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Recent interest in both de Sitter and anti-de Sitter vacua has led to a renewed study of

gauged supergravities, where the gauging of some R-symmetry naturally leads to a non-

trivial potential. Well-known examples include the gauged supergravities in four, five and

seven dimensions that admit maximally supersymmetric anti-de Sitter vacua. In addition,

there are also gauged supergravities with run-away potentials. Although such theories do

not admit maximally supersymmetric vacua, they typically allow domain-wall solutions

where scalar gradient energy is balanced against the scalar potential. What has not been

achieved, however, is the construction of conventional gauged supergravities admitting de



Sitter vacua. Of course this is not particularly surprising, since de Sitter spacetime is
incompatible with conventional supersymmetry.

Supergravities with positive-definite (albeit run-away) potentials do nevertheless exist.
A particularly interesting example is the Salam-Sezgin model, which is a gauged N = (1,0)
supergravity in D = 6 coupled to a tensor and an abelian vector multiplet [[[]. This model
has a (Minkowski)s x S? vacuum, in which the vector has a non-trivial flux on the 2-sphere.
This monopole flux, combined with the single-exponential potential V' ~ exp(—p/v/2),
is responsible for a “self-tuning” of the vacuum, in which the positive energy density is
confined to the 2-sphere, thereby ensuring a vanishing 4-dimensional cosmological constant
and correspondingly a (Minkowski), vacuum. The self-tuning feature of this model has
attracted much attention, especially as a means of protecting the cosmological constant
from large corrections even after supersymmetry breaking [P, f]. It was shown in [f] that
the Salam-Sezgin theory arises from a consistent reduction of ten-dimensional supergravity
on a circle times a hyperbolic 3-space. It was also shown, in [[J, that the Salam-Sezgin
model can be consistently reduced on S? to give rise to N' = 1, D = 4 supergravity coupled
to an SU(2) vector multiplet and a scalar multiplet.

The interesting features of the Salam-Sezgin model have led us to search for other pos-
sible supergravity theories with positive-definite potentials. This search was guided by the
realization of [fi] that a generalised Kaluza-Klein reduction which gauges a combination of a
homogeneous global scaling symmetry together with a Cremmer-Julia type global symme-
try yields a consistent reduction with just such a positive-definite potential. In particular,
this generalised reduction was used to construct a variant A' = (1, 1) supergravity in D = 6
admitting both Minkowskis x S? and Minkowskiz x S2 vacua [, Bl This construction is
based on the generalised reduction of minimal D = 7 supergravity, where a would-be vector
multiplet may be truncated out by a judicious choice of the gauging parameters. In this
manner, the reduction takes one from a pure (d 4+ 1)-dimensional supergravity without a
potential to a pure d-dimensional supergravity with a (positive-definite) single-exponential
potential. Generalised Kaluza-Klein reduction via the gauging of the Cremmer-Julia global
symmetries were considered in [[]-[[2]

Although the work of [[, §] focused on the reduction from seven to six dimensions,
the generalised Kaluza-Klein procedure may be carried out in arbitrary dimensions. In
general, the various supergravities in diverse dimensions are quite distinct (especially in
their fermionic sectors). However it is noteworthy that the bosonic sector of the half-

maximal (16 supercharge) supergravities in D < 10 is universal, with field content

(9w B, 05 A7) (1.1)

(a = 1,2,...,10 — D). This is of course the bosonic content of the heterotic string (or
the NS-NS sector of the type-II string) compactified on a (10 — D)-dimensional torus,
with vector multiplets truncated out. Owing to this universality of the field content, we
may perform a generalised Kaluza-Klein reduction on the half-maximal supergravities in
arbitrary dimensions, and in this manner obtain the full class of (16 supercharge) variant

supergravities generalising the results of [, §.



The resulting d-dimensional variant supergravities admit both (Minkowski) 4_3 x S and
also, in certain cases, (Minkowski)g_o x S2, vacua. Furthermore, we are able to construct
a new time-dependent supersymmetric solution (or “cosmological solution”) in D = 9 with
no form-field fluxes. This solution lifts to a purely dilaton driven cosmology in D = 10,
and a pp-wave in D = 11.

2. Generalised reduction

We begin with the generalised Kaluza-Klein reduction of the bosonic sector of half-maximal
supergravities in arbitrary dimensions D < 10. In this section, all fields and their equations
of motion pertain to the Einstein frame. The string-frame picture will be examined in
section f.

As indicated above, the bosonic field content of pure supergravity with 16 supercharges
consists of the graviton §,,,, antisymmetric tensor EW and dilaton ngb, along with (10 — D)
1-form potentials AZ The lagrangian for the bosonic sector can be written as

A P L. 1 agen 2 L 16d: 7a fra
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where F&) = dfl?l), ﬁ(g) = df)’(g) — %F(“Q) A 121?1), and a =1,2,...,(10 — D). The constant
a is given by
2= 5 (2.2)
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The equations of motion following from (R.1]) are
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The key observation behind the generalised reduction of ref. [f] is that the equations
of motion are invariant under the two global symmetries

e
¢ = ¢+ = A, ds® — e ds?

