etc. Well over 500 different pieces

of data were collected for each group of condensing equipment which had been
designed in the past fifteen years by Commonwealth Associates, Inc.

Once this had been completed, the author had to decide which of these
Jobs would be used. Every past job was included if it was felt that the data
for that job were sufficiently complete for the purposes of the analysis.
Nineteen different jobs were thus included in the study.

Once the initial step of collecting the data was completed, the cost fig-
ures had to be analyzed. For most of the jobs in the study, one lump-sum cost
was given for all the condensing equipment; the major pieces included were the
condenser, the condensate and circulating water pumps, the tubes, and the air-
removal equipment. However, variations were found: some jobs did not include
the tubes since they were contracted for separately, others did; a few jobs
included some motors, most did not; all jobs included some kind of air-removal
equipment but some of them used vacuum pumps while others used air and hog-
ging ejectors. Because these variations would make any cost comparison mean-
ingless, it was necessary to find a common group of equipment whose cost would
be included in each job. This was done by including all the tube costs that
had been excluded, using estimates where actual figures were unavailable. The
cost of alr-removal equipment was taken out of each job because it was felt
that this cost difference would not be reflected by the varisbles studied.
Motors were also excluded, but only for the sake of convenience; it was easier
to eliminate such cost from the few jobs where they were included rather than
including them in the many jobs where they were not originally included. The
cost remaining for each job accurately reflected the cost of a common group
of equipment, the condensers, tubes, and pumps. One other cost that was in-
cluded in each job was the cost of supervision of erection.

One may wonder how a tube price could be estimated today for equipment
that was built in 1950. Or he might wonder how an accurate comparison can be
made between the prices of equipment, some of which were bought in 1950 and
some in 1960. The answer to both of these problems lies in the use of escala-
tion techniques which will be explained in the following paragraphs.

The first problem that must be considered arose because of the practice
of sometimes quoting a firm price, one that is fixed at the beginning of the
contract even though delivery will not be made for two or three years, rather
than an escalated price, which means that one amount is fixed with the pos-
sibility of raising or lowering that price depending upon whether some infla-
tionary characteristic (like the cost of living) rises or falls during the
period. In the cases where a price which was to be escalated was quoted, a
maximum escalation amount was also named, such as 20% of that price. This
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meant that the highest price to be paid for the equipment could not exceed
120% of the base price. However, there was no information given to help deter-
mine whether the maximum escalation figure was used or whether prices did not
rise as rapidly as had been expected, and therefore, a lesser figure was used,
To help solve this dilemma, the Handy Cost Index numbers were used.

This cost index has been prepared for the electric light and power indus-
try and compares prices for any given kind of equipment from turbines to un-
treated 35 ft chestnut poles using the 1911 price as the base price, This
index works identically like the cost of living index; in fact it really is a
cost of living index, but for a power plant rather than consumer goods. Since
there was an index to be used specifically for condensers and tubes, it was
an easy task to make the necessary adjustment for the prices of equipment
bought in different years.

On the problem of firm and escalated prices, there was a lack of infor-
mation about the exact amount of escalation actually used when only a maximum
amount was given. (For example a contract might state that the price was
$100,000 subject to a maximum possible escalation of 10% which would be deter-
mined by the value of the Metals and Metals Products Index at some future
date.) There is a possibility that no escalation would be used since the in-
dex might not rise; then, the assumption of a maximum escalation would give
a clearly erroneous result. To solve this problem, the Handy Cost Index at
the beginning of the escalation period was compared with the same index at
the end of the period. It was felt that the index actually used in the con-
tract and the Handy Cost Index would be comparable. Therefore, if the Handy
Cost Index rose more than the maximum allowed in the contract, the contract
maximum was used, since it was known that the index actually used could not
exceed the maximum figure given in the contract. On the other hand, if the
percent rise of the Handy Cost Index was less than allowed in the contract,
the percent rise given in the Index was used as the "best guess" of what was
actually done.

The value of this procedure can best be seen by a simple illustration,
Suppose there are two contracts which are bid on at the same time and scheduled
for completion at the same time. But one bid uses a firm price, giving the
price to be paid two years from now, when the job is completed. The other uses
an escalation price, with a maximum escalation percent given. For example,
the firm price could be $115,000, payable two years in the future when the
equipment is delivered. The price subject to escalation could be $lO0,000
subject to a maximum possible escalation of 20% over a two-year period. If
the index used rises only lO% during that time, then the price to be paid will
be $100,000 plus 10%, = $110,000. But if the index rises 20% or more, then
the amount due will be $100,000 plus 20%, = $120,000. Regardless of the amount
of escalation, the price computed at the end of the period is comparable to
the firm price since both are equal to the amount actualiy paid by the buyer.
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By the same token, the cost data actually used were adjusted in this
manner so that all the costs would reflect the amount actually paid by the
buyer at the time of delivery.

