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ABSTRACT: The type-1IB supergravity solution describing a collection of regular and
fractional D3-branes on the conifold (hep-th/0002159) was recently generalized to
the case of the deformed conifold (hep-th/0007191). Here we present another gen-
eralization — when the conifold is replaced by the resolved conifold. This solution
can be found in two different ways: (i) by first explicitly constructing the Ricci-flat
Kahler metric on resolved conifold and then solving the supergravity equations for
the D3-brane ansatz with constant dilaton and (self-dual) 3-form fluxes; (ii) by gen-
eralizing the “conifold” ansatz of hep-th/0002159 in a natural “asymmetric” way so
that the 1-d action describing radial evolution still admits a superpotential and then
solving the resulting 1-st order system. The superpotentials corresponding to the “re-
solved” and “deformed” cases turn out to have essentially the same simple structure.
The solution for the resolved conifold case has the same asymptotic UV behaviour
as in the conifold case, but unlike the deformed conifold case is still singular in the
IR. The naked singularity is of repulson type and may have a brane resolution.
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1. Introduction

To construct supergravity (and string-theory) duals of less supersymmetric gauged
theories one is interested in “4 4+ 1 4+ compact space” type backgrounds with extra
p-form fluxes [1]. It is natural to try to generalize the original AdS/CFT correspon-
dence [2] by considering D3-branes in more general transverse space backgrounds,
e.g. placing them at conical singularities [B]-[6]. This idea has been developed fur-
ther [it, 8] by adding “fractional” D3-branes (D5-branes wrapped over 2-cycles) [H],
exploiting the fact that topologically the base space of the conifold (T"!) is S? x S3.
In [§] it was argued that the dual field theory should be a non-conformal N' = 1
supersymmetric SU(N + M) x SU(N) gauge theory and some key effects of intro-
ducing fractional branes were discussed, including breaking of conformal invariance
and structure of the logarithmic RG flow.

The corresponding supergravity solution describing a collection of N D3-branes
and M fractional D3-branes on the conifold was constructed in [10]. This solution
has the standard D3-brane-type metric but with the “harmonic function” replaced
by h(r) =1+ Q(r)/r*, Q(r) = c1gsN + c2(gsM)? Inr/rg. The logarithmic running
of the “effective charge” Q(r) implies the presence of a naked singularity at small
r (in IR from dual gauge theory point of view). A remarkable way to avoid the IR
singularity was found [11]: one is to replace the conifold by the deformed conifold
keeping the same D3-brane structure of the 10-d metric and generalizing the 3-form
ansatz appropriately.



The deformed conifold solution [11] has the same large r (UV) asymptotic as
the original conifold one [10] but is regular at small r, i.e. in the infrared. In [11]
some desirable properties of this background were established, including the gravity
counterparts of the existence of confinement and chiral symmetry breaking in the
dual gauge theory.

It is of obvious interest to explore further the class of backgrounds which have
similar “3-branes on conifold” type structure (potentially including also the solution
of [15]). Given the topology of the base space, there are two natural ways of smooth-
ing out the singularity at the apex of the conifold. One can substitute the apex by
an S* (deformation) or by an S? (resolution). Here we complement the conifold [10]
and deformed conifold [11] solutions by constructing explicitly the background corre-
sponding to the resolved conifold case.! The type-IIB supergravity solution we find
coincides with the original background of [10] for large r but has somewhat different
(though still singular) small r (IR) behavior. The singularity of the analog of the
solutions of [10, {1] in the resolved conifold case was anticipated in [16, 17].

One may discover this solution using two different strategies. One may start
with the “conifold” ansatz for the 10-d background in [10] and generalize it in a
very simple and natural way by allowing an “asymmetry” between the two S? parts
in the metric and in the NS-NS 3-form introducing two new functions. Assuming
the spherical symmetry as in [10] one can then obtain the resulting supergravity
equations from a 1-d action describing evolution in radial direction. Remarkably, as
in [10], the potential term in this action can be derived from a superpotential. This
is true also in the “deformed” case of [11] and is consistent with expected N' = 1
supersymmetry of the resulting solution which follows then by solving the resulting
1-st order equations. In the process, one explicitly determines the metric on the
resolved conifold.

Alternatively, one may start with finding the Ricci flat Kahler metric of the
resolved conifold (which, as far as we know, was not previously given in the literature
in an explicit form) and then solve the type-IIB supergravity equations for the D3-
brane ansatz with constant dilaton and 3-form fluxes representing the inclusion of
fractional D3-branes. As in the other two (“standard” and “deformed” conifold)
cases, the complex 3-form field turns out to be self-dual. The importance of this
property was emphasized in [Il, 16] and the N’ = 1 supersymmetry of such class of
backgrounds was recently proved in [17, 1§].

In section 2 we shall review the “small resolution” of the conifold [19] and find
the corresponding Ricci flat metric explicitly.

