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ABSTRACT: We give a framework to describe gauge theory on a certain class of commu-
tative but non-associative fuzzy spaces. Our description is in terms of an abelian gauge
connection valued in the algebra of functions on the cotangent bundle of the fuzzy space.
The structure of such a gauge theory has many formal similarities with that of Yang-
Mills theory. The components of the gauge connection are functions on the fuzzy space
which transform in higher spin representations of the Lorentz group. In component form,
the gauge theory describes an interacting theory of higher spin fields, which remains non-
trivial in the limit where the fuzzy space becomes associative. In this limit, the theory can
be viewed as a projection of an ordinary non-commutative Yang-Mills theory. We describe
the embedding of Maxwell theory in this extended framework which follows the standard
unfolding procedure for higher spin gauge theories.
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1. Introduction

We formulate gauge theory on a certain class of commutative but non-associative algebras,
developing the constructions initiated in [[[]. These algebras correspond to so called fuzzy
spaces which reduce to ordinary spacetime manifolds in a particular associative limit. The
existence of gauge theories for such algebras can be argued indirectly from the fact that
these fuzzy spaces arise in the construction of higher-dimensional D-brane worldvolumes
from N zero- (or one-) branes, see for example [F]-[l]. The large N limit is the limit
of classical geometry, where gauge theory on the higher-dimensional brane provides an
equivalent description to the zero-brane picture. In cases where the fuzzy geometry is non-
commutative but associative, such as the fuzzy 2-sphere, a higher-dimensional gauge theory
can be explicitly constructed, starting from the zero-brane action, both for large N and
finite N [[{]. In other cases involving higher-dimensional spheres, the explicit construction
of this map requires a better understanding of gauge theory on non-associative spaces [fi].
In this paper we find that that such gauge theories have a realisation in terms of interacting
higher spin field theories.

The non-associative algebra of interest A7 (M) is a deformation of the algebra of func-
tions A(M) on a D-dimensional (pseudo-)Riemannian manifold M. The % denotes a non-
associative product for functions on the fuzzy space whilst n € Z provides a quantitative
measure of the non-associativity (in particular A% = .A). For simplicity, we take M = RP
with flat metric. Most of our formulas will be independent of the signature of this metric,
though we will take it to be lorentzian in discussions of gauge-fixing etc. Furthermore,
although we focus on the deformation for R, there is a conceptually straightforward gen-
eralisation for curved manifolds. For example, the deformation A% (S?*) has been used in
the study of even-dimensional fuzzy spheres in [f].

In section f| we define the commutative, non-associative algebra A*(R”) which de-
forms A(RP), and give the derivations of this algebra. In this review, we recall that the
associator (A * B) * C' — A x (B x C) of three functions A, B and C on A%(RP) can be
written as an operator F(A, B) acting on C or as an operator E(A, C) acting on B. These
operators have expansions in terms of derivations of the algebra (given in appendix B
and naturally appear when one attempts to construct covariant derivatives for the gauge
theory. We find that an inevitable consequence of this structure is that the connection and
gauge parameter have to be generalised such that they too have derivative expansions (i.e.
they can be understood as functions on the deformed cotangent bundle A% (T*R¥)). The
infinite number of component functions in these expansions transform as totally symmetric
tensors under the Lorentz group. Consequently we find that this extended gauge theory
on A (T*RP) is related to higher spin gauge theory on A*(RP”). The local and global
structure of this extended gauge theory is analysed in section .

We observe that the extended gauge theory remains non-trivial even in the limit where
the non-associativity parameter goes to zero. In section | we describe certain physical
properties in this associative limit. In particular we construct a gauge-invariant action
and field equations for the extended theory using techniques related to the phase space
formulation of quantum mechanics initiated by Weyl [R4] and Wigner [B5]. The infinite



number higher spin components of the extended gauge field become just tensors on R” in
the associative limit. We describe various aspects of the extended theory in component
form in order to make the connection with higher spin gauge theory more explicit. From
this perspective it will be clear that the extended theory (as we have presented it) does
not realise all the possible symmetries of the corresponding higher spin theory on R”. We
suggest that it could describe a partially broken phase of some fully gauge-invariant theory.
We then compare the structure we find with that of the interacting theory of higher spin
fields discovered by Vasiliev [[g]. A precise way to embed Maxwell theory in the extended
theory is given. The method is identical to the unfolding procedure which has been used
by Vasiliev in the context of higher spin gauge theories [R0]. It can also be understood
simply via a change of basis in phase space under a particular symplectic transformation.

In section f] we describe how the extended theory in the associative limit described
in section [] is related to a projection of an ordinary non-commutative Yang-Mills theory.
We also describe connections to Matrix theory. We then discuss how one might generalise
the results of section H| to construct a gauge-invariant action for the non-associative theory.
Section [ contains some concluding remarks.

2. The non-associative deformation A}

We begin by defining the non-associative space of interest. Following [[[], we consider the
commutative, non-associative algebra A% (RP) which is a specific deformation of the com-
mutative, associative algebra of functions A(R”) on RP (which is to be thought of as
physical spacetime in D dimensions). Another space that will be important in forthcom-
ing discussions is the algebra of differential operators acting on A%*(RP). This algebra is
isomorphic to the deformed algebra A*(T*RP) of functions on the (flat) cotangent bun-
dle T*RP. This correspondence will be helpful when we come to consider gauge theory
on A% (RD).

The space RP has coordinates z* and flat metric. The euclidean signature metric & Py
arises most directly in the Matrix theory considerations motivating [[]] but the algebra can
be continued to lorentzian signature by replacing this with lorentzian metric 7,,,. The alge-
braic discussion in this and the next section (and in the appendices) works equally well in
either signature, but some additional subtleties related to gauge-fixing discussed in section
H are specific to the lorentzian case. The deformed algebra Az (RP) is spanned by the
infinite set of elements {1, z#, 2#1#2 ...} ! where each x#1"#s transforms as a totally sym-
metric tensor of rank s under the Lorentz group. The commutative (but non-associative)
product * for all elements x#1"#s is defined in [ and appendix B (this appendix also
defines a more general set of products with similar properties to *). The explicit formula is
rather complicated but the important point is that xz#1"#s x "1Vt equals x#1 " Hs¥17"Vt up
to the addition of lower rank elements with coefficients proportional to inverse powers of n
(for example x# x x¥ =¥ * M =M + %77“”). This means that the algebra is associative up
to terms involving inverse powers of n. An immediate consequence of this structure is that

In [m], the elements = were called z and the deformed algebra A% (R”) was called B (RP).



lim,, o0 A% (RP) = A(RP), since lim,, oo x#1Hs = zH1 ... gk (the *-product being just
pointwise multiplication in this limit). Henceforth we refer to n — oo as the associative
limit.

Recall that symmetries of non-commutative spaces are typically generated by the sub-
group of the Lorentz group corresponding to symplectic transformations preserving the
non-commutativity parameter (see e.g. 23, i0]). As explained in [[] however, A% (RP)
corresponds to a milder deformation of R” since it is still commutative and the non-
associativity parameter is a Lorentz scalar (proportional to 1/n). Therefore the deforma-
tion above does not break Lorentz symmetry.

One can define derivations 9, of A% (R”) via the rule

Ot Hs = Sélgulxu2--'us), (2.1)

where brackets denote symmetrisation of indices (with weight 1).2 This definition implies
that 0, satisfy the Leibnitz rule when acting on #-products of elements of A% (RP). This
Leibnitz property also holds with respect to the more general commutative, non-associative
products described in appendix B It is clear that composition of these derivations is a
commutative and associative operation. In the associative n — oo limit, 0, just act as the
usual partial derivatives on RP.

2.1 Functions

Functions of the coordinates z#1"*s are written A(z) € A%(RP). Such functions form a
commutative but non-associative algebra themselves with respect to the x multiplication.
A quantitative measure of this non-associativity is given by the associator

[A,B,C] = (AxB)*xC — A% (Bx(C) (2.2)

for three functions A, B and C. Since A*(RP) is commutative then the associator (R.2) has
the antisymmetry [A, B,C] = —[C, B, A]. The associator also satisfies the cyclic identity
[A,B,C]+[B,C,A]+[C, A, B] =0. An important fact noted in [f[] is that such associators
can be written as differential operators involving two functions acting on the third. In
particular, one can define the two operators E(A, B) and F(A, B) via

[A,B,C] =: E(A,C) B
— F(A,B)C. (2.3)

The antisymmetry property of the associator implies E(A, B) = —E(B, A) and the cyclic
identity implies F(A, B)—F(B, A) = E(A, B). These operators have the following derivative
expansions (see [l or appendix
E(A,B) = Z ] (EFH (A, B)) (@) * Oy -+ O,
« s

s

F(AB) = 3 = (Fs (A, B)) (@) # Oy - Dy, (2.4)

S!

M

s=1

2The derivations d,, were called J,, in [ﬂ]



where the coefficients E##s (A, B) and F*'#s(A, B) are both polynomial functions of the
algebra transforming as totally symmetric tensors under the Lorentz group.® The properties
quoted above follow for each of these coefficients so that E#1Hs(A, B) = —EMFs(B, A)
and FHUks(A B) — Fbs (B, A) = E#1Fs(A, B). The reason there are no s = 0 terms
in (2.4) is that the associators [A,1,C] and [A, B,1] are both identically zero. Thus
since (R.4) are valid as operator equations on any function then including such zeroth
order terms in (2.4) would imply their coefficients are identically zero by simply acting on
a constant function. The first non-vanishing s = 1 coefficients in (R.4)) can be expressed
rather neatly as associators, such that E*(A, B) = [A,z*, B] and F*(A, B) = [A, B, z"].
In a similar manner, all subsequent s > 1 coefficients in (R.4) can also be expressed in
terms of (sums of) associators of A and B with coordinates z#1""#s (though we do not give
explicit expressions as they are unnecessary). An important point to keep in mind is that
E(A, B) and F(A, B) vanish in the associative limit as expected.

The algebra of the differential operators in (P.4)) closes under composition and is non-
associative (following non-associativity of A*(R”)) but it is also non-commutative. Since
E(A, B) and F(A, B) vanish in the associative limit the algebra of these operators be-
comes trivially commutative when n — oco. As will be seen in the next subsection, more
general differential operators acting on A*(RP”) also close under composition to form a
non-commutative, non-associative algebra. However, this more general algebra remains
non-commutative (but associative) when n — oo. For example, the commutator subalge-
bra of differential operators acting on R” corresponding to sections of the tangent bundle
TRP (i.e. vector fields over RP) is non-abelian (even though RP is itself commutative).
Indeed this is often how one considers simple non-commutative geometries — as hamilto-
nian phase spaces of ordinary commutative position spaces (see e.g. [R3]). We will draw on
this analogy when we come to construct a gauge theory on A¥*(RP).