One further problem with escalation remains., The costs which have thus
far been computed are the cost at the delivery date. But some jobs were de-
livered in 1948, others in the 1950's and some in 1961, To make an accurate
comparison of these prices, it was necessary to adjust all these prices to
a 1961 figure, by once again using the Handy Cost Index. For example, the
condensing equipment for one plant might have cost $200,000 in 1950, Between
1950 and 1961 the Handy Cost Index rose from 500 to 750 (figures assumed for
ease of explanation), a rise of 150%. Therefore the 1961 price of this equip-
ment would be $200,000 plus 50% = $300,000. This 1961 figure, the $300,000,
is the cost which would then be used in all the future analyses of the con-
densing equipment costs.

In this same way, all the different condensing equipment costs were re-
computed to a 1961 figure. Obviously the equipment in the oldest plant was
escalated the most, the equipment in the newest plant, the least. The real
question that is to be answered by this procedure is, "How much would a given
piece of equipment cost if delivered in 1961%"

When, for instance, a 1952 unit did not include tubes, the tube price
was estimated and added into the cost. Here the reverse procedure of escala-
tion was used, again using the Handy Cost Index.* 1In this manner, all the
different units included the same pieces of equipment with a price estimated
for the time of delivery.

Now that the same pieces of equipment are included in each unit and all
the prices are based on a 1961 level, one of the few steps remaining is to
choose the variables which might measurably affect cost. It was decided that
four variables would merit study here: condenser surface, circulating water
flow through the condenser, loss (the steam condensed times heat rejected),
and saturation temperature. The equation, therefore, was expected to be of
the form, $ = f(surface, flow, loss, temp). These data were fed into the re-
gression program (explained in Appendix B), and an equation generated of the
above form which can now be used to predict any future condenser costs, given
the values of surface, flow, loss, and temperature.

In spite of the fact that such a formula is based on today's prices, it
will be valid in the near future for the very important reason that the formula

*Obviously this procedure was not really necessary, since the price started

out as a 1961 price, was escalated back to an earlier year, added to the total
price, and then the total escalated forward to 1961. This was done, however,
not only to give any future investigator the choice of using different escala-
tion techniques, but of also having at least a base price with which to work.
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is used only for comparing two different condensers to determine which is
the most economical., (It will not be accurate for predicting the cost of
any single condenser.,) This formula will still show which of the two con-
densers 1s more expensive since, in most instances, it is a valid assumption
that prices will be raised for all sizes of condensers, not Jjust in isolated
cases.

In the same manner that a cost function has been developed for condensers,
cost functions can be developed for the other kinds of equipment, whether
they are feedwater heaters or steam turbines.,

1.2 CALCULATION OF COST FUNCTIONS USING MANUFACTURER'S PRICE BOOK

There is still one problem, however, that cannot be solved by the method
explained above., Such a problem arises when a condenser is bought either from
a manufacturer who pads his bid because he is so busy that he does not care
if he gets the job or from one who undercuts his normal profit margin because
the company needs the business badly. In both instances, the price is out of
line, either high or low, and when such a price is included in the data used
by the regression program, large errors can result. If enough data were
available, this would not be a problem, since the unusual prices would be
such a small percentage of the prices used. But in the study here, three or
four condenser units were felt to have unrealistic prices, either high or low
and therefore the value of the final equation was questioned.

For this reason, a condenser manufacturer's price book was used instead
of the actual data used above, Obviously, the use of a price book eliminates
not only this problem of price fluctuations which cannot be explained by in-
flation but also the inflation problem which was solved previously by the use
of the Handy Cost Index. The reason for this is obvious: any cost in the
price book is based on the same time scale as any other cost. Therefore any
price computed using the price book is a 1961 price.

The method used was the same procedure that an estimator would use in
estimating a condenser bid. The condenser size was chosen along with the
other variables of flow, loss, and temperature used in the earlier study with
actual cost data. Then the procedure outlined in the price book for calcu-
lating cost was followed. This was repeated for ten different sizes of con-
densers and a regression run made on these data, giving an equation again with
cost being a function of the same four variables used in the other analysis.
It was shown statistically that this method of using price book data to gen-
erate a cost equation gave a much better fit to the data points than did the
other method, using actual data, thus substantiating the hypothesis that there
were some cost factors which could not be isolated and eliminated when the
actual data were used.



2. OPERATING COSTS

In addition to the equipment cost, the cost of operating the plant must
be predicted. This operating cost will be primarily reflected by the amount
of coal used; a second, lesser cost which will also be included is the cost
of maintainance.

The first step is to decide how much coal the design being studied will
use in any given year. This is done by the use of the load duration data,.
which was supplied by Consumers Power Company. These data, which have been
compiled in tabular form in Table 2,0-1, gives the percent of hours in a
year that the plant will operate at any given load. It is then an easy task
to use the heat balance to determine the amount of coal used in terms of
Btu/KWH for each KW load during the year. Then, by multiplying by the KW
load being studied and the hours from the proper place in the load duration
table, the total Btu's can be calculated for each load at which the design
is expected to operate. The total Btu's used during the year will be the
sum of the Btu's at each load.