In section B we shall show how the geometry of M = R!3x (resolved conifold)
changes in the presence of D3-branes, i.e. find the analog of the standard D3-brane
solution [20, 21] in case when the transverse 6-space is replaced by the resolved

1Various aspects of branes on resolved conifold were discussed, e.g. in [:1- , :1-3, :_l-é_i]



conifold (the coefficient in the metric is a harmonic function on the 6-space). In con-
trast to the D3-brane on the conifold [5] the short distance limit of this supergravity
background does not have an AdSs factor and is singular. We shall compare this
D3-brane solution with the one in the case of the deformed conifold [11]. We consider
a radially symmetric solution corresponding to 3-branes smeared over a 2-sphere at
the apex. In [13] the 3-branes were instead localized at a point on S?. The choice
of point corresponds to giving expectation values for scalar fields in the dual field
theory, breaking gauge symmetry and conformal invariance. The solution in [13]
was non-singular in IR, approaching AdSs x S°. It seems that the averaging over
S? causes a singularity (present also in analogous D3-brane solution with deformed
conifold as transverse space).?

In section 4 we shall generalize the D3-brane solution of section B to the presence
of fractional D3-branes on the resolved conifold. We shall analyze the limits of the
solution and show that it has a short-distance singularity. This is a repulson-type
singularity, so one may hope that it may be resolved by the mechanism of [22].

In section § we shall explain how the same solution can be obtained from a
1-d action for radial evolution admitting a superpotential, i.e. by solving a system
of 1-st order equations as in [10]. We shall point out that a similar superpotential
exists also in the deformed conifold case of [11]. As we shall demonstrate in the
process, making simple ansatze for the 6-d part of the metric and identifying the
1-st order systems associated with the Ricci-flatness equations allows one to find
the explicit forms of the resolved and deformed conifold metrics in a straightforward
way. Identifying explicitly the 1-st order system (whose existence is expected on the
grounds of residual supersymmetry) is useful for generalizations and for establishing
a potential correspondence between the radial evolution on the supergravity side and
the /' = 1 supersymmetric RG flow in the dual gauge theory.

2. Metric of resolved conifold

The purpose of this section is to write down explicitly the Ricci flat metric on the
resolved conifold following the detailed discussion in [19]. Though it is not possible
to introduce a globally well-defined metric on the resolved conifold, one can find a
metric on each of the two covering patches. The conifold can be described by the
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following quadric in C*: Y, , w? = 0. This equation can be written as

det W =0, ie. XY -UV =0,
1 [ ws+iw wy — W X U
W= 377 T = . (2.1)
V2 \wr +iwy  —ws + fwy VY
2We are grateful to I. Klebanov for this suggestion and explaining the relation to [:_1-?_;}

3More details on the topological structure of the resolved conifold as a C2 bundle over CP' can
be found in [19].




The resolution of the conifold can be naturally described in terms of (X,Y,U, V).
Resolving the conifold means replacing the equation XY — UV = 0 by the pair
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where A\ Ay # 0. Note that (A, \y) € CP' (any pair obtained from a given one by
multiplication by a nonzero complex number is also a solution). Thus (A1, A\2) is
uniquely characterized by A = Ay/A; in the region where A\; # 0. Working on this
patch a solution to (2.2) takes the form*

W= <:}U;§ g) . (2.3)

Thus (U, Y, ) are the three complex coodinates characterizing the resolved conifold
in the patch where A\; # 0.

The conifold metric is ¢,,5 = 0,,0; K, where K is the Kahler potential. In contrast
to the the cases of the conifold or the deformed conifold, here the Kahler potential
is not a globally defined quantity, and is not a function of only the radial coordinate
defined by

of equations

r? = ttWIW) = (1+ N2 (U + |YP). (2.4)

Following the analysis of [1Y], based on the transformation of the coordinates in the
overlap region, one concludes that the most general Kahler potential is of the form

K = F(r?) 4+ 4a*In(1 + |A]%), (2.5)

where F' is a function of r? and a is the “resolution” parameter (a = 0 is the conifold
case). Thus the metric is

d\|? dF
ds? = F'tr(dW'd P eV W2 + da2—1PAT Fl=—. (26
s r(dWHaw) + F"| tt W dw))? + T PER 52 (26)
The Ricci tensor for a Kéhler metric is R,,,; = —0,,05 In det g,,,, where for the metric
in (2.6)
det gy = F'(F' + r*F")(4a* + r°F’) . (2.7)
The Ricci-flatness condition implies
2 dy
2 2 _ .2 _
7’7(7+4a)=§7“, y=riF", VIZW, (2.8)
which is integrated to give
V4 6a*y* —rt=0. (2.9)

4In the region where ); is allowed to be zero we have Ay # 0 and thus the general solution can

. X -X
be written as W = (V 4/5) , where p = A1/ )\a.



