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Abstract

We construct the fermionic sector and supersymmetry transformation rules of
a variant N' = (1, 1) supergravity theory obtained by generalized Kaluza—
Klein reduction from seven dimensions. We show that this model admits
both (Minkowski); x S and (Minkowski); x §3 supersymmetric vacua. We
perform a consistent Kaluza—Klein reduction on § 2 and obtain D =4, N =2
supergravity coupled to a vector multiplet, which can be consistently truncated
to give rise to D = 4, A/ = 1 supergravity with a chiral multiplet.

PACS numbers: 04.65.+¢, 11.30.Pb, 11.25.Mj

1. Introduction

The notion of higher dimensional theories and their Kaluza—Klein compactifications have
played a central role in many modern approaches to unification, and especially M-theory. In
such models, it is essential on phenomenological grounds that the resulting lower dimensional
theory yields a realistic spectrum of chiral fermions as well as correct strength couplings and
a small (or vanishing) cosmological constant. Thus while spheres appear to be natural and
simple candidates for an internal space, they are often rejected as they would typically give
rise to a lower dimensional theory with a large cosmological constant (directly related to the
curvature of the sphere).

However, a rare example of a sphere reduction admitting a flat Minkowski spacetime
has been known for a while. This is the Salam—Sezgin model [1], which is essentially
gauged N = (1, 0) supergravity in six dimensions admitting a (Minkowski)4 x S? vacuum.
This model has the added feature that the vanishing of the cosmological constant in four
dimensions typically arises naturally on the basis of an interplay between the six-dimensional
potential and the U(1) monopole flux on the S>. This self-tuning mechanism has been

0264-9381/04/133287+14$30.00 © 2004 IOP Publishing Ltd  Printed in the UK 3287


http://stacks.iop.org/cq/21/3287

3288 J Kerimo et al

highlighted recently in [2, 3] where it was noted that the four-dimensional cosmological
constant is protected against large contributions in a Salam—Sezgin braneworld scenario,
even after supersymmetry breaking on the branes. (Note, however, that this self-tuning
presupposes the existence of a (Minkowski)s vacuum to start with [4].) The S? reduction of
the Salam—Sezgin model was recently examined in [5], and its lower dimensional spectrum was
analysed.

Recently a variant N' = (1, 1) supergravity in D = 6 was obtained from generalized
Kaluza—Klein reduction; as in the Salam—Sezgin model, this theory also admits a
(Minkowski); x S? vacuum solution [6]. Unlike the Salam—Sezgin model, however, the
variant N” = (1, 1) supergravity includes vector fields in the gravity multiplet itself. In this
case, the turning on of a six-dimensional potential is related to mass generation for one of the
graviphotons. The bosonic equations of motion for this model were obtained in [6], where it
was further argued that the model is indeed supersymmetric. In this paper, we complete the
reduction of [6] and prove its supersymmetry by obtaining a complete set of supersymmetry
transformation rules via Kaluza—Klein reduction of the original D = 7 theory.

After obtaining the complete supersymmetry transformations of the variant A" = (1, 1)
theory, we investigate some of its spontaneous compactifications. As inthe N" = (1, 0) model,
we find that it can also be consistently reduced on a 2-sphere to give rise to four-dimensional
N = 2 supergravity coupled to a single vector multiplet. This can be further truncated to yield
N = 1 supergravity coupled to a chiral multiplet. We further demonstrate that, in contrast to
the N' = (1, 0) theory, this model also admits a supersymmetric (Minkowski); x $3 vacuum.

We begin in section 2 by investigating the fermionic sector of the D = 7to D = 6
reduction. After constructing the fermionic reduction ansatz, we provide the complete
supersymmetry transformations of the variant N' = (1, 1) supergravity. In section 3, we
examine the reduction to (Minkowski)s x S2. Since the resulting theory is simply N = 2
supergravity coupled to a vector, it naturally admits supersymmetric dyonic black-hole
solutions. The black hole and its elevation back to six dimensions is given in section 4.
Finally, the (Minkowski); x S3 vacuum is investigated in section 5, and we end with a
discussion on four-dimensional chirality in section 6.