Now that the amount of coal has been calculated, the cost of that coal must
be computed. Since the operating cost is being predicted for each year of a
35 year period, it is obvious that some account must be taken of the increase
in the cost of coal during that time. This has been done using a formula com-
puted by Consumers Power Company, which increases the cost of coal for each
future year of operation. Therefore, the total cost of coal for a given year
is generated by giving this coal cost function the amount of coal used during
the year. To this cost will be added the maintainance cost, which will be
calculated from data received from Commonwealth Associates. The total of
these two costs is the total operating cost for the year.



TABLE 2.0-1

LOAD DURATION DATA

Percent Year of Operation*¥

of Full Load 1960 1965 1970 1975 1980 1985 1990 1995
100 55% 50% L5* 35% 20% 10* 5% O0*

85 15 15 15 20 20 15 10 5

70 5 10 10 15 20 15 10 5

55 > > 5 5 10 10 5 5

Lo 5 > 5 5 > > ) 0

25 5 5 10 10 5 0 0] o)

0 10 10 10 10 20 45 65 85

*Hours of operation in percent of yearly total,

*¥*¥Year of operation - these figures are based on a plant completed in 1960,
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3, TOTAL COSTS

Once the total equipment cost and total operating costs have been calcu-
lated, it is necessary to combine these two costs to determine the total rev-
enue required for any given design. It should be kept in mind that overhead
costs have not been included because these are the same irrespective of the
design studied.

The total cost of the equipment must be multiplied by the fixed charge
rate, (11.9% was used in this study*). This fixed charge rate represents
the income return required on a capital investment necessary to earn a return
of 6.75% on the capitalization of the operation. The product of the equipment
cost and fixed charge rate is referred to as the carrying charge and must be
earned every year throughout the life of the plant.

The operating cost for a given year must then be added to the carrying
charge to determine the total revenue requirement for that year. To make a
valid comparison, the present worth of the annual revenue requirements must
then be calculated. These can all be added together to get the total revenue
required for this design based on a present worth basis,

It will then be an easy task to compare the costs of any two designs.
The design which requires the least total revenue, using the methods described
above, will be the most economical one to build and operate for the next
thirty-five years.

*¥This 11.9% figure, which has been levelized, is broken down as follows:
return - 6.75%; depreciation - 1.01%; federal income tax - 2.79%; property
tax - 1.10%; insurance 0.06%; and franchise tax - 0.18%.
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ABSTRACT

This Appendix describes a computer program capable of finding the values
for the arguments of a function which make the value of the function a min-
imum. There is no restriction on the function other' than being able to pro-
gram it as a subroutine. The program was written mainly for nonlinear func-
tions with nonlinear constraints on the arguments. A function may have false
or local minima and may have an arbitrary number of finite discontinuities.
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1. INTRODUCTION

Most design problems can be reduced to the following statement: "I have
a number of parameters. There are functional relations which put constraints
on the parameters. There is some function of the parameters which has a
value representing the desirability of the design. Find the values of the
parameters which yield the most desirable design." 1In general the direct
solution of this problem is not attempted because either the functional rela-
tions are not known or no mathematical simplification of the functions is
possible.

In those cases where the constraints on the parameters are known and
some function of the parameters can be defined such that the value of the
function decreases when a more desirable design is obtained from a new choice
of parameter values, a computer can be used to find the best values for the
parameters.

This Appendix describes a computer program that has been tested on a
variety of functions for which finding the minimum is considered difficult,
i.e., functions the values of which have some or all of the following prop-
erties: (1) finite discontinuities for continuous parameter values, (2) com-
binations of nonlinear functions of the parameters, (3) complicated inter-
actions of the parameters, (L4) almost flat or exponential behavior, and (5)
many local or false minima. The constraint relations between the parameters
may also have any or all of the first four properties given above. The pro-
gram was able to find an acceptable approximation to the minimum for each
test in a reasonable amount of time.

This program was developed from research on electric power plant design

where the problem was to find the optimum design—hence the name optimization
program,
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2. GENERAL COMMENTS ABOUT THE PROGRAM

The following must be supplied by the user:

(1) Control cards which give the number of parameters, the tolerance
for each parameter, the maximum and minimum value for each parameter, and a
limit to the number of times the function may be evaluated.

(2) A function, in the form of a subroutine, which will return a single
value for any set of parameter values within the specified constraints.

(3) If the parameters are to have constraints other than those given
on the control card, a subroutine must be supplied that will compute the
maximum and minimum value of each parameter. The current values of all other
parameters will be available to the subroutine.

The amount of computer time required to find the minimum depends on many
factors. First, the length of time required to evaluate the function is im-
portant since this must be done many times. The optimization program requires
on the average less than .2 second between evaluations of the function. Sec-
ond, the number of times the function must be evaluated increases rapidly as
the number of parameters is increased. Currently the program allows ten pa-
rameters, but it seems reasonable to consider up to 50 parameters for some
relatively simple functions. The tolerance, or resolution, of the parameter
values greatly affects the number of times the function must be evaluated.