2.2 Differential operators

General differential operators acting on A*(RP) are written
— 1
A=>" A () 5 Dy Oy (2.5)
s=0 "

where A¥1"Hs are functions of the algebra transforming as totally symmetric tensors under
the Lorentz group. It is clear that such operators can equivalently be viewed as elements
of the deformed algebra A% (T*RP”) of functions on the cotangent bundle T*RP. In the
associative limit, A* (T*RP) is just the Weyl algebra of R (i.e. the infinite-dimensional
universal enveloping algebra of the Heisenberg algebra in D-dimensions spanned by all
polynomials of coordinates z# and partial derivatives d,,). Because of this A% (T*R”) may
also be thought of as a deformed Weyl algebra.

Just as in (R4), the general operators (R.H) also close under composition to form
a non-commutative and non-associative algebra. The operator realisations E(A, B) and

3The *-product in the expression for the operators (@) means act first on a function with the derivatives,
then *-multiply this differentiated function with the coefficients (for each s in the sum).



F(A, B) (R.3) of the associator of functions have useful generalisations to the case where
functions A and B are replaced by operators Aand B respectively. In particular, we define

m»

(A,B)C := B(AC) — A(B
B AB)C — A(BC), (2.6)

where C' is a function. The definition of F still involves the associator (just as in (2-3)).
Notice though that the definition of E does not involve the associator [A, C, B] = (AC)B —
A(CB) directly since the algebra of differential operators is non-commutative. It is the E
operator defined in (R.6), however, that will be of interest in the forthcoming discussion.
This new definition reduces to the usual associator definition (R.3) when A=Aand B=B
(since the algebra of functions is commutative). The definitions (R.6) obey the identities
E(A, B) = —E(B, A) and F(A, B) —F(B,A) = E(A, B) + [A, B] (where [A, B] :== AB— BA
is just the commutator of operators). These reduce to the identities found earlier in terms
of functions when A = A and B = B. In the associative limit, notice that F(A, B) vanishes
identically whilst E(A, B) reduces to the commutator [B, A].

The explicit derivative expansion for E(fl, B ) is given in appendix [A] for later reference
(the corresponding expression for IE(A,B) will not be needed). We should just conclude
this review of the relevant algebras associated with A’ (R”) by noting that, unlike (P4),
the operator expression for E(fl, B) includes a non-vanishing zeroth order algebraic term.
It is easy to see that this is so by considering C' in (R.6) to be the constant function. In
this case all derivative terms in E(A, B) on the left hand side vanish whilst the right hand
side reduces to the non-vanishing function BA — AB (where A and B are the zeroth order
parts of A and B respectively). Thus the zeroth order part E(A, 3)(0) — BA — AB, which
vanishes when A = A and B = B as expected.

3. Non-associative gauge theory

We begin this section by reviewing the subtleties raised in [[[] associated with formulating
an abelian gauge theory on A* (R”). We show that a naive formulation is not possible on
this non-associative space. Instead it is rather natural to consider an extension of such an
abelian gauge theory on the deformed algebra A*(T*RP) of functions on the cotangent
bundle. We describe the local and global gauge structure of this non-associative extended
theory. We find the structure to be similar to that of a Yang-Mills theory with infinite-
dimensional gauge group. We will return to the question of embedding an abelian gauge
theory on A% (RP”) in this extended structure in later sections.

3.1 Abelian gauge theory on A% (RP)

A necessary ingredient in the construction of any gauge theory is the concept of a gauge-
covariant derivative. Consider a field ® which is a function of A’ (R?) and define it to have
the infinitesimal gauge transformation law

0D =ex D, (3.1)



where ¢ is an arbitrary polynomial function of A% (RP). (One reason for the choice of (B.1]) is
that it is reminiscent of the infinitesimal gauge transformation for a field in the fundamental
representation of the gauge group in ordinary Yang-Mills theory.) An operator D, that is
covariant with respect to (B.1]) must therefore obey

3(D,®) = e+ (D, ®). (3.2)

Clearly the derivation 9, (B.1)) alone does not obey this covariance requirement since
0(0u®) = €% (0,P) + (Oue) x ©. To compensate we must introduce a gauge connec-
tion A,, which we take to be a function on Aj(RP) and which transforms such that
0(A, @) =ex (A, x D) — (0ye) * ®. Clearly the existence of such an A, would imply that

D,® =9, + A, + D (3.3)

indeed defines a covariant derivative on functions, satisfying (B.2). Using (B.1]) then implies
that we require A, to transform such that

(0A,)* P =—(0u€) P +ex (A, xP) — Ay x(ex D). (3.4)

In ordinary gauge theory (B.4) would allow one to simply read off the necessary gauge
transformation for A, but here things are more complicated due to non-associativity. In
particular, notice that the last two terms in (B.4) can be written as the associator [A4,,, ®, €]
and therefore, using (R.3), we require

0A, = —(0u€e) + E(Ay,€). (3.5)

This requirement, however, leads to a contradiction since the first two terms in (B.5]) are
algebraic functions on A*(RP) whilst (R.4) tells us that the third term acts only as a
differential operator on A% (RP). Therefore such an A, can only exist when E(A4,,¢€) =0,
i.e. in the associative limit where this would simply be an abelian gauge theory on RP!

As indicated in [, the most conservative way to proceed is therefore to simply gen-
eralise the gauge connection A, from an algebraic function to a differential operator flu
with derivative expansion

1

E — 0‘1 Y (x) % Oy ** O (3.6)
S

5=0

where each component A7'"® is an algebraic function on A% (RP) which transforms in
the (GL(D,R)-reducible) tensor product representation corresponding to a vector times
a totally symmetric rank-s tensor of the Lorentz group (we denote this representation
(1) ® (s)). Unlike the associator operators (R.4)), there is no reason not to include all
possible terms in the sum (B.6). Indeed, in the associative limit, we will see that the only
algebraic s = 0 term A, has the interpretation of an abelian gauge field embedded in this
extended theory. In a similar manner one can also generalise the gauge parameter € to a
differential operator € with derivative expansion

1
E=2 € (@) % Oay -+ Oa, (3.7)
5=0



As noted already, the algebra of such operators is both non-associative and non-
commutative. Consequently we must take care when revising the arguments of this sub-
section in terms of these extended fields. This revised analysis is described, in the next
subsection, within the framework of global gauge transformations for the extended theory.

In concluding, it is important to stress that the generalisation we have made is a
modification of the original theory and therefore the extended theory need not trivially
reduce to an abelian gauge theory on R” in the associative limit. (Notice that the s > 0
terms in (B.6) and (B.7) do not vanish as n — cc.) Indeed we will find it does not though

we will give a precise way to embed the abelian theory in its extension on R,

3.2 Global structure

Consider again a field ® which is a function of A% (R”) but now with infinitesimal gauge
transformation law

5D =éd, (3.8)

where ¢ is the extended differential operator (B.7). Formally this is similar to Yang-Mills
theory where one then obtains the global gauge transformation by exponentiating the local
(Lie algebra valued) gauge parameter to obtain a general Lie group element (or more
precisely the fundamental representations of these quantities). The main difference here is
that the algebra of local gauge transformations (B.8) is non-associative. Despite this, given
a general differential operator €, there still exists a well-defined exponential exp(€) [R2].
The construction essentially just follows the power series definition of the exponential map
for matrix algebras but here one must choose an ordering for powers of ¢ (so as to avoid
the potential ambiguities due to non-associativity). We follow [P7 and define powers via a
“left action” rule so that
. . 1. ...

exp(€)P := & + éd + 56(6(13) + 56(6(6@)) +-e (3.9)
for any function ®. It is then clear that the exponentiated operator g := exp(é) is also a
differential operator acting on the algebra (albeit a rather complicated function of €) and
we define the “global” transformation of ® to be

D — . (3.10)

This transformation obviously reduces to (B.§) in some neighbourhood of the identity where
G = 1+ ¢ (the “identity” here is the unit element of A% (RP)). The set of all transforma-
tions (B.I0) does not quite form a group under left action composition since it fails to
satisfy the associativity axiom (due to non-associativity of the algebra). However, all the
other group axioms are satisfied.*

4Closure under composition follows using an extension of the Baker-Campbell-Hausdorff formula whereby
the composition of two exponentials can itself be expressed as an exponential with the exponent being the
sum of the two original exponents plus corrections involving commutators and associators of these exponents.
As already mentioned above, the identity element is simply the unit element of A} (R”). Every element
G = exp(é) has the left inverse §~' := exp(—€) which satisfies §7(§®) = §(§~*®) = ® for any function ®.
Thus §~! = 1 — ¢ locally.



The derivation 9, is not covariant with respect (B.10}) since this transformation implies
0y® — (04, )P + §(0,P). As noted at the end of the previous subsection, we therefore
introduce a gauge connection flﬂ which must transform such that fl“@ — —[04,9]® +
§(A,®) in order that

D,®:=0,o+A,® (3.11)

transforms covariantly under (B.10)). This necessary gauge transformation of AMI) un-

der (B.10) can be realised provided the gauge transformation of flﬂ is defined such that
Au® — —10,, 91571 @) + §(Au(g ")) (312)

under the more general function transformation ® — ®’. This gives the desired gauge
transformation when ® = g®. One can obtain the gauge transformation of flu itself by
using the operator F (B.§) to rearrange the brackets in (B.12). In particular, notice that
the right hand side of (B.19) can be written
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Therefore flﬂ must have the following gauge transformation
Ay = (10091 + 94, = F3.A)) g7 = F (100 9] + 34, — F(3, A1) 57" - (3.14)
Setting g = 1 + ¢ in (B.14)) leads to the infinitesimal form of the gauge transformation
6A, = —[0,,é +E(A,,8). (3.15)

Of course, at the infinitesimal level, this transformation equivalently follows by the require-
ment that §(D,®) = é(D,®) under (B3).

Notice that (B.14) and (B.15) do not quite take the form one would expect by naively
following the Yang-Mills analogy (that is they differ from what one might expect by asso-
ciator terms). This is a consequence of the non-associativity of the underlying algebra of
functions. In the following section we will find that the expected Yang-Mills type structure
follows exactly in the associative limit.

In the discussion above we have only defined covariant derivatives ZA)M on functions and
not on differential operators. Although not of the standard Yang-Mills form, (minus) the
right hand side of (B.15)) can still be taken as the definition for the action of the covariant
derivative on operator €, such that

A

D, -é:=[0,,é] +E@&A,). (3.16)

This statement is partially justified by the fact that Du then satisfies the Leibnitz rule
ﬁu(&)) = (ﬁu S E)P + €(ZA)M<I>) (for general operator ¢ and function ®).°

5Tt should be noted that the naive commutator action [9,, + A,,é] on an operator é fails to satisfy
the Leibnitz rule due to associator terms. The commutator action is identical to the covariant derivative
proposed above in the associative limit.



Based on the transformation law found above, we define the field strength F v s

A~ N A

F,, :=E(D,,D,) = [0,,A,)] - [0,,A,] +E(A,, A,). (3.17)

It is clear from this definition that F, w 1s indeed a differential operator which transforms
as a two-form under the Lorentz group. In addition, since the gauge transformations above
imply that

D,® — §(D, (5@, (3.18)

under (B.17), then it follows that FWCD = ﬁu(ﬁVCID) - ﬁy(ﬁucb) transforms as
Fu® = §(Fu(5712), (3.19)

and is therefore also gauge-covariant when ®’ = §®. The infinitesimal form of the covariant
gauge transformation of F uv 18
0F,, = E(E,,,é). (3.20)
From the evidence above, it is clear that there are various subtleties related to the
non-associative nature of the theory. Indeed the non-associativity complicates matters
even further in the description of more physical aspects of the theory like lagrangians,
field equations and the embedding of an abelian gauge theory in this extended framework.
Recall though that this extended theory should have a non-trivial structure, even in the
associative limit. We therefore postpone further discussion of the non-associative extended
theory to analyse its associative limit in more detail.

4. Gauge theory on T*R” and higher spin gauge theory on R”

We begin this section by briefly summarising the results of the previous subsection in
the associative limit. We then describe how one can construct a gauge-invariant action
and equations of motion for this theory. Writing the extended gauge field Au in terms
of component functions Aj* " we find that the extended theory describes an interacting
theory involving an infinite number of higher spin fields. When written in component form,
it will be clear that the extended theory (as we have described it) does not realise all the
possible symmetries of the corresponding higher spin gauge theory. We suggest that the
extended theory could correspond to a partially broken phase of some fully gauge-invariant
higher spin theory. A comparison of the structure we find with that of the interacting theory
of higher spin fields discovered by Vasiliev [[[§] is then given. We conclude the section by
showing how an abelian gauge theory can be embedded in this extended framework. The
embedding is related to the unfolding procedure used by Vasiliev in the context of higher

spin gauge theory [BQ].

4.1 The associative limit

Many expressions found in the previous section retain their schematic form in the associa-
tive limit. For example, the gauge transformations for functions are just as in (B.§), (B.10)

,10,



though @ is now simply a function on R” whilst operators like ¢ in (B.4) now have the
expansion

[e.e]

1
E e €Y (), -+ Oy (4.1)
s=0

in terms of an infinite number of functions ¢ on R? (which still transform as totally
symmetric tensors under the Lorentz group). It should also be noted that the set of gauge
transformations (B.10]) now form a group since the associativity axiom is no longer violated
in this limit.

Recall that the associator operators E, F and F in (4), (-8) vanish in the associative
limit whilst E(A, B) reduces to the commutator [B, A]. Consequently the gauge transfor-
mation (B.14) takes the more familiar Yang-Mills form

Ay — =[085 + 94,571 (4.2)
This reduces to the infinitesimal variation
6A, = —[0,+ A, 8. (4.3)

As explained earlier, from this transformation we define the action of the covariant deriva-
tive D, = 8, + A,, on operators € to be D, - é := [D,, €.

Since connections and gauge parameters are functions of both z and 0 then the asso-
ciative limit of the extended theory in D dimensions is also related to Yang-Mills theory on
a 2D-dimensional non-commutative space. This connection will be clarified in section

The transformation ([.J) implies that lA)H indeed transforms covariantly as

Dy — D" (4.4)
D] = [0, A)] — [0, A + (AL, A, (4.5)

0F,, = [6,Fu). (4.6)

4.2 Action and field equations

A simple equation of motion to consider for the extended theory in the associative limit is
[D¥, F,] =0. (4.7)

This is the field equation one would expect from following the Yang-Mills type structure
found for the extended theory in the previous subsection. The equation ([.7) is invariant
under the gauge transformation ([£.9). Moreover it is this equation (rather than, say, the
also gauge-invariant equation DHE, w = 0) which reduces to the correct Maxwell equation
as we will see in section [L.F.

— 11 —



Following the Yang-Mills analogy further, a natural gauge-invariant action to consider
is of the form

1 N N
—; T (FWFW) . (4.8)

Such an action can be constructed for the extended theory we are considering provided
there exists a well-defined map

Tr: A(T*RP) - R. (4.9)

Furthermore, since we are now dealing with an associative theory, it is clear that an ac-
tion (f.§) would be gauge-invariant provided the map (fL9) is symmetric, such that it
satisfies

Tr(AB) = Tr(BA), (4.10)

for any differential operators A and B. The next task is therefore to show that such a
symmetric map exists.

Before going into the details of the map we should make a few remarks. Firstly, notice
that we write the map Tr which alludes to the Yang-Mills analogy where it simply consists
of taking the usual gauge-invariant trace (using the Cartan-Killing metric for the gauge
group) followed by integrating over spacetime. However, we do not assume a priori that the
map ({.9) can be factorised in this way.® In the Yang-Mills case the symmetry property of
Tr simply follows from the fact that the trace is symmetric. The symmetry of the trace is a
rather general property of finite-dimensional representations — as one considers for Yang-
Mills theories with compact gauge groups — since such representations can be expressed
in terms of finite-dimensional square matrices (and for two such matrices X, Y, the trace
of XY is just X;Yij = inX Zj ). For the extended theory we are considering though fields are
valued in the algebra of differential operators on R” and the situation is very different for
the case of such infinite-dimensional representations. For example, in quantum mechanics,
if the Heisenberg algebra [z, p] = ¢ had any representations of finite dimension n # 0 (and
hence a symmetric trace) then it would imply the well-known contradiction 0 = in !

The example above is quite pertinent since we will now show that fields in the ex-
tended theory we are considering are related to certain functions in the formulation of
quantum mechanics based on the original work of Weyl [P4] and Wigner [R5 which was
later developed by Groenewold [R7 and Moyal [R§] (see [BI] for a nice review). Within
this framework, there exists a natural concept of the symmetric map Tr. In terms of the
abstract canonically conjugate operators # and p,,, a general operator A of the form (BT

is written
o0 .5

A A U e AN A ~
A=Ad,p) =) A7 @)pay - Pa, - (4.11)
s=0 "~

Such objects form the most general set of operators for a quantum mechanical system on
RP. These operators can be given definite Hermiticity properties by simply reordering &
and p appropriately in (J.11]) at the expense of changing the values of the coefficients in

As explained in [@], non-commutative gauge theories provide a counter example where such a factori-
sation of Tr is not possible.
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the expansion of a general A(z,p). Of course this would put restrictions on the kind of
coefficient functions A% @ permitted in (f.11)). Let us therefore just proceed with the “p
to the right” ordering prescription above.”

Given this ordering rule, the Weyl homomorphism [ says that every operator A(Z,p)
(B.11)) is naturally associated with an ordinary c-number function A on the classical phase

space R?P (spanned by coordinates (z,p)), such that

A@.5) = sz [ dvdadadp Aw.p)expia, (@ =) expli v (= ). (412
The operator A and function A4 in (K.12) are then said to be Weyl-dual. For the ordering
rule we have chosen, notice that the ¢ and y integrals can be evaluated in ([E.19) to give the
formal Dirac delta functions 6(& —x) and 6(p — p) respectively. Since these delta functions
involve the operators Z and p, they do not commute. Their arrangement in (j1.12) clearly
respects our ordering rule. Therefore, for example, if A is a polynomial function of the
phase space variables = and p then ([l.19) says that the corresponding operator function
A is exactly the same polynomial function, but of the operators & and p respectively —
with the p operators ordered to the right. In particular this means that (J.12)) relates the
operators £# and p, to the classical phase space coordinates x* and p, respectively. The
coefficient position operators A%1~s(z) in (f.L11) can therefore also be written in terms of
the function A, such that

Q1 Qs (4 1 A « « . A .
AMTYs (1) = ﬁ/dydqdzdpfl(x,p)y Lyt exp(iqu(at — o) —iyfp,) . (4.13)

(27)

The trace Tr of the operator A(Z,p) is defined by
Tr(A) := /dm dp A(z,p) . (4.14)

This integral is only defined for functions A with suitably rapid asymptotic decay proper-
ties. We will describe a particular Wigner basis for a class of such integrable functions in
the next subsection.

The inverse of the relation (4.12)) can then be expressed in terms of this trace, such that

~ 1

Awp) = sz [ duda expli @ +y5,)) Tr (exp(~i g6 Aexp(~iy"5,)) - (415)

(2m)

That (f.12) defines a homomorphism was first noted by von Neumann [€]. It follows from
the fact that, given two operators A and B (of the form (1)) with respective Weyl-dual
functions A and B, then one can find a new function denoted A « B which is related to

"This prescription is sometimes referred to as standard ordering and was considered originally by Mehta
[E] An alternative prescription (considered by [@] and the references therein) is the totally symmetric
Weyl ordering of & and p in a given operator. Weyl ordering guarantees that operators are Hermitean.
We are very grateful to C. Zachos for pointing out the comprehensive review by Lee [E] of the precise
relationships between the various possible ordering prescriptions.
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the operator product AB precisely as in (.19) (i.e. AB and A x B are also Weyl-dual).?
The * in the Weyl-dual function mentioned above denotes the so called Moyal product [R7]
of two functions on phase space with respect to the standard ordering of Mehta [R9] we
are usingfootnoteThis *-product of phase space functions should not be confused with the
x-product of elements of the fuzzy space A¥(R”) used earlier. The x-product is non-
commutative and associative (as one would expect since these properties are also true of
the operator product). The action of this product between functions can be expressed
succinctly in terms of the following exponentiated differential operator

9 7
* = exp (—Z Tmﬁ) s (416)

where a left (right) pointing arrow denotes the action of that derivative on the function to
the left (right) of the x-product only.? More specifically, given two functions A and B then

- 1, (0 0 - 0 0 -
AxB _mzoﬁ(_z) (apm " A> <8x“1 amMmB>. (4.17)

Notice in particular that the m = 0 term in (.17)) is just the commutative classical product

of functions AB. The m > 0 terms are not commutative but are invariant under the
combined exchange A « B and z < p. Equation (E17) implies that z# x p, = ap,
and p, x 2 = zMp, — i 6, thus confirming that the x-product of functions preserves the
structure of the Heisenberg algebra. It is also worth noting that partial derivatives (with
respect to x or p) act as derivations on the algebra of classical phase space functions with
*-product since they obey the Leibnitz rule when acting on ({.17).

The definition ({.17) implies that

[dzdp (s B)ap) = [ dodp X wp)B ) = [ dodp(BrDap), (119
where the primed phase space functions denote A’ := exp <%%%> A and B

exp (%%%) B which are just multiplied with respect to the classical product in ([L.1§).

Thus the trace (4.14) of the operator product AB is indeed symmetric, as required.
The precise form of the gauge-invariant action (|.§) is therefore given by

Lo (a mow 1 ~ o
_ZTI. (FLVF“u > = _Z/dxdpF/Lu(mvp)Flﬂ (.%',p), (419)

where the function F!’W ‘= exp (%%%) FW and FW is the Weyl-dual of the operator
E

uv, Which can be obtained using (E19).

8In general, the product AB of two ordered operators A and B is not ordered. Nonetheless the operator
algebra still closes since this product can be rewritten as a sum of correctly ordered terms. The sum of
terms correspond to the various commutators one picks up through reordering 2’s and p’s.

9We thank C. Zachos for pointing out an error in the expression () in an earlier version of the paper.
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The formal similarity with Yang-Mills theory found thus far might lead one to expect
that the field equation ([L.7) follows as the Euler-Lagrange equation for ([.19). Indeed,
varying the action (f.19) gives Tr ((5/1”)[]:)“, F W]) which would seem to suggest the equa-
tion of motion (J.7). This is not the case however. The obstruction is due to the fact
that the trace Tr does not act diagonally on the components of general operator products.
More will be said about this subtlety in subsection 4.2.2. We just conclude by noting that
the Euler-Lagrange equation for (J.19) consists of a particular linear combination of all the
components of [ﬁ“,Fﬂy]. It is therefore less restrictive than (J.7) in the sense that solu-
tions of (J.7) are also solutions of this field equation though the converse statement is not
necessarily true. It may be possible to obtain ([.7) from (JL19)) via additional constraints
but we will not explore this further here.

4.2.1 Wigner basis for integrable functions

We will now briefly describe a particular basis for a class of classical functions which have
finite integrals over phase space (a more detailed review of this construction is given in [B1]).
This will show us how to restrict to the class of Weyl-dual operators for which the trace
map Tr is well-defined. Of course, this is necessary so that the gauge-invariant action (jL.19)
exists.

Consider a complete orthonormal basis of eigenfunctions {4} for a given hamiltonian
H. To each such eigenfunction ¢, (x) on R”, there is an associated Wigner function

1 -
fu@p) = Gy / Ayl (z — y) e~ Prap, (x) (4.20)

on phase space.

One can show that such Wigner functions satisfy the orthogonality relation f,(z,p) *
fo(z,p) = (1/27)P 80y fo(x, p) with respect to the x-product (following from the fact that the
eigenfunctions are orthonormal with respect to the L2(RP) inner product). Consequently
the set of Wigner functions {f,} is closed with respect to x multiplication. One can also
show that (4.2(]) implies that each Wigner function is integrable over phase space since
[dzdp f.(z,p) =1 (this follows from the fact the eigenfunctions are L?(RP) normalised).

Clearly linear combinations of these Wigner functions form a vector space with a
closed x-product and admit partial derivatives which obey the Leibnitz rule. Moreover,
any phase space function A which has an expansion in terms of Wigner functions, such
that zzl(x,p) =>. A, fa(z,p), is guaranteed to be integrable over phase space provided
the set of constant coefficients {A,} have a finite sum 3, A, < co. Thus if we restrict
to classical functions which can be expanded in this way then the corresponding Weyl-
dual operators (obtained from ({.12))) will have finite traces. Imposing these restrictions
guarantees the gauge-invariant action ({.19) is well-defined.

An explicit realisation of the Wigner basis defined above that would be suitable for
our purposes follows from the hamiltonian H = (p,p* + 2*x,)/2 (in euclidean signature
RP) corresponding to D decoupled harmonic oscillators. The Wigner functions f, are
then each proportional to {exp <jii> (e_QHLa(ZLH))], where {Ly|a € Z,} are the

2 Ozt Opp
Laguerre polynomial functions. Each of these Wigner functions has Gaussian decay at
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large = and p. This structure is appealing from the point of view of constructing convergent
integrals though it must be understood that considering only functions of this nature on
T*RP is quite a severe restriction. In particular, the set of such integrable functions on the
classical phase space R?P is roughly as large as the set of all functions on RP, since the
basis of the former set is in one-to-one correspondence with complete set of eigenfunctions
of the hamiltonian for a particle moving on R”. In this sense, the corresponding Weyl-dual
space of finite trace operators is much smaller than the complete set of functions on T*RP.
Consequently the number of degrees of freedom is more apt to describe a theory living
on RP, with the use of T*RP viewed as a tool which allows generalisation to the non-
associative theory. We expect other ways to construct finite trace operators exist wherein,

T

for example, delta-normalisable functions like e™** would be permitted. In particular, it

is conceivable that there exists a much larger space of finite trace operators that would
capture more of the structure of a gauge theory on T*RP.

4.2.2 Action in position space

The gauge-invariant action ({.19) was expressed as an integral over phase space. To un-
derstand the physical properties of the extended theory it would be desirable to see how
this action looks as an integral over spacetime only. Such an expression can be obtained

as follows. Using ([L.175) allows us to express ([.19) as

1 )
—W/dm dp dy dq dy'dq’ exp (—i(y“qu + ?/“%)) X
x Tr <exp(—iqu(i“ - $“))Faﬁ exp(—iy" (P — pu))) X
< Tr (exp(—ig) (# — ) F*? exp(—iy/" (5, — py)))

1 . .. TR
= _W /dy dq exp (—iy"qu) Tr (exp(—zqum“)Faﬁ exp(—zy“pu)> X

x Tr <eXp(iqM@“)FQﬁ exp(iy“ﬁu))

1 . N

= —74(2 I dy dx da'6(x — 2’ + y)(x|Fop exp(—iy"py)|x) <a:'\F0‘ﬁ exp(iy"p,)|z")
T
1 - o . R

= " 1@nP /dy dz (x| Fup exp(—iy*pu)|) (@ + y| F* exp(iy"pp) |z +y) . (4.21)

In the second line of ([L.2T]) we have performed the x and p integrals to obtain delta functions
8(y+y') and 6(g + ¢') which have then been integrated. The third line of (J[.21)) follows by
introducing a position basis |z) for the traces, on which 2#|x) = z#|z) and p,|r) = —id,|z).

Given the operator expansion (of the form ({.11))) for E v then one can formally evalu-
ate (.21]) in terms of the coefficient functions Fjj} " by writing iPa e Pr = (e Pr) /Oy>,
The action ([.21]) is then proportional to

> (—1)s+t tory s
Z Sl Z <k‘> Ko, auBir6 /dm Fﬁ,,l < (x)0p, - - O FHPVP (), (4.22)
s,t=0 k=0
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where Ky, ...a.8,,,-8, are “volume factors”

0 0 0 0

S
dy Oys OyPr+1 OyPt ) y:O’

(4.23)

that are constant totally symmetric tensors which weight each term in the sum ({.29).
Since the delta function is a symmetric function then only the even rank tensor volume
factors are non-zero and are proportional to (totally symmetrised) tensor products of the
flat metric 7,,. Despite the obvious divergence of each of these weights, provided we
restrict to the Wigner basis of integrable functions described in the previous section then
the overall sum ([£.29) is guaranteed to be finite. This statement is consistent with the fact
that the volume factors are different for each term in the sum (§£.22)), so that one cannot
simply redefine the action by an overall infinite scale to remove the individual divergent
terms (e.g. §”(0)/6(0) is still infinite).

The action ([1.22) can be expressed as a finite sum of finite terms by regulating the
distributions in ({.23). We achieve this by introducing an ultraviolet cutoff N in the
momentum integrals defining the delta function. In particular, we define the function §

Sy (@) == (%)D exp (-N Z””2> . (4.24)

This corresponds to a standard representation of the Dirac delta function in the N — oo
limit (but also satisfies [ dx §y(z) = 1 for any finite N). At the origin o (0) = (N/v/2m)P.
The regulated even rank volume factors in ([.23) can then be written

F2r) o
O Oy O 0) = (1) Ny 30). (1.25)

on euclidean RY such that

whilst the odd rank factors indeed vanish identically. This is useful because it allows one to
formally factor out the delta function at the origin in (J£.22) to obtain the regulated action

o] t
1 t stirk (s 4+t —k)! shi—k
on(0) Z @Z<k>(—1) 2 2#(Sﬁ_k)'N X
==)!

X /dxFﬁéylmas 851 T 8BkFuyﬁlnﬂtn(a1a2 o NasBrrr © T NBe—18e) (4'26)

where the sums are over all terms with s +¢ — k even. A finite action in position space
will be obtained from ({.26) in the N — oo limit where the cutoff is removed following a
simple field redefinition that will be described in section [.3).

The expression above illustrates the point made about the non-diagonal action of the
trace on operator products at the end of section 3. That is, the total symmetrisation
of all the metric indices above implies that, even in the £ = 0 sum, one does not have
only diagonal terms of the form F), ..o, F*’* "% in the lagrangian. Off-diagonal terms
involving traces of individual field strength component indices, like F,,, ..o @ F" %,

are also present. This property is clearly independent of having introduced the cutoff and
would indeed occur when formally evaluating ({.22)).
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4.3 The extended theory in component form

To investigate the connection with interacting higher spin gauge theory, it will now be
enlightening to examine in more detail some of the features of the extended theory in
component form.