2. Supersymmetry of the generalized reduction

The bosonic field content of half-maximum supergrav1ty in seven dimensions comprises a

metric gy, a scalar ¢, an antisymmetric tensor B(z) and three vectors A‘(Il) The Lagrangian

in the bosonic sector is [7, 8]

e V2B A O @.1)
2 2 :

A A A A 46 A N
£ = R% %dp Adp — L e %A A H ) —

I\JI'—‘

where ﬁ(‘g) = dA?l) and [:1(3) = dé(z) — %ﬁ(va)

2.1. The supersymmetry transformations

The fermionic sector consists of a pair of symplectic-Majorana gravitinos ¥ ; as well as
a pair of dilatinos A;, where i = 1,2 is an Sp(1) index. The three vectors form a triplet
under Sp(1), and may equivalently be written as A/ = A¢ (—7“);/ where 7 are the
usual Pauli matrices. In this form, the supersymmetry transformations on the fermions are
given by
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where a = 4/+/10.
In addition, the transformations on the bosonic fields have the form

1ad f; j 5, MN »
e Fyni/ pMNe;,

1
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1

(2.3)

8Bun = —=Ami' AN — le_%dé (VjilM?N] - ii’?MN) &,
2 ‘ 2 V5

where in the transformation for A, 7, the Sp(1) indices i and j are to be taken in the triplet
combination. In particular, this may be enforced by the projection (8[’:/8;, - %8{ (Sj./,) which
removes the trace. Note that the transformation for § B s is given in a dualized form compared
to that of [7].

The above fermionic (2.2) and bosonic (2.3) supersymmetries are normalized according
to

[61,8:]E = ié M3, & + (local Lorentz) + (general coordinate) + (gauge), 2.4)
where §M = &,M¢,;. Furthermore, when working with the fermions, it is often convenient
to make use of the Majorana flip conditions

):(inle---M,, ‘/}i = (_)nl[’iVM”M"

oMy Kis
M 2.5)

. A 1.7 A
Ve, Vi = "V Vi o, Ko
for the singlet and triplet combinations, respectively.

2.2. The bosonic reduction ansatz

As demonstrated in [6], the generalized S' reduction ansatz is given on the bosonic fields by
d§7 = e¥%(e**? dsg + ¥ (dz + A(1))?).

B(z) = ez(mz_ml)Z(B(z) + B(l) AN dZ),

A (2.6)
Afyy = e (AL + @7 dz),
43 =¢ ++10m,z,

where o? = % and B = —4a. The resulting reduction yields the six-dimensional fields

(g,w, Ay, A?l), B, gbl) and (B, ¢2, &) corresponding to the bosonic content of ' =
(1, 1) supergravity coupled to a vector multiplet. Note that the Sp(1) singlet graviphoton and
the matter vector are in actuality given by linear combinations of A(jy and B(;y. However, the
scalars ¢ and ¢», given by the rotated combinations

$1=%b— g0 = b+ 20 @7
are diagonal between multiplets.
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2.3. The fermionic reduction

Working out the fermion reduction is straightforward, although somewhat tedious. Since
the resulting D = 6 theory contains a vector multiplet in addition to the pure supergravity
multiplet, the D = 7 fermions 1/} i and A; must reduce to yield a D = 6 gravitino and dilatino
(Wi, Ai) as well as a gaugino x;. The reduction from seven to six dimensions is facilitated by
the fact that the D = 7 symplectic-Majorana condition /! = —¢'/ IﬁJTC‘ continues to apply in
D = 6, yielding a trivial reduction on the spinors.

Examination of the supersymmetry transformations on the fermions, (2.2), indicates that
the proper fermionic reduction is given by

& =" e""“’e

A = %e 2T @730 (g, 4+ 20),

) 2.8)
Vi = %e 227 P30 (2 — ),

N L 1 _

i = e3™ ex i + (3P Auyr — 157) Qi — 2)].