A tolerance of 1 part in 10® is about the best that can be achieved. This
means that if the value of a parameter ranged from -10 to 20 then its value
could be determined to within + 30 x 106 of its true best value. Again due
to time considerations, tolerances from 1 part in 100 to 1 part in 10%* are
usually used. The final factor which influences the time required to get a
solution is the general behavior of the function., If the function has many
false or local minima, computation time may be greatly increased. If the
function has many discontinuities, or is highly nonlinear, or has many high-
order interactions, some additional evaluations will be required. But the
program was especially written to handle such cases and therefore, in general,
will not require much more time,

If functional constraints are used, there is generally very little dif-
ference in running time. But this could become a factor if many parameters
have constraints which are much more severe than those given on the control
cards.

The general flow diagram is given in Fig. D-5, and the discussion of
various procedures used is given in the following sections.
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5. WEIGHTED RANDOM SELECTION

Let the range of values of each parameter be divided into n equal inter-
vals. Also let a weight, Wij, be associated with the jth interval of the ith
parameter such that

n
Y, Wis = 1
=1

and

Wiy > 0. (3-1)

Now consider the sequence

SOJ Sl: 52;---;Sn:

where

k

Sk = ,ZO Wij, So = Wiy, = 0, Sy = 1, (3-2)
J= )

which segments the range from zero to one into n intervals. If a random num-
ber is between zero and one it is easily seen that the probability this number
lies in the interval

Sk-1 to Sk
is just Wijx. This means the probability of choosing the value of the 1th pa-
rameter from the kB interval is also Wik. A procedure to determine those
weights is given in a later section.

The procedure for determining the value of a parameter by a random weighted
selection is used to generate initial points for other procedures, which are
described later. The computation of the initial point is as follows.

Let aj be the minimum value and bi be the maximum value of the ith param-
eter, then define

ci = (bi - ai)/n, (3-3)

Generate a random number rj.
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The value of the ith parameter V; is defined by

Vi = (k-l)ey + (ry - Sg-1)eq/Wik,
where k is such that
Sk-l <r;< Sk

and
(Vi, Va,eus, Vi)

is the required initial point.
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i, PROCEDURE FOR FINDING "PREFERRED DIRECTION"

The initial point (Xq,Yo) has been selected by some other means. Zgy, the
value of the function which is to be minimized at the point (Xy,Yy), is com-
puted from

Zo = T(Xo, Yo)- (L-1)

The function is now evaluated at two other points,

Zy

£(Xo + 0%, Yo (4-2)

and

Zo (X0, Yo + AY), (L-3)

where the values of AX and AY have been determined previously. The differ-
ence between the value of the function at the initial point and the other
points is given by

g
|
I

Zo = Zq (L4-L)
and

D2 Zo - Zg. (k-5)

The "preferred direction"is now expressed as the line formed by the points
(XkJ Yx) )

(X%,Y) = (Xo + I kAX,Yo + IokAY) (4-6)
where
D
I, = VD% + D2 (4-7)
D2
I = ~ND% + D3 (see Fig. D-1) (4-8)
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The development is easily extended to a function of n variables

Z = f{Vy, Vo ,...,V,) (4-9)
where
(Vik,Vek,oeo,Vak) = (Vig + IukAVy, Voo + IgkAVs,...,Vpo + InkAVp)
ZO_ZJ
Iy = V(20-2,)2 + (20-22)2 +...+ (2o-Zp)2 (L-10)
and
2y = f(Vio, Voo,...,Vjo + AVi, .o, V). (4-11)

This procedure requires n evaluations of the function at an incremental dis-
tance from the initial point plus one evaluation of the function at the initial
point.
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5. PROCEDURE FOR THE "EXPANDING SEARCH"

Having determined a "preferred direction” it is now necessary to find
the minimum value of the function along this line. The first step is todo an
"expanding search,” which is defined as follows.

Given the normalized increments I, and Io from the previous section, let

DX = I;AX and DY = IoAX. (5-1)

Now define a sequence of points such that the distance between successive
points doubles.

(X1,Y)) = [% + (21-1)Dx, ¥o + (21-1)DY] for i = 1,2,... (5-2)
The function is evaluated at successive points,

Zi = f(Xi,Y1) (5-3)

until

Zi+l = Zi. (see Fig. D-2). (5-4)
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6. PROCEDURE FOR THE "CONTRACTING SEARCH"

When no further minimization is possible by the expanding search, the
last three points are used as end points for a half interval or contracting
search. This procedure consist of evaluating the function at points such
that the distance between successive points is halved. This procedure starts
by working back from the last point used by the expanding search. The con-
tracting search stops when the distance to the next point would be less than
the initial increment of the expanding search.