The components of the gauge field Au transform infinitesimally as

FAQTTO = 9, B (A, €)

= — 0, + Zs: (Z) io: % { (861 e 8@14&041---%) (Okg1ras) BB _
— (8/31 e aﬁre(al“'ak) Agk+1"'as)61"'ﬁr} ,(4.27)

under ({.d). The second line of (£.27) follows from equation ([A.5]) proven in appendix [l
The components of the field strength F, w () are functions which can be written in
terms of the components of flu as

Fﬁéyl...as — QO[MAZTQS _ Eal...as (A“,Ay)
AN |
o a1-os - . (a1 Qpq1-as)B1 5r_
=2 2 <k> ; 74 (0 0n ) 43

k=0
- (agl . aﬁrAgal"-ak) Af{’““"'%)ﬁl"'ﬁ*} , (4.28)

where (square) bracketed indices are (anti)symmetrised with weight 1. By construction,
the functions Fy} s transform in the (GL(D, R)-reducible) tensor product representation
corresponding to a two-form times a totally symmetric rank-s tensor of the Lorentz group
(written (1,1) ® (s)9).

The non-linear terms in the field strength components above imply that the gauge-
invariant action ({.2¢) is not conformally-invariant. Since the momentum cutoff N has
length dimension —1 then the action ([.26) is only dimensionless provided the field strength
component F1 "% in (E23) has length dimension s (coordinates z# have dimension 1 and
metric components 7, are dimensionless). One must then introduce dimensionful coupling
constants to ensure that the linear and non-linear gauge field terms in ([L.2§) have the same
dimension. If one considers the linear part of the field strength (.28) only then the ac-
tion ([£.26) would be scale invariant provided each gauge field Ajre has length dimension
s+ 1. A non-linear term in (4.2§) must then have length dimension s + 2. The associated
coupling constant g must therefore have dimension —2 for any value of s. Dimensional
consistency thus requires a factor of g to multiply the non-linear terms in both ([.27)
and ({1.2§). Since the action (|1.26) is quadratic in the field strength components (|1.2§)
then, in addition to the kinetic terms that are quadratic in the gauge fields, there are both
cubic and quartic interaction terms with couplings g and g? respectively. This structure is
just as in standard Yang-Mills theory.

We take (pi,...,pr) to denote the GL(D,R)-irreducible representation corresponding to a Young
tableau with k rows, each of length p; (where i =1,...,k).
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The cutoff dependence of the k = 0 terms in ([.26) can be formally removed by a simple
redefinition Fj7 % — N_S_D/QFSI}"'O‘S of each of the field strength components (4.2§).

The redefined action is then proportional to

o0
(—1)°(25) st s
Z Z (s+t)!(s —t)!125s! deﬁ'} S PR 0 Tage_razs) 5 (4.29)
s=0 t<s

up to the addition of k£ > 0 terms involving only inverse powers of N that will vanish in
the N — oo limit when the cutoff is removed.

Since N is dimensionful, the redefinition modifies the dimensions of each gauge field
and coupling in the action. In particular, the redefinition of the field strength above follows
from the redefinition A7 — N_S_D/QAfL‘l'“O‘S (hence each Af!"* now has dimension
1 — D/2). The effect of this redefinition in the gauge transformation ([.27) and field
strength (4.2§) is to modify the coupling constants multiplying the non-linear terms. For
every s, a non-linear term of fixed r in (f.27) and (f.2§) has the coupling g mentioned
above replaced by g() 1= N—"=D/2g The coupling 9g(r) has dimension 7 — 2 + D/2, which
is always positive for D > 2. Notice that, if ¢ is a fixed finite number, all the couplings
gy vanish in the limit N — oo. The single coupling constant g(;) can be kept finite and
non-zero as N — oo, by choosing g to scale like N1t/ 2gf in this limit (for some finite
parameter g). The free theory can then be obtained by setting g(;) = gy = 0. For small
gy, the interacting theory could be quantised as a perturbation of this free limit.

Coupling constants with positive spin-dependent length dimensions, such as discussed
above, have also been found for interacting higher spin theories in flat space in the earlier
work [[LT]]. The couplings g(r) are similar in structure to the 't Hooft parameters discussed
in the context of holography for general brane solutions of string theory in [[[2]. This is
because the cutoff N we have introduced to regulate the delta functions is related to the
number of degrees of freedom of the extended theory. It would be interesting to understand
whether these couplings are also indicative of a holographic interpretation for the extended
theory we have described.

4.3.1 Higher spin symmetry

By construction, the field strength components ([£.2§) transform in the appropriate covari-
ant sense under (.27). Indeed if we restrict attention to the linear terms in these formulas
then it is clear that Fua,..a, = 20,4,
However, as explained in [ff], the most general first order infinitesimal transformation for

ay1-a, 18 invariant under 04 ,4,..a, = —Ou€ay-a,-

a linear gauge field in the representation (1) ® (s) of the Lorentz group is

0Apay as = OuEay-as + 800 s as)u » (4.30)

in terms of the rank-s tensor parameters €q,...q, (in the totally symmetric (s) representa-
tion) and &4,..a,_,u (in the GL(D,R)-reducible (1) ® (s — 1) representation). The corre-
sponding linear field strength that is invariant under (JL30]) involves s 4 1 derivatives of
Apa, ..o, and is given by
+1
27 O+ Opa O Avy )] - (4.31)
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The various sets of square brackets indicate antisymmetrisation of the s+ 1 pairs of indices
[uv], [aa1Bi], ..., [asBs] separately. It is therefore important to understand that the ex-
tended theory (as we have described it) does not realise all the possible gauge symmetries
even at the linear level. That is we have effectively taken ¢ = —e and { = 0 in (JL.30)
and so were able to realise a gauge-invariant field strength involving only one derivative
of A,q.a,- A consequence of this fact is that one has not enough gauge symmetry to fix
all the components of the higher spin fields that could give rise to states of negative norm
in the quantum theory in lorentzian signature. This is not an issue in euclidean R”. The

interpretation of the extended theory in euclidean signature will be discussed in section

4.3.2 Gauge-fixing in lorentzian signature

Let us briefly review how a gauge-fixing of the theory in lorentzian signature could be
achieved at the linear level, given the full symmetry ([£30). For simplicity, let us first focus
on the s = 1 component A,, in (4.30). There are exactly 2D — 1 temporal components
Agas Amo and Agp of this field that lead to non-unitarity (since they obstruct A,, be-
ing transverse to the timelike/null direction defining the massive/massless little group of
SO(D —1,1)). There are 2D gauge parameters €, and §, which contain 2D — 2 spacelike
components £, and &, that can be used to gauge away the components Ay, and A,yp.
One of the two timelike gauge parameter components (g or &) is itself removed via the
residual 0, = a A, 0§, = —9,\ symmetry in (JL30). The remaining timelike component
can then be used to gauge away Agg. As discussed in [[f], this can be done in a Lorentz-
covariant way via a specific gauge-fixing procedure, resulting in the on-shell constraints
oAy =0, 0%A,q = 0 and Aj, = 0 on the gauge field. The analysis above can be re-
peated for the general higher spin field A4, ..., and one again finds that all the temporal
components of this gauge field can be removed using the gauge parameters €4,...q, and
£ar-as_1p- In terms of counting this can be easily seen from the fact that all the time-
like components of A,q,...o, can be written as Agq;...o; and A, 0qa;...a,_,, Which are in the
same representations of the Lorentz group as the gauge parameters €4, ..., and &u;...as_1p
respectively. Of course, Agq,...a, and A pa;...a,_, have the temporal elements Agga;...as_;
D;rj;2
components of the gauge field. However, the residual symmetries deq,...a, = $0(q, A

in common and so it would seem there are ( ) more gauge parameters than temporal

az-as)
0aras_1p = —OuAaj.a,_, of the gauge parameters in (JL.30) mean that precisely the
D+s5—2
( sjl

rect. This gauge-fixing can be performed covariantly to yield the on-shell constraints

— o _ 14 _ « —
M Auayay =0, 0%Apaa;as—1 = 0, Ajay-ia,_; = 0 and zélwm__as_2 = 0, for each A, ...a,-

) unaccounted for parameters can be gauged away, thus making the counting cor-

A unitary version of the extended theory we have described would require sufficient
constraints on A,qy,..q, and €q,..q, to compensate for the lack of £4,..q,_,, symmetry.
One obvious way this could be achieved would be to define the “partially gauge-fixed”
path integral as a sum over the A,q,..q, and €q,...q, components only (that is where the
“gauge” indices « are purely spacelike). Clearly the gauge symmetry €g,...q, is sufficient to
fix the non-vanishing timelike components Agg,...q, of the higher spin fields. In the linear
theory, such a gauge can be imposed in a Lorentz-covariant manner via the constraints

Yo% _ M _ o _ . . .
0" Apaaras 1 = 05 Apaya,y = 0 and A7, ..., = 0, which are invariant under gauge
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transformations with parameter satisfying 0%¢qq,..a,_; = 0 and €g,,..,_, = 0. The con-
straint 0" Aq,...a, = 0, however, only follows after fixing the remaining (harmonic part of
the) €4,...q, symmetry. It is not clear though whether there exist appropriate generalisa-
tions of the Lorentz-covariant constraints above for the non-linear theory. As for massive
gauge theories, it is possible that the symmetry broken by interactions in the extended

theory implies that such constraints follow as identities from the equation of motion ({L.7).

4.3.3 Comments on restoring full gauge symmetry

Since the extended theory has a Yang-Mills type structure on T*RP then it is not sur-
prising that it does not realise all the higher spin symmetries. This is simply because of
the U(1) principal bundle structure over T*RP we are implicitly using. The connection
on this bundle is just given by the covariant derivative Du (E4) and so the curvature
F;w = [bm ﬁy] naturally contains a linear term involving only one derivative of the higher
spin fields. As already noted above, even at the linear level one requires a higher deriva-
tive field strength ([£31)) to realise all the higher spin symmetries. Of course, if a fully
gauge-invariant formulation of the extended theory exists then one might expect there to
exist some generalised covariant derivative that would replace partial derivatives in (}L.30))
and ([.31) (followed by appropriate Young symmetrisation if necessary). Such a generalised
covariant derivative cannot simply be Jjﬂ since, by construction, this only transforms co-
variantly under the €q,...o, part of the higher spin symmetry. All that can be said is that
it must reduce to ﬁu in the “partially broken” phase of the theory we have described.

Such a partially broken structure would perhaps be similar to what happens for free
higher spin theories where the Fronsdal equations [[J] for totally symmetric tensor gauge
fields (which are second order in derivatives) are not invariant under the most general
gauge transformation for such fields. In particular one finds that the trace part of the
gauge parameter cannot be realised as a symmetry of the equations of motion and so is
set to zero. To construct an action realising this traceless gauge symmetry one must then
impose the constraint that the double trace of the higher spin field vanishes. It is now
known that these Fronsdal equations can be reobtained from the fully gauge-invariant (but
non-local) field equations given in [[7, [f]. One can also realise the trace part of the gauge
symmetry by reintroducing the double trace part of the field as a compensator field which
restores the full gauge symmetry in the Fronsdal formalism [[3]. A fully gauge-invariant
reformulation of the extended theory may therefore require additional compensator fields.
More will be said about this point in section [.3.

