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SUMMARY

Time finite element methods are developed for the equations of structural dynamics. The approach employs
the time-discontinuous Galerkin method and incorporates stabilizing terms having least-squares form.
These enable a general convergence theorem to be proved in a norm stronger than the energy norm. Results
are presented from finite difference analyses of the time-discontinuous Galerkin and least-squares methods
with various temporal interpolations and commonly used finite difference methods for structural dynamics.
These results show that, for particular interpolations, the time finite element method exhibits improved
accuracy and stability.

1. INTRODUCTION

One approach towards formulating algorithms for solving partial differential equations associ-
ated with time-dependent phenomena is to first discretize the spatial domain of the problem using
typical finite element techniques. This results in a system of ordinary differential equations with
time as the independent variable. Most commonly used transient dynamics algorithms are
derived by discretizing the ordinary differential equations using traditional finite difference
methods. Alternatively, the ordinary differential equations may be discretized using finite elements
in time. For example, in Argyris and Scharpf,! Bazzi and Anderheggen,? Hoff and Pahl,** Hoff et
al.,® Kawahara and Hasegawa,® Kujawski and Desai’ and Zienkiewicz and co-workers,? 12
continuous functions in time are substituted into the ordinary differential equations emanating
from semidiscretizations, multiplied by weighting functions and integrated over time intervals.
Many traditional ordinary differential equation algorithms were rederived in this manner as well
as useful new algorithms for structural dynamics.

Another approach to discretizing the temporal domain is to permit the unknown fields to be
discontinuous with respect to time. The time-discontinuous Galerkin method was originally de-
veloped for first-order hyperbolic equations by Reed and Hill!? and Lesaint and Raviart.!* This
method has been successfully applied to problems in incompressible and compressible fluid
dynamics, heat conduction and elastodynamics; see References 15-29.

The time-discontinuous Galerkin method leads to stable, higher-order accurate finite element
methods. It was first shown in Delfour et al.,'® Johnson3? and Lesaint and Raviart!4 that the
time-discontinuous Galerkin method leads to A4-stable, higher-order accurate ordinary differ-
ential equation solvers. Furthermore, the time-discontinuous framework seems conducive to the
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establishment of rigorous convergence proofs and error estimates; see, e.g. References 17-20, 22,
23, 27, 30-39.

This paper extends the work presented in Hughes and Hulbert!® and Hulbert and Hughes?° to
structural dynamics. We show that the time finite element method generates a family of
unconditionally stable higher-order accurate algorithms for solving systems of second-order
ordinary differential equations associated with structural dynamics. An outline of the paper
follows. After presenting the equations of structural dynamics, two general formulations of the
time finite element method are presented. In the single-field formulation, presented in Section 2,
displacement is chosen as the unknown field, while in the two-field formulation, given in Section 3,
displacement and velocity are the unknown fields. Stability and convergence are proved for both
formulations. In Section 4, the single-field and two-field formulations are compared. Results are
presented in Section S from finite difference analyses of the time finite element methods using
various combinations of interpolations. These results are compared to those obtained for several
commonly used time integration algorithms for structural dynamics. Conclusions are drawn in
Section 6. ’

The ordinary differential equations associated with the semidiscrete form of linear elastodyn-
amics have the form ' '

Mii + Ci + Ku=F )
i, = v, @
u=d, 3)

where M, C and K are the respective mass, damping and stiffness matrices; u = u(z) is the vector of
unknown nodal displacements having dimension n,,; F is the prescribed load vector; v, and d,
are the initial velocity and displacement vectors, respectively. A superposed dot denotes differen-
tiation with respect to time. M is assumed to be symmetric positive-definite while C and K are
assumed to be symmetric positive-semidefinite.

2. A SINGLE-FIELD TIME FINITE ELEMENT FORMULATION

2.1. Variational equations

Consider a partition of the time domain, I = 10, T[, having the form 0 =¢t, <t; < ... <ty
=T Letl,=]t,.4,t,[ and At, = t, — t,_ ;. Assuming the function w(t) to be discontinuous at
time t,, the temporal jump operator is defined by

[wt)] =w(t) — w(t,) e
where
w(tt) = lim w(t, + ¢) ‘ )
0t

The following notation is used to simplify the subsequent exposition:
(w, a);, =J‘ w-udt - (6
In

Let 2* denote the space of kth order polynomials. The finite element interpolation functions
for the trial displacements are

7t = fue () (@} )
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By construction, the interpolation functions are continuous within each time interval and may be
discontinuous across the time intervals. Since the initial conditions are weakly enforced, the
displacement weighting function space is identical to the trial displacement space.
The statement of the time-discontinuous Galerkin method for the single-field formulation is:
Find u"e %" such that for all whe #*,

bDG(wha uh)n = lDG(wh)m n= 1’ 2, LRI ) N (8)
where
bDG(wha “h)n = (th g“h)l,,
+ Wi, ) Mt )
+ wh(e,_ ) Kut(t, ) )
lDG(wh)n = (th F);,
+ Wit ) Mat(t, )
+wh(t ) Ket(t, ), n=2,3,...,N (10)
IDG(wh)l = (Wh, F)Il
+ w*0*) My, + w*(0%)-Kd, (11)
kand
ZLu* = Mii" + Ci* + Ku” {12)

Note Ipg(w"), is defined from the general expression for lpg(w"), by replacing a*(t;_,) and
u®(¢;_ ;) by the initial conditions v, and d,,, respectively. The last two terms of (9), in combination
with the last two terms of (10), weakly enforce the initial conditions for each time interval. As will
be seen in the stability analysis, these jump terms are stabilizing operators and have the effect of
‘upwinding’ information with respect to time.

While stability is easily proved for the time-discontinuous Galerkin method, convergence, as
measured in the |||+ |||-norm defined in Section 2.2, has been proved only for 2! polynomials, that
is, for linear elements in time. The time-discontinuous Galerkin/least-squares method was
developed to circumvent this limitation.

The statement of the time-discontinuous Galerkin/least-squares method for the single-field
formulation is:

Find u"e &* such that for all w*e ",

bgLs(W", u*), = lors(W" n=1,2,...,N (13)

where ;
bars(W", u*), = bpg(W", uh), + (Lw", M~ Lu"), (14)
lors(W"), = Ip(Wh), + (Lw", tM~ 1F)1,. (15

The least-squares contribution in (14) adds sufficient stability to prove convergence for
polynomials of arbitrary-order while maintaining the accuracy of the underlying time-discontin-
uous Galerkin method. The scalar parameter, 7, has dimensions of time and is referred to as the
intrinsic time-scale.
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2.2. Stability and convergence analyses
A sufficiently smooth exact solution of (1)-(3), u, satisfies
bgrs(W", u), = lgLs(W"), (16)
forallw*e #*andn = 1,2, ..., N. This can be easily seen from the Euler-Lagrange form of (13):
0 = bgs(W", u*), — lgLs(W*),
=(W'+ M~ 2wt Lu* - F),
+ Wh(t,— ) M[e* (e, )]
+ whe ) K[ut(t,- )] (03]

The Euler-Lagrange form illustrates weak enforcement of displacement and velocity continuity
at the beginning of each time interval,
For purposes of analysis, it is convenient to sum (13) over the time intervals and after
rearranging the terms,
bgrs(w", u*) = I 5(W") (18)
where

N
bers(Whut) = ¥ {(Wh, Zu*), + (Lwh M~ 2u?), }
n=1

+ Ni: {Wh(e) ML (,)] + wh(e) ) K[u(t)]}

+ W"(0+)'Ml'l"(0+) + W"(0+)'Ku"(0+) (19)
los(W) = 3 {(W" F)y, + (LW tM1F), )

LR

+ W0 ) My + wh(0* ) Kd, (20)

By (16), (18) is also satisfied by substituting a sufficiently smooth exact solution, u, for u*. Thus,
for all whe 7%,

bgis(w", ¢) =0 @

where
e=u"—u 22)

This is the consistency condition. Clearly the time-discontinuous Galerkin formulation (7 = 0)
also satisfies a consistency condition.

2.2.1. Stability. A natural measure of stability for (1)-(3) is the total energy, which, for the
single-field formulation, is given by

E(wWh) = %v’v" ‘Mw* + %w"'Kw" (23)
The norm associated with (18) and in which stability and convergence are proved is defined by

W7 = S (7)) + EH0") + Y, (WA e])

N
+ Y {(Wh CW"), + (LW M~ 12w, } (24)
n=1
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Lemma 1
25)

bgis(w", w") = Wi

This is the stability condition. To prove (25), we need to prove a preliminary result, namely:

Lemma 2
bo(Wh, WH) = E(WH(T™) + (W0 ) + Y E([wHE)])
n=1

N
+ Zl (W", Cw"),, (26)
Proof
N N In
Y (WMWY, = Wi M de
n=1

n=1 tn-1

Nofeo1d o,
= ——(Wh-Mw") dt
”=1~£n—12dt{w W)d

% WhT ™) MWHT")— % wh(0*) - Mw*(0™)
1T T MWHGT) — W) M) @n
n=1

Therefore,

1=

N1 '
(w", Mﬁ"’);" + Z wh(eF)-Mwh(t,)] + WA (0" ) Mw"(0™)
1 n=1

#

n

= %W“(T‘)-MW"(T‘} + %w"‘(o*“)'Mw”(O“)
N—1 1 ~1
+ 2 {5 Wi ) MWh(e,) — 3 Wit ) - Mwh(E) )
n=1
+ WAL ) MW () — Wit ) MW (e, )}

WHT ) MWH(T ™) + %w"(O*)'MW"({}")

B ]

25 R M) 9

Similarly,
N N—-1
S O (WLRwh, + Y whe ) K[u'(5,)] + wh0" ) Kw*(0™)
n=1 n=1

= ;« wH(T ™) Kwh(T™) + %w"(O“")' Kw*(0*)

1N-1
+35 2 [W @) Kw'w)] 9
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Combining (28) and (29) and using (19) (with t = 0) and (23) completes the proof. 0
Lemma 1 follows directly from Lemma 2 using (19) and (24). |

Theorem | (Energy decay inequality). In the absence of external forces, i.e. F = 0, the total
energy at the end of a time interval, e.g. &(u"(t;)), computed using the Galerkin/least-squares
method, (13), is bounded by the initial total energy.

Proof. With F =0,

lgis(0”) = @*(0")-Mv, + u*(0%)-Kd,
< |u*(0%) My, + u*(07)-Kd,|
<30"0*)-Mu*(0*) + L vy My,
+1u*(0%) -Ku*(0") + 1 d,-Kd,
= &EWH07)) + &(u,) (30)
where &(uy) denotes the initial total energy. Using (18), Lemma 1, (30), and the definition of

w2,
EWHTT)) < E(ug) (31)
Since T is arbitrary,
EuMe )< EWy), n=12,...,N (32)
O

Theorem 1 also holds for the time-discontinuous Galerkin method (t = 0).

2.2.2. Convergence. Let ITue &* denote an interpolant of u. The error, e, can be written as

e=e"+ 9 (33)

where
e" = (u* — Iu)e #* (34)
n=Iu—u (35

Theorem 2 (Error estimates). Assume 1 satisfies )
¢ At <1< At (36)

where ¢, and c, are positive constants (¢, > ¢, ) and

At= max At, 37

n=1,2,..., N

Let H**'(I) denote the Sobolev space of functions that possesses square-integrable generalized
derivatives of order k + 1. Assuming we (H**1(I))*, then the interpolation error, W, satisfies:

3. (4 Ci)y, < cwAr* 8)

N
Z: (%, 77 M)y, < c(w)Ae*! (39)
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Y, (&0 TM7 L), < A (40)
S(n(T)) + E@O"))
+ 3 {60 + 6} < cwA! @y

where c(u) is independent of At. Then,
lelll® < c(u)Ae?*~! (42)

The following lemmas aid in the proof of Theorem 2.

Lemma 3
N N—-1
% (@ Mi, + 3. () MIi(e)] + #0°) Mi (")
N-1' ’
= = 3 @ M), — Y [¢0)] Mie;) + () MA(T) @
Proof
@M, = — @i+ [ LM
= — @ M), + &) MAG;)
) ML) (4
So,
(&, M), + &40 ) ML)
= — @ M), + () Malty) — #(e7) Milt; ) 49
Thus,

N—-1
il (¢, M), + ; (e )-M[a(,)] + €'(07)- M (0™)

N N
= - };1 (8", M), + ; {e"(t, ) - Mt ) — e"(t,_ 1) - Mi(t,_ )}
+ &"(t7) M(ty)

N N-1
= - ;» (€", M), — z; [e"(e)]-Ma(,) + e4(T7)-Ma(T ™) (46)

Lemma 4

N—1 .
%, @ Kny, + 3, €(6) K[n(e)] + 40%) Kn(0")

N N-1
= - ; (e", Ki),, — ; [e"(t)]-Kn(t, ) + e*(T7) Kn(T7) (47)
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Proof. The proof follows the same steps used to prove Lemma 3 and so is omitted. O

Lemma 5

- Ng‘: {[e* )] M) + [e"(zn)] 'Kﬂ(tn_)}\—l' T ) MYT ) +eNT ) Kn(T")
1 N=1
s 5[; {&([e"(t)]) + 46 (n(t, )} + E((T7)) + 46"(1](T")):l 48)

Proof. Using the triangle inequality,

3 ()] MAG) + [ -KnG)}
+ &H(T)-MA(T™) + (T ) -Kn(T")
<3| T {31 Mie e + 2000 Mics)
+ % [e"(tn)]-K[e"(t)] + 2n(ty )-Kn(t;)}
+ %éh(T‘)’Méh(T") +20(T7)-MW(T ™)
+ %—e"(T')-Ke”(T") + 21|(T")-Kn(T“)]
1A=t
-3 L (e + 4o

+EEMTT)) + 46’('|(T’))] 49)

The proof of Theorem 2 proceeds as follows:
lle*lll = bos(e®, e")  (by (25))
= bgis(e", e—n)  (by (33)
= —bgis(e,m)  (by 21)

< |bgrs(e®, m)l |
N
= Zl {(e", M¥j),, + (&", Cw),, + (¢* Kn),,
+(Le' M~ 1. ¥n), }
N-1
+ F A6 MIaE)] + ) K@)}

+¢'07) Mj(0*) +e*(07)-Kn(0*)|  (by (19))
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i {—(ZLel ), + (Ler ML), + 2", Cq),,}
n=1
N-1 .
= X Al#0)]-Ma(;) + [ee)] Kn(,)
+ (T ) M\T") + e"(T‘)-Kq(T“)‘ (by Lemmas 3 and 4)
¥ {1
<y {Z(fe", M1 Ze"), + (9,77 'Mn),,
n=1
+ %(E’e", tM™1Ze"), + (L, M ¥y),,
+ 3E.CE, 4 260, €, |
1N-1 N-1
+3 L [ +2 § s((e)

+ %—é’(e"(T“)) +26(T7)) (by Lemma $5) (50)

The terms involving e* may be subsumed by the left-hand side. The interpolation estimates,
(38)-(41), then yield

lie"ll* < cwAr®-* (51)
Also, from the interpolation estimates and (24),
lIll? < c(u)Ae? =t ‘ (52)
By the triangle inequality, )
lell® < 2(lle*ll1? + 2linlll* < c(w)Ae>*~! (53)
which completes the proof. O

It is important to emphasize that the least-squares operator is neceded to bound the term,
(ZLe*, 1), (See (50) for the first occurrence of this term.) If the finite element space is restricted to
linear elements, then the e* contributions produced by splitting (Ze*, #);, can be subsumed by
the left-hand side of (50) without the use of the least-squares operator.

3. A TWO-FIELD TIME FINITE ELEMENT FORMULATION

3.1. Variational equations

With 2* defined as in the previous section, the finite element interpolation functions for the
two-field formulation are:
trial displacement and displacement weighting functions

st ={ute () @i} 54
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trial velocity and velocity weighting functions
N
gy = {“'5.6 U (9"(1,.))”“‘} (55)
n=1

The statement of the time-discontinuous Galerkin method for the two-field formulation is:
Find U* = {u}, u}} e #% x &% such that for all W" = {wh, wh}e s x 75,

Boo(Wh UM, = Lpg(W"),, n=12,...,N (56)
where ‘
Bp(Wh U, = (wh, £, U"), + (W}, K2, U"),,
+ wi(t,= )  Muj (e, )
+ wi(t,_ ) Kuj(t, ) (57)
Lpc(W"), = (w5, F)y,
+ wh(t,_ 1) Muj(t,- )
+ wh(t, ) Kah (e ), n——-Z, 3,...,N (58)
Lpg(W"), = (wh, F),,
+ Wh(0*)- My, + w'(0*)-Kd, (59)
and ‘ ;
#,U" = Mil} + Cu’, + Ku’ (60)
LU= b 61)

As with the single-field formulation, stability can be proved for the two-field version of the
time-discontinuous Galerkin formulation, but convergence has been proved only for k < 1 and
I<1

The statement of the time-discontinuous Galerkin/least-squares method for the two-field

formulation is:
Find U" = {u}, v} } e ¥} x &% such that for all W* = {w, wh}e % x &4

Bors(W, U"), = Lois(W",, n=12,...,N (62)

where
BGLS(Wh’ Uh)n = BDG(wh’ Uh)n

+(Z, W M™Le, U,
+ (&L, Wh 12K$2\Uh)," (63)
Lois(Wh), = Lpg(W"), + (£, W", T, M7'F),, (64)

and 1, and 7, are intrinsic time-scale parameters.

3.2. Stability and convergence analyses

The stability and convergence proofs for the two-field formulation are similar to those for the
single-field formulation. Hence, the steps presented in the two-field formulation proofs are those
which differ from the steps taken in Section 2.2.
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A sufficiently smooth exact solution of (1)-(3), U = {u, u}, satisfies
BGLS(Wha U), = LGLS(Wh)n (65)

for all Wre % x ¥4 and n= 1,2, ..., N. This may be seen from the Euler-Lagrange form of
(62):

0= BGLS(Wh’ Uh)n - LGLS(wh)n
=(wh+t M7 1¥, W' 2 U~ F),
+(Wh + 1, Z, WL KZ,U"Y),
+ wh(t,= 1) M[us(t,-1)]
+ wi(t,- 1) K[u}(t,-1)] (66)

Summing (62) over the time intervals and rearranging terms yields:

Bors(W" U") = L s(WH) : (67)
where
N
Bss(Wh UY) = Z {(W}E, gth)I" + (wh, KyzUh)J,,
n=1

+ (L Wh o M~ L2, U,
+(Z,Wh 1, KZ,U"), }
N~—1
+ ; {wh(ts) - M[uh(t,)]
+whe) K[l (z,)]}
+ w3(07) - Mu5(0%)
+wh(0*)-Ku}(0*) (68)
N

Lois(Wh =Y {(Wh,F), +(LWE o, M7F), }

=1

+ wh(0*) My, + wi(0")-Kd, ‘ (69)

By (65), (67) is also satisfied by substituting a sufficiently smooth exact solution, U, for U".
Thus, for all Whe &% x ¥4,

Bgis(WHE) =0 (70)

where
E=U"-U (1)

This is the consistency condition for the two-field formulation.

3.2.1. Stability. The total energy for the two-field formulation is given as:
E(WH) = Ltwh-Mw) + iwh -Kwh (72)
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The norm associated with (67) is defined by:

IIWHl = SOWHT™) + EWHO™) + 3, S(W )]

N

+ ”Zl {(wh, CWh), + (L Wh M~ 2 Wh),
+ (L, Wh 1, L, Wh), } 73)
Lemma 6 (Stability condition)
Bgrs(W" W) = [[|WH)|2 (74)

Proof. The proof of the stability condition for the two-field formulation is similar to that for
Lemma 1 and so is omitted. ]

Theorem 3 (Energy decay inequality). In the absence of external forces, ie. F =0, the total
energy at the end of a time interval, e.g. &(U*(t,)), computed using the Galerkin/least-squares
method, (62), is bounded by the initial total energy. That is,

EUt)<EWU,), n=12...,N (75)

where £(U,) is the initial total energy.

Proof. The same steps to prove stability for the single-field formulation are taken to prove
stability for the two-field case and thus are omitted. (N

3.2.2. Convergence. Let IIU = {Ilu, ITa} € &% x &% denote an interpolant of U. Then,

E=E'"+H (76)
where

E' = (U" - IU)e ¥ x &4 7
H=NIU-U : (78)

In components,
E={e;e}, E'={el,e}} and H={n,n,} (79

Theorem 4 (Error estimates). Assume t, and t, satisfy:

At < 1 S At (80)
c At € 1, < At (81)

where ¢, and c, are positive constants (¢, > ¢,).
Assuming Ue(H**1(I))'=a x (H'* 1 (1)), then the interpolation error, H, satisfies:

N
2, (m2, Cny)y, < c(U)AL*2 (82
n=1 .

N
Y, (ma. e ' Mig)y, < c(U)AL*! (83)
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N
Zl (M, 72 'Kny)p, < c(U)AL*H! (84)
N
Zl (»5”1H, Tlelng)In < C(U)Atmin(2k+3,21+1) (85)
N
; (Z,H, 1, KZ,H);, < c(U)Aminkr1.21+3) (86)
EM(T™) + &MO07))
N~1
+ Y ASME)) + EM(L7)) < c(U)Armnehrt 2D ®7)

where ¢(U) is independent of At. Then,
“IE]”2 < C(U)Atmin(2k+ 1,21+1) (88)

The next three lemmas aid in the proof of Theorem 4. They are given without proof since the
steps needed to prove them are identical to those in the proofs of Lemmas 3-5.

Lemma 7

3 M, + 3 ) MIna(e)] + €50°) May(0°)
= = 3 @M, — Y (0] Mue) + ST M) 69
Lemma 8
3 (LK, + Y ) KIng(e)] + et 07) K, (07)
= - 3 @K~ 8 [T k) AT K@) 00
Lemma 9
=3 (e )1 M) + Ted )] Kn )
+ () Miy(T™) + €4 (T7) Ky (T7)

N—-1
< %—[ T, (6B )] + 46 (H( )

+ &(ENTT)) + 46’(H(T”))] 1)

The proof of Theorem 4 is as follows:
IIE*|I* = Bgys(E®, E*) (by (74))
= Bois(ELE—H)  (by (76))
= — Bos(E", H) (by (70))
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< | Bgs(E", H)|
N
= Z} {(ega ng)In + (e’{a KgZH)I,,

+(Z,E" tM™1¥ H),,
+ (&, E, 1, KZ,H), }

+ T {6465 MIna)] + () KIm(e)]}
+4(07) M, 0°) + ef0) Kny0%)|  (by (69)
N
= Zl {- (ZE" M), — (Z,E", Kn,),

+(ZEL 1 M7 1¥ H), + (Z,E", 1,KZL,H),,
+ 2(e4, Cny)r, )

N-1
=% 14T Mus(e;) + [ed @] K, (02}
+e8(T7 ) M, (T7)+e"(T7) Kn(T7) (by Lemmas 7 and 8)
& §1 3 -1 h -1

< Zl 2(31]3 , T ML EY), + (Mg, T M)y,
1 ~

+ Z(ngh’ ,KZ,EM, + (ny, 17 ' Kny)y,
1

+Z($1E", ‘clM'I‘QlEh)," +(31H,1:1M_1£?1H)1n
1

-+ Z(ngh, Tngth)I" + ($2H, ‘CngzH)I"

1 o :
+ = (eg’ Ceg)ln + 2("27 qu)ln}

2
NZ1 N-1
+ % ,.; S([E' )] +2 ¥, £(H(,)
+ %g(Eh(T—)) +28(H(T™)) (by Lemma 9) (92)

The terms involving E* may be subsumed by the left-hand side. The interpolation estimates,
(82)—(87), then yield
HIEhH]Z < C(U)Atmin(2k+1,21+l) (93)

Also, from the interpolation estimates and (73),
”[H”lz < C(U)Atmin(2k+1,21+l) (94)
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By the triangle inequality:
INEIN? < 21IEX 12 + 20HII? < c(U)Agmin@rt 1.2+ (95)

which compietes the proof. O

The least-squares operators are needed to bound |(£,E" ), | and |(Z,E" Kn,), | in (92).
Without the least-squares operators, convergence has been proved only for linear displacement
and velocity interpolations.

4. COMPARISON OF SINGLE-FIELD AND TWO-FIELD FORMULATIONS

As measured in the [||-|ll-norms, the convergence rates proved for the single-field (two-field)
formulation are sharp (in the sense that the interpolation error contributions and the error
contributions emanating from e*(E*) have the same rates of convergence). If the velocity field
interpolation is chosen to be one order less than that of the displacement field (ie. [ = k — 1), then
the two-field formulation reduces to that of the single-field. However, it is computationally
convenient to choose equal-order interpolations for the velocity and displacement fields.

The analyses indicate that the intrinsic time-scale parameters, 7, 1, and t,, are proportional to
At, but these analyses are not sufficient to define the proportionality constants. Practical
definitions of the time-scale parameters are given by

At 96)

If variable time steps are used, then At is to be interpreted as a local value. That is, in (96), At
should be replaced by At,.

o=

T=1Ty =7T,=

5. FINITE DIFFERENCE ANALYSES

Stability properties and error estimates derived in Sections 2 and 3 are based on functional
analysis techniques typical of most finite element analyses. In contrast, for semidiscrete formula-
tions, classical finite difference techniques usually are used to derive stability and error measures.
In this section, we present results from finite difference analyses of the time finite element
methods. Particular emphasis is placed on the temporal accuracy and dissipative properties of the
proposed methods. These results are compared with finite difference analysis results of several
commonly used semidiscrete methods. For the single-field formulation, linear (P1) and quadratic
(P2) interpolations are analysed. Four combinations of interