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ABSTRACT

Many mathematical operators capable of locating intensity edges in discrete images have been
proposed in the literature. We introduce a new operator, based on the sample variance of a group
of pixels, which exhibits two unique properties: freedom from a predefined shape and a rigorous
stochastic formulation. We demonstrate the utility of the latter property in applying detection
theoretic principles to the task of edge detection and in theoretical predictions of experimental per-
formance measures.

INTRODUCTION: EDGE DETECTION IN DIGITAL IMAGES

Detection of intensity edges, that is of local intensity discontinuities at the boundaries of
objects, is a low-level process of fundamental importance in image processing. An edge operator is
a mathematical operator of small spatial extent which responds in some way to these discontinui-
ties, usually classifying every image pixel as either belonging to an edge or not.

The literature abounds with edge operators [1},[2]. Generally speaking these operators tend to
fall in one of three broad classifications: 1) gradient-based; 2) template matching; and 3)
parametric models. All of these operators usually employ some global or adaptive threshold on
their outputs as a decision device to finally decide whether a given location is on an edge or not.

In this paper, we investigate the use of the sample variance of a local group of pixels as an
edge operator. The use of the sample variance in image boundary detection is not new. It has
been used for example to detect regions of similar texture, changes in which are defined to be
edges[3]. It has also been used as an intensity edge operator [4]. We shall show that given an
appropriate image model the Sample - Variance operator has a rather simple probability density
function. The problem of edge detection can then be formulated using classical detection theory
based on a composite likelihood ratio test. Along with another result which is presented in the
Appendix, the optimum threshold for the Pratt Figure of Merit, a common performance measure
for edge detectors, can be obtained.

1. DEFINITION OF THE SAMPLE - VARIANCE OPERATOR

The Sample - Variance (SV) operator will be defined as the sample variance of a group of N
pixels, i.e.:

CIESS
N1=1

where:  N= number of pixels in operator.
X, = gray level value of the i™ pixel in pixel group.

N
X -y XX 2} (1

We note that an important feature of this definition is that no predefined operator shape is implied
for the edge operator. In fact, the operator is a function of an arbitrary group of pixels. These pix-
els may be chosen in any manner in the spatial dimensions of a single image, through time in a
sequence of images, or across several spectral channels (e.g. Landsat imagery) of image data.
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2. MAGE EDGE MODEL

The image model considered in this paper is a two-dimensional discrete parameter random
field [5). Given a probability space ({2,A,P), a measurable function, f;(w); w € Q; 7 € I% is
defined on this space as:

fW) =g+ axI* R (2)

Here, g; is a deterministic discrete image consisting of two or more regions, each of which is of con-
stant gray-level over its extent. The boundaries or edges between these regions have a ramp-like
cross section as in Figure 1. The height, width, and direction of a ramp are parameters of a given
edge.

To this function g is added a zero mean i.i.d. Gaussian distributed random field n;(w). For
fixed ¥, the random variable f+(w) therefore has the density:
P
22 ()

, B )
p,(r,z)=-E; e

where: ¢* = noise variance

3. PROBABILITY DENSITY FUNCTION OF THE 8.V. OPERATOR

Given the image model of Section 2, the problem then is to apply the SV operator and iden-
tify which pixels belong to an edge. We take a detection-theoretic approach to this problem by
first finding the probability density function of the SV operator (i.e. find the pdf of § % in Equation
1). We can then use one of several well-known tests based on the likelihood ratio to obtain a deci-
sion threshold.

Under the assumption of Section 2, each X, of the SV operator (Equation 1) is a random vari-
able with density function as in Equation 3 i.e. the X, ’s are i.i.d. Gaussian random variables with
variance ¢ and means:

BHx} =g (4)
where 7, is the position vector of the i pixel. Letting:
= 1 & X -X
X == .\‘;1 X, Y, = — (5)
we can rewrite Equation 1 as:
Ns2 N
—_— = Y.2
7 Tk ©)
where:
1 1
E(v,} = —(E{X.}- % X E{X}) Ver(Y;) = 1
o N o

2
Thus, the variable N‘z of Equation 8 is the sum of squares of normal, unit variance ran-
a

dom variables with unequal means. This is known to have a non-central chi-square distribution of
N-1 degrees of freedom [6]. One degree of freedom is lost due to the fact that the sample mean is
subtracted from each X, in Equation 7 instead of the actual mean. The non-centrality parameter,
8, is given by:

o= et ;

We will denote the density of _1:/77 by X(f,’e, i.e. chi-square with v degrees of freedom and non-

centrality parameter ©.