A a A A A

Bg) — e 22 By Al — et AL (2.4)

The constant A\; parameterises a global symmetry of the lagrangian, while the scaling
transformation parameterised by the constant As is a symmetry only at the level of the
equations of motion, since the lagrangian scales homogeneously as \/—g(fz + ) —

eP=2% /ZG(R+--.).



Following [f], we now reduce from D dimensions to d = (D —1) on a circle, while simul-
taneously gauging the above two global symmetries. The D-dimensional pure supergravity
multiplet then reduces to d-dimensional supergravity coupled to a single vector multiplet.
This is achieved by making the generalised reduction ansatz

432 = e2maz (62a<p ds? + e26¢ (dz + ./4(1))2) )
B(Q) — 62(m2—’m1)2’ <B(2) + B(l) A\ dZ) )

ity = et = (4 1 x"dz).

b= 6+ 2mz, (25
where 1
o = D) f=—(d-2). (2.6)

The standard Kaluza-Klein ansatz for an ungauged S' reduction would correspond to
setting m; = mg = 0.

In general, for unequal mass parameters mq and mo, the lower-dimensional equations
of motion are rather complicated. However, a significant simplification occurs if m = mao.
In this case, various exponential factors drop out from (P-5), and one can consistently
truncate out the vector multiplet, owing to conspiracies between the fields. In this manner,
one can obtain variant gauged supergravities with positive-definite scalar potentials and
with half-maximal supersymmetry in d < 9 dimensions.

Before writing out the complete reduction of the bosonic equations of motion, we
first collect some intermediate results. The reduction of the potentials in (P.5) yields a
corresponding reduction on the field strengths:

fI(3) = 32(m2_m1)z(H(3) + H(Q) A (dZ + ./4(1))) s

where the lower dimensional fields are defined by
1 a a 1 a a
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G(Q) = dB(l) — §Xa F(a2) + §L((11) A A((ll) — §XaL((ll) A A(l) + 2(m2 — ml)B(g) ,

F(‘IQ) = dA‘(ll) —dx* A Aq) + (mg — ml)A‘(ll) NA@y,

Ly = dx* — (mg —m1)Afy - (2.8)
The Kaluza-Klein potential A1) has the standard field strength F(3) = d.Ay). It is evident
at this stage that the vector fields A?l) and the tensor field B(z) acquire masses proportional
to |mg — my/|, in the process eating the axions x* and the vector By) respectively.

2.1 Untruncated d-dimensional equations

We are now able to write down the full bosonic equations of motion for the variant d-
dimensional gauged supergravity. The bosonic field content is

(g,uV’B,ul/aSD’AZ’AH) and (Bu’Xaa¢) ) (29)



corresponding to half-maximal supergravity coupled to a single vector multiplet. This
representation is schematic in the sense that the scalars ¢ and ¢ as well as the 1-form
potentials B(;) and A(;) must necessarily be taken as appropriate linear combinations in
the actual multiplets.

We find that the equations of motion for the form fields are given by

V(N H ) = (2ma + (d = 3)ma) (€907 109 H, 0 A7 — (1020 D00G, )
VY (+2d-Davg ) = % L 2
+(2my 4 (d — 3) mg)ett2d=davq AV
v¥( 0 300—20p Fﬁ,,) _ % pab—dayp Hyuo F™ + c00+2(d=3)ap G L™ +
+(my + (d — 2) ma) <e%&¢*2°‘g"Fﬁ,}A” - e%d¢+2(d*2)a¢Lz) ,
vu(eéaqsm(dq)a@LZ) _ %edd’“(d*f‘)wGW A %B%amzawFﬁV}wu n
+ (m1+ (d - 2) mz)e%&‘b“(d_Q)a‘pLZA“,

1 . .
vu(e—Q(d—l)agofuy) _ §ea¢—4agoHMVJG vo e%aqﬁ—QagoFﬁVLau +
4 4
+5 m | O — 3 mi A, | —2ma(d — 1) (B0up — maAL) +
+may(d — 1) 2d"Nae 7 AV (2.10)

The two scalar fields, ¢ and ¢ satisfy similar m; and ms dependent equations of motion.

The scalar coming from the metric satisfies the equation

cad—4ap ) e%dqﬁ—Qagp ) d—3 .
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while the D-dimensional dilaton equation reduces to
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The d-dimensional Einstein equation takes the form
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Note that the last term is associated with a positive-definite scalar potential.

2.2 Truncated d-dimensional equations

The scalars ¢ and ¢ may be disentangled between the supergravity and vector multiplets
of (2.9) by performing a rotation to ¢; (supergravity) and ¢, (vector) given by

ad — dap = apy , dag + ap = aps , (2.14)

where a = /8/(D — 3). When m; = mg, the vector multiplet may be further truncated
away. This is done by setting

1
B(l) = A(l) = EA(I) s ¢2 = O, ?1) =0. (215)
The equations of motion for the pure supergravity fields are then given by
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where we have rewritten ¢ as ¢. It may be seen that this set of equations cannot be
obtained from a lagrangian in terms of the physical fields. This is not altogether surprising,
since they were derived in a generalised reduction that gauged a symmetry of the equations
of motion which was not a symmetry of the lagrangian.