In this case, the resulting D = 6 fermions have supersymmetry transformations
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Here the D = 6 field strengths are given by

Hey = dBe) — 5 FGy A Af) — dBay A Ay — 2(ma — m1) Bay A Aqy + 5O FS) A Ag),
Hoy = dBy — 3 F, + 300 A Ay, = 390 A Aq) +20m2 —m1) Bo),
F(az) = dA{), — dD* A Agy + (my — m) Al A Ag),

¢ = dd* — (my — my)Afy,

(2.10)

with Q(])ij = Q‘(ll)(—‘fa),'j, etc.
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The gravitino transformation in (2.9) demonstrates that the Sp(1) singlet graviphoton
arises as a linear combination of H,, and F,,. Note, further, that these transformations
reduce to those of ordinary ungauged N' = (1, 1) supergravity coupled to a vector multiplet
in the limit of vanishing m; and m,.

2.4. Generalized supersymmetry in six dimensions

Given the bosonic (2.6) and fermionic (2.8) reductions, it is now a matter of substituting these
expressions into (2.3) to obtain the D = 6 bosonic transformations. We find

1 _.
8y = ——=€'Ai,

232

1.
S = ——=¢€'xi,
2 2«/5
l—i
8y = € VY-
1 —ssbi+ s | i 1 _i
6-’4# = Ze W2 V2T € V7 wui"'iyu.)\i e YuyiXi|,
SAT = 05, — —— e At v 4Ly (2.11)
i i L ﬁ y22) 2)’# i) .

. i .
8 = —756 a3 pe,

1 : . 1
8B, = Zcp,-f(aAWf +®;'8A,) — ZAMi13q>jl

1 1

1
&
+-e 22
4

2| i 1 _i
g |:€ V7 <%u‘ + EJ/Mi) —€ V;L)/7Xi:|,

. . . . 1 .

8B;w = —%A[Mijq)jl(SAu] — 2B[M(S.AU] — %A[WJ(SAUUZ — % eiﬁ(blgl <V[H¢V]i + %)/MV)”‘).
This result, combined with (2.9), yields the complete (lowest order) supersymmetry
transformations of the variant A" = (1, 1) supergravity coupled to a vector multiplet. Note that
in obtaining (2.9) and (2.11), it was crucial that the ansatz (2.8) allowed a consistent reduction
from seven to six dimensions, in which the dependence on the z coordinate cancelled in the
seven-dimensional transformation rules. This guarantees that the resulting six-dimensional
supersymmetry transformations are symmetries of the six-dimensional variant supergravity.

As noted in [6], the vector multiplet may be truncated away by setting m; = m; as
well as

¢ =0, ®;/ =0, B,=A, = %Au, xi =0. (2.12)
In this case, the D = 6 field strengths of (2.10) simplify to
H(3) = dB(z) — %F(az) AN Al(ll) — %F(z) AN A(]), F(z) = dA(]), F(az) = dA?l). (213)

The resulting six-dimensional theory has field content (g,w, Ay, Al‘i, By, 1, Vi, Ai) and
supersymmetry transformations
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These transformations reduce to those of [9] when m — 0.

On the other hand, for m # 0, the generalized reduction yields additional terms in §vr,,;
and 6,;. Furthermore, these m-dependent terms do not have the usual structure for a gauged
supergravity. In particular, the gauge potential A(;y does not appear in v,; as a minimal
coupling term D, =V, +igA,, to a charged spinor, yet shows up as a bare potential term in
8A;. This is consistent with A(;y showing up as well in the bosonic equations of motion [6].
For this reason, it is natural to suspect that the local supersymmetry algebra satisfied by this
theory is necessarily modified. To see this, we may examine, e.g., the double variation on ¢;.
We find

1 ,
[81, 8211 = §6% 0,1 — 5m (58" A — e =27 (@), (2.15)

where £/ = Eéy“el ;. The additional terms vanish when m = 0.

2.5. String frame formalism

Some of the aspects of this theory become simpler to discuss in the string frame. The relation
between the quantities in the Einstein frame and string frame is given by

S =23, F4 = F4, By = Boy, dg + 3> s aMmAm = By,
Fo = Fo, ¢1 = —V2¢. € =e iv%, A= ez‘/’i, Y=,
(2.16)

where the tilded variables are those in the string frame. The bosonic equations of motion are
then given by
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VVF . =2F,B" + 1 H ,,,, ™,
V'FS, =2F0 B" + 3H . F™7, 2.17)

1772 1 Ta \2\, 25 2
VHB, = 2B}, — Hy — g(Fpy + (Fh) ) + 3,
Ry =-V,B, —=V,B,+1H,pH,” + }(F,, F," + F%, F).
Thus we see that the dilaton ¢ is eliminated by the gauge field A(;) to give rise to a massive
vector B( 1) field. The supersymmetric transformation rules for the fermions are given by

~

- 1~ 1 o e 5 . i, .
A = |:§Buyﬂ+ﬁH,uUpyﬂ p+m)’“ )/7FW - Zm7/7i|€i - my“ Fi'&j,

B~ o~V v~ p0 5
31//;” = |: W= ZBUVM/ 13 (yﬂ — 38ﬂy" ) oo + gmyum (2.18)

1 ~ i
——— (PP =68 PP )y F ]€»+ Vu'’ — 68,7 JE;
16\/_(M I ) v |€i 16\/5(“ ) vpi~ €
It is of interest to note that the supersymmetric transformation rule for the shifted gravitino,
wﬂ = 1//M 2)’/4 , given by

~ ~ 1~ 1 ~ i ~
Vi =|Vu+=Huy 7" +—— v & — —=P"F i’ &, (2.19)
Vi |: wt 3 H yp 7" Zﬁy 14 ”i| Zﬁy i €]
does not depend on m.

3. The (Minkowski); x S? reduction

The D = 6 theory obtained in [6] does not admit a Lagrangian formulation since the bare
potential Ay appears directly in the equations of motion. This is also apparent from the
supersymmetry variations obtained in the previous section. However, for field configurations
with vanishing A(j, the resulting bosonic equations of motion may be obtained from the
Lagrangian

L= R&l — —* dp Adp — L e *H(3) A H(’;) -5 e2 *ﬁ?z) A 13“(72) —8g2 e 2941, 3.1
We have now introduced carets to denote six- dlmensmnal fields, in anticipation of a subsequent
reduction to four dimensions. Furthermore, we have defined ¢ = +/2¢; to simplify the
subsequent expressions and have defined 5m = 2/2g.

Curiously, this bosonic Lagrangian is identical to that of the Salam—Sezgin model, with the
exception that there are three vector fields instead of one. As a result, this model clearly admits
a bosonic M4 x S? reduction, where M, denotes four-dimensional Minkowski spacetime. On
the other hand, the supersymmetry of the reduction must still be verified, as the supersymmetry
transformations of the variant ' = (1, 1) theory differ from that of the gauged N' = (1, 0)
model.

In order to investigate the supersymmetry, it is useful to rewrite the six-dimensional
symplectic-Majorana spmors usmg Dirac notation. A symplectic-Majorana spmor satisfies
the reahty condition (1;)* = —€ CPoir j» where the charge conjugatlon matrix C satisfies
CT = C and C'C = 1. We may now form the Dirac combination ¥ = /| + i/, with
complex conjugate * = —iC 9P, (; — i/2). Equivalently, these definitions may be inverted
to yield

A ~

A A | A A 7
(W —ipC* ™), Vo= + iPoC ). (3.2

| =

Ui =
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As aresult, for A(l) = 0, the supersymmetry transformations (2.14) may be rewritten as

~ = 1 Ld [~ voo VA po 1 —Llda 2
89, = [V,L—Eez"’(m o7 =38, 7"7)H o 558 4“’1@1/7]6

1 LN ~ 2 A ol 3 \on Fkax
¥ 16+/2 em(yﬂvp - 651117//))(}?1406 - (va - 1va))/0C € )’
1 | ! A (3.3)
8% = [—Zfﬂamﬁ + et e — ﬁg e_ﬂ&f/7:|é
i fAA N 9 . * Ak
- R E (Pl i EL)RC ),
for the fermions and
A 1 .. =
8¢ = —Z[ék+ké],
A 1 2~ 1 N
88w = 5[6 Wy — U Pnél,
A 1 1ol sa (2 1, . = 1=\, .
" m lers wu"'i /L)\' - wu_i)‘u 7€ |,
AL =~ thmere v Fipa (3.4)
2\/5 mT R ’ .

N 1 1 l:A N
8B, = —Af A% — e 2"’[ (mwwzm ) (%mm zkm>6}

for the bosons. While we have set A » = 0, it is important to retain its supersymmetry variation
so that it is possible to check later for consistency. These expressions serve as the starting

point for the subsequent analysis.