4.4 Comparison with Vasiliev theory

The non-linearities in ([L.27) and ([.2§) suggest that the action and field equations found
earlier describe interactions between the infinite number of component higher spin gauge
fields Ajj1"*<. As we have seen, even at the free level, the formulation of higher spin gauge
theories is a rather subtle problem (and is discussed, for example in [[f-{L0], [L3]-[L7]).
Perhaps not surprisingly, the formulation of gauge-invariant interacting higher spin theories
is even more complicated. Attempts to construct such models in flat space have been
considered in [[], B3, BJ]. The only known consistent framework to describe interacting
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higher spin gauge theories was developed by Vasiliev [[[§], [[9] (see also [R1]). We now give
a brief summary of this construction [R0] in order to compare the structure with that of
(the associative limit of) the extended theory we have described above.

The approach is based on an extension of the MacDowell-Mansouri formulation of anti-
de Sitter gravity [B4]. Recall that the frame-like formulation of gravity can be considered as
a gauging of the Poincaré group SO(D —1,1) x RP. The gauge fields related to translations
and rotations are the vielbein e}, and the Lorentz connection wﬁ‘ﬁ = —wﬁa respectively.
The curvature for the vielbein and Lorentz connection are respectively proportional to the
torsion and Riemann tensors of the spacetime geometry. Setting the torsion to zero then
allows one to solve for the Lorentz connection in terms of the vielbein in the usual way. The
MacDowell-Mansouri idea was to instead gauge the AdSp isometry group SO(D — 1,2).
The gauge field associated with SO(D — 1,2) rotations is written w;‘B = —wa. If one
fixes a timelike vector in the auxiliary space RP*! then this gauge field can be decomposed
into ej; and wﬁ‘ﬁ (with gauge indices transverse to the fixed timelike direction). This
reduced theory does not quite correspond to the gauging of the Poincaré group described
above though since the “translation” generators fail to commute with each other up to
an SO(D — 1,1) rotation with coefficient proportional to the inverse norm-squared of the
fixed timelike vector in the auxiliary space. In fact the reduced theory precisely describes
gravity on AdSp (i.e. in the presence of a cosmological constant which is identified with the
aforementioned coefficient in the algebra). A particularly nice feature of this construction
is that it allows one to express the Einstein-Hilbert lagrangian (with cosmological term) in
a manifestly SO(D — 1, 2)-invariant form, in terms of the curvature of the connection wﬁ‘B
and the fixed timelike vector in the auxiliary space only.

Vasiliev considers an extended version of this formulation of gravity on AdSp in
terms of an infinite set of fields {wﬁl'“AsBl"'Bﬂs > 0}. The gauge indices for a given
field here transform in the traceless (s,s) irreducible representation of the anti-de Sit-
ter group SO(D — 1,2) (i.e. they correspond to Young tableau with two rows of equal
length). Just as in the MacDowell-Mansouri formulation of gravity, one can fix a timelike
vector in the auxiliary space (whose norm is again related to the cosmological constant)
and decompose the fields above in representations of SO(D — 1,1). This results in the
set of generalised vielbeins {ef}'"**[s > 0} and Lorentz connections {wirreshr-Bg <
t < s,s > 0}. The underlying infinite-dimensional extension of the anti-de Sitter al-
gebra that determines the non-linear terms in the curvature for this gauging is called
hu(1|sp(2)[D — 1,2]) and has also been found as an extension of the conformal alge-
bra in D — 1 dimensions by Eastwood [BJ] in considering all possible symmetries of the
Laplace equation for a scalar field on RP~1. The details of this rather complicated algebra
need not concern us here, sufficed to say that its maximal finite-dimensional subalgebra is
so(D —1,2).

The precise form of the non-linear interaction terms involving all the component fields
also becomes very complicated. To simplify matters one can perform a linearised anal-
ysis around a fixed anti-de Sitter background. The gauge-invariant action for this free
theory can be written in a MacDowell-Mansouri form in terms of the linearised curva-
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“Bs and the fixed timelike vector only. More precisely, it is a sum of

ture for wﬁ‘l'“AsBl'

MacDowell-Mansouri type actions with relative coefficients fixed such that the only non-

trivial variations come from the gauge transformations of the fields €' and wﬁl"'asﬁ .

The gauge parameters for these fields are written % and £*1*# respectively (and can

be understood as generalisations of linearised diffeomorphisms and local Lorentz transfor-

mations). A generalisation of the “no torsion” constraint further implies that all wfjl'"asﬁ

at-o

o
maining £21%P symmetry can be used to gauge away the “hook” part of e ﬁal...as.u The

can be solved in terms of (first derivatives of) the fields e . Consequently, each re-
resulting action is then simply an infinite sum of Fronsdal actions [[[3] for all possible free
totally symmetric fields e(,q,...a,) 00 AdSp. Since e,,,**?"* = 0 then the symmetric parts
€(uai--as) Obey the double tracelessness constraint in 3.

Despite the fact that we have considered a flat rather than anti-de Sitter background,
it is still tempting to naively identify the components of the extended gauge field Az‘l'“o‘s
with the generalised vielbeins ej;'** in the Vasiliev theory. The similarity between these
fields does not seem to extended much beyond their index structure though. Even at this
level there are some subtle differences. In particular, gauge-invariance in the Vasiliev theory
requires the trace constraint e, ***"** = 0, which is not necessary in the extended theory.
As discussed in subsection [.3.9, this constraint seems to be related to unitarity in the
extended theory. We therefore do not exclude the possibility that a fully gauge-invariant
formulation of the extended theory could be related more closely to Vasiliev theory. We will
not investigate this possibility further here though since many of the spacetime geometrical
concepts in the Vasiliev theory (e.g. the generalised Lorentz connections) have no obvious
analogue from the gauge theory perspective.

At the level we have described it, it is not even clear whether the extended the-
ory contains gravity. Indeed naively setting all the component higher spin fields (and
gauge parameters) except the vielbein-like field Afj (and parameter €) to zero does not
reproduce the frame-like formulation of gravity (that one would obtain by doing this for
the Vasiliev theory). In particular, the only non-trivial parts of the gauge transforma-
tion (f27) and field strength (f2§) then become dAf = —0,e* + (85Ag)65 - (8560‘)A§
and Fjj, = 28@143‘} — Q(GQAE‘L)Af - This gauge transformation and field strength would
correspond to vielbein diffeomorphism and torsion tensor in the naive correspondence with
gravity. These quantities clearly do not have the form necessary for this correspondence
to be true'? (except maybe in the presence of additional constraints).

These differences should perhaps be expected since our description was considered as
an extension of Maxwell theory which, of course, has a local U(1) gauge symmetry and a
global Poincaré spacetime symmetry. The Vasiliev theory follows from a similar extension
but of gravity on AdSp with local SO(D —1,2) spacetime symmetry. Thus, just as Vasiliev
theory naturally contains anti-de Sitter gravity, we should expect that there exists some
consistent way to embed Maxwell theory in our extended formalism.

" That is, the piece of €ga; ..o, Which is not totally symmetric and so transforms in the (s, 1) representa-
tion of the local Lorentz group. This is simply the generalisation of the antisymmetric part of the vielbein
being removed by local Lorentz symmetry to give the graviton.

2For example, unlike the vielbein, the field A7 is not even required to be an invertible matrix.
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4.5 Abelian embedding

A similarity between Vasiliev’s formulation of higher spin gauge theory and the associative
limit of the extended theory can be seen in the way one embeds a simple abelian gauge
theory in the latter which just follows the unfolding procedure for the former. In particular,
notice that all the non-linear terms in ({.27) and (K.28]) vanish if we take the extended
gauge field flu and parameter ¢ to have components

Aual---as - 8041 e aasAu 5
€apas = Oy -+ Oa €. (4.32)

This result is proved in appendix [A] where it is found that operators with components of this
form generate an abelian subalgebra of the commutator algebra of differential operators
on RP. The constraint (32) relates all the higher spin components of flu and € to their
lowest order components A,, and e. These functions represent the Maxwell potential and
parameter used in the conventional description of abelian gauge theory on R”. The higher
spin s > 0 component gauge transformations ([.27) and field strengths (J£.28) are also not
independent since they just correspond to s > 0 derivatives of the s = 0 Maxwell gauge
transformation A, = —0d,e and field strength F),, = 20|,4,). In a similar manner, the
field equations ([.7) just reduce to the Maxwell equations 0" F),, = 0 upon imposing ({.33).
The field equations that follow from the gauge-invariant action (J£.29) upon imposing ([£.32)
however take the form (3 o2 ¢;[0%) O*F),,, = 0, where ¢, are constants and [J := 9,0". As
already observed for the non-linear theory, this equation is indeed less restrictive than
O"F,, = 0. In fact, equations of this less restrictive kind were also described for more
general free higher spin fields in [f].

The constraints ([.39) are a simple case of the more general principle of unfolding used
by Vasiliev (see e.g. [20]) to show how a higher spin theory with an infinite number of fields
can describe a finite number of physical degrees of freedom. A classic example is where
one has an infinite set of independent totally symmetric traceless tensors of increasing rank
{éu1..us|s = 0}. This set simply describes a massless free scalar field ¢ if supplemented
with the infinite set of constraints ¢q,..q, = Oa; -+ Oa,¢. It is clear that such constraints
relate all the higher spin fields to the scalar ¢. The dynamics of this scalar field are
encapsulated by the tracelessness of each ¢,,...,, when supplemented with the constraints.
In particular, the tracelessness of the constraint ¢,, = 9,0,¢ implies that ¢ satisfies the
massless Klein-Gordon equation (¢ = 0. This is similar to what we find for the embedding
described above. In particular, if A4, .., are traceless (for any pair of contracted indices),
then the first constraints in ([.39) are equivalent to the correct Maxwell equations [JA p=0
and 0"A,, = 0 (in Lorentz gauge). If €,,...o, are also traceless then the second constraints
in ({.39) imply Oe = 0 which gives the class of harmonic gauge transformations 6 A p = —0u€
under which the aforementioned (gauge-fixed) Maxwell equations are invariant.

