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Abstract
We construct the fermionic sector and supersymmetry transformation rules of
a variant N = (1, 1) supergravity theory obtained by generalized Kaluza–
Klein reduction from seven dimensions. We show that this model admits
both (Minkowski)4 × S2 and (Minkowski)3 × S3 supersymmetric vacua. We
perform a consistent Kaluza–Klein reduction on S2 and obtain D = 4,N = 2
supergravity coupled to a vector multiplet, which can be consistently truncated
to give rise to D = 4,N = 1 supergravity with a chiral multiplet.

PACS numbers: 04.65.+e, 11.30.Pb, 11.25.Mj

1. Introduction

The notion of higher dimensional theories and their Kaluza–Klein compactifications have
played a central role in many modern approaches to unification, and especially M-theory. In
such models, it is essential on phenomenological grounds that the resulting lower dimensional
theory yields a realistic spectrum of chiral fermions as well as correct strength couplings and
a small (or vanishing) cosmological constant. Thus while spheres appear to be natural and
simple candidates for an internal space, they are often rejected as they would typically give
rise to a lower dimensional theory with a large cosmological constant (directly related to the
curvature of the sphere).

However, a rare example of a sphere reduction admitting a flat Minkowski spacetime
has been known for a while. This is the Salam–Sezgin model [1], which is essentially
gauged N = (1, 0) supergravity in six dimensions admitting a (Minkowski)4 × S2 vacuum.
This model has the added feature that the vanishing of the cosmological constant in four
dimensions typically arises naturally on the basis of an interplay between the six-dimensional
potential and the U(1) monopole flux on the S2. This self-tuning mechanism has been
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highlighted recently in [2, 3] where it was noted that the four-dimensional cosmological
constant is protected against large contributions in a Salam–Sezgin braneworld scenario,
even after supersymmetry breaking on the branes. (Note, however, that this self-tuning
presupposes the existence of a (Minkowski)4 vacuum to start with [4].) The S2 reduction of
the Salam–Sezgin model was recently examined in [5], and its lower dimensional spectrum was
analysed.

Recently a variant N = (1, 1) supergravity in D = 6 was obtained from generalized
Kaluza–Klein reduction; as in the Salam–Sezgin model, this theory also admits a
(Minkowski)4 × S2 vacuum solution [6]. Unlike the Salam–Sezgin model, however, the
variant N = (1, 1) supergravity includes vector fields in the gravity multiplet itself. In this
case, the turning on of a six-dimensional potential is related to mass generation for one of the
graviphotons. The bosonic equations of motion for this model were obtained in [6], where it
was further argued that the model is indeed supersymmetric. In this paper, we complete the
reduction of [6] and prove its supersymmetry by obtaining a complete set of supersymmetry
transformation rules via Kaluza–Klein reduction of the original D = 7 theory.

After obtaining the complete supersymmetry transformations of the variant N = (1, 1)

theory, we investigate some of its spontaneous compactifications. As in the N = (1, 0) model,
we find that it can also be consistently reduced on a 2-sphere to give rise to four-dimensional
N = 2 supergravity coupled to a single vector multiplet. This can be further truncated to yield
N = 1 supergravity coupled to a chiral multiplet. We further demonstrate that, in contrast to
the N = (1, 0) theory, this model also admits a supersymmetric (Minkowski)3 × S3 vacuum.

We begin in section 2 by investigating the fermionic sector of the D = 7 to D = 6
reduction. After constructing the fermionic reduction ansatz, we provide the complete
supersymmetry transformations of the variant N = (1, 1) supergravity. In section 3, we
examine the reduction to (Minkowski)4 × S2. Since the resulting theory is simply N = 2
supergravity coupled to a vector, it naturally admits supersymmetric dyonic black-hole
solutions. The black hole and its elevation back to six dimensions is given in section 4.
Finally, the (Minkowski)3 × S3 vacuum is investigated in section 5, and we end with a
discussion on four-dimensional chirality in section 6.

2. Supersymmetry of the generalized reduction

The bosonic field content of half-maximum supergravity in seven dimensions comprises a
metric ĝMN , a scalar φ̂, an antisymmetric tensor B̂(2) and three vectors Âa

(1). The Lagrangian
in the bosonic sector is [7, 8]

L̂ = R̂∗̂11 − 1
2 ∗̂ dφ̂ ∧ dφ̂ − 1

2 e
4√
10

φ̂ ∗̂Ĥ (3) ∧ Ĥ (3) − 1
2 e

2√
10

φ̂ ∗̂F̂ a
(2) ∧ F̂ a

(2), (2.1)

where F̂ a
(2) = dÂa

(1) and Ĥ (3) = dB̂(2) − 1
2 F̂ a

(2) ∧ Âa
(1).

2.1. The supersymmetry transformations

The fermionic sector consists of a pair of symplectic-Majorana gravitinos ψ̂Mi as well as
a pair of dilatinos λ̂i , where i = 1, 2 is an Sp(1) index. The three vectors form a triplet
under Sp(1), and may equivalently be written as Â(1)i

j = Âa
(1)(−τ a)i

j where τ a are the
usual Pauli matrices. In this form, the supersymmetry transformations on the fermions are
given by
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δψ̂Mi =
[
∇̂M − 1

60

(
γ̂M

NPQ − 9

2
δN
Mγ̂ PQ

)
e

1
2 âφ̂Ĥ NPQ

]
ε̂i

+
i

20
√

2

(
γ̂M

NP − 8δN
Mγ̂ P

)
e

1
4 âφ̂ F̂ NP i

j ε̂j , (2.2)

δλ̂i =
[
− 1

2
√

2
γ̂ M∂Mφ̂ +

1

12
√

5
e

1
2 âφ̂ĤMNP γ̂ MNP

]
ε̂i − i

4
√

10
e

1
4 âφ̂ F̂ MNi

j γ̂ MN ε̂j ,

where â = 4/
√

10.
In addition, the transformations on the bosonic fields have the form

δφ̂ = − 1

2
√

2
¯̂εi λ̂i ,

δĝMN = 1

2
¯̂εi γ̂(Mψ̂N)i,

(2.3)

δÂMi
j = i√

2
e− 1

4 âφ̂

(
¯̂ψj

M − 1√
5

¯̂λj γ̂M

)
ε̂i ,

δB̂MN = −1

2
Â[Mi

j δÂN]j
i − 1

2
e− 1

2 âφ̂

(
¯̂ψi

[Mγ̂N] − 1√
5

¯̂λiγ̂MN

)
ε̂i ,

where in the transformation for ÂMi
j , the Sp(1) indices i and j are to be taken in the triplet

combination. In particular, this may be enforced by the projection
(
δi ′
i δ

j

j ′ − 1
2δ

j

i δ
i ′
j ′
)

which

removes the trace. Note that the transformation for δB̂MN is given in a dualized form compared
to that of [7].

The above fermionic (2.2) and bosonic (2.3) supersymmetries are normalized according
to

[δ1, δ2]	̂ = 1
4 ξ̂M∂M	̂ + (local Lorentz) + (general coordinate) + (gauge), (2.4)

where ξ̂M = ¯̂εi
2γ̂

M ε̂1i . Furthermore, when working with the fermions, it is often convenient
to make use of the Majorana flip conditions

¯̂χiγM1M2···Mn
ψ̂i = (−)n ¯̂ψiγMnMn−1···M1

χ̂i ,
(2.5)

¯̂χjγM1M2···Mn
ψ̂i = (−)n+1 ¯̂ψjγMnMn−1···M1

χ̂i ,

for the singlet and triplet combinations, respectively.

2.2. The bosonic reduction ansatz

As demonstrated in [6], the generalized S1 reduction ansatz is given on the bosonic fields by

dŝ2
7 = e2m2z

(
e2αϕ ds2

6 + e2βϕ(dz + A(1))
2
)
,

B̂(2) = e2(m2−m1)z(B(2) + B(1) ∧ dz),
(2.6)

Âa
(1) = e(m2−m1)z

(
Aa

(1) + �a dz
)
,

φ̂ = φ +
√

10m1z,

where α2 = 1
40 and β = −4α. The resulting reduction yields the six-dimensional fields(

gµν,A(1), A
a
(1), B(2), φ1

)
and (B(1), φ2,�

a) corresponding to the bosonic content of N =
(1, 1) supergravity coupled to a vector multiplet. Note that the Sp(1) singlet graviphoton and
the matter vector are in actuality given by linear combinations of A(1) and B(1). However, the
scalars φ1 and φ2, given by the rotated combinations

φ1 = 2√
5
φ − 1√

5
ϕ, φ2 = 1√

5
φ + 2√

5
ϕ, (2.7)

are diagonal between multiplets.
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2.3. The fermionic reduction

Working out the fermion reduction is straightforward, although somewhat tedious. Since
the resulting D = 6 theory contains a vector multiplet in addition to the pure supergravity
multiplet, the D = 7 fermions ψ̂Mi and λ̂i must reduce to yield a D = 6 gravitino and dilatino
(ψµi, λi) as well as a gaugino χi . The reduction from seven to six dimensions is facilitated by

the fact that the D = 7 symplectic-Majorana condition ¯̂ψi = −εij ψ̂T
j Ĉ continues to apply in

D = 6, yielding a trivial reduction on the spinors.
Examination of the supersymmetry transformations on the fermions, (2.2), indicates that

the proper fermionic reduction is given by

ε̂i = e
1
2 m2z e

1
2 αϕεi,

λ̂i = 1√
5

e− 1
2 m2z e− 1

2 αϕ(χi + 2λi),
(2.8)

ψ̂zi = 2
5 e

1
2 m2z e(β− 1

2 α)ϕγ7(2χi − λi),

ψ̂µi = e
1
2 m2z e

1
2 αϕ

[
ψµi +

(
2
5 e(β−α)ϕAµγ7 − 1

10γµ

)
(2χi − λi)

]
.

In this case, the resulting D = 6 fermions have supersymmetry transformations

δψµi =
[
∇µ − 5

8
m2γµγ νAν − 1

48
e

1√
2
φ1

(
γµ

νρσ − 3δν
µγ ρσ

)
Hνρσ +

5

8
m2 e

1√
2
φ2− 1

2
√

2
φ1γµγ7

− 1

32
e

1
2
√

2
φ1

(
γµ

νρ − 6δν
µγ ρ

)
γ7

(
e

1√
2
φ2Hνρ + e− 1√

2
φ2Fνρ

)]
εi

+

[
− i

2
√

2
e

1√
2
φ2γ7Qµi

j +
i

16
√

2
e

1
2
√

2
φ1

(
γµ

νρ − 6δν
µγ ρ

)
Fνρi

j

]
εj ,

δλi =
[
− 1

2
√

2
γ µ∂µφ1 +

1

4
(4m1 + m2)Aµγ µ +

1

24
e

1√
2
φ1Hµνργ

µνρ

+
1

16
e

1
2
√

2
φ1γ µνγ7

(
e

1√
2
φ2Hµν + e− 1√

2
φ2Fµν

)
(2.9)

− 1

4
(4m1 + m2) e

1√
2
φ2− 1

2
√

2
φ1γ7

]
εi − i

8
√

2
e

1
2
√

2
φ1γ µνFµνi

j εj ,

δχi =
[
− 1

2
√

2
γ µ∂µφ2 +

1

2
(m1 − m2)Aµγ µ − 1

2
(m1 − m2) e

1√
2
φ2− 1

2
√

2
φ1γ7

− 1

8
e

1
2
√

2
φ1γ µνγ7

(−e
1√
2
φ2Hµν + e− 1√

2
φ2Fµν

)]
εi − i

2
√

2
e

1√
2
φ2γ µγ7Qµi

j εj .

Here the D = 6 field strengths are given by

H(3) = dB(2) − 1
2Fa

(2) ∧ Aa
(1) − dB(1) ∧ A(1) − 2(m2 − m1)B(2) ∧ A(1) + 1

2�aFa
(2) ∧ A(1),

H(2) = dB(1) − 1
2�aFa

(2) + 1
2Qa

(1) ∧ Aa
(1) − 1

2�aQa
(1) ∧ A(1) + 2(m2 − m1)B(2),

(2.10)
Fa

(2) = dAa
(1) − d�a ∧ A(1) + (m2 − m1)A

a
(1) ∧ A(1),

Qa
(1) = d�a − (m2 − m1)A

a
(1),

with Q(1)i
j = Qa

(1)(−τ a)ij , etc.
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The gravitino transformation in (2.9) demonstrates that the Sp(1) singlet graviphoton
arises as a linear combination of Hµν and Fµν . Note, further, that these transformations
reduce to those of ordinary ungauged N = (1, 1) supergravity coupled to a vector multiplet
in the limit of vanishing m1 and m2.

2.4. Generalized supersymmetry in six dimensions

Given the bosonic (2.6) and fermionic (2.8) reductions, it is now a matter of substituting these
expressions into (2.3) to obtain the D = 6 bosonic transformations. We find

δφ1 = − 1

2
√

2
ε̄iλi,

δφ2 = − 1

2
√

2
ε̄iχi,

δgµν = 1

2
ε̄iγ(µψν)i ,

δAµ = 1

4
e− 1

2
√

2
φ1+ 1√

2
φ2

[
ε̄iγ7

(
ψµi +

1

2
γµλi

)
+ ε̄iγµγ7χi

]
,

δAµi
j = −�i

j δAµ − i√
2

e− 1
2
√

2
φ1 ε̄j

(
ψµi +

1

2
γµλi

)
, (2.11)

δ�i
j = − i√

2
e− 1√

2
φ2 χ̄ j γ7εi,

δBµ = 1

4
�i

j
(
δAµj

i + �j
iδAµ

) − 1

4
Aµi

j δ�j
i

+
1

4
e− 1

2
√

2
φ1− 1√

2
φ2

[
ε̄iγ7

(
ψµi +

1

2
γµλi

)
− ε̄iγµγ7χi

]
,

δBµν = −1

2
A[µi

j�j
iδAν] − 2B[µδAν] − 1

2
A[µi

j δAν]j
i − 1

2
e− 1√

2
φ1 ε̄i

(
γ[µψν]i +

1

2
γµνλi

)
.

This result, combined with (2.9), yields the complete (lowest order) supersymmetry
transformations of the variant N = (1, 1) supergravity coupled to a vector multiplet. Note that
in obtaining (2.9) and (2.11), it was crucial that the ansatz (2.8) allowed a consistent reduction
from seven to six dimensions, in which the dependence on the z coordinate cancelled in the
seven-dimensional transformation rules. This guarantees that the resulting six-dimensional
supersymmetry transformations are symmetries of the six-dimensional variant supergravity.

As noted in [6], the vector multiplet may be truncated away by setting m1 = m2 as
well as

φ2 = 0, �i
j = 0, Bµ = Aµ = 1√

2
Aµ, χi = 0. (2.12)

In this case, the D = 6 field strengths of (2.10) simplify to

H(3) = dB(2) − 1
2Fa

(2) ∧ Aa
(1) − 1

2F(2) ∧ A(1), F(2) = dA(1), F a
(2) = dAa

(1). (2.13)

The resulting six-dimensional theory has field content
(
gµν, Aµ,Aa

µ, Bµν, φ1, ψµi, λi

)
and

supersymmetry transformations



3292 J Kerimo et al

δψµi =
[
∇µ − 5

8
√

2
mγµγ νAν − 1

48
e

1√
2
φ1

(
γµ

νρσ − 3δν
µγ ρσ

)
Hνρσ

− 1

16
√

2
e

1
2
√

2
φ1

(
γµ

νρ − 6δν
µγ ρ

)
γ7Fνρ +

5

8
m e− 1

2
√

2
φ1γµγ7

]
εi

+
i

16
√

2
e

1
2
√

2
φ1

(
γµ

νρ − 6δν
µγ ρ

)
Fνρi

j εj ,

δλi =
[
− 1

2
√

2
γ µ∂µφ1 +

5

4
√

2
mAµγ µ +

1

24
e

1√
2
φ1Hµνργ

µνρ

+
1

8
√

2
e

1
2
√

2
φ1γ µνγ7Fµν − 5

4
m e− 1

2
√

2
φ1γ7

]
εi − i

8
√

2
e

1
2
√

2
φ1γ µνFµνi

j εj ,

(2.14)
δφ1 = − 1

2
√

2
ε̄iλi,

δgµν = 1

2
ε̄iγ(µψν)i ,

δAµ = 1

2
√

2
e− 1

2
√

2
φ1 ε̄iγ7

(
ψµi +

1

2
γµλi

)
,

δAµi
j = − i√

2
e− 1

2
√

2
φ1 ε̄j

(
ψµi +

1

2
γµλi

)
,

δBµν = −A[µδAν] − 1

2
A[µi

j δAν]j
i − 1

2
e− 1√

2
φ1 ε̄i

(
γ[µψν]i +

1

2
γµνλi

)
.

These transformations reduce to those of [9] when m → 0.
On the other hand, for m �= 0, the generalized reduction yields additional terms in δψµi

and δλi . Furthermore, these m-dependent terms do not have the usual structure for a gauged
supergravity. In particular, the gauge potential A(1) does not appear in δψµi as a minimal
coupling term Dµ = ∇µ + igAµ to a charged spinor, yet shows up as a bare potential term in
δλi . This is consistent with A(1) showing up as well in the bosonic equations of motion [6].
For this reason, it is natural to suspect that the local supersymmetry algebra satisfied by this
theory is necessarily modified. To see this, we may examine, e.g., the double variation on φ1.
We find

[δ1, δ2]φ1 = 1
4ξµ∂µφ1 − 5

4
√

2
m

(
1√
2
ξµAµ − e− 1

2
√

2
φ1

(
ε̄i

2γ7ε1i

))
, (2.15)

where ξµ = ε̄i
2γ

µε1i . The additional terms vanish when m = 0.

2.5. String frame formalism

Some of the aspects of this theory become simpler to discuss in the string frame. The relation
between the quantities in the Einstein frame and string frame is given by

gµν = e−φg̃µν, F a
(2) = F̃ a

(2), B(2) = B̃(2), dφ + 5
2
√

2
mA(1) = B̃(1),

F(2) = F̃(2), φ1 = −
√

2φ, ε = e− 1
4 φε̃, λ = e

1
4 φλ̃, ψµ = e− 1

4 φψ̃µ,

(2.16)

where the tilded variables are those in the string frame. The bosonic equations of motion are
then given by
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∇̃σ H̃ µνσ = 2H̃µνσ B̃σ − 5√
2
mF̃µν,

∇̃νF̃ µν = 2F̃ µνB̃
ν + 1

2 H̃µνσ F̃ νσ ,

∇̃νF̃ a
µν = 2F̃ a

µνB̃
ν + 1

2 H̃µνσ F̃ aνσ , (2.17)

∇̃µB̃µ = 2B̃2
(1) − 1

12 H̃ 2
(3) − 1

8

(
F̃ 2

(2) +
(
F̃ a

(2)

)2)
+ 25

2 m2,

R̃µν = −∇̃µB̃ν − ∇̃νB̃µ + 1
4 H̃µσρH̃ ν

σρ + 1
2

(
F̃ µρF̃ ν

ρ + F̃ a
µρF̃

aρ
ν

)
.

Thus we see that the dilaton φ1 is eliminated by the gauge field A(1) to give rise to a massive
vector B̃(1) field. The supersymmetric transformation rules for the fermions are given by

δλ̃i =
[

1

2
B̃µγ̃ µ +

1

24
H̃µνργ̃

µνρ +
1

8
√

2
γ̃ µνγ7F̃ µν − 5

4
mγ7

]
ε̃i − i

8
√

2
γ̃ µνF̃ µνi

j ε̃j ,

δψ̃µi =
[
∇̃µ − 1

4
B̃ν γ̃µγ̃ ν − 1

48

(
γ̃µ

νρσ − 3δν
µγ̃ ρσ

)
H̃ νρσ +

5

8
mγ̃µγ7 (2.18)

− 1

16
√

2

(
γ̃µ

νρ − 6δν
µγ̃ ρ

)
γ7F̃ νρ

]
ε̃i +

i

16
√

2

(
γ̃µ

νρ − 6δν
µγ̃ ρ

)
F̃ νρi

j ε̃j .

It is of interest to note that the supersymmetric transformation rule for the shifted gravitino,˜̃ψµ = ψ̃µ + 1
2 γ̃µλ̃, given by

δ ˜̃ψµi =
[
∇̃µ +

1

8
H̃µνργ̃

νρ +
1

2
√

2
γ̃ νγ7F̃ µν

]
ε̃i − i

2
√

2
γ̃ ν F̃ µνi

j ε̃j , (2.19)

does not depend on m.

3. The (Minkowski)4 × S2 reduction

The D = 6 theory obtained in [6] does not admit a Lagrangian formulation since the bare
potential A(1) appears directly in the equations of motion. This is also apparent from the
supersymmetry variations obtained in the previous section. However, for field configurations
with vanishing A(1), the resulting bosonic equations of motion may be obtained from the
Lagrangian

L = R̂∗̂11 − 1
4 ∗̂ dφ̂ ∧ dφ̂ − 1

2 eφ̂ ∗̂Ĥ (3) ∧ Ĥ (3) − 1
2 e

1
2 φ̂ ∗̂F̂ a

(2) ∧ F̂ a
(2) − 8g2 e− 1

2 φ̂ ∗̂11. (3.1)

We have now introduced carets to denote six-dimensional fields, in anticipation of a subsequent
reduction to four dimensions. Furthermore, we have defined φ̂ = √

2φ1 to simplify the
subsequent expressions and have defined 5m = 2

√
2g.