3.1. Supersymmetry of the My x S* vacuum

The bosonic theory, given by (3.1), admits an M, x S? solution given by
. ) 1 . 1
ds? = 1, dx* dx" + s ds3, £3 = isz(z), (3.5)

where Q@) = sin6df A dg is the volume form on the unit S?. Note that we have singled
out the 2-component of the Sp(1) triplet gauge fields for convenience. While this choice is a
natural one corresponding to the Dirac combination in (3.3), any other choice would yield the

same result.
To examine the supersymmetry of the vacuum, we insert (3.5) into (3.3) to obtain

8Ya = [0u + J8PuPr Pi]é,
8V a = [Va — V287 Pu51€ + J58PuP P&, (3.6)
8% = —/2g91P.é,
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where Pr = (1 £ip*

77) is a half-BPS projection. These equations vanish for é = P_¢
where € solves the Killing spinor equation on the round 2-sphere, [V, — i«/ig VaPas1€0 = 0.

To be more precise, we decompose the six-dimensional Dirac matrices according to

Vo = Vo ® 03, =1Q o, 75 =1Q® o,
s R 3.7
V=0 Ps =y Qos, C=CQ®o,
where C is now the four-dimensional charge conjugation matrix and y° = iyyy12ys.

Six-dimensional spinors &€ may then be written in terms of My and S? spinorsasé = Y 1 €E19QN;
where 7; is taken to be commuting. In this case, the Killing spinor equation on S? becomes
[V, + ﬁgaaa3]n ; = 0, and yields two independent solutions. Corresponding to the above
choice of Dirac matrices, we find that in the basis ¢* = (2+/2g)7'd6, €5 = (24/2g) " sin6 dy,
the two independent Killing spinors can be written as

cos10\ | sin 16 i
m = ez, n = e 2. (3.8)
—sin %9 cos %9

It is easily seen that these satisfy the conditions
nims =91, njo’ny = —iey, Ny =io’ermy. (3.9

Note that 7j; = n;. Using the decomposition (3.7), the half-BPS projection operator takes the
form P, = %(1 F ¥5). As aresult, the Killing spinors in the M, x S? background are given by

E=€®n (€1 = ys€1), (3.10)

where the €; are a pair of constant D = 4 Weyl spinors.

3.2. Reduction to D = 4, N' = 2 supergravity

The existence of a supersymmetric vacuum suggests that a consistent Kaluza—Klein reduction
on S? is possible, yielding a Poincaré theory in four dimensions. Since the six-dimensional
N = (1, 1) theory has 16 real supersymmetries, and the vacuum breaks exactly half of them,
the resulting theory corresponds to A/ = 2 supersymmetry in four dimensions.

The basic N = 2 supergravity multiplet consists of a graviton g,,,, graviphoton A,
and a pair of Majorana gravitinos ;. In addition, N' = 2 vector multiplets are given by a
vector A(yy, two real scalars ¢ and a, and a pair of Majorana gauginos x;. We find that the
six-dimensional field content reduces to yield N = 2 supergravity coupled to a single vector
multiplet. The reduction ansatz for the bosons is given by

1 1 1
ds? = e2?ds] + — e 22 dQ3,

8g2
) 1 sa  sb Al £33
F3 =2ger?e e N, By =Fy, 5=k, (3.11)
H@3y = Hg, ¢ =—0.

Note that the graviphoton and matter vector field strengths are given by a combination of F, (12)
and F(32) (up to duality) as will be apparent below. The use of the 1- and 3-components of the
Sp(1) triplet in the Kaluza—Klein reduction is dictated by the choice of turning on F, (22) flux on
the sphere.

It is straightforward to verify the consistency of the bosonic reduction. The resulting
four-dimensional equations of motion may be obtained from the Lagrangian
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L=Rxl—1xdp A dp — je **xHay A Hz) — s e P (xFh A Fh +%Fy A FY)).  (3.12)

The fermion reduction ansatz may be obtalned by substituting the bosonic fields (3.11)
into the six-dimensional gravitino and dilatino transformations (3.3). Starting with the latter,
we see that

1
SA—\/_ge4¢P+®o3e+e 4¢|: yHo ¢+—e *H ,“,,,y’“’p]@agé

= ﬁ e [ 0 (F), —iF2)y" 1C] @ 030,8". (3.13)
The first term vanishes on chiral spinors P,é = 0, while the remaining terms combine to yield
the four-dimensional gaugino transformation.