4. APPROXIMATIONS TO THE DENSITY FUNCTION

2
The variable

is distributed as a non-central chi-square. Unfortunately, there is no

closed form for the probablllty density of X2 (+.6) [7]. We therefore lnvestlgate suitable approxima-
tions for the density of X(,, )-

(1) First, we approximate X2 (ve) by 3 central chi-square variable, pX (\0)» Where the constants p
and ) are chosen so that X’ ) and pX 2 (.¢) have the same mean and variance [8]:

a o*
=1 A=
p=1+ 46 vt v+20
So:

X , :
—e is approximately l l (8)
1 N

* v+0 s

(2) Second, we approximafe the newly formed X' 2 variable as a normal variable. The standard
approximation is [8]:

[2X'] =~ N((@2x-1)1) | ()
Putting Equations (10) and (11) together, we have:
2NS?
— N((2»-1),1
= ((>-1).1)
or:
po? pazl
~s -2 | PO
s N[ [(2 1’21\1]’21\1 (10)
where:
e 5 2
p =1+ 6=E(E{YJ})
v+0 =1
N = b 62 v = N-1
- v+28

This approximate density for S is used for all calculations of error probabilities, etc. Numeri-
cal justification of this approximation has been tabulated by Patnaik|8], Wilson[9] and others. The
approximation is fairly good at N==10 and converges rather rapidly as N increases.

5. EDGE DETECTION

We now address the original problem of identifying edges in the image. We would like to use
our knowledge of the operator’s density function to obtain a classification threshold based on a sta-
tistical test.

From Equation 10 we see that the SV operator has an approximately normal density function
whose mean and standard deviation are a function of the noise power, 0%, the non-centrality param-
eter, 6, and the number of pixels in the operator, N. O in turn depends on the proximity of an
edge in the operator window. Examination of Equations 4, 6 and 7 reveals that 6 is a measure of
the variance of the deterministic image elements, g-, in the operator window. Thus, when the
operator window is located at a region of the image in which there is no edge, © will be small. On
the other hand, when the window is centered on an edge, the parameter has a high value since both
low and high element values, g are present. Further, © varies smoothly between these two
extremes as the ratio of high to low element values changes between one half and either zero or
one, i.e. as the window goes from a centered position over the edge to one side or the other.
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This is illustrated in Figure 2 for a 3x3 window and a ramp edge model with height to width
ratio of 2. The contours in Figure 2 are loci of edges with equal parameter O, normalized to that
of a vertical edge through the center of the window. That is, an edge whose midline is tangent to
the 0.5 contour, for example, has a © value 0.5 times that of a vertical edge through the center
pixel. Edges near the center of the window have a high © value and the parameter falls off with
increasing distance from the center. The response is nearly isotropic and very similar to the
square-root Sobel (3x3) operator whose magnitude response contours are shown in Figure 3 for com-
parison.

The mean of the density function of the random variable S is a function of the parameter .
Referring to Equation 10, we see that a large value of © (edge present) gives rise to a density func-
tion with a large mean as compared to smaller values of © (no edge). Thus the density function of
S conditioned on the presence of an edge in the operator window has a different mean from that of
S conditioned on the absence of an edge (Figure 4). Our job is to chose a decision threshold, S;, so
as to minimize errors.

The choice of S; cannot be based on a simple likelihood ratio test because © can take on a
range of values. Let the H, hypothesis be the event, denoted e, that no edge is present in the
window and H, be the event, e, that an edge is present. Under H, then, ©® may lie in some range
f € [a,b] where a is the maximum value of © (vertical centered edge) and b is appropriately chosen
from Figure 2 (e.g. b = 0.5 * a). Under H,, 6 € (b,0]. In other words the H hypothesis is that an
edge falls inside the b/a contour of Figure 2, the H, hypothesis is that the edge falls outside that
contour. A composite likelihood ratio test [10] on the variable S for deciding whether or not an
edge is present is then:

f p(se0,b0) p(8o) 46y dy

1€

Als) = XD 2 T (11)

f p(eley,0,) p(8y) d6, d,

heo,

where:
2, = [q,b] 2, = (b,0]
d, = decide e, i3 true do == decide e 18 true

In the case p(f) is not known a priori, one simplifying assumption is that edges are uniformly
distributed i.e. no particular edge location or orientation is any more likely than any other. One
may then calculate p(6) for this case from Figure 2 by means of differential area. That is, p(6) is
proportional to the area bounded by the contours corresponding to 6 and § + d8. Equation 11 can
then be evaluated numerically to obtain a decision threshold, S;, for s. If T = 1, the resulting test
P(no-edge)