Consider the case where the last three points of the expanding search

are
(Xi-1,Yi-1), (X4i,Y1), (Xi+1,Yi+1),
where
Zi < Zi-1 (6-1)
Zi < Zi41 (6-2)

The next point evaluated would be at

(Xi40,Y540) = [(Xi41 + X4)/2, (Y541 + ¥3)/2]. (6-3)

Successive points would be closer to X; unless a point is found where
the value of the function, Zj, is less than Zj. In this case, successive
points would get closer to Zj. For either case, the procedure stops where
the next point would be closer than the initial increment to the current min-
imum (see Fig. D-3).
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7. LAGRANGIAN FIT TO FIND MINIMUM

The Lagrange interpolation formula is applied to the three test points _
found in elther expanding or contracting search. The minimum of the resulting
second-order equation is then easily calculated. The calculation proceeds as
follows:

Let
Za, = f(u1) (7-1)
7, = f(us) (7-2)
Ze = f(ug) (7-3)

Then, in general, the reduced Lagrangian polynomial will be of the form

Z = Co + Cip + Cou (7-1)
Now if
Iy < Zg, Zp < Zc (7-5)
and
He < pi, ve < s, (7-6)
then the solution of
dz 124
— = O = - o cm—omm -
dp, ) ]J.m 2 C2 ) (7 7)

will be an explicit expression for the p, which is the best approximation of
the minimum using only the best three points,

Let

Ty = (us-p2)(Za-Zp) (7-8)

=
\V)
|

(b1-p2) (Zo-7p) , (7-9)
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then

—
=]

]

1
N+
o‘o
N e

This is easily generalized to functions of n variables, where

N
= =
U
il |

—

=

w

N—r
|

and where the minimum point along the preferred direction is

(uatuo) Ty-(pituo) To

T,-To

(Vi1 AV, VotuyAVs,...
(Vi+uoAVy, VotuoAVz,. ..

(Vi+usAVy, VotusdVe,...

, Vg AVy)
Jvh+U2AVh)

, Vn+usAVn)

(Vl+umAVl; V2+umAV2)°°°)Vh+HmAvh)

with py, as it is defined above.
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8. WEIGHTING PROCEDURE

Assume an initial point was chosen, the preferred direction obtained,
and the minimum along the preferred direction found. Since each parameter
1s divided into n equal intervals and each interval has a weight associated
with it, the weights can be used to guide the random selection procedure to
relatively unexplored areas. The weighting procedure consist of two steps.

(1) TFor each interval that each variable passes through along the line
from the initial point to the local minimum, the corresponding weight is
divided by a positive factor greater than unity. This will have the effect
of reducing the probability of choosing an initial random point in regions
already investigated.

(2) The weights must then be normalized such that the sum of the weights

for each variable is 1. This is done by replacing Wij by

n
Wi ; E‘w” (see Fig. D-k4). (8-1)
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9. SOLUTION CRITERIA

There are several criteria for determining when a suitable mainimum has
been found. There are also several limits which terminate the process even
if the expected solution criteria have not been met.

In some problems a sufficient condition for solution is any set of pa-
rameter values satisfying all constraints and having a function value less
than some minimum. Each evaluation of the function is checked against this
minimum, but processing does not stop until there is no further improvement
along the current preferred direction.

In other problems it may be desirable to have a high degree of confi-
dence that a good approximation to the minimum point has been found. By ob-
serving the behavior of the weights, two things can be noted. First, a very
small weight means that the local minimum was found in the same range of a
parameter on most of the searches. Since the small weight also means that
there was a very small probability of a random point originating in this
range, there is a large probability the true minimum is in this range. Sec-
ond, a very small weight indicates many evaluations of the function in a
range, thus giving a good chance that the local minimum in this range has
been determined to within the specified accuracy. The requirement for having
a high degree of confidence and a good approximation is that at least one
region for each parameter is less than some specified value.

Since it is possible that neither of the previously mentioned conditions
will be satisfied, a number of limits are placed on the amount of computation
that may be done on a given problem. The most important is the limit on the
total number of times the function may be evaluated. Limits are also placed
on the number of random initial points that can be generated and the number
of preferred directions that can be investigated.

If any limit is exceeded or a solution criteria satisfied computation
on the problem ceases and the next set of data, if one exists, is processed.
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10, ADAPTIVE FEATURE

The progress being made is continuously monitored by the program, The
information thus obtained is used to modify a control constant which tends
to adapt the program to the particular function being minimized.

Specifically, if the first step of the expanding search finds a value
greater than the value at the initial point, it is assumed that the step
size is too large, and the control constant which determines the size of the
increment is reduced by a factor. On the other hand, if all steps, including
the last, of the expanding search, yield successively lower values for the
function, the size of the increment constant is increased by a factor. By
adjusting the basic increment, the program is able to improve the efficiency
of the procedures described earlier for the particular function being min-
imized.
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11. CONTROL

The selection of the sequence of procedures is not an easy task. The
behavior of the function at a limited number of points is known, but there
is no sure way of predicting its over-all behavior. Therefore, care must be
taken not to decide on a specific sequence of procedures which may be suited
to only a few types of functions. The use of a weighted random selection
provides a means by which the user can specify what the most probable selec-
tion should be. The program is still flexible enough to find a solution even
if the most probable selection does not work well in a particular case.
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12. DETAILS OF USING THE OPTIMIZATION PROGRAM

Full control of the program has been left to the user. Below is an ex-
planation of what each control constant does and what value it is initially
assigned by the program. Any constant given below can be set by the user as
follows:

Punch the name given below, an equal sign, and the value the pro-

gram 1s to use for each constant that is to be changed. Separate
these statements by commas if more than one is punched per card.
Symbols, meanings, and initial values of control constants may be
changed for each data set. The values remain the same as they

were for the previous data set unless changed. Three dots (...)
indicate these must be supplied with the first data set (see p. D-19).