We set the integration constant to zero, assuming that v(0) = 0 (as should be true

in the a = 0 case of the conifold).> The real solution is®

1
vy = —2a2+4a*N"V3(r) + NY3(r), N(r) = §(r4—16a6+ r8 — 32a%r). (2.10)

In the conifold case a = 0 we have v = r*3 [19]. Note also that

1 1
Y(r—0) = @TQ— 72@47“4—1—0(7“6) : y(r = 00) = r*?—2d2+0(r*3) . (2.11)
To write down the resolved conifold metric explicitly we will parametrize YV in terms
of the two sets of Euler angles, exploiting the fact that the resolved conifold solution
for W has SU(2) x SU(2) symmetry”

U = ret/2WFo1+e2) ooq O cos O , Y = rez®=#1+62) gip 4l cos O ,
2 2 2 2
- 0
A = e “tan 52 . (2.12)

Then the resolved conifold metric takes the form

2
dsi = ~'dr® + VZ d02—|—sm 9d¢)+ —~'r (dlﬂ—chosOd@)
+ a*(df3 + sin’ Odg3) . (2.13)

Note that the parameter a introduces asymmetry between the two spheres. Defining
the veilbeins

2
ey = dip + Z cos 0;do; , ep, = db; ey, = sinb;d¢; , i=12, (2.14)

i=1
the metric can be written as

1 1 1
4"}//7’263] + 17 (691 + ed)l) + Z(fy + 4a?) (632 + 65)2) ) (2.15)

As follows from (2.11), for small r the S (1,6, ¢;) part of the metric shrinks to

dsg = +'dr® +

zero size while the S? (0, ¢2) part stays finite with radius a.

Since v'd(r?) = dy and v = 37(37;1(12) it is very convenient to consider « as a new
radial coordinate introducing
3
P’ = 37 (2.16)

5One could keep the integration constant in (:_Z-_S-JI) which would lead to more general geometries.
These more general geometries are compatible with metrics on the conifold that are not the cone
over TH'! but are nevertheless Kéhler, Ricci-flat metrics.

6This expression applies for all 72 > 0 provided for % < 4v/2a® one uses the cubic root (—1)1/ 3=
1+;—"/§ (while N becomes complex, 7 stays real).

"Here ¢ = b1 + 12, and (61, ¢1,1) and (62, ¢2,1)2) correspond to the two SU(2)’s.



regions. Then using (2:8) and (2.9) the resolved conifold metric can be written

simply as

_ 1 1 1
ds% =k~ Y(p)dp? + §/€(p)pzei + 6/)2 (egl + eél) + 6(;)2 + 6a?) (632 + 6;2) , (2.17)

where

PP+ 9a?
K(p) = m .

This is the explicit SU(2) x SU(2) invariant form of the resolved conifold metric which

we shall use in what follows.® When the resolution parameter a goes to zero or when

p — oo it reduces to the standard conifold metric with T*' = SU(2) x SU(2)/ U(1)

as the base [19, 23]

(2.18)

1 1
(dsg)ﬁ’ﬁoo = dp2 + p2 §612/1 + 6 (631 + 63)1 + 632 + 6572) : (219)

For small p the metric (2.17) reduces to

2 1
(dsg)po = gde + 6'02 (efp +e5, + 621) +a” (ej, + 622) : (2.20)

This shows once again that near the apex (p = 0) the S® part shrinks to zero size
while the radius of S? (6, ¢2) part approaches finite value equal to a.

3. D3-branes on resolved conifold

As is well known, given a Ricci flat 6-d space with the metric g,,, one can construct
the following generalization of the standard [20, 21] brane solution (see, e.g. [4, 24,

24])
dsty = h™V2(y)da" da" + W' (y)gun (y)dy™dy" |
Fy = (1+%)dh™' Ada® Ada' Ada® Ada®, ® = const, (3.2)

where h is a harmonic function on the transverse 6-d space:

%am (vgg™duh) = 0. (3:3)

Let us solve (8.3) for the resolved conifold metric (2.17) assuming h = h(p). Using

that /g = 15z0°(p® + 6a?) sin 0, sin 6, we get

8
214 214 9a?
h=h+-————In|1+— 3.4
0+90L2p2 8la* n< * p2>’ (3.4)

8Tt is easy to check directly that this metric is indeed Ricci flat.




where we have chosen the integration constant so that in the a — 0 (or, equivalently,
large p) limit the solution approaches the standard flat space or conifold one

L4

h(p — 00) = hg + o (3.5)

For small values of the radius p we get’

b? 2L4
(0=, = (36)
so that the 10-d metric becomes
2 p J73% BT b 2
(dsig)p—0 = gdw dz* 4 ;(d‘sﬁ)ﬁ)—m (3.7)
= b y—Qd Pzt + §aly2 + 13/2 (€5, + ez +e3)+a’y’ (e, +e)
b2 3 6 Y 1 é1 2 ¢2) |

where y = ,/p and we used the expression (2.20) for the short-distance limit of the
resolved conifold metric.