By examining the linearised equations of motion, it can be seen that A ;) is a massless
gauge potential. This gauge field can in fact be consistently set to zero. In this case, the
remaining equations of motion can then be obtained from the lagrangian

— 1 1 a 1 Lla a la
e 'L=R- 5(a¢>)2 - 13 PHpy — 1€ P(Fy)? = (d—1)*mPe 27, (2.17)

where e = \/—g. Thus we see once again that the scalar potential is positive definite.

3. String frame and o-model action

For many purposes it is advantageous to perform the Weyl rescaling of the metric that
transforms from the Einstein frame that we used in the previous section to the string
frame. One reason is because the half-maximal supergravities that we are considering have
a direct relation to the heterotic string, or the NS-NS sector of the type-II string. Another
reason is that many of the formulae become considerably simpler when expressed in the
string frame. We shall consider only the case m; = mo = m.

Consistent string propagation demands world-sheet conformal invariance, and hence
the vanishing of the beta functions for the background spacetime fields. In this manner one
obtains supergravity equations of motion which arise naturally in the string frame. The
corresponding equations may be derived from the string-frame lagrangian

A AN ~ 1 - 1 -
1L =22 (R + 4(09)* — EH(Qg) — Z(F(‘g))2> : (3.1)

taken here to have been compactified on a (10 — D)-dimensional torus (with the additional
truncation of (10 — D) vector multiplets). It is to be understood that all fields in this
section are labelled with a suppressed tilde (g, , H (3)s jetc.) unless otherwise indicated, to
distinguish them from the Einstein frame fields. The complete transformation between the
two frames in dimensions D < 10 is given in appendix [J.

The equations of motion following from the lagrangian (B.1]) are
N ~ o~ A 1. N 1~ N
Ryny = —2VyVN® + ZHMPQHNPQ + §F](\I/[PFK7P,
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d(e**2Eg)) = (=1)P T e P2 H g A F,
1
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By tracing the Einstein equation and substituting in the dilaton equation, we may obtain
an expression for the Ricci scalar:

R R 5 .
R=—-409)%+ EH(%,,) -

%(F(g))? . (3.3)

In D dimensions, the Einstein-frame and the string-frame metrics are related by

22 Llag o 1528 ;.2
d‘SEin_62 dsstr_e 2 dsstr’

(3.4)

where we have defined & = —(ﬁ/& and (]3 is the Einstein-frame dilaton field. For the case
where m; = mag, the reduction ansatz (B.5) converted to the string frame is rather simple,
namely

A% = dsdy + ¢ V7% (dz + A’

B(Q) = B(2) + B(l) ANdz,

P=0——¢p—=(d—1)mz. (3.5)

In other words, the reduction is exactly the same as a standard Kaluza-Klein reduction,
except for a linear z-dependence in the dilaton d.

It follows that the o-model action for this generalised circle reduction is given by

I =

yr—— / do dr [\ﬁ Y99, X1 0 XY G + €7 0 X" 0; XY By + 'R <q> — %(D —2) mz)] ,
where ®, g, and BW are independent of z, and XY (the circle coordinate) is given by
X% = 2. However, the z dependence of the string action implies that T-duality is now
broken. This can also be seen from the low-energy effective action obtained in the previous
section, where the Kaluza-Klein vector A () and the winding vector By are clearly not on
a parallel footing.

3.1 Untruncated d-dimensional string-frame equations

We give here the complete set of bosonic equations of motion for the untruncated system,
expressed in the string frame. It will be seen that these are considerably simpler than the
previous expressions that were obtained in the Einsten frame.

For the form fields in the string frame we find

Vp(equ?‘HMVp) _ m(d _ 1) (672<I>HMVUAJ . 672<I>+\/§<PGMV> ,
1
V(e 2 YG,) = S o P mld = 1)e Y06, A
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For the scalar fields, we find

1 _ 1 .

Up = 2\/_( \/_SDG%) \/_90]-"(2)) + %6\/590([/(1))2 +28u900“‘1>+m(d— 1)./4“6“@,
1 —
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The Einstein equations in the string frame are given by

1 1
Ry = iaMwM —2V,0,® + HWUH po 4 eﬁmquyp + §e*@fup.¢f +
1
tlpe pooy L f%ﬁLaLa — Zm(d —1)(V, A, + VAL . (3.8)

2 kP 2
3.2 Truncated d-dimensional string-frame equations

In the string frame, we may again truncate out the vector multiplet by setting ¢ = 0,
(1) =0and Ay = By = A(l)/\/§. The equations of motion for the bosonic fields of the
pure supergravity multiplet now become

1
VoHe = 2Hyuye M7 — ﬁ m(d —1)F
1
V'F,, = §HWUF”U +2F,M",
14 1 14 14
\Y F;ZV = §HWUF“ 7 +2FEVM ,

1 1 1
VHM, = 2M3, — EH(Qg) - —(Fé) + (F)? )+ 37 2(d—1)2,

R, = -V,M, -V, M, + HWUH + = (FupF + F“ E2Py, (3.9)
where we have introduced the field

m(:i\/%l)A(l) . (3.10)

It is evident that the massive field My arises because the dilaton @ is eaten by the gauge
field A(l)

M(l) =dd +



As in the Einstein frame, these equations cannot be obtained from a lagrangian. How-
ever, if we set A1) to zero, the equations of motion for the remaining fields can be obtained
from a lagrangian, given by

- _ 1 Lo
e L =e?® (R + 4(0®)? — EH§3) - Z(F(z))2 —(d— 1)2m2> : (3.11)

Although this truncation is consistent within the bosonic theory, it cannot be consistent
with the full supergravity, as it would be incompatible with the structure of the super-
multiplets. Nevertheless, we see from (B.11]) that in the string frame the scalar potential
becomes a pure positive cosmological constant.

4. Supersymmetry

With the derivation of the bosonic equations of motion both in the Einstein frame and the
string frame completed, we now turn to a consideration of the supersymmetry transfor-
mation rules for these generalised reductions. We shall present the results for two cases in
this section. The first is the variant ten-dimensional massive gauged supergravity obtained
in [f] by performing a generalised reduction of eleven-dimensional supergravity.! The re-
duction in this case involves just the global scaling symmetry of the D = 11 equations of
motion. Then, we shall consider the nine-dimensional massive gauged theory obtained from
massless N' = 1, D = 10 supergravity, using the generalised reduction involving the two
global symmetries that we discussed in section JJ. Analogous results for the six-dimensional

gauged theory were obtained in detail in [§].

4.1 Massive type-1IA supergravity from D =11

The supersymmetry transformations in D = 11 are

Sért = &M, SApnp = 3N Yp]

Sng = Vgé — 58 inpor(A,) TR — 84PN Y e, (4.1)

where in our conventions
{94,98} = 20aB (4.2)

and the metric signature is (—++ - - - +). The equations of motion of the eleven-dimensional
theory are invariant under a scaling symmetry, which was used in [fj] in a generalised re-
duction to obtain the bosonic sector of a massive ten-dimensional supergravity. Here, we
extend that discussion to include the fermionic sector. This variant maximal supersym-
metric D = 10 massive theory [[3, il has also been considered in [[J]. The corresponding
ansatz for the generalised circle reduction of the fermions is

im

1
€ = e2M?%e21% ¢,

!Note that this massive type-IIA supergravity [E, E] is not the same as the massive ITA theory obtained
by Romans @}

,10,
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Performing the reduction of the fermionic transformation rules, we obtain
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The supersymmetry transformation rules for the bosons are

3.
mz(«‘hﬁ“ —e1¥9)e,

3 A
ma( Ay — €19y 911 )e - (4.4)

de," = &Yy, 8 = —V2€N,
3v2

0A, = e1%ey1; <¢u - TVMA) ,

14 4 1
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14 V2
0Auwp = 31 <7wap] - EWW)}‘> + 3ApO Ay - (4.5)

As was shown in [[f] this theory admits a de Sitter vacuum solution, which necessarily
breaks all supersymmetry. Note that the ten dimensional field strengths are those defined

in .
4.2 Reduction of D = 10,V = 1 supersymmetry

Since we have obtained the transformation rules for the type-ITA massive gauged super-
gravity in section [i.1, it is convenient to make use of these here in order to establish our
conventions and notation for the transformation rules of the standard massless N' = 1
supergravity in ten dimensions. These are obtained by setting the mass parameter mo = 0
in (£4), and in addition making the chiral projection that reduces the N' = 2 supersym-
metry to N = 1:

’3’116 =€, ’3/111/1(1 = ’l/)a and ’3/11)\ = —)\. (4.6)

The chirality condition is consistent with setting to zero both the 3-form potential and the
Kaluza-Klein vector. This yields the ten-dimensional N' = 1 supersymmetry transforma-
tion rules

A 1 |
o= ———4Medn o+
o3 oMot s
~ 1

51[11\/1 = V€ — % eiéﬁNPQ <’AYMNPQ - 9’AYPQ5J\]}[>€7

17 ~
1 MNP »
e2? Hynpy €,
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Sertt = &M, 06 =—V2EX,
5BMN = —e 2% (2'?[M7;Z)N} + —=AMNA) - (4.7)