Curiously, this bosonic Lagrangian is identical to that of the Salam–Sezgin model, with the
exception that there are three vector fields instead of one. As a result, this model clearly admits
a bosonic M4 × S2 reduction, where M4 denotes four-dimensional Minkowski spacetime. On
the other hand, the supersymmetry of the reduction must still be verified, as the supersymmetry
transformations of the variant N = (1, 1) theory differ from that of the gauged N = (1, 0)

model.
In order to investigate the supersymmetry, it is useful to rewrite the six-dimensional

symplectic-Majorana spinors using Dirac notation. A symplectic-Majorana spinor satisfies
the reality condition (ψ̂ i)

∗ = −εij Ĉγ̂0ψ̂j , where the charge conjugation matrix Ĉ satisfies
ĈT = Ĉ and Ĉ†Ĉ = 1. We may now form the Dirac combination ψ̂ = ψ̂1 + iψ̂2, with
complex conjugate ψ̂∗ = −iĈγ̂0(ψ̂1 − iψ̂2). Equivalently, these definitions may be inverted
to yield

ψ̂1 = 1

2
(ψ̂ − iγ̂0Ĉ

∗ψ̂∗), ψ̂2 = 1

2i
(ψ̂ + iγ̂0Ĉ

∗ψ̂∗). (3.2)
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As a result, for Â(1) = 0, the supersymmetry transformations (2.14) may be rewritten as

δψ̂µ =
[
∇̂µ − 1

48
e

1
2 φ̂

(
γ̂µ

νρσ − 3δν
µγ̂ ρσ

)
Ĥ νρσ +

1

2
√

2
g e− 1

4 φ̂ γ̂µγ̂7

]
ε̂

+
i

16
√

2
e

1
4 φ̂

(
γ̂µ

νρ − 6δν
µγ̂ ρ

)(
F̂ 2

νρ ε̂ − (
F̂ 1

νρ − iF̂ 3
νρ

)
γ̂0Ĉ

∗ε̂∗),
(3.3)

δλ̂ =
[
− 1

4
γ̂ µ∂µφ̂ +

1

24
e

1
2 φ̂Ĥ µνργ̂

µνρ − 1√
2
g e− 1

4 φ̂ γ̂7

]
ε̂

− i

8
√

2
e

1
4 φ̂ γ̂ µν

(
F̂ 2

µνε̂ − (
F̂ 1

µν − iF̂ 3
µν

)
γ̂0Ĉ

∗ε̂∗),
for the fermions and

δφ̂ = −1

4
[¯̂ελ̂ + ¯̂λε̂],

δĝµν = 1

2
[¯̂εγ̂(µψ̂ν) − ¯̂ψ(µγ̂ν)ε̂],

δÂµ = 1

4
√

2
e− 1

4 φ̂

[
¯̂εγ̂7

(
ψ̂µ +

1

2
γ̂µλ̂

)
−

(
¯̂ψµ − 1

2
¯̂λγ̂µ

)
γ̂7ε̂

]
,

δÂ1
µ = − 1

2
√

2
e− 1

4 φ̂ Im

[
ε̂T Ĉ

(
ψ̂µ +

1

2
γ̂µλ̂

)]
, (3.4)

δÂ2
µ = − i

4
√

2
e− 1

4 φ̂

[
¯̂ε

(
ψ̂µ +

1

2
γ̂µλ̂

)
−

(
¯̂ψµ − 1

2
¯̂λγ̂µ

)
ε̂

]
,

δÂ3
µ = − 1

2
√

2
e− 1

4 φ̂ Re

[
ε̂T Ĉ

(
ψ̂µ +

1

2
γ̂µλ̂

)]
,

δB̂µν = −Âa
[µδÂa

ν] − 1

4
e− 1

2 φ̂

[
¯̂ε

(
γ̂[µψ̂ν] +

1

2
γ̂µνλ̂

)
+

(
¯̂ψ [µγ̂ν] − 1

2
¯̂λγ̂µν

)
ε̂

]
,

for the bosons. While we have set Âµ = 0, it is important to retain its supersymmetry variation
so that it is possible to check later for consistency. These expressions serve as the starting
point for the subsequent analysis.

3.1. Supersymmetry of the M4 × S2 vacuum

The bosonic theory, given by (3.1), admits an M4 × S2 solution given by

dŝ2
6 = ηµν dxµ dxν +

1

8g2
d�2

2, F̂ 2
(2) = 1

2g
�(2), (3.5)

where �(2) = sin θ dθ ∧ dϕ is the volume form on the unit S2. Note that we have singled
out the 2-component of the Sp(1) triplet gauge fields for convenience. While this choice is a
natural one corresponding to the Dirac combination in (3.3), any other choice would yield the
same result.

To examine the supersymmetry of the vacuum, we insert (3.5) into (3.3) to obtain

δψ̂α = [
∂α + 1√

2
gγ̂αγ̂7P+

]
ε̂,

δψ̂a = [∇a − i
√

2gγ̂aγ̂45]ε̂ + 1√
2
gγ̂aγ̂7P+ε̂, (3.6)

δλ̂ = −
√

2gγ̂7P+ε̂,
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where P± = 1
2 (1 ± iγ̂ 45γ̂7) is a half-BPS projection. These equations vanish for ε̂ = P−ε̂0

where ε̂0 solves the Killing spinor equation on the round 2-sphere, [∇a − i
√

2gγ̂aγ̂45]ε̂0 = 0.
To be more precise, we decompose the six-dimensional Dirac matrices according to

γ̂α = γα ⊗ σ3, γ̂4 = 11 ⊗ σ1, γ̂5 = 11 ⊗ σ2,
(3.7)

γ̂7 = γ̂0γ̂1 · · · γ̂5 = γ 5 ⊗ σ3, Ĉ = C ⊗ σ2,

where C is now the four-dimensional charge conjugation matrix and γ 5 = iγ0γ1γ2γ3.
Six-dimensional spinors ε̂ may then be written in terms of M4 and S2 spinors as ε̂ = ∑

I εI ⊗ηI

where ηI is taken to be commuting. In this case, the Killing spinor equation on S2 becomes
[∇a +

√
2gσaσ3]ηI = 0, and yields two independent solutions. Corresponding to the above

choice of Dirac matrices, we find that in the basis e4 = (2
√

2g)−1 dθ , e5 = (2
√

2g)−1 sin θ dϕ,
the two independent Killing spinors can be written as

η1 =
(

cos 1
2θ

−sin 1
2θ

)
e

i
2 ϕ, η2 =

(
sin 1

2θ

cos 1
2θ

)
e− i

2 ϕ. (3.8)

It is easily seen that these satisfy the conditions

η̄I ηJ = δIJ , ηT
I σ 2ηJ = −iεIJ , η∗

I = iσ 2εIJ ηJ . (3.9)

Note that η̄I ≡ η
†
I . Using the decomposition (3.7), the half-BPS projection operator takes the

form P± = 1
2 (1 ∓γ5). As a result, the Killing spinors in the M4 ×S2 background are given by

ε̂ = εI ⊗ ηI (εI = γ5εI ), (3.10)

where the εI are a pair of constant D = 4 Weyl spinors.