P(edge)
Bayes Risk, and Minimax tests. The probability of error can also be calculated. An example of
this procedure will be given in the next section.

is maximum likelihood. Other possibilities include MAP (T = ), Neyman-Pearson,

6. PREDICTING THE PRATT FIGURE OF MERIT

The Pratt Figure of Merit [11] for edge detectors has been used in the literature as a means
for making performance comparisons among edge detectors. It is an experimental tool to quantify
the performance of edge detectors in an effort to make such comparisons less subjective. It penal-
izes for both Type I and Type II errors as well as for displacements of detected edge points from
true location. In use, an artificial image is constructed with a single vertical ramp edge of height &,
width two pixels, and with added iid noise of variance 0°. The edge detector's output from this
image is then used to form the figure of merit defined by:

1
p=Lly_1
IM =] l + 01'2

(12)

where:
Iy = max (Ip,I})



I; = number of ideal edge points

Ip = number of detected edge points

I, = displacement of the i ** detected edge
point from the ideal edge.

a = scaling parameter

In the past, the merit value for an edge detector was found by experimentally changing the magni-
tude threshold for the detector until the best merit value was obtained. This experimental optimi-
zation had to be performed with a new artificial image for each value of signal-to-noise ratio of
interest. However, since the SV Edge Operator has a known probability density, we can establish
apriori what the Pratt Figure of Merit is as a function of signal-to-noise ratio, and what the
optimum threshold on S should be in order to attain that merit value. The ability to do this is
crucially dependent on the following Theorem which is proved in the Appendix.

Theorem: When p(s|e;) and p(s|eo) are normally distributed, then the threshold for S that max-
imizes F is the threshold S; such that:

P(doe,) = P(dy,e0) (13)
The corresponding optimum figure of merit is :
~ P(dbel)
= 14
P(d) 14)

We will use this Theorem along with the material developed in the previous section to predict
the Pratt Figure of Merit for a 3x3 SV operator. We first expand the joint probabilities of Equa-
tion 13:

P(dyey) = P(ex)f f P(siehax) p(6,) db, ds
5 he
s, .

P(dy,e0) = Pleg) f f p(s]€0.00) p(6o) db, ds (15)
-0 €

Now since the edge is vertical of width two pixels and the operator is a 3x3 square, only three
values of O are possible. The first corresponds to the window centered on the edge:

6, € 0, = {(3h/20)*}

The other two possibilities of © correspond to: 1) the window being centered one pixel to either side
of the edge midline; and 2) the edge is completely outside the window:

b0 € O = {(h/20)°0}

. .
where —32— is defined to be the signal to noise ratio. Furthermore, if the test image is square of

size MxM, these three values of © have a priori probabilities in the ratios 1:2:M-2. Consequently,
Equations 15 become:

P(dge,) = [ p(s]e,8:=(3h/20)%) ds
5t

S, -
Q[‘ ﬂl]
0

L
M

x|~



5 5

2 A M-2
P(d,eq) = i fp(s]eo,90=(h/2a)2) ds + TR [ p(s]eo,80=0) ds
00 -0
(18)
2 b2 — Sy M-2 Bay - St
T M Q[ 024 ] * M Q[ Ogp ]

where p,,0, are calculated from Equation 10 for 6,=(3h/20)°, etc. Substituting Equation 16 into
Equation 13, we have:

St - B2 — S B2y — St
= 2Q|— | + (M-2 —_—
Q[ 0 ] Q[ Oy, ] ( ) Q[ O ] (17)

whichbmay be solved numerically for the threshold, S;. Equation 14 is then used to find the result-
ing Figure of Merit.

Figures 5 and 6 illustrate these results. They compare the theoretical figure of merit and
optimum threshold verses snr (solid lines) to the experimental data (stars). The experimental
points were obtained by iteratively changing the threshold until the highest figure of merit was
obtained, a procedure universal to the literature. The accuracy of the probability model for the SV
operator and the above Theorem clearly allows us to predict the outcome with assurance.

7. CONCLUSION

In this paper we have shown that the Sample - Variance operator is useful for detecting inten-
sity edges in discrete images. Under the hypothesis of additive, Gaussian distributed i.i.d. noise,
the operator’s probability density function may be very accurately approximated by a normal den-
sity. This allows the use of a composite likelthood ratio test to determine a decision threshold for

the operator. In this way we can implement a variety of classical detection schemes such as Max-
imum Likelihood and MAP.