We can now use these standard N' = 1 results in a generalised circle reduction to d = 9. We
shall focus just on the pure supergravity multiplet in d = 9, by performing a (consistent)
truncation of the matter multiplet. The required reduction ansatz is obtained from the
arbitrary-dimension ansatz of appendix B| by setting mi; = ms = m and ¢o = 0 = x. This

gives

Lz —;Qﬁ ~
e2™e 16v/147 €,

A= \/Ze_%mzelﬁxl/ﬁm;\,
P10 = — g efémzeﬁ%’ho;\,
1 ¥¢ ~ 1 o~
= ¢ 2M%e16v14 1( 4+ — )\>,
wa wa 8\/77(1
Vi

¢ = % o1 +4mz. (4.8)

M™>
I

The tildes signify that the fermions and the Dirac matrices are still ten-dimensional. These
can be related to the nine-dimensional quantities as follows:

Ya = Ya X 01, Y10 = 1 x 09 and 11 = 1x o3,
E=e€exn, A= Axom and Vo = Yo X1, (4.9)

where 7 is a 2-component constant spinor. The chiral projections (f.6) imply that we
must have oggn = 7. In the following subsections, we present the resulting nine-dimensional
transformation rules in the Einstein frame and the string frame.

4.2.1 D =9 supersymmetry in the Einstein frame

Reducing the A" = 1, D = 10 transformation rules, and setting G @ = Fe) = % Fla), we

obtain the following nine-dimensional supersymmetry transformation rules:

1 1 \/Etﬁ i L ¢
O\ = — ——=~v"€d,b + eV H oy e + ——evii F v e +
T, SV TR

+im <L7“A —ie v114¢>e
VTN ! ’
Sy = Ve — _846\/7 Hugp<wu” P =50 p)ﬁ-
4 4i
———=mA, Y e+ =

V2
de o = ey, , 8 =—V2eN,

1 1
0A, = iV2e %1, + —=7uN),

VT
Iz P
§Bu, = —¢ V7%&(2y,0, + Wfy,wA) — ApdA, (4.10)

i

(&
28+/2

1
VP Fy (7,77 — 128%7% )e —

——L
me ViTy,€,
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where we have dropped the “1” subscript on the scalar field. The field strengths are H,,,, =
30, By —
1, D = 9 supergravity. We shall show that it admits a supersymmetric (Minkowski)g x 53

%A[MFW)] and F,, = 20),A,). This theory is an abelian gauged version of N =

vacuum solution. We shall also obtain a time-dependent supersymmetric cosmological
solution in this theory.
4.2.2 D =9 supersymmetry in the string frame

The above transformation rules for the fermions are readily expressed in terms of the fields
of the string frame, using the formulae given in appendix [J. Specialised to nine dimensions,

these are

EPR - - .
G = 6\/7¢lgw, Floy = Flay, Hgy = Hy, d® + V8mAgy = My,

8 SOz — a5 3%,
o = — ?Q, €=e2V1d "¢, A=¢ 2V )\, p=e2Viiy, o (4.11)

The fermionic transformation rules in the string frame then take the form

1~ 1 - P 4i
oA = (=M A" + ——=Huod"" + —=F, 4" — —=m )¢,
(ﬁ TV A Vv \/7>

~ ~ 1"‘/ ~ ~u 1 7 ~ U 15 125
5¢M = <vﬂ — ?MV7N7 — @Hyo'p(’yu P — 75;1’70[))

i~ 4i
- ——F,-(3,77 — 1267477 —m7y, |€. 4.12
R —12577) + T, ) (1.2

5. Supersymmetric M, 3 x S® and M, _, x S? vacua

The generalised Kaluza-Klein reduction gives rise to gauged supergravities that admit
supersymmetric vacuum solutions of the form Minkowskix Sphere [f. The nine-dimensional
theory admits just a (Minkowski)g x S vacuum of this kind, supported by the H (3) flux.
The theories in lower dimensions admit (Minkowski)y_3 x S3 vacua supported by H (3), and
(Minkowski)g_o x S? vacua supported by a 2-form F (2)- In this section, we shall show that
these vacua are all supersymmetric.

Consider first the (Minkowski)y_ 3 x S? solution supported by the H 3) field. This is
given by

ds3 = da' dz"” 1, + oz,

4
m? (d —1)2
8

He) = Trgme e, =0

(5.1)
If we lift the solution back to D dimensions using the generalised reduction ansatz, it
becomes the near-horizon geometry of a (D — 5)-brane supported by the field H 3)- To see
this, we start with the (D — 5)-brane in D dimensions, given by

di% = H™ 73 da’ da” 572 (dr® + 12 Q3
D= xt dx” ny, + H (dr® +r©dQ3),

X ) .
H@y = 2Q 03, ¢=—§alogH, H=1+

QO

r2’
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In the near-horizon limit, the additive constant 1 in H is dropped. Making the coordinate
transformation 72/Q = e(P=2)™% and letting Q = 4/((D — 2)? m?), we obtain

4
a2 2mz v 2 2
dsp = e <dx“ dz” nu, +dz” + (D _2)72 (D—27 dQ3) ,
~ 8 ~ 4
He = s Mo, 0=3m= (5.3)

which fits the reduction ansatz precisely, giving rise to the lower-dimensional solution (f.1]).

The supersymmetry of the (Minkowski)y_3 x S3 solution is easily established. Firstly,
since its lift to D = d + 1 dimensions gives the near-horizon limit of the (D — 5)-brane, as
discussed above, it is manifest that qua D-dimensional solution, it will preserve one half of
the D-dimensional supersymmetry. This halving of supersymmetry comes about from the
usual projection condition for supersymmetry of the (D — 5)-brane, € = I, €, where I, is
built from the product of Dirac matrices in the world-volume of the (D — 5)-brane. As is
well known, for any of the BPS brane solutions with metric given by

ds? = 24 dat day, + 2B dy™ dy™ (5.4)
the Killing spinors are given by
e=e3le,  Tuég=é, (5.5)

where €y is a constant spinor. We see from (f.3) that A = mz, and hence the Killing
spinors in D dimensions take the form

¢=edM7gy. (5.6)

Since this z dependence matches precisely the z dependence for € in the generalised re-
duction ansatz ([£.§), it immediately follows that the (Minkowski)y_3 x S® solution will be
supersymmetric qua solution of the d-dimensional gauged supergravity.

Another class of supersymmetric vacuum is of the form (Minkowski) 4_o x 52, supported
by one of the two-form field strengths F’ (“). It is given by

1
2 v 2
dsg = dz dx” n, + mZ(d =12 d€l; ,
V2

Lifting this solution back to D dimensions, it becomes the near-horizon limit of the (D —4)-
brane supported by one of the field strengths F (“2). The (D — 4)-brane solution is given by

2 —2 g 2028 0 9,2 102
ds}) = H P2 datdz” ny, + H D2 (dr® +r?dQ3),
, .1 Q

— 14 -



In the near-horizon limit, the constant 1 in H is dropped. Making the coordinate trans-
formation r/Q = e(P~2 ™% and setting Q = 1/(m (D — 2)) we have

1
ds? = ¢2m* (dm“ dx” ny, + dz* + — o dQ§> :

(D —2)?
V2

Fo = =gt 9=

mz. (5.9)

SIS

This clearly fits the reduction ansatz exactly to give rise to (f.7).

Again, the supersymmetry of the solution as a lifted D-dimensional configuration is
manifest, since it is just the near-horizon limit of a BPS (D —4)-brane. Its supersymmetry
as a solution in the d = D — 1 dimensional gauged supergravity itself is again easily seen,
from the general form ([.5) of the Killing spinors in the lifted (D —4)-brane. Thus we again
find that the D-dimensional Killing spinors are of the form (f.6), and so comparison with
the generalised reduction ansatz ([.§) for é shows that the (Minkowski)y_o x S? solution
will be supersymmetric in the d-dimensional gauged supergravity.

6. Supersymmetric time-dependent solutions and pp-waves

In this section we construct a time-dependent solution of the new gauged nine-dimensional
supergravity, and we show that it is supersymmetric. It can be thought of as a cosmological
solution in the gauged supergravity.

The solution is of a form analogous to a standard domain wall, except that here the
“transverse space coordinate” is timelike rather than spatial. It is easily seen that the
configuration

dsg = —dt* + (gm t)2dzidz’
evia® = —mt. (6.1)

solves the nine-dimensional equations of motion that follow from (P.17). Note that the
form-fields are all zero in this solution.
The fermionic transformation rules (.10)) in this background reduce to

1 4i ,Ld)
o =—=M0 € — —=me ViiTe,
4i ,Ld)
oYy = Vye+ 7me Vit e, (6.2)

and it is easily verified that (B.I]) is supersymmetric.
In the string frame, the metric in the solution (f.I)) becomes simply the Minkowski
metric ds%, = nyndz™dzN | where

t =exp (%m x0> . (6.3)

The dilaton is a linear function of the redefined time; ® = —4ma°+ constant.
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The solution (B.1)) is straightforwardly lifted to ten dimensions, where it gives

— 7/4
dsty = e*™* [ - <§m t) 1/4dt2 + <§m t) / (dz? + da'dz?)
10 — 7 7 ’
é Amz 8 vz
e =e ?mt . (6.4)

This can again be viewed as a time-dependent supersymmetric cosmological solution, driven
purely by the dilaton. In the string frame the metric is again purely minkowskian, but now
the dilaton is linearly proportional to the light-cone coordinate z:

ds>

str

= 2det da™ + dat dat o =zt. (6.5)

A metric-dilaton configuration of this kind was also discussed in [[F]. It is straightforward
to see that the solution preserves half of the supersymmetry, with the Killing spinor given
by v+ €0 where € is a constant spinor.

A further uplift to D = 11 using the standard Kaluza-Klein formula

ds?, = eééds%o + e_%‘idy2 (6.6)
yields the Ricci-flat solution
ds?, = —r2dt? + t2dr? + r*t2dzida’ + r~ 4 dy? (6.7)

where we have changed from the ten-dimensional coordinate z to a new coordinate r defined
by r = e%mz(gmt)l/G. The metric (f.7) is a pp-wave. To see this, we introduce new
coordinates X, and X_ defined by

r?? =X, , - =X (6.8)
in terms of which (.7) becomes
dst = dX(dX_ + X do'ds' + X 2dy®. (6.9)

Thus, we conclude that in eleven dimensions the solution describes a pp-wave.
The metric (p.9) is a particular example of a more general class of pp-waves, contained
within the ansatz

dsp = dX dX_ + X" da™da™ + X2 dy™ dy™? + X"3d2md™ 4. (6.10)
Here, we take the index ranges to be
1<mi <p1, p1+1<me <p1+pa, etc., (6.11)

and so the total dimension is D = 2 + p; + p2 + ---. The only non-vanishing vielbein
components of the Riemann tensor for (f.10)) are given by

1 _
R, 4m; + = —ihi(hi — 2)X %0, m, - (6.12)
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Thus (b.10) is Ricci-flat if
0="> pihi(hi —2). (6.13)
i=1

The pp-wave (.9) that resulted from lifting our time-dependent cosmological solution to
D =11 is the special case with

p1=8, h1=1, p2:1, h2:—2, (6.14)

which clearly satisfies (p.13).

7. Conclusions

In this paper, we have obtained generalised Kaluza-Klein reductions of the low-energy
effective actions of string theories involving the metric, the dilaton, a 3-form field strength
and a 2-form field strength. The generalised reduction gauges two global symmetries,
namely the homogeneous scaling symmetry of the equations of motion, and also the dilaton
shift symmetry of the lagrangian. The resulting dimensionally-reduced theory has a positive
scalar potential, in the form of a single-exponential of the lower-dimensional dilaton. We
showed that the reduction is supersymmetric, by explicitly deriving the lower-dimensional
supersymmetry transformation rules.

Although it might seem somewhat perverse to perform generalised reductions of the
kind we have considered in this paper, they are actually related by U-duality to more
conventional reductions that have been considered extensively in the past. Specifically,
a generalised reduction involving the global shift symmetry of the axion in the type-1IB
theory has been used in order to establish a T-duality between the type-1IB theory and the
massive type-ITA theory [B]. The S-duality of the type-IIB theory implies that one should
also consider SL(2, R)-related generalised reductions [[[I]], which will involve the global shift
symmetry of the dilaton. When one extends the discussion of non-perturbative dualities
to lower dimensions, the underlying global Cremmer-Julia type symmetries can only be
interpreted as strictly internal symmetries if one also makes use of the scaling symmetry of
the equations of motion that homogeneously scales the lagrangian. Thus it is very natural
to consider generalised reductions of the kind we have studied in this paper.

The new supergravities have the interesting feature that they all admit supersymmetric
vacuum solutions of the form (Minkowski)xS3, and in some cases also (Minkowski)x S2.
These solutions provide novel compatifications of higher dimensional string theories. Fur-
thermore, owing to the positivity of the scalar potential, the supergravities we have ob-
tained admit time-dependent cosmological solutions that preserve half of the supersymme-
try. Lifting these solutions back to D = 10, they yield supersymmetric time-dependent
solutions driven purely by the dilaton, with no form-field fluxes. Under a further lifting to
eleven dimensions, these time-dependent solutions become supersymmetric pp-waves. It
would be interesting to study string theory and M-theory in these simple but non-trivial
backgrounds.
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A. Bosonic reduction ansatz; Einstein frame

We begin by reducing the D = d+ 1 dimensional Ricci tensor to d dimensions by using the

metric ansatz in (B.§). We choose the natural vielbein basis

et = emertavea &% =m0 (dy 4 Awy) - (A.1)
Thus we have
i (TR e (TR TAY
The determinant of the metric is
\/—_g}: emg(d+1)z+(ﬁ+da)<p\/__g: e(d+1)m2z+2ago\/__g‘ (A.3)
Using the first Cartan structure equation with zero torsion, dé4 = —d)AB A éB, we

obtain the spin connections
1
W% = Wy + "M (adhp—maAp) €7 — (0D p—ma AT) &) — Jem IO F oF,

1
@, = e (M2EFaR) (;my AY — 3% ) & — §e*m2z+<ﬁ*2a>@f“b & + mge~ (M2 tA9) g0 (A 4)

From the curvature 2-forms @AB =dodg+o4cniCE = %RABCDéC A éP . we obtain the
Ricci tensor with vielbein components

Rab _ e—2(m22+oz<p) (Rab _ 1
2

1
X (AD e Nap — AaOpp — ApOatp) + §m2(d —D)(VoAdp + VA, +

Datp Opp — amgpy O + ama(d — 1) x

oAt + m3(d = 1)(Aady — AZyar) ) —

1
_m% (d - 1>e—2(m2z+6<p)77ab o _e—Z(mgz-l—doch)fGCfbc ’

2
Ros = 72030 (L0200 F,u) 4 ima(d — 1) (30 — ma ) —

1
—§m2(d _ 1)6*2m2z7(d+1)a¢Ab‘7;ab ’

=

. = e 2Amaztay) ( — B0 + maVeA® + maf(d — 1) A By — ma(d — 1),4%1)) +
1 —z(h2oz QU
+5€ 2(maztd ‘P)}"é). (A.5)

The Ricci scalar is

A~

R = e 2(m=toy) (R — 20 0p — %(&0)2 +2mad V4 A — mid (d — 1)A%1)> -
—em2m22 (mg d(d—1)e %% + ieQda“’féJ : (A-6)

The reduced Ricci components in (A.5) have been simplified through use of the rela-

tions (R.6).
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The laplacian operator acting on the D-dimensional dilaton is given by
A 4 4
e2maz+2ap O¢ = O¢ —mo(d—1) (A“@;ﬁﬁ - my (A%l) + e2(d1)atp)> - mlv,uAu , (A7)

where ¢ = ¢ + 2my2, as given by ().
The vielbein components of the various D-dimensional antisymmetric tensors reduce
according to

A

Hal---a = 67(m2+(n*1)m1)27na<pH

ai--an

Hyoa, o = e (matn=lma)zt(d—n—ljap gy (A.8)

B. Fermionic reduction ansatz in D < 10; Einstein frame
In this appendix we provide an arbitrary dimensional generalised ansatz that reduces the
fermions in D = d+ 1 to d dimensions. The generalised ansatz we are constructing is such

that the standard S! reduction (m; = 0 = ms) reduces canonical fermionic kinetic terms

with a normalization as
&1L = k(U MNP N T p 4+ AV ) (B.1)
to canonical kinetic terms
e 'L = k(T APV T, + MYV A+ XYV ) + Test (B.2)

Here k is an arbitrary coefficient. Performing the split of the gravitino as 1&,4 = (&aﬂ[}p)
an ansatz that accomplishes this is

€ = eém?ze%‘we,
. 1
A= s e P (VD 3,
. D-3
¥p = ﬁe_%m”e_%““‘"m(vl? —3x—A),
. 1
o = €732 gy (VD =3x- ),

(D—2)v/D_3 "

b= g ot S—str + VED -2z,

1 D-3

T 2 TV D™

(B.3)

Note that, here and elsewhere in this paper our convention is always o > 0. A consistent
truncation of the matter multiplet can be obtained by setting mi = m9 and ¢ =0 = x.
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C. Einstein-frame to string-frame conversion

The D-dimensional lagrangian in the Einstein frame is given by

_ 1 1 1- 1-
L= R- —<a¢>) SO HR) — 23 (F)? = SUny MNPV p = SXAM VA -
— MYV MU N O C.1
5 \/— Y U NOM @ (C.1)
where a = %, and where we have omitted additional interaction and four-fermi terms.

This may be mapped to the string frame lagrangian
17 20 (5 I e Lizav2 13 ~mnepe g Limg
GyaNEM _ O SaNEMG g <I>+--->, C.2
— (Un7 22 YU N)OM (C.2)

by the transformations

Lag ~ 7 - ~
gun = €2 gy, Hynp = Hyne, Fyn = Fyn ¢p=-ad,
e =esi0g, A=e 509} Uy = esiFy, (C.3)
Note that vy = 19 Am i.e. 4 = H4. Furthermore, we have made use of the D-
dimensional Majorana flip properties vy = —xy™4 and YpyMNPy = yyMNPy for

any two anti-commuting spinors 7 and Y.
The bosonic reduction ansétze in the string frame are considerably simpler than their
FEinstein-frame counterparts. The reduction of the D = d 4+ 1 dimensional Ricci tensor is

given by
Ray = Ray + %Vaabtp ;dﬁp@w -3¢ Ve B
Ra, = %eﬁ“" Vb(e_%w}" b)
Ree = —50p— 500 + 3o 7).
R = R+v20p— (9p) — ie‘ﬁ“"fé) . (C.4)

Some useful formulae for the reduction of the scalar fields are:

Od = ﬁ(@ - % - %(D - Q)mz) = 0% - %Dso— %(@@8‘@ - %(&0)2) -

—gmld—1) (% AP, — VHA“> , (C.5)
(08)2 = (93)? + é(&p)Q - % 01 4 m(d — 1) x

1
XA (0, P — ﬁauap) +
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1
—}—ng(d —1)2 (-’4%1) + e\/ﬁ@) , (C.6)
1
NG
M A NS - 1 L 1
eaMeszMaNq) = - 56 ﬁip]:(zb(abq) - % 31380) -
1 1
T m(d — 1)evE¥O,p —
2\/§m( Je @
—im(d e VP Ay,
Lau (8,9 — 1 dup) —
V2t TR

—%m(d — 1) A0, . (C.7)

~ . 1
eMe NV oN® = V0, ® — —=V, 00 + Zm(d —1)(VoAp + VoA, ,

eMe NV onyd = —
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