The S® part of the 10-d metric still shrinks to zero size but the size of S? rather
than approaching the constant a now blows up at p = 0. It is easy to check that the
point p = 0 is the curvature singularity (while the Ricci scalar vanishes as for any
D3-brane solution of the type (8.2), the Ricci tensor is singular). This behaviour is to
be compared with one in the case of the D3-branes at the conifold singularity where
the short-distance limit of the geometry was regular AdSs x T ! space (see [5]).

For completeness, let us compare the above solution with the one in the case

when the transverse 6-space is the deformed conifold with the metric [11, 19, 24, 26]
1
ds} = SEK | (8K*) 7 (dr® + g2) +sink® 7 (g} + ) +cosh® 7 (g3 +3)| . (3.8)

where € is the deformation parameter,

[ sinh(27) — 7] ok
K(r) =+ 3.9
() sinh 7 ’ (8.9)
and the 1-forms g, defined in [IT] are
g __62—|—6¢1 g __61—691 g _62—6¢1 g _61—|—691
1 \/5 ) 2 \/5 ) 3 \/5 ’ 4 \/5 )
gs = €y, (310)

€1 = sin ¥ sin Oyds + cos dbs €3 = cos Y sin Oadpy — sindbs .

9Tt is easy to check that h does not vanish at any real value of r. Introducing z = 9a%/p? and
4
? = 8l o the equation h(r) = 0 becomes In(1 + z) — = = ¢? which has no > 0 solutions.



The harmonic function A in (B.1) is then found to be

3 —47/3
dr 1+mh16 , T —> 00

' —_ 2/ (3.11)
[% sinh(27) — T] / <§) hyr b, 0.

h(r) = ho —hl/
4

Introducing p ~ e7/3 for large T we recover the D3-brane on the conifold limit with
h = ho + L*/p*. For small values of T we get

dsfo = gnuydaj“dz” + %(ds%)pﬁo,

1 64/3
(ds§)ps0 = dp* + §P2d93 + Wng ; (3.12)

2/3

where p = a7, and m? = L*2(3/2)7°/2. In the short distance limit of the 6-d
deformed conifold metric the 2-sphere shrinks to zero size while the 3-sphere part has
finite radius related to the deformation parameter €. In the 10-d metric the S? part
still shrinks to zero size but the radius of the S® part blows up at the point p = 0
which is the curvature singularity. As in the resolved conifold case, the near-core
geometry is singular. That is why to get a regular solution after adding fractional
D3-branes [11] one needs to set the “bare” D3-brane charge to zero to make possible
for the 5-form field (and thus for the Ricci tensor) to vanish at small p.

4. Fractional D3-branes on resolved conifold

Let us now study a generalization of the D3-brane solution of the previous section to
the case of additional 3-form fluxes, with the aim to find the analog of the solution
of [10] describing a collection of regular and fractional D3-branes on the conifold in
the case when the conifold is replaced by the resolved conifold. The ansatz for the
metric will be the same as in (B.1),

ds?, = k™2 (p)dztdz” + h?(p)ds? (4.1)

where ds? will be the metric of the resolved conifold (2.17). Our ansatz for the
NS-NS 2-form will be a natural generalization of the ansatz in [ilU] motivated by an
asymmetry between the two S? parts in the resolved conifold metric (2.17)

By = f1(ﬂ)601 A €¢1 + f2(p)692 N €¢s 5
Hz = dBy = dp A [f{(p)eﬁ A €¢1 + fé(P)GGQ A 6¢2] . (4'2)

The “conifold” ansatz [8, 10] corresponds to f; = —f;. The ansatz for the R-R
3-form Fj is dictated by the closure condition dF3 = 0, i.e. the forms F; and F5 will



be taken in the same form as in [§, 10]*°

F3 = Pey A (eg, N ey, — €0, Neg,),
Fy =F +«F, F =K(p)ey Neg, Neg Neg, Neg, . (4.3)

Then using the metric (2.17) the 10-d duals of these forms are found to be

108K

F— dp A dz® A da* A da® A da®
* (0 1 92 p A dz x x x
*F3:&dp/\dmo/\dxl/\de/\dmg/\(ee Aeg, —Tep, Neg,),
(p? +9a?)h s S
Hy = 9 000 et A d? A da A leg, N T2 foeq, N 4.4
3__Wx x T x €¢(f1€92 €py T f2691 €¢>1)‘(')
Here 2 L 6a2
Fzﬁfa. (4.5)
p

is the ratio of the squares of the radii of the two spheres in the metric (2.17) and its
difference from 1 is a signature of the resolution (a # 0).