The function which is to be minimized must be prepared as follows. The
calculation of the function is programmed as subroutine or external function,
The name of the subroutine is VALUE. The values of the parameters to be used
in the calculation are in consecutive locations with the base location given
the subroutines as a single argument. The user may choose any name for the
argument. Assume the name PAR is used, then the parameters values would be
in PAR(1), PAR(2),...,PAR(N). The result of the calculation based on the
current values of the parameters is returned as the single value of the func-
tion.

If constraints other than the independent limits given by PMX and PMN
are to be placed on the parameters, two additional subroutines must be pre-
pared. These must be named MIN and MAX. The arguments for these functions
are as follows:

PAR The base location of all parameter values except the
one for which the maximum or minimum is requested.

I The index giving the number of the parameter whose
limit is requested.

ST The location to which control should be transferred
if no possible limit exists.

PMX(I) The absolute limit which the parameter value must not
or exceed, The subroutine must return a limit which does
PMN(I) not exceed this fixed limit.

Again, both of these subroutines return a single value, which is the
required limit,
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Initial

Symbol Value Definition

N . The number of parameters.

PMX(1)...PMX(N) The maximum value of each parameter.

PMN(1)...PMN(N) ces The minimum value of each parameter.

IFINIT 0B If initial choice of parameter values are to be
given IFINIT = 1B.

P(1)...P(N) 0 Tnitial choice of parameter values.

IFINC OB If initial choice of increments are to be given
IFINC = 1B.

IP(1)...IP(N) 0 Tnitial choice of increments.

IFPRA 1B Set to OB if value of function and parameter
values are not to be printed each time the
function is evaluated.

KLIM 12 The maximum number of steps the expanding search
may take before another preferred direction is
found. Usually 6 < KLIM < 16.

BINC .0001 The initial increment-to-parameter-range ratio.
Usually .01 £ BINC g .00001 and .1 g 2KLIMx
BINC < 1.

MXINEX 50. Maximum factor by which BINC can be increased.

MNINCN .1 Maximum factor by which BINC can be decreased.
The two preceeding constants 1limit the amount
that the program can adapt itself to the
function.

DRREP 3 The maximum numbers of successive preferred direc-
tion calculations before choosing a new random
point.

MXF 200 The maximum number of evaluations of the func-
tion.

MXRND 10 The maximum number of random points that may be
used as initial points.

MXDR Lo The maximum number of direction numbers that may
be calculated.

LRNMN 10-10 Solution condition if one weight of each param-
eter is less than this value. O  LRNMN ( .Ol.

MINVAL -10%7 Solution condition if any value of the function
is less than this value.

DRMIN .02 The minimum of the absolute value of the direction
numbers. O < DRMIN £ .1.

LRNFCT 5. The amount by which the weights are divided dur-
ing the weighting procedure. 1. < LRNFCT < 20.

LINCON .5 The factor by which each increment is decreased
when required by the adaptive procedure.

.1 < LINCOL < 1.

LINEXP 2. The factor by which each increment is increased
when required by the adaptive procedure.
1 < LINEXP < 10.

PRBLP .8 The probability of the last point being used as
an initial point when a control decision is
to be made. O < PRBLP < 1-PRBLP.

PRBRND .1 The probability of a random point being used as
an initial point when a control decision is to
be made. O < PRBRN < 1-PRBLP.

PRBBP T The probability of the best point found to date

being used as an initial point when other pro-
cedures are not giving sufficient improvement
or when various limits are exceeded.

0 < PRBBP < 1.
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Az=1(X,Y)

F_,4»~—4V"'—’—A’

r——*‘”_Ay—“JF——A
continuing from figure 2

The points (Xs,Ys )... (Xg,Yg)are evaluated in the

ls, Zg, ..., Lg . Thisisonly one of the manypossible

cases. For another example consider Z5<Z g<Z 5. Here

the point where Z, is to be evaluated lies between (Xg, Y5 )and

(Xg, Yg ) Also Zg and Zg would not even be evaluated.

.‘__,_..—4

Fig. D-3.
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GENERAL FLOW DIAGRAM

Weighted Random
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Y
If First Initial
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Y
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!
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Y
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Point from a new Region

Fig. D-5.
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1. BASIC TERMS AND FORMULAS

1.1 ESSENTTIAL MATHEMATICS
For persons who need review the following text is recommended.

Helen M. Walker, Mathematics Essential for Elementary
Statistics, Henry Holt and Co., New York, 1949.

1.2 STATISTICAL TERMS AND FORMULAS

n number of observations
Xi,000,Xn,Y1,-+.51p observed data

XX = XpH+kot...+X,

VX2 = XB4Ne+...+Xa

IXY = X Yp+Xo¥ot.. . +Xn Yy

X = 2X/n arithmetic mean

x = X-X deviation of observed data from mean
2 = YXP-(XX)%/n sum of squared deviations

S = J§§§7ETI standard deviation

s'o= JT§§7E approximation used when n is large
5% = ng/n-l variance

D = Xx%/n mean (average)deviation

by = ZKy/ng regression coefficient of y on x
by = ny/Zyz regression coefficient of x on y
T = byx predicting equation for y
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By =V y-y)2/u-2
ro= LxyNIx2y®

(%) = n!/(n-k)!k!

n!

P = 1/n
P, = 1-P,
P‘b = Pl'P2
P, = Pi+P:
2P = 1
0KPgl

2.

standard error of estimate
correlation coefficient

the number of ways to pick k items from a set
of n items

the number of ways n items can be ordered

the probability that any one of n equally
likely events will occur

the probability that an event will not happen
if Py 1is the probability the event will happen

the probability of two independent events
happening is the product of the probabilities
of each event happening individually

the probability of either of two mutually
exclusive events occurring is the sum of
the probabilities that each will occur

the sum of the probabilities of occurrance
of all mutually exclusive events is always
unity

a probability may take on only positive
values in the range zero to one.

POPULATIONS, SAMPLES AND THEIR MEASURES

Based upon appropriate chapters in the following texts:

Allen L. Edwards, Statistical Analysis, Rinehart and Co.,
New York, 1946, Chapters 3, L4, 11, and 15.

Harold Cramer, The Elements of Probability, John Wiley and
Sons Inc., New York, 1955, Chapters 13, 14, and 15,
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3.1

3.2

3.3

3., DISTRIBUTIONS

Based upon appropriate chapters in the above texts.

BINOMIAL DISTRIBUTIONS
Edwards, Chapter 8
Cramer, Chapter 6

POISSON DISTRIBUTIONS

Cramer, Chapter 6

GAUSSIAN OR NORMAL DISTRIBUTIONS

Edwards, Chapter 10
Cramer, Chapter 7

4. CORRELATION

Based upon appropriate chapters in the above texts.

Edwards, Chapter 6
Cramer, Chapter 10

5. REGRESSION

Based upon appropriate chapters in the above texts.

Edwards, Chapter 6
Cramer, Chapter 10

Additional material from the following texts:

K. A. Brownlee, Industrial Experimentation, Chemical Pub-
lishing Co., Cleveland, Ohio, 1953.
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Harry H. Goode and Robert E. Machol, System Engineering,
MeGraw-Hill Book Co., New York, 1957.

6. TRANSLATING PROBLEMS FOR THE COMPUTER

6.1 SAMPLE PROBLEM IN LINEAR CURVE FITTING
GIVEN Experimental data:

X,¥,z independent variables or functions of independent vafiables, i.e.,
y = x3, z = x}/2 yhere x is independent
W dependent variable

Where w is measured for many values of x,y, and z
COMPUTE The values of a,b,c, and d
such that w* = axx+bxy+c*z+d, predicts w as least squares fit,

S = sum of squares of differences between actual value of w and pre-
dicted value of w (w¥).

Let

a 2

*

S = Z {Wi-Wi
i=1

or

(@)}
]
M

2
{ws-axxi-bxyi-cxzi-dxls}
i=1

I

By least-squares we mean the choice of a,b,c and d which makes S a min-
imum.

Note: Xx,y,z and w are known (data)
i indicates the iR observation of X,y,Zz and w
n is the number of observations
a,b,c and d are to be determined

To find the minimum of S: Take derivatives of S with respect to a,b,c,
and d. ©Set the derivatives equal to zero and solve for a,b,c, and d. These
are the values of a,b,c, and d for which S is a minimum.



Thus,

38 3
£ - ¥ - oxq{wi-axj-byj-czi-dli} = O (E-1)
oa i=1
S S
@ - ) - 2y;{wi-axi-byj-czi-dli} = O (E-2)
db i=1

n
8 - T - 2z;(wj-axq-byj-czi-dly} = O (E-3)
oc i=1

n
3 - Y - of{wi-axi-byj-czi-dli} = O (E-L)
od i=1

We multiply both sides of all equations by —1/2, therefore drop the -2
in each equation. Also, it is convenient to write Eq. (E-L4) first.

Thus, n
Y, (axi+byj+czi+dli-wi} = O (E-5)
i=1
n
12,]_ Xi[aXi+byi+CZi+dli-Wi} = 0 (E"6)
n
Y yilaxjtbyjtczitdli-vi) = O (E-7)
i=1
n
% Zi{aXi+byi+CZi+dli-Wi} = 0 (E-8)

i=1

Now, do the indicated multiplication and place the summation sign "J" with
the individual terms to be summed. The indices will not be written for brevity.

alxi+blyitelzi+drli-2wi = O (E-9)
a) xZ+blx; 5 +elx iz +Alx i -lxiWy = O (E-10)
aYx iy tolys +ely 24 Hly -y Wy = O (E-11)
alx;21 b2y etz tdle -Lzqwy = O (E-12)

By writing the terms with d first, and adding terms with w to both sides
of each equation, we obtain a system of simultaneous linear equations which
completely determine a,b,c, and d. (The least-squares coefficients.)
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lei+ain+bei+cZZi = Zwi

dZXi +82.X§ +beiyi +CZ.X:‘L Zi

Ay s +adx;y oLy +ely; 24
dZZi+EZXiZi+beiZi+CZZ§

6.2 SAMPLE PROBLEM IN MAD LANGUAGE

Reference - B. Arden, B. Galler, and R. Graham, Michigan Algorithm
Decoder, The University of Michigan Computing Center,

Ann Arbor, Mich., 1961.

$ COMPILE MAD, EXECUTE, DUMP

NEXT

SET
READ

Ll

PROCES

12

R

R PROGRAM TO SET UP MATRIX FOR CURVE FITTING

R

READ FORMAT F1,N

DIM(2) = N+l

DIM(1) = N+2

READ FORMAT F2,F3(1)...F3(12)

Xxiwi
Xy W

Yziwi

THROUGH SET, FOR I = 0,1,I.E,(N+1)x%(N+1)

A(I) = 0.
READ FORMAT F3(1),X(0)...X(N)

WHENEVER X(0).L.0., TRANSFER TO PROCES

PRINT FORMAT F3,X(0)...X(N)
X(0) = 1.

THROUGH 11, FOR I = 0,.,I1.G.N
THROUGH 11, FOR J = 0,1,J.G.I
AT,J) = A(T,J)+X(I)*X(J)
TRANSFER TO READ
THROUGH 12, FOR I
THROUGH 12, FOR J
A(J,TI) = A(T,J)

R

R NOW SOLVE SYSTEM OF EQUATIONS
R

1]

I

0,1,I.G.M
0,1,J.E.I

DIMENSION A(2500,DIM), X(50), F3(12),

VECTOR VALUES DIM = 2,0,0
VECTOR VALUES F3 = $1H, $
INTEGER I,J,N
R

EXECUTE SIMSLN.(4,N,C)
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R

PRINT FORMAT Fl, €(0)...C(N-1)
TRANSFER TO NEXT

VECTOR VALUES F1 = $I10%$

VECTOR VALUES F2 = $12C6%$

VECTOR VALUES Fi = $1HO, 1P5E20.7x$
END OF PROGRAM

6.3 SUBROUTINE SIMSIN USED BY PROGRAM

$ COMPILE MAD, PUNCH OBJECT

SET

Lp2

LIP3

ON
LPL

Pl

RESULT

EXTERNAL FUNCTION (A,N,S)
ENTRY TO SIMSIN.
THROUGH SET, FOR K = 0,1,K.E.N

V(K) = K

72C = 0

THROUGH IP1, FOR K = 0,1,K.E.N.
WHENEVER A(V(K),X).E.O.

THROUGH IP2, FOR I = K+1,1,I.E.N

WHENEVER A(V(I),K).NE.O.

J = V(I)
V(1) = V(K)
V(K) = J

TRANSFER TO ON

END OF CONDITIONAL
CONTINUE

THROUGH LIP3, FOR J
A(V(K),d) = O,

ZC = ZC+1

TRANSFER TO LP1l
END OF CONDITIONAL
THROUGH LP4, FOR J = N,-1,J.L.X
A(V(K),3) = A(V(K),J)/A(V(K),K)
THROUGH ILP1, FOR I = 0,1,I.E.N
WHENEVER I.E.V(K), TRANSFER TO LP1
THROUGH LP1, FOR J = N,-1,J.E.K
AI,T) = A(1,J) - A(T,K)*A(V(K),d)
CONTINUE

THROUGH RESULT, FOR I = 0,1,I.E.N
s(v(1)) = A(T,N)

FUNCTION RETURN ZC

INTEGER I,J,K,V,ZC,N

DIMENSION V(LO)

END OF FUNCTION

K+1,1,J.G.N
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6.4 EXAMPLE OF COMPUTATION PERFORMED BY SUBROUTINE SIMSLN

GIVEN:

2y Hiy oty gy,
Oy1+lyo+5y3+3ya
Oy1H0yo+5ya+tiy s

2y 1y ot2ystly,

Solve for yi, y2, ¥3, and y, by Jordan elimination

2 4 L b
0O 1 %3 3 0
0 0 5 5 0
2 L 2 L 2
1 2 2 2 2
01 3 3 0
0O 0 5 5 0
0 0-2 0-2
1 0-4 -4 2
0O 1 3 3 0
0 05 5 0
0 0-2 0 -2
1 0 0 0 2
0O 1L 0 0 0
O 01 1 0O
0O 0 0 2 -2
1 0 0 0 2
0O 1 0 0 O
O 01 0 1
0O 0 0 1-1

4\

Initial

D

+2

k=1

k=2

k=3

k=k

I=1
I=2
I=3

ak,j = ek, j/8kk

ai}j=ai,j-ai’k*ak,j

j:5)u)5)2Jl

j=5,h,5,2

j=5;u;5

j=5,h

L sorurrom v1=2, y2=0, ya=1, and y.=-1
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