We have also proved a theorem concerning predicting the optimum decision threshold for the
Pratt Figure of Merit. The predicted optimum threshold for a 3x3 SV operator was found to be
virtually identical to the actual value obtained by the usual experimental method. This demon-
strates the power of the detection theory approach to finding edges in images.
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APPENDKX

Theorem: When p(s]e,) and p(s]e,) are normally distributed, then
the threshold for S that maximizes F is the threshold S; such that:

P(do,e,) = P(dx»eo)

This Theorem will be proved in several parts, and only for F > 0.5. For F less than this, only a
weaker statement can be made.

(1) Lemma (1):
If S; is chosen such that P(dge,) = P(d,,e),
Then: Iy =1 = 1Ip. (See Equation 12)
proof:
Let Iz = total number of image points. Then:

b =IrPle) = Ir | Pldae) + P(dye) (18)

= IT{P(dl,eo) + P(dpel)}
= IrP(d)) =1Ip

IM == max(l, YID) = 11 = ID

Let Fp L resulting from S; =T chosen as above.
Let F, = F resulting from threshold S, = ¢

(i) Lemma (2): F;<Fr ;62T
proof:

Ip = Ir P(d,) and P(d,) is a monotonically non-increasing function of {. Furthermore:
t=T => Ip =1 (Lemma(l)) '

Ip <1 ; t2T
Iy =1 ; t 2T
Thus:
12 1
¢ l[ =ll+a‘,2 -

is a monotonically non-increasing function of ¢, since /; is a constant. The lemma follows.

(i) Lemma (3): F,<Fy s t<T it Fp>05
First, we show that:
~ P(dl’cl)
Fi=—— it <T 19
"=l s 19)
proof: Iy = Ip ; t < T (see above). Therefore:
1
1 & 1
Fy = — —_— it <T
‘ Ip ,§=31 1+ al? -
Now, if a detected edge point is a real edge point, |, = 0. 1X+l Tz = 1. The
. o,

detected edge points that are not real edge points are randomly scattered throughout the
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image (iid noise). Sol, is large on the average. Therefore:

1 1
r << Y T3
false edge pomtal + all « real edge ponts 1+ all

= ITP(dbcl)

Therefore:

1 1 1
F = I { 7 ¥ ) 2
D real edge pomtsl + aln false edge points 1+ al:

L {nrp(en)

[

IT{P(d,)}

P(dye,)
P(dy)

:

4t <T

Next we prove the lemma by showing that:
dF, )
o >0 for t<T it Fr 205 (20)
proof: Using Equation 19:
_‘{Et_ _ 4 P(dyey) }
dt dt P(d,)

= -[;(:—l—)]-, {P’ (dy,e,)P(dy) - P! (dl)P(dlvcl)}

dF} . P! (dye) P(dye))
w Y <= Fwuy P(d,) (21)

So:

since P' (dl)= —ddt- P(dx) <0

4

P' (dl)el) = d

[Presen)

-~

d 00
=7t-f'p(s,en)ds = plse)

And similarly: P! (d,) = p(s,¢,) + p(3,¢€0)

dFl p(svel) P(dllcl)

R 0 —_—

& 7 O <T ee)taleesd S Fldven) + Planeo)
<= P(’»eo) P(d,e0)

p(s,e4) P(dye,)

(22)

Now, from Equation 19:
P(dl.el)
P(dl’el) + P(dl»eoj

e
i



P(d,,eo) _ 1

Plye) — F '
P(dye
=> -l—’%!—i,e_:; < 1  whenever F; > 0.5 (23)

Examining Equation 22 in light of Equation 23, we see that Equation 20 and the Lemma
will be proved if we can but show:

p(aicO)
p(89cl)
But by definition, T is such that :
P(doey) = P(dy,e0)
T o0
ie. 'fp(s,e,)da = fp(s,eo)ds
-00 T

1 4 < T (24)

T : 00
o Ple) [plsles)ds = P(eo)[p(s|eo)ds
-0 T (25)

T-po ]

or. Pledg| 2| = Pled ¢

Now since g; > 0, always for this operator (see Section 5 and Equation 10), Equation 25
_therefore implies:

=> P(e)) pls=Tle)) < Pleop(s=T|eo) (26)

P(eo)p(s=Tl|e,)

= 1< Bepe=T)

P‘(8=Tr80)
= 1 < m (27)
> < Mol t< T

9(3,‘31) ' -

This proves Lemma 3. Lemmas 2 and 3 together prove the Theorem when Fr > 0.5. Equation 19
gives the resulting Figure of Merit. If F,, < 0.5, only Lemma 2 holds; i.e. the optimum threshold
occurs at T or less.
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Cotimum Threshold (xt:zt

Figure 1: A ramp edge in cross section.
Here, the height is h and the width is
two pixels.
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