As in [I(, 11] we shall assume that the dilaton ® is constant. Then the Fj
equation of motion d(e® * Fy) = F5 A Hj is satisfied automatically, and from the Hj
equation d(e~® x H3) = —Fj A F3 one obtains the following three equations (e® = g)

{ fi(p* + 9a2)]/ _ 3249,PK

hp ~ h2p3(p% + 9a?)
{ f3(0* + 9a2)]/ _ 324g,PK (46)
hpl'2 h2p3(p? + 9a?)’ '
fi+T72f, =0. (4.7)

It follows from (4.7) that for I' = 1 one should have fy = —f; (modulo an irrelevant
constant) which was precisely the assumption of [1(] in the a = 0 case.

The constant dilaton condition implies H? = e*®F2, i.e. using (2.17) we get!!

_ 9g2 P> _

2 2 12 s 2
CHTT = K22 (1+T7%). (4.8)

Combined with (4.7) that gives
2 2\2
+6

/i =3g,P—5" 3 = —3g, P2 50 (4.9)

PP(p? +9a%)

19Note that our definition of the basis of 1-forms differ from [{0] by numerical factors, so that
the constant P and function K here are related to the ones in [10] by P — ﬁP, K — =K.
Also, in the case of [[0] fi = —fo = —2=T.

oy =a 6v2
HAs in [:_l(j, 1], the axion equation is satisfied automatically since Hs - F3 = 0.

p* + 9a?’




It is easy to see from the above relations that, as in the conifold [10] and the deformed
conifold cases [11], the forms H3 and Fj are dual to each other in the 6-d sense.
This property, together with the Calabi-Yau nature of the (original, deformed or
resolved) conifold metrics implies the N' = 1,d = 4 supersymmetry of the resulting
backgrounds [17, 1§].

The Bianchi identity for the 5-form d x F5 = dF5 = Hz A\ F3 gives

K'=P(fi—fi), e K=Q+P(fi—f). (4.10)

The symmetries of the metric ansatz imply (again, as in the other two conifold
cases [10, 11]) that to determine the function h(p) it is sufficient to consider the

trace of the Einstein equations, R = —3Ah = - (e"*H3 + ¢®F}), i.e.
32 1 pp Lo 1 2 L
h ﬁap (V997 0h) = =5 (95 Hy + 9:F5) = —9:F5 (4.11)
where g, is the 6-d metric (2.17) (¢?” = k(p) = Zzigzz /G~ PP (p* +6a%)), ie.
30 2 SN 2p(1+17?)
9a°)h'| = —324g,P"———. 4.12
[0°(p* + 9a*)W] 9P 0w (4.12)
Integrating this equation we get
369, P> 18a?
W=——am— — In[p®(p* + 9a%)° 4.13
p3(p2+9a2)(Q P + In[p*(p” +9a%)] ) , (4.13)

where we have chosen the integration constant to be related to the one in (4.10).
From (4.9) we find (we omit trivial constants of integration)

3
filp) = §gsPln(p2 +9a%),

) = 5. (255 i + 902, (1.14)

and thus from (4.10)

1, (18a’ 8( 2 2\5
K(p) = Q = 39.F e (0% +9a%)°] ) . (4.15)
Note that (4.13) and (4.15) imply that
B = —108p"*(p* + 9a®) 'K (p). (4.16)

Integrating (4.13) one can find the explicit form of h(p) which is not very illumi-
nating as it contains the special function Lis(—p/3a). The constants ) and P are
proportional to the numbers N and M of regular and fractional D3-branes.

10



In the large p (p > 3a) limit we reproduce the solution of [10] with its charac-
teristic logarithmic behavior

fi=3gPp™",  f3=-3¢Pp", K=Q+6g,P’Inp,
L* + 1629, P?(In p + 1/4)

h = ho + : : (4.17)
P
where L* = 27Q) (and hy = g; ! as we use the Einstein-frame metric).
In the short distance limit (p < 3a) the solution becomes
, gsP ;L 12g,Pa? B 69, P?%a*
f1—3a2/)’ f2__T> K_Q_T’
6Q  18g,P?
h =h - . 4.18
ot 20 p (4.18)
The form of h implies the presence of a naked singularity at p = pj
2 3¢ 20402
=5 (\/1 ¥ 2hogs P2aiQ2 — 1) . (4.19)
0

For small number of fractional D3-branes (P < @) the singularity is located at
pr = 39,P?Q'a?.'? At the same time, the five-form coefficient K(p) (4.15) vanishes
at p=pk, px =V2pn > pn-

One may expect that this naked singularity may be resolved by the enhancon
mechanism [22] (as was originally expected [10] for the singularity in the conifold
case). First, the singularity is of the right repulson type [27]. Second important
feature is the underlying SU(2) symmetry of the 6-d part of the metric (see [22,
footnote 2]). To make the argument for such resolution at a quantitative level is,
however, non trivial.!3

If a mechanism similar to the one in [22] does apply in the present case, then the
geometry should “stop” at p = px before reaching the singularity at p,. Expanding
around p = px we get

2
2g,P?a*

This is similar to the IR behavior found in the deformed conifold case [11]. In
particular, the constant value of the warp factor h at short distances should imply
again confinement in the IR.

Klpw+7) =225+ 0F),  hlox+7)=ho+ o). (420)

120ne obtains the same value by simply sending hg — 0, as naively expected in the limit of
small radius.

13Reference [22] used the form of the effective action for the D6-branes wrapped over on K3
that probe the geometry. The case of D6 on K3 is similar to the case of D4 on K3 which has
been extensively discussed in the literature [:_2-6] In the present case we are dealing with a Calabi-
Yau of dimension 6 and the D5-brane we are dealing with here is wrapping a two-cycle rather
than the whole space. Thus we have non-trivial tangent and normal bundles which will affect the
Chern-Simons term. The Dirac-Born-Infeld part of the action is also different (see [2d] for details).
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5. Superpotential and first order system

Let us now demonstrate how the 1-st order system of equations and the solution
of the previous section can be derived directly without using the expression for the
resolved conifold metric. We shall follow the original approach of [10], i.e. start with
an ansatz for the 10-d metric and p-form fields which has the required symmetries,
compute the 1-d action for the radial evolution that reproduces the type-I1IB super-
gravity equations of motion restricted to this ansatz, show that this action admits a
superpotential and thus obtain a 1-st order system.

As we shall explain, the same strategy applies also to the case of the deformed
conifold ansatz considered in [11]. The corresponding superpotential has essentially
the same structure as in the conifold [10] and resolved conifold case, and reproduces
the 1-st order system found in [11] thus checking its consistency.

5.1 Resolved conifold case

Let us choose the 10-d metric in the following “5+45” form

ds?y = e* " (e* datdrt + du?) + [e e + "V (e} +e2) +

+ ex_y(eg2 + 6352)] , (5.1)

where A, p,z,y are functions of a radial coordinate u. Note that the metric of the
previous section (4.1) and (2.17) belongs to this class (u is related to p). To be able
to describe the resolved conifold case we have included the function y which measures
an “asymmetry” between the two S? parts (y was set to zero in the “symmetric”
conifold ansatz [10]). The ansatz for the remaining fields will be the same as in (4.2)

and (4.3), i.e.!

Hy = du A [fi(u)ep, A ey + fo(u)es, Aeg,, (5.2)
F3 = Pey A (eg, N ey, — €a, Neg,), (5.3)
Fy =F +xF, F = K(u)ey Neg, ANeg, Negy, Neg,, (5.4)
K(u) = @+ Pli(u) — folu)]. (55)

Here we have explicitly used the constraint (4.10) following from the Bianchi iden-
tity for the 5-form field (so that the Bianchi identities for all three p-form fields
are satisfied). Thus only f; and f, will be considered as independent functions
of u coming out of the p-form part (5.2)-(5.5) of the ansatz. We shall assume
that the axion is zero (this is conmsistent with (5.3)) but will keep the dilaton
O = d(u).

14Tn this section prime will denote derivatives over w.
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The type-IIB supergravity equations of motion follow from the action

1 1 1 1
Sio = o2 /dlox <v —910 [ Ry — 5(3@2 ~ 1€ *(0B,)* — 562(}(56)2 -
1 [0} 2 1 2
— EG (802 — C@Bg) — 4—5'F5:| —
1
- m61004802532 + - ) ; (5.6)

supplemented with the on-shell constraint F5 = *F5 [83]. The 1-d action reproducing
the resulting equations of motion restricted to the above ansatz has the following
general structure

/ ]' la, ./
S = c/du et {3142 - éGab(go)cp @ — V(go)] : (5.7)

Volg
26y

where ¢ = —4 It should be supplemented with the “zero-energy” constraint

!/ 1 la 1
3A"”% - 5Gan()p "+ V(p)=0. (5.8)

The existence of a superpotential (usually associated with residual supersymmetry,

see, e.g. B0, BI] but also [B2]) means that V in (5.7) can be represented in the form
1 _p,owow 1 .,

W

V=oGh T

5O 90 o (5.9)

In this case the 2-nd order equations following from (5.7) and the constraint (5.8)
are satisfied on the solutions of the 1-st order system
1 _pOW

1
=-G A= —-W . 1

la

In our present case we have 6 dynamical variables p* = (z,y,p, @, f1, f2). As follows
from (5.6) in the case of the ansatz (5.1)—(5.4)

(gl

1 1
Gab(@)@/awlb — xl2 4 §yl2 4+ 6pl2 4+ i [(13/2 4+ P2€f{>72x(672yf{2 4 62yf£2)] , (511)
1 1
V(p) = 16_41)_43: cosh 2y — e*P~2% cosh y + gesl’ (2P26¢_2x cosh 2y+
+e K?), (5.12)

where we separated the gravity contributions (coming from the Rjp-term in (5.6))
from the “matter” ones and it is assumed that K is a combination of fi, f in (5.5).
Similar expressions corresponding to the case of

y=0, fi=-f (5.13)
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appeared in [10]. Indeed, that restriction was consistent. As follows from (5.7), (5.11)
and (5.12) the equation for y is satisfied by y = 0 if f{> = f;2. Also, the poten-
tial (5.13) depends only on one of the two combinations fy = f; £ f2, so that the
equation for f, is satisfied automatically by fi = 0if y = 0. The 1-d action of [10)]
may be found by eliminating f, from the action using its equation of motion and
then setting y = 0.

It is quite remarkable that, just like in the “symmetric” case considered in [dT],
the more general system (5.11) and (5.12) still admits a simple superpotential W
given by the direct superposition of the gravitational and matter parts

1
W(p) = e* +e P 2 coshy + 5641)_23:}(

1
= e + e P coshy + 5641’7296[@ + P(fi = f2)]. (5.14)

Note that the dilaton factors in the kinetic (5.1T) and potential (5:12) terms con-
spire so that the superpotential does not depend on the dilaton. This implies that
® = const on the solution of the resulting 1-st order system of equations (5.10) for

A>x7y7p7(1)af17f2

1
¥ = —e ? 2 coshy — 564”_%}(, y = e P ginhy, (5.15)
/ 1 4p 1 —2p—2x 1 4p—2zx
P =gt - e coshy + G K, (5.16)
1 1 1
A = —5641’ — ge’Qp’Q“ coshy — 664”’2”(, (5.17)
fl = PPt f— Pt 9=, (5.18)

We see that (5.13) corresponding to the “standard” conifold case is indeed a special
solution of this more general system.

To establish the equivalence of this system with the one found in the previous
section, it is useful first to look at the “gravitational sector” equations that do not
depend on matter functions f;. Since the superpotential (5.1T) is the direct sum

[

of the gravitational and matter terms, M'® = R*x (resolved conifold) should be a

solution to these equations with K = 0. Indeed, as follows from (5.15)—(5.17) the
factor €2P~%*+24 that multiplies R* part in (5.1) satisfies

B = —Khe? 2" h1? = ePpat2A (5.19)

so that h (which at the end should be the same as in (4.1)) is constant if K is set

{9

equal to 0. The equations for z,y, p with K = 0 imply
dx

— = —cothy, e* = b?sinh 2y,
dy
d hy — 1cosh3
_q _ QbB(SiHh y)74€q, el — b3(COS Yy ' 33COS Yy B c) ’
dy sinh” y
g=6p—=z. (5.20)
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For a special choice of the integration constants b = —%aQ, ¢ = 4/3 we finally

=2 ginh y du and introducing p instead of u to get simple

reproduce (using dy = e
analytic expressions) the resolved conifold metric (2.17) (cf. (5.1))

2y _ P’ R Y 2 —6ptz _ Ly 2
Tk e —%p(p +6a%), e —@p(p +9a%). (5.21)
The resolution parameter a is thus one of the three integration constants in the above
1-st order system.

In the presence of matter the full system (5.15)—(5.18) may be solved by first
concentrating on the equations that do not involve K, i.e. on the equation for y and
for z = x + 3p. It is useful to introduce the new radial direction ¢, dt = e 2P~2%duy,
so that they become dy/dt = sinhy, dz/dt = —e* + 2 coshy. One then finds that
the ratios of the first and the second, and the second and the third coefficients in the
“internal” 5-d part of the metric (5.1), i.e. 6777 /™Y = ¢7227¥ and "1V /e” ¥ = €%,
are the same as in the resolved conifold metric, in agreement with (4.%). The rest
of the equations then become equivalent (for the special choice of the integration
constants) to the system in the previous section.

5.2 Deformed conifold case

Let us now complement the discussion of the deformed conifold case in [11] by demon-
strating explicitly that the first order-system there also follows from a simple super-
potential which has essentially the same structure as (5.14).

Motivated by the form of the deformed conifold metric (8:8) and (8.10) let us
make the following ansatz for the metric (cf. (5.1))

ds® = (e datdat + du®) + [e”P g2 + " (g + g3) + €7 V(g5 + 97)] . (5.22)

The ansatz for the p-forms is the same as in [11] (cf. (5:2)—(5.5))

gl gl

Hs = du A [f'(u)g1 A g2 + K'(u)g3 A g4]
Fs = F(u)gi ANga A gs + [2P — F(u)]gs A ga A g5 +
+ F'(u)du A (g1 A g5 + g2 A ga)
Fs = Fs + F5, Fs=K(u)gi Ng2 N gs N gaAgs,
K(u) = Q+ k(u)F(u) + f(u)[2P — F(u)], (5.23)

where F, f, k are functions to be determined and P and () are constants. As in the
previous case (5.2), (5.3) and (5.4), we explicitly ensure that the Bianchi identities
for the p-forms are satisfied automatically. The independent functions of w which
will appear in the 1-d action (b.7) are thus A and ¢® = (x,y,p,®, f, k, F). The
corresponding kinetic and potential terms in (5.%) are found to be similar to (5.1T)
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1 1
Gap(p) %" = 2 + 5y’2 + 6p” + T [<I>’2 e W 2 | g2
+ 26<I’—2wF/2:|