3.2. Reduction to D = 4,N = 2 supergravity

The existence of a supersymmetric vacuum suggests that a consistent Kaluza–Klein reduction
on S2 is possible, yielding a Poincaré theory in four dimensions. Since the six-dimensional
N = (1, 1) theory has 16 real supersymmetries, and the vacuum breaks exactly half of them,
the resulting theory corresponds to N = 2 supersymmetry in four dimensions.

The basic N = 2 supergravity multiplet consists of a graviton gµν , graviphoton A(1)

and a pair of Majorana gravitinos ψµi . In addition, N = 2 vector multiplets are given by a
vector A(1), two real scalars φ and a, and a pair of Majorana gauginos χi . We find that the
six-dimensional field content reduces to yield N = 2 supergravity coupled to a single vector
multiplet. The reduction ansatz for the bosons is given by

dŝ2
6 = e

1
2 φ ds2

4 +
1

8g2
e− 1

2 φ d�2
2,

F̂ 2
(2) = 2g e

1
2 φεab êa ∧ êb, F̂ 1

(2) = F 1
(2), F̂ 3

(2) = F 3
(2), (3.11)

Ĥ (3) = H(3), φ̂ = −φ.

Note that the graviphoton and matter vector field strengths are given by a combination of F 1
(2)

and F 3
(2) (up to duality) as will be apparent below. The use of the 1- and 3-components of the

Sp(1) triplet in the Kaluza–Klein reduction is dictated by the choice of turning on F 2
(2) flux on

the sphere.
It is straightforward to verify the consistency of the bosonic reduction. The resulting

four-dimensional equations of motion may be obtained from the Lagrangian



3296 J Kerimo et al

L = R∗11− 1
2∗ dφ ∧ dφ − 1

2 e−2φ∗H(3) ∧ H(3) − 1
2 e−φ

(∗F 1
(2) ∧ F 1

(2) + ∗F 3
(2) ∧ F 3

(2)

)
. (3.12)

The fermion reduction ansatz may be obtained by substituting the bosonic fields (3.11)
into the six-dimensional gravitino and dilatino transformations (3.3). Starting with the latter,
we see that

δλ̂ =
√

2g e
1
4 φP+ ⊗ σ3ε̂ + e− 1

4 φ

[
1

4
γ µ∂µφ +

1

24
e−φHµνργ

µνρ

]
⊗ σ3ε̂

− i

8
√

2
e− 1

4 φ
[
e− 1

2 φ
(
F 1

µν − iF 3
µν

)
γ µνγ0C

∗] ⊗ σ3σ2ε̂
∗. (3.13)

The first term vanishes on chiral spinors P+ε̂ = 0, while the remaining terms combine to yield
the four-dimensional gaugino transformation.

Turning to the gravitino variation, as usual the D = 6 variation splits into a D = 4
gravitino term, δψ̂α , as well as two internal variations, δψ̂a . Since the S2 symmetry is
unbroken by the bosonic ansatz, the two internal components of the gravitino variation are
related by symmetry. In fact, provided ε̂ is decomposed in terms of Killing spinors on the
sphere, the δψ̂a variation has identical content to that of δλ̂. (This is not in general true, but
holds in the present case.) As a result, we find the fermionic reduction ansatz to have the form

ε̂ = e
1
8 φεI ⊗ ηI , λ̂ = e− 1

8 φχI ⊗ σ3ηI ,
(3.14)

ψ̂α = e− 1
8 φ

[
ψαI + 1

2γαχI

] ⊗ ηI , ψ̂a = e− 1
8 φ

(− 1
2χI

) ⊗ σaσ3ηI .

Inserting this ansatz into (3.13) as well as the gravitino variations yields the four-
dimensional supersymmetry transformations

δχI = [
1
4γ µ∂µφ + 1

24 e−φHµνργ
µνρ

]
εI − 1

4
√

2
e− 1

2 φ
(
F 1

µν − iF 3
µν

)
γ µνγ0C

∗εIJ ε∗
J ,

(3.15)
δψµI = [∇µ − 1

24 e−φγµ
νρσHνρσ

]
εI − 1

8
√

2
e− 1

2 φ
(
F 1

νρ − iF 3
νρ

)
γ νργµγ0C

∗εIJ ε∗
J .

To obtain this result, we had to make use of the η∗
I relation in (3.9). At this stage, we note that

the gauge fields may be dualized in four dimensions, so that Fµνγ
µν = −i∗Fµνγ

µνγ5. Since
the four-dimensional spinors are given in a Weyl basis

P+εI = 0, P+ψαI = 0, P−χI = 0, (3.16)

where P± = 1
2 (1 ∓ γ5), the above supersymmetry variations may be rewritten as

δχI = [
1
4γ µ∂µφ + 1

24 e−φHµνργ
µνρ

]
εI − 1

4
√

2
e− 1

2 φ
(
F 1

µν + ∗F 3
µν

)
γ µνγ0C

∗εIJ ε∗
J ,

(3.17)
δψµI = [∇µ − 1

24 e−φγµ
νρσHνρσ

]
εI − 1

8
√

2
e− 1

2 φ
(
F 1

νρ − ∗F 3
νρ

)
γ νργµγ0C

∗εIJ ε∗
J .

This highlights the nature of the N = 2 graviphoton, F
(N=2)

(2) = e− 1
2 φ

F 1
(2) + e

1
2 φ

F̃ 3
(2), where

F̃ 3
(2) = e−φ∗F 3

(2).
Having completed the fermion reduction and supersymmetry variations, we now turn

to the reduction of the bosonic variations, (3.4). The six-dimensional dilaton variation
δφ̂ readily yields δφ = 1

2 ε̄I χI . Similarly, the four-dimensional components of δĝµν

yield δgµν = 1
2 ε̄I γ(µψν)I , while the internal components reduce to give the identical δφ

transformation. This is a result of setting the internal components of the six-dimensional
gravitino equal to the dilatino in the reduction.

In general, one obtains non-trivial vector field variations from the mixed components of
the metric, δĝµi , as well as directly from δÂµ. However, these terms vanish identically due
to the P± chiralities of the four-dimensional spinors. Likewise, δÂ2

µ vanishes for the same
reason. On the other hand, the additional complex conjugation appearing in δÂ1

µ and δÂ3
µ
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prevents these transformations from vanishing. The resulting four-dimensional variations then
have the form

δgµν = 1
4 [ε̄I γ(µψν)I − ψ̄(µI γν)εI ],

δφ = 1
4 [ε̄I χI + χ̄I εI ],

δBµν = − 1
4 eφ[ε̄I γ[µψν]I + ψ̄ [µI γν]εI + ε̄I γµνχI − χ̄I γµνεI ], (3.18)

δA1
µ = 1

2
√

2
e

1
2 φεIJ Re

[
εT
I C

(
ψµJ + 1

2γµχJ

)]
,

δA3
µ = − 1

2
√

2
e

1
2 φεIJ Im

[
εT
I C

(
ψµJ + 1

2γµχJ

)]
.

We have verified that all variations of fields initially set to zero vanish, either identically
or through four-dimensional chirality. This verifies the consistency of the supersymmetric
reduction to N = 2 supergravity coupled to a single vector multiplet.

3.3. Truncation to D = 4,N = 1 supergravity

While we have retained N = 2 supersymmetry in the above reduction, there is a natural
truncation to N = 1. This may be accomplished by removing one of the two supersymmetry
parameters by setting εI = n̂I ε where n̂I is any constant unit vector. At the same time, it is
necessary to truncate the N = 1 gravitino and vector multiplets, leaving N = 1 supergravity
coupled to a chiral multiplet. In the bosonic sector, this corresponds to setting A1

µ = A3
µ = 0.

The resulting bosonic Lagrangian is given by

L = R∗11 − 1
2∗ dφ ∧ dφ − 1

2 e−2φ∗H(3) ∧ H(3), (3.19)

while the relevant supersymmetry transformations are

δχ = [
1
4γ µ∂µφ + 1

24 e−φHµνργ
µνρ

]
ε,

δψµ = [∇µ − 1
24 e−φγµ

νρσHνρσ

]
ε,

δgµν = 1
4 [ε̄γ(µψν) − ψ̄(µγν)ε], (3.20)

δφ = 1
4 [ε̄χ + χ̄ε],

δBµν = − 1
4 eφ[ε̄γ[µψν] + ψ̄ [µγν]ε + ε̄γµνχ − χ̄γµνε].

4. BPS solutions

The bosonic Lagrangian (3.12) admits a dyonic black-hole solution where F 1
(2) is electric and

F 3
(2) is magnetic (or vice versa). The solution is given by

ds2
4 = −(H1H3)

−1 dt2 + H1H3
(
dr2 + r2 d�̃2

2

)
,

F 1
(2) = dt ∧ dH−1

1 , F 3
(2) = q3�̃(2), (4.1)

φ = −log(H1/H3),

where H1 = 1 + q1/r and H3 = 1 + q3/r are two harmonic functions in the Euclidean three-
dimensional transverse space. It becomes the standard Reissner–Nordström black hole when
H1 = H3. We can easily lift the solution back to D = 6 dimensions, and it becomes
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ds2
6 = (H1/H3)

1
2

[
−H−2

1 dt2 + H2
3

(
dr2 + r2 d�̃2

2

)
+

1

8g2
d�2

2

]
,

F̂ 2
(2) = 1

2g−1�(2), F̂ 1
(2) = dt ∧ dH−1

1 , F̂ 3
(2) = q3�̃(2), (4.2)

φ̂ = log(H1/H3).

In the near-horizon limit, the geometry becomes AdS 2 × S2 × S2. For H1 = H3, the metric
is the direct product of an S2 and the Reissner–Nordström black hole. In the string frame, the
metric is given by

ds2
str = −H−2

1 dt2 + H2
3

(
dr2 + r2 d�̃2

2

)
+

1

8g2
d�2

2. (4.3)

5. (Minkowski)3 × S3 vacuum

The variant N = (1, 1) six-dimensional supergravity has the unusual feature that it
admits not only a supersymmetric (Minkowski)4 × S2 vacuum, but also a supersymmetric
(Minkowski)3 × S3 vacuum. This is quite different from the situation in the Salam–Sezgin
theory; although the Salam–Sezgin model admits a (Minkowski)3 × S3 solution as well as a
supersymmetric (Minkowski)4 × S2 solution, the former is non-supersymmetric.