Turning to the gravitino variation, as usual the D = 6 variation splits into a D = 4
gravitino term, 81/}(1, as well as two internal variations, SIﬁa. Since the S? symmetry is
unbroken by the bosonic ansatz, the two internal components of the gravitino variation are
related by symmetry. In fact, provided € is decomposed in terms of Killing spinors on the
sphere, the 81, variation has identical content to that of §A. (This is not in general true, but
holds in the present case.) As a result, we find the fermionic reduction ansatz to have the form

~

1o A —l
€ =¢ei%¢; Qny, A=e 3 x; ®azny,

A 1 ~ ,l
Yo =¢ 8¢[¢a1+%VaX1]®771, Ya=e5 ( %XI)@UaO'SWI-
Inserting this ansatz into (3.13) as well as the gravitino variations yields the four-
dimensional supersymmetry transformations

(3.14)

— _1 .
Sxr = (7" 0,8 + 5p€ P Hupy"" Jer — 15 €20 (Fy, — iF,, )y nCrere], s,
81//11«’ = [Vﬂ 246 ]/M vaa]el 8\1f ¢(F1 —IF‘3 )VVPJ/M‘}/OC*GIJGj.

To obtain this result, we had to make use of the nj relation in (3.9). At this stage, we note that

the gauge fields may be dualized in four dimensions, so that F,,y*" = —ixF,, y*"ys. Since
the four-dimensional spinors are given in a Weyl basis
Pie; =0, Py =0, P_y; =0, (3.16)

where Py = %(1 F ys), the above supersymmetry variations may be rewritten as
_ _1
Sxr = [iy“aﬂqﬁ + ﬁ e ¢Hﬂ,,py’”"]el — 4—\1/5 e 2¢(F;1v + *Fiv)y“”yoC*eUej,

SV = [Vu — ie_‘byu"""vag] € — 8\/_ ¢(F1 — %F? )y”pyﬂyoc*e”ej.

(3.17)

This highlights the nature of the N' = 2 graviphoton, F V=2 — ¢ 2¢F Lo+ eZd’F

@) @) (2)» Where

B3 o =¢ *F -

Having completed the fermion reduction and supersymmetry variations, we now turn
to the reduction of the bosonic variations, (3.4). The six-dimensional dilaton variation
8¢ readily yields 8¢ = %é, Xx7. Similarly, the four-dimensional components of 6§,
yield 8g,, = %€,y(ul//v) 7, while the internal components reduce to give the identical §¢
transformation. This is a result of setting the internal components of the six-dimensional
gravitino equal to the dilatino in the reduction.

In general, one obtains non-trivial vector field variations from the mixed components of
the metric, 6§ ,;, as well as directly from SA «. However, these terms vanish identically due
to the Py chiralities of the four-dimensional spinors. Likewise, 5A2 vanishes for the same

reason. On the other hand, the additional complex conjugation appearing in 8A1 and 8A3



Variant A" = (1, 1) supergravity and (Minkowski)s x S2 vacua 3297

prevents these transformations from vanishing. The resulting four-dimensional variations then
have the form

8guv = 3l&vubnr — Varmerl,

8¢ = glerxs + xuierl,

8B, = —% e"’[é,y[ﬂllfv]l + I/_f[,m/u]fz + €1V X1 — X1Ywerl, (3.18)
SA}L = 217 e%%” RC[E{C(‘/&LJ + %)/MXJ)]’

8Ai = —2%/5 el Im[e] C(Ys + %VMXJ)]'

We have verified that all variations of fields initially set to zero vanish, either identically
or through four-dimensional chirality. This verifies the consistency of the supersymmetric
reduction to N = 2 supergravity coupled to a single vector multiplet.

3.3. Truncation to D = 4, N = 1 supergravity

While we have retained N' = 2 supersymmetry in the above reduction, there is a natural
truncation to A = 1. This may be accomplished by removing one of the two supersymmetry
parameters by setting €; = 7i;e where 7i; is any constant unit vector. At the same time, it is
necessary to truncate the AV = 1 gravitino and vector multiplets, leaving A" = 1 supergravity
coupled to a chiral multiplet. In the bosonic sector, this corresponds to setting A}L = Ai =0.
The resulting bosonic Lagrangian is given by

L= Rxl — }xdp A dp — S e **xHga) A H), (3.19)
while the relevant supersymmetry transformations are

Sx =[1v" 0.0+ 5 e P Hyupy™ " e,

8V = [V — % e Y, Hypo Je,

8¢ = FlEviuth) — urmel, (3.20)

8¢ = glex + xel,

5B;w = _i e(b[?)/mlﬂu] + &[MV\JJG +EVIWX — )_()/;wé]-

4. BPS solutions

The bosonic Lagrangian (3.12) admits a dyonic black-hole solution where F (12) is electric and
F (32) is magnetic (or vice versa). The solution is given by

ds? = —(HiH3) ™" de® + HyHs(dr? + 72 d$23),
Fh =dt A dH;, F) = q3Q0). 4.1
¢ = —log(Hi/H3),

where H; = 1+ ¢q;/r and H3 = 1 + g3/r are two harmonic functions in the Euclidean three-

dimensional transverse space. It becomes the standard Reissner—Nordstrom black hole when
‘H1 = H3. We can easily lift the solution back to D = 6 dimensions, and it becomes
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i ~ 1
ds2 = (H1/H3)2 [—Hl 2dr? + H3(dr? + 12 dQ3) + 8 dQ%} ,

FY =170, By =dt AdH; !, B3 = ¢:Q0), 4.2)

¢ = log(H1/H3).
In the near-horizon limit, the geometry becomes AdS » x S? x §2. For H, = H3, the metric
is the direct product of an S? and the Reissner—Nordstrom black hole. In the string frame, the
metric is given by

~ 1
-2

dsg, = —H, 7 de? + H3(dr® + 77 dQ3) + 8 des. (4.3)

str

5. (Minkowski); x S3 vacuum

The variant N' = (1, 1) six-dimensional supergravity has the unusual feature that it
admits not only a supersymmetric (Minkowski); x S? vacuum, but also a supersymmetric
(Minkowski); x §3 vacuum. This is quite different from the situation in the Salam—Sezgin
theory; although the Salam—Sezgin model admits a (Minkowski); x S* solution as well as a
supersymmetric (Minkowski); x S? solution, the former is non-supersymmetric.

To construct the supersymmetric (Minkowski); x S° solution in the variant N = (1, 1)
supergravity, we make a standard Freund—Rubin type ansatz in which

A~

ds? = dx* dx,, +ds3, H, = qeq, $=0, (5.1
where ds% is the metric on a round S>, with volume form €3y and all other fields are set to
zero. We find that this solves the six-dimensional equations of motion if

q=2V2g. (5.2)

The S° metric has the Ricci tensor given by R;; = 4g°g;;.
To establish the supersymmetry of the solution, we decompose the six-dimensional Dirac
matrices as

Pu=vu®@1®o0n, 7i=1®y®o01, p=1®1Q0. (53)
Writing € = € ® n ® v, we find from the transformation rules (3.3) that supersymmetry is
preserved if € is a constant spinor in the (Minkowski); spacetime, o,v = v and if 1 is a Killing
spinor on S°, satisfying
ig
—=Yin.
V2

Thus the solution has three-dimensional A" = 4 supersymmetry.

Vin = 5.4

6. Discussion

It was shown in [6] that a variant A" = (1, 1) supergravity may be constructed on the basis
of a generalized Scherk—Schwarz reduction from seven dimensions. In this paper, we have
completed the analysis of the fermion sector of this model, and have presented the variant
supersymmetry transformations in section 2. In general, the resulting theory contains two
mass parameters, m and m,, and consists of a single vector multiplet coupled to gravity. A
further truncation to pure A" = (1, 1) supergravity may be obtained by setting m; = m.

It may be seen from (2.14) that the resulting model reduces to ordinary N' = (1, 1)
ungauged supergravity [9] in the limit m — 0. In fact, the parameter m is similar to a
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gauging parameter in the sense that a potential V = 25m? e~ 2% is generated whenever m # 0.
Nevertheless, this new theory is rather unusual in that the bare vector potential terms in
(2.14) do not correspond to the usual minimal coupling to charged fermions. In this sense,
the N/ = (1, 1) theory constructed in [6] differs from conventional models with gauged
R-symmetry.

In the bosonic sector (with vanishing Sp(1) singlet gauge field), the field content and
equations of motion of the variant N' = (1, 1) theory resembles that of the Salam—Sezgin
model. In particular, the bosonic Lagrangian (3.1) is identical to that of the gauged V' = (1, 0)
model, albeit with a triplet of gauge fields. Recall, however, that the A' = (1, 1) supergravity
multiplet decomposes into a graviton, gravitino and a tensor multiplet of A = (1, 0)
supersymmetry. Thus the singlet and triplet gauge fields of the N = (1, 1) supergravity reside
in the gravitino multiplet, and not a vector multiplet, as would be necessary for obtaining
a Salam—Sezgin truncation. One practical implication of this observation is that, while the
present model admits similar vacuum solutions to the Salam—Sezgin model, its supersymmetry
properties could in principle be drastically different.

As an example, we have demonstrated that the variant supergravity admits an My x S?
reduction yielding D = 4, N' = 2 supergravity coupled to a single vector multiplet. Although
we have used Weyl notation for the four-dimensional fermions, it is clear that this theory is
non-chiral in the usual sense. Thus, while a further truncation to A = 1 supergravity coupled
to a chiral multiplet is possible, we are unable to obtain a chiral theory in four dimensions
through this reduction process.

At this point, it is worth recalling that the presence of Weyl fermions in four dimensions
is insufficient to ensure a chiral theory. Since N/ = 1 graviton and vector multiplets are
inherently non-chiral, it is necessary to have chiral multiplets transforming under a complex
representation of the gauge group in order to obtain a chiral model. Note, in particular, that
uncharged fermions may be described in either Weyl or Majorana notation, so the presence of
‘left-handed’ gravitinos in (3.16) is not an indication of actual chirality.

While the present reduction does not result in massless charged fermions in four
dimensions, it should be emphasized that the M, x S? reduction of the Salam—Sezgin model
likewise is non-chiral, although the argument is somewhat subtle. As demonstrated in [10],
smooth Kaluza—Klein reductions in the gravitational sector cannot lead to a chiral theory in
four dimensions. However, [10] goes on to indicate that chirality may be obtained by starting
with chiral fermions coupled to gauge fields in the higher dimensional theory, provided the
gauge reduction is non-trivial. In particular, reductions with a monopole flux such as [11]
could in principle give rise to four-dimensional chirality. This would suggest that the Salam—
Sezgin model is chiral, since it precisely involves turning on such a U (1) monopole flux, with
all fermions charged under this U (1). However, as emphasized in [2, 5], the U (1) does not
survive the reduction to four dimensions. The resulting theory contains only SU(2) gauge
fields and uncharged fermions, and is hence non-chiral.

Of course, the minimal Salam—Sezgin model in itself is anomalous, and additional
N = (1, 0) vector and matter multiplets must be added to cure the anomalies. This presents
a natural opportunity to construct a model with six-dimensional charged chiral fermions.
Unfortunately, however, to preserve supersymmetry the monopole flux used in the My x S°
reduction must be that corresponding to the gauging of a U (1) subgroup of Sp(1). Since it is
precisely this U (1) that is absent in four dimensions, the resulting theory will again be non-
chiral. This argument does not necessarily preclude the possibility of non-supersymmetric
chiral reductions. However, that is not of present interest.

While the M, x S? reduction in itself is non-chiral, nevertheless chirality may still survive
in brane models [3] where chiral families live solely on the branes, and not in the bulk. In
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fact, from a braneworld perspective, the present model provides an alternative framework to
the Salam—Sezgin model, where the bulk solution preserves N' = 2 supersymmetry, and it
is the branes themselves that provide both chirality and an additional halving of supersymmetry
to A = 1. Tt would be of interest to study the resulting braneworld models constructed from
the present theory.
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