1 1
V(p) = ~e P74 — 227 cosh gy + 168” sinh?y +

4
1 1
+ ge&’ {56_‘1’_2‘”(]‘ —k)? 4 e e WF? + M (2P — F)?)+
+ e‘“KQ] , (5.24)

where K is the combination of the independent functions f, k, F' given in (5.23). The
corresponding superpotential satisfying (5.9) again does not depend on the dilaton
and is a sum of the gravitational and matter parts, i.e. has essentially the same
structure as the previous one (5.14)

1
W(p) = e* coshy + e P72 + 564”_2IK
1
= e"coshy +e 7% 4 5641’*2’6 [Q+kF+ f(2P—F)].  (5.25)

Thus there is a close similarity (“duality”) between the 1-st order systems for the
“resolved” and “deformed” cases.
From (5.10) and (5.25) we find the following set of 1-st order equations for the

| I

independent functions A, x,y,p, f, k, F, ®

¥ = —e % _ %e4p2’”K, y' = e sinhy,
1 1 1
I 4p hy — = —2p—2x - 4p72xK
D 36 coshy 66 + 66 ,
1 1 1
A = —5641) coshy — 56_2”_% — 664”_%K,
f/ — 6<I’+4p+2y(2p . F) ’ k,l — e<1>+4p—2yF’
1
F = —ie*“‘*p(f —k), @®=0. (5.26)

The special solution is y =0, f =k, F = P. In this case the system (5.26) becomes
identical to (5.18)—(6.1§) with f; = —f, = f and both reduce to the “standard”
conifold case of [1U].

To show that this system contains the solution of [11] we follow the same strategy
as in the previous subsection: first analyze the subset of gravitational sector equations
to find that the ratios of the functions in the metric are the same as in the case of the
deformed conifold and then include the matter part. We again find the relation (5.19)
implying 4 + 6 factorization of the metric for K = 0. The equations for x,y,p
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with K = 0 here lead to the relations which are very similar (“dual”) to (5.20),
dq/dy = 2cothy, e? = b?sinh®y, ¢ = 6p — x, and dz/dy = —e 9 3*(sinhy) ! =
—e7 3%~ 2(sinh y) 3. Tt is useful to introduce the new radial coordinate 7 so that

d

d—z = —sinhy, eV = tanhg , dr = —e*du,, (5.27)

d(z — 6p)

g = 2coshy, e*~% = b? sinh® 7, (5.28)
-

where b is an integration constant. The remaining equation is

d

_l’ — 676p72z — ezf6p€f3x — b2 SinhQT 67395’

dr

e = ¢+ gb2 (% sinh 27 — 7'> ) (5.29)

Choosing ¢ = 0, b* = gze* we thus reproduce the deformed conifold metric (3:8)
—6p—=x 2p—x ,—8 1 4/31~—2 z+ 1 4/31 i1.2 L
e P = PV = VKT e’ = —€*/°ICsinh” — |
1
e’ = 564/3’(: cosh? g ) (5.30)

where IC(7) was defined in (B:9) and e is the deformation parameter.'?

It is quite remarkable that making simple ansatze (5.1) or (5.23) for the 6-d
part of the metric one finds that the 1-d action leading to the associated Einstein
(Ricci-flatness) equations admit a superpotential, and that the solutions of the cor-
responding 1-st order systems are the resolved (2.17%) and the deformed (8.8) conifold
metrics respectively!

In the general case the system (5.26) can be solved by starting with the equa-
tions that do not involve matter functions: equation for y (5.27) and the following

combination of the equations for x and p:

d(3p+ )

3
o = coshy + 56_2(3””) . (5.31)

This equation is solved by first introducing w = 3p + x + Insinh 7. As a result,

3 1 1/2
e3Pt — \/;(sinh )t (5 sinh 27 — 7'> : (5.32)

where we set the integration constant to zero so that e*’*2

in (5.30).
5Here and in the previous subsection we make a specific choice of the integration constants in

order to match the standard metrics on the conifolds. Keeping the integration constants arbitrary
produces a more general class of metrics. The existence of these more general metrics was mentioned

is exactly the same as

. . r
also in section &.
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This implies that as in the resolved conifold case of the previous subsection, the
ratios of the coefficients in the internal 5-d part of the metric (5.23), i.e. e %77 /et
= ¢~ 26Pt9)=Y and €Y /e* Y = e*, have the same values as in the deformed conifold
metric (3.8). The solution of the full system is then equivalent to that of [11] for the
“D3-brane” ansatz (4:1).
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