4.5.1 Symplectic transformations and abelian embedding

The construction of the ansatz (i.32) relied on the existence of an abelian subalgebra of the
commutator algebra of differential operators on RP. The abelian subalgebra used in ([£.33)
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was the one given in appendix [Al A generalisation which leads to other (less restrictive)
ansatze can be derived as follows.

Recall that the Heisenberg algebra [2#, p,| = i}, in D-dimensions is invariant under the
linear action of the symplectic group Sp(D). This group consists of real 2D x2D matrices
M which obey M JM?! = .J, where

J= (_21) 1é?> , (4.33)

is the canonical symplectic form. When divided into Dx D blocks,

M= <: 2) (4.34)

where a, b, ¢ and d are real Dx D constant matrices which obey ab! = ba', cd' = dct and
ad® — bct = 1p. Block triangular symplectic matrices of the form (|.34) with ¢ = 0 form a
subgroup of Sp(D). The symplectic constraints for this subgroup are that ab® = (abt)! and
d® = a='. The fact that ab® is a symmetric DxD matrix for this subgroup implies that
a~'b is also symmetric.

Consider now the canonical position space representation of this Heisenberg algebra
(where #* and p, act as = and —i0, respectively on the basis vectors |z#) of the Hilbert
space). General operators in this representation thus correspond to functions A(z,d). If
we write the operators z# and 0¥ as a 2D-component column vector

X = (g) : (4.35)

then the symplectic group defined above has the simple matrix multiplication action X —
M X on this representation. In terms of the D-dimensional blocks, this translates to x —
ar + bd and 0 — cr + dd. A class of mutually commuting operators are those which are
diagonal with respect to the basis |z#). That is, functions H(x) := A(z,0) of z* only in
this representation. The subgroup of block triangular symplectic matrices defined above
map commuting operators to commuting operators. In particular, such triangular matrices
transform z — az + b0 and 9 — d0, so that the function H(z) is mapped to the function
H(ax+bd). All such functions H (ax + bd) are still mutually commuting. This fact can be
verified using the Taylor expansion

Haz +b0) = H(az) + (0, H(ax)) (™ b0)" + 3 (0,0, H(a))(a~ b0} (a~"b0)" + -+
_ i %(% B -@LSH(ax))(a_lb)myl . (a—lb)usvsayl 0y, (4.36)

w
Il
o

together with the fact that a~'b is symmetric (where (a~!b9)* = (a~'b)40"). Such com-
muting operators clearly correspond to a restricted class of functions on T*RP but are
more general than those found in appendix A] The discussion in appendix A] corresponds
to operators in (.36 with a = b= 1p.
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The natural generalisation of the embedding (}1.32) is therefore to impose

Aual"'as (.%') = (a_lb)alﬁl U (a_lb)asﬁs aﬁl U aﬁsAN(x) I
(@™ D)aypy -+~ (a7 b)ay5,0™ - 9% e(x), (4.37)

€a-as (T)

on all the s > 0 components, for any constant DxD matrices a and b satisfying a~'b =
(a~'b)! (hence a must also be invertible).!* Taking a = b in (f.37) reproduces the em-
bedding (£.33) whilst taking b = 0 in ({.37) gives the embedding proposed in [I] Since
operators with components of this form commute with each other then Maxwell theory
follows in the same way as was described in the previous subsection.

5. Comments and discussion

This section outlines how the theory described in section ff is related to several construc-
tions familiar in string theory. Various generalisations of the extended theory are also
discussed. We begin by showing how the associative limit of the extended theory is equiv-
alent to a gauge-invariant projection of a non-commutative gauge theory. We explain that
consideration of the theory in euclidean signature is important from the perspective of
fuzzy sphere solutions of Matrix theory. We suggest how a formulation in de Sitter space
could resolve the issues regarding non-unitarity in the lorentzian theory. We then discuss
how one might describe certain physical properties of the non-associative theory.

5.1 Relation to non-commutative gauge theory

We have observed that the gauge theory related to the non-associative space A (R”) is
naturally formulated on the deformed cotangent bundle A% (T*RP”). This extended gauge
theory was found to remain non-trivial in the associative limit in section f]. In this limit
there are D covariant derivatives Du =0, + A, (x,0). The structure of gauge fields here is
just as one finds for gauge theory on the 2D-dimensional non-commutative space T*RP (see
for example 3, [id]), where the non-commutativity parameter is given by the canonical
symplectic form on the cotangent bundle. One difference is that the non-commutative gauge
theory on T*RP has 2D covariant derivatives Dy = Oy + Ay (X) (where M =1,...,2D).
The 2D coordinates on T*RP are written XM = (z#,27) = (—id", —id") (where p,v =
1,...,Dand i =p+D = D+1,...,2D) and obey the algebra [X™ XV] = i@MN (where
only ©*” = —@"F = §* are non-vanishing). The discussion can be formally developed for
the lorentzian case by replacing 6*¥ with n*¥, but will be more subtle since there are then
two timelike directions.

A gauge field satisfying ﬁﬂ = 0 is given by (121,“ Ap) = (ay,—ix,). This configuration
has vanishing field strength [Dys, Dy] = 0 for any constant a,. It evidently solves the
field equations although for actions usually considered in non-commutative gauge theory
(e.g. [H]), which contain the square of a shifted field strength [Dar, D] + i©arn, such

"¥The s = 0 components must satisfy A, (z) = AJ,

¢'. For a given a, if one just defines A}, (z) := Au(a”'z) and €' (z) := e(a” ') then this constraint is simply

(ax) and €(x) = € (ax) for some auxiliary fields A;, and

an identity.
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solutions have infinite energy. General fluctuations around such a background in the non-
commutative theory would not preserve the ]jﬂ = 0 condition. Imposing this condition is
therefore a projection of the non-commutative theory. This projection is consistent with
the extended theory we have described in the sense that ﬁﬂ = 0 is gauge-invariant under
conjugation by a general element exp(e(x,d)). The non-vanishing component of the field
strength [ﬁ M ﬁN] for a gauge field with Ay = —ix, is precisely the field strength F, w (E9)
of the extended theory. The gauge-invariant action obtained in section [[.9 as an integral
over position and momentum space is related to the standard non-commutative Yang-Mills

action by the projection above.

5.2 Matrix theory realisations

Recall from subsection 4.3.2 that the gauge symmetry realised by the extended theory in
Minkowski spacetime is not sufficient to remove all negative norm states from the spectrum
(without additional constraints). This issue does not arise in euclidean R” where the theory
defines a statistical mechanical model of fields transforming in higher spin representations
of SO(D). A time direction can be added to this theory to obtain a non-relativistic system
in D + 1 dimensions with spatial SO(D) invariance. One can then consider a sphere §P~1
embedded in the euclidean subspace R”. This construction is natural in the context of
fuzzy spheres which give rise [[[J,[] to the class of non-associative algebras we started the
paper with. These fuzzy sphere constructions follow as solutions to 0-brane actions (which
initially contain a time direction) as used in the BFSS Matrix theory conjecture [£2]. The
fuzzy spherical worldvolume emerges from matrix degrees of freedom associated with the
spatial directions of the spacetime only. The fuzzy R considered above is to be understood
as the euclidean embedding space of these fuzzy spheres.

The non-associative lorentzian theory could also arise from a Matrix theory construc-
tion where the matrix components are associated with a lorentzian subspace of the physical
spacetime. For example, one could attempt to follow the fuzzy sphere construction to ob-
tain a fuzzy de Sitter space from the IKKT Matrix model [i3]. In fact, such a formulation
could potentially restore full gauge-invariance in the associative limit of the lorentzian
theory. The reason is because one classifies positive energy states in dSp locally'* via
unitary irreducible representations of SO(D, 1) (rather than of SO(D — 1,1) in Minkowski
space). This means that one cannot always describe higher spin field theories on flat and
curved spacetimes in terms of the same number of degrees of freedom [B7]. In particular,
for massless theories, gauge symmetry often requires one to introduce compensator fields
which are coupled to the fundamental higher spin field in curved space and become de-
coupled only in the flat space limit.!> Of course, for massive theories, gauge symmetry

1Of course, globally, de Sitter space is not causally complete and so this analysis is restricted to a given
causal patch.

5For example, in [@} it was found that the gauge-invariant formulation of a massless “hook” field (in
the (2, 1) representation of the local Lorentz group) in anti-de Sitter space requires an additional “graviton-
like” compensator field (in the (2) representation of the local Lorentz group). The hook and graviton-like
fields are only decoupled in flat space where a fully gauge-invariant description of each massless free field is
possible.
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implies that the compensator fields must not decouple in flat space [BS, B9. In a similar
manner, it is conceivable that the gauge symmetries broken by interaction terms in the
extended theory could be restored via compensator fields introduced following a de Sitter
space reformulation. It is possible that such a reformulation could have interacting “par-
tially massless” phases, of the kind discovered by Deser and Waldron [Bf] for free higher
spin bosonic theories in de Sitter space, which are unitary despite only realising a reduced
gauge syminetry.

5.3 On the non-associative theory

Deviation from the precise Yang-Mills type structure in the non-associative theory on
A% (T*RP) makes the physical properties of the associative theory on T*RP found in sec-
tion Wl rather difficult to generalise. The appropriate generalisation of the associative equa-
tion of motion (7)) is

D' F,, =0. (5.1)

This certainly gauge transforms covariantly (in the non-associative sense defined in sec-
tion f) and also reduces to (JL.7) in the associative limit. The precise structure of the
gauge-invariant action and abelian embedding for the non-associative theory is less clear
though.

5.3.1 Non-associative trace

Recall that the construction of a gauge-invariant action for the associative theory relied
on the existence of a well-defined symmetric trace. An example of such a map was given
in terms of a basis of integrable Wigner functions. We see no obvious obstruction to
generalising this to the non-associative case. The explicit construction requires a choice
of function that is an appropriate non-associative generalisation of the harmonic oscillator
hamiltonian (—O + 22)/2 used in subsection [£2.1 The simplest “hamiltonian” function
on A* (T*RP) which reduces to this form in the associative limit is

1
577“” (=040 + ) - (5.2)

One must then construct a basis of eigenfunctions of this operator on A% (RP). The ground-
state of the associative hamiltonian is simply 1 (z) = exp (—2?/2) (with eigenvalue D/2).
It is not clear whether the operator (p.2) is also bounded below but a reasonable guess for

the corresponding non-associative state would be a “gaussian” of the form

S

¢0(-75) — Z (_1)

25!
s=0

B2 p2s—1 2
x s M o NMuos—1p2s - (5'3)

Of course, this reduces correctly in the associative limit but is not an eigenfunction of (f.2)
due to non-associative corrections. In particular, one can show that

1

— 200" o() = J (1) 2 o) — g(m) 5wl (2), (5.4
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where the functions f(n) =1—(n—1)/4n3+--- and g(n) = 14+ 1/n+-- - are constants on
A% (RP) which both equal unity in the associative limit (the dots indicate higher powers in
the 1/n expansion). The function (p.3) is therefore an exact eigenfunction of the modified
hamiltonian (—9,0" + g(n)zl;)/2 with eigenvalue f(n)D/2. It is likely that there exist
1/n-dependent modifications of the coefficients in (f.J) that make it an exact eigenfunction
of (5.3). In this manner we expect the non-associative eigenvalue problem can be solved
and the corresponding Wigner functions constructed. Of course, it may be that one has a
much larger class of integrable functions than such Wigner functions on the fuzzy space.

5.3.2 Non-associative unfolding

Recall that one of the motivations for the extended theory was the impossibility of a naive
formulation of abelian gauge theory on A% (R¥?). A more sophisticated method might be
to consider the embedding ({.37) for the non-associative extended theory. Unfortunately,
non-associative operators of this form no longer commute and the constraints ([.37) are
not well-defined under gauge transformations. All we can say is that, fundamentally, any
consistent embedding must allow all the higher spin components Ajj*""*s to be solved for
in terms of a single component ®, in a gauge-invariant way.

6. Summary and outlook

We analysed gauge theory on a class of fuzzy spaces which correspond to particular non-
associative deformations A*(RP) of flat spacetime R”. Gauge theory on A% (RP) is most
naturally formulated in terms of the non-associative deformation A*(T*RP”) of the cotan-
gent bundle of R”. We have extended the discussion in M to give explicit formulas
for global gauge transformations and field strengths appropriate to describe this non-
associative gauge theory. The theory we considered remains non-trivial in the associative
limit and can be interpreted as an interacting theory involving an infinite number of higher
spin fields on R”. We have examined the physical properties of this limit of the theory in
some detail.

In principle, the non-associative deformation we defined can be considered for any
(pseudo-)Riemannian manifold M. This would proceed by deforming the realisation of
such geometries as algebraic curves in flat spaces of suitably large dimension. For euclidean
signature spherical spaces, we explained that the non-associative gauge theory can be
related to constructions in Matrix theory via fuzzy spheres. The associative limit of the
gauge theory on Minkowski space encounters subtleties related to removing all negative
norm states from the spectrum by gauge-fixing. We discussed these subtleties and proposed
possible solutions. Gauge theory constructions on fuzzy de Sitter geometries from Matrix
theory could help resolve such issues.

The extension of fields from functions on M to functions on T*M also arises in Hull’s
discussion of W-gravity [i4]. This suggests that the related W-geometries may allow non-
associative deformations. The physical interpretation of the non-associativity parameter in
that context is an interesting question. A cotangent bundle construction for gauge theory
on non-associative spaces has also been used in [[5], albeit for somewhat different reasons

,29,



and for a different class of non-associative algebras. Other descriptions of non-associative
gauge theories have been considered in [16]-[t§] and [£9] though the detailed relation to
the formalism we develop here is not yet clear. It may be interesting to explore possible
relations between the approach based on loop bundles in [£7-[[9] and the approach based
on T*M of this paper. A different type of non-associative generalisation where the gauge
group, rather than spacetime, is made non-associative is explored in [p0].

The number of higher spin fields required to describe interactions can be related to the
non-associativity parameter n of A*(RP”). This is because, in the Matrix theory origin of
these algebras, n is related to the size of matrices [f]]. All our considerations in the present
paper (starting from the validity of the derivation property of 9,,) have assumed the infinite
number of higher spin fields to be independent of the deformation parameter n. However,
a more careful treatment of the Matrix theory example could allow the construction of a
gauge-invariant interacting theory with finitely many higher spin fields.
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A. E

In terms of E and F (R.3) (whose explicit form are given in appendix [Bland [fl}), the operator
E(A, B) (B) is given by

RSP =1

E(A’B) = Z [E(A’“ Hr Byl Vs) am"'a,u aul"'aus+

Ig!
r,s—O s

+ Z <Z> {Bylmys * (8111 T 8VkAMmM)_
k=1
—F(BYY5 (B, -+ Dy AP Y %D, -
_ Z <Z> {Aﬂl“'ﬂr * (81“ . aMkByl---ys)_
k=1
—F(AH Oy -+ O B )} % O

He+1 "

DOy Oy —

OOy - 0y.] - (A1)

This expression for E(A, E’) can be arranged in a derivative expansion of the form

E(4, B) :isl BRHs (A, B)) (@) * By -+ (A2)
s=0
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where the coefficients E#1#s(A, B) are functions on A*(R”). The s = 0 term in this

expansion is

A A~

o0

A 1

E(A,B)=)_ = (B Oy O, A) = A (O 0, B)). (A.3)
s=1""

Unlike in (R.4), this zeroth order term is generally non-vanishing. Notice also that it does

not depend on E nor F and so does not vanish in the associative limit. The s = 1 coefficient

function in (A.2) is

L 1
E*(A,B)=FE"(A,B) + Z = {FHAYs (D, ---0,.B)) — FM(B"""* (d,, ---9,,A))} +

s=1""

G 1 ViV, ViV,
Y GBI @y D A) = AP (D, 0, B} +
s=1

.- 1 vy, ViU
+Zg{31 Sk (O - Oy, AF) — AV 5 (0, -+ - 0, BM)} . (A.4)
s=1

The operator E(A, B) is still non-trivial in the n — oo limit since it reduces to the com-
mutator [E , 121] The derivative expansion for this commutator can be read off from (}A.1))
after taking E,F — 0 in the associative limit. In this limit the coefficient functions in (|A.2)
are given by

Embs (A B) = <8> Z 1 {(31/1 2 8y, AWty Bl ps ) v
—(Dyy -+ ayrB(Nl'“Nk)AMk-H"'Ms)VlmVT} . (A5)

where bracketed indices are to by symmetrised with weight 1.

The coefficients ([A.H) generally do not vanish for any s. This statement implies that
the commutator algebra of differential operators on R” is non-abelian. Notice though that
the sum on the right hand side of ([A.§) has a symmetry under & — s — k. Therefore this
commutator algebra has an abelian subalgebra generated by operators H (of the form (1))
whose components satisfy

Hy g =0u, -+ Ou,H , (A.6)

for all s (indices have been lowered using the flat metric 7,,). Indeed (A.5) implies that
[A, B] = 0 for any operators A and B whose coefficient functions both take the form (B-q).
The commutator algebra of differential operators on R is infinite-dimensional. Indeed
an operator of the form (f.1) has an infinite number of linearly independent component
functions. The constraint ([A.6]) relates all these component fields to the zeroth order scalar
function in the expansion of the operator. Consequently the abelian subalgebra defined
above is one-dimensional.
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B. Eand F

As found in [f], the *-product discussed in section f| can be written in terms of the deriva-
tions d,, given in (B1). Writing the product in this way allows computation of its action
on more general functions. For two sets of integers S and T, the x-product rule for basis
elements of A% (RP) can be written

1 n!
(S) (T) _ - e (SUT\UUV)
) et = Z 20T (= ‘U’)!GM(UU‘/).%'M , (B.1)
UcS,vVcT
where z#(5) := gh1#s (the number of elements in S is written |S| = s) and Ou(s) =

Ou, -+ Ou, - One can check that the derivations J,, indeed obey the Leibnitz rule when acting
on (B)). The map mj : A% (RP) ® A%(RP) — A%(RP) is defined such that mj(z*5) @

:c“(T)) = 29 5 ¢#T)  One can also define a concatenation product map m$§ such that
m§ () @ 2HT)) = gSUT) - We can write m} in terms of m§ using the derivations
such that
=1 (n
mg:mgzﬁ<k>am--.auk@@aﬂl---aﬂk. (B.2)
k=0

This equation is of the form

my = ms f (0, ® 0"), (B.3)

where the function
fl) = (1+ i)". (B.4)
n2

With this expression, f~! is easy to write down and expand. This allows us to recover the
inverse formula expressing m§ = m3(f~1(9, ® ")), which agrees with (and proves) the
formula in appendix 1 of []. It should be noted that 8, is also a derivation with respect
to a more general product than mj that can be written in terms of m§ as above but for
any function f(d, ® 0*). If one considers a function which also depends on the degree
operator acting on the polynomials in x* then one obtains deformed derivations such as
those which follow from the product ms in [l. The remaining formulae are therefore also
valid for more general products expressed as in (B.3) but for any f that is a function of
Oy ® O only.

Using the fact that the concatenation product is associative now enables us to give
expressions for the associativity operators E and F (B-3) in terms of the function f. Let us
begin by defining a map A from the space of multiple derivatives of A% (RP) to the tensor
product of two copies of this space. That is

Aus) = D duw) © 0uv) (B.5)
Uvuv=s

Consequently, we can write 9,,(gym3 = m3A(8,,(s)) when acting on A, (R”) @ A% (RP). The
same equation also holds when we replace m3 with m$, since 0, also obeys the Leibnitz

rule with respect to m§.
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Now consider the product A * (B * C) for any three functions on A% (RP),
Ax (B*xC) =m5(1@m3)(A® B® ()
=m5f(0,®0")(1®@ms)f(1®0d, ®0")(A® B®C)
=m5(1ams)(1®A)f(0,®@0")f(1®0, ®0") (Ao B®C), (B.6)
which can be rearranged using associativity of m§ to give
=m3f (0 © 0")(m; @ 1) 78, ® 8) (1 © A)f(8,®0”))f(1© 0, ® 97)(A® B C)
= my(m3; @ (A @ 1) 10, ® ") (9 @ ")(1® A)f(9, ® ) x
Xf1l®d,®d") (A B®C). (B.7)
This manipulation has expressed the product A % (B * C) in terms of a sum of products
involving derivatives of the functions A, B and C (where the x-multiplication of the first

two entries is done first and so is similar in structure to (A * B) % C'). Thus the F operator
in (£.J) can be read off from

F(4,B)C = m3(m; @ D1 = (A 1)f (0, ® 0") (9, ® ") x
X(1@A)f(0,20°)f(1®0,0%)|(A®B®C), (B.8)
in terms of derivatives acting on C' (as in (R.4)). The analogous derivative expansion of
the E operator immediately follows, since E(A4, B) = F(A, B) — F(B, A).
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