To construct the supersymmetric (Minkowski)3 × S3 solution in the variant N = (1, 1)

supergravity, we make a standard Freund–Rubin type ansatz in which

dŝ2
6 = dxµ dxµ + ds2

3 , Ĥ (3) = qε(3), φ̂ = 0, (5.1)

where ds2
3 is the metric on a round S3, with volume form ε(3) and all other fields are set to

zero. We find that this solves the six-dimensional equations of motion if

q = 2
√

2g. (5.2)

The S3 metric has the Ricci tensor given by Rij = 4g2gij .
To establish the supersymmetry of the solution, we decompose the six-dimensional Dirac

matrices as

γ̂µ = γµ ⊗ 11 ⊗ σ2, γ̂i = 11 ⊗ γi ⊗ σ1, γ̂7 = 11 ⊗ 11 ⊗ σ3. (5.3)

Writing ε̂ = ε ⊗ η ⊗ ν, we find from the transformation rules (3.3) that supersymmetry is
preserved if ε is a constant spinor in the (Minkowski)3 spacetime, σ2ν = ν and if η is a Killing
spinor on S3, satisfying

∇iη = ig√
2
γiη. (5.4)

Thus the solution has three-dimensional N = 4 supersymmetry.

6. Discussion

It was shown in [6] that a variant N = (1, 1) supergravity may be constructed on the basis
of a generalized Scherk–Schwarz reduction from seven dimensions. In this paper, we have
completed the analysis of the fermion sector of this model, and have presented the variant
supersymmetry transformations in section 2. In general, the resulting theory contains two
mass parameters, m1 and m2, and consists of a single vector multiplet coupled to gravity. A
further truncation to pure N = (1, 1) supergravity may be obtained by setting m1 = m2.

It may be seen from (2.14) that the resulting model reduces to ordinary N = (1, 1)

ungauged supergravity [9] in the limit m → 0. In fact, the parameter m is similar to a
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gauging parameter in the sense that a potential V = 25m2 e− 1
2 φ̂ is generated whenever m �= 0.

Nevertheless, this new theory is rather unusual in that the bare vector potential terms in
(2.14) do not correspond to the usual minimal coupling to charged fermions. In this sense,
the N = (1, 1) theory constructed in [6] differs from conventional models with gauged
R-symmetry.

In the bosonic sector (with vanishing Sp(1) singlet gauge field), the field content and
equations of motion of the variant N = (1, 1) theory resembles that of the Salam–Sezgin
model. In particular, the bosonic Lagrangian (3.1) is identical to that of the gauged N = (1, 0)

model, albeit with a triplet of gauge fields. Recall, however, that the N = (1, 1) supergravity
multiplet decomposes into a graviton, gravitino and a tensor multiplet of N = (1, 0)

supersymmetry. Thus the singlet and triplet gauge fields of the N = (1, 1) supergravity reside
in the gravitino multiplet, and not a vector multiplet, as would be necessary for obtaining
a Salam–Sezgin truncation. One practical implication of this observation is that, while the
present model admits similar vacuum solutions to the Salam–Sezgin model, its supersymmetry
properties could in principle be drastically different.

As an example, we have demonstrated that the variant supergravity admits an M4 × S2

reduction yielding D = 4,N = 2 supergravity coupled to a single vector multiplet. Although
we have used Weyl notation for the four-dimensional fermions, it is clear that this theory is
non-chiral in the usual sense. Thus, while a further truncation to N = 1 supergravity coupled
to a chiral multiplet is possible, we are unable to obtain a chiral theory in four dimensions
through this reduction process.

At this point, it is worth recalling that the presence of Weyl fermions in four dimensions
is insufficient to ensure a chiral theory. Since N = 1 graviton and vector multiplets are
inherently non-chiral, it is necessary to have chiral multiplets transforming under a complex
representation of the gauge group in order to obtain a chiral model. Note, in particular, that
uncharged fermions may be described in either Weyl or Majorana notation, so the presence of
‘left-handed’ gravitinos in (3.16) is not an indication of actual chirality.

While the present reduction does not result in massless charged fermions in four
dimensions, it should be emphasized that the M4 × S2 reduction of the Salam–Sezgin model
likewise is non-chiral, although the argument is somewhat subtle. As demonstrated in [10],
smooth Kaluza–Klein reductions in the gravitational sector cannot lead to a chiral theory in
four dimensions. However, [10] goes on to indicate that chirality may be obtained by starting
with chiral fermions coupled to gauge fields in the higher dimensional theory, provided the
gauge reduction is non-trivial. In particular, reductions with a monopole flux such as [11]
could in principle give rise to four-dimensional chirality. This would suggest that the Salam–
Sezgin model is chiral, since it precisely involves turning on such a U(1) monopole flux, with
all fermions charged under this U(1). However, as emphasized in [2, 5], the U(1) does not
survive the reduction to four dimensions. The resulting theory contains only SU(2) gauge
fields and uncharged fermions, and is hence non-chiral.

Of course, the minimal Salam–Sezgin model in itself is anomalous, and additional
N = (1, 0) vector and matter multiplets must be added to cure the anomalies. This presents
a natural opportunity to construct a model with six-dimensional charged chiral fermions.
Unfortunately, however, to preserve supersymmetry the monopole flux used in the M4 × S2

reduction must be that corresponding to the gauging of a U(1) subgroup of Sp(1). Since it is
precisely this U(1) that is absent in four dimensions, the resulting theory will again be non-
chiral. This argument does not necessarily preclude the possibility of non-supersymmetric
chiral reductions. However, that is not of present interest.

While the M4 ×S2 reduction in itself is non-chiral, nevertheless chirality may still survive
in brane models [3] where chiral families live solely on the branes, and not in the bulk. In
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fact, from a braneworld perspective, the present model provides an alternative framework to
the Salam–Sezgin model, where the bulk solution preserves N = 2 supersymmetry, and it
is the branes themselves that provide both chirality and an additional halving of supersymmetry
to N = 1. It would be of interest to study the resulting braneworld models constructed from
the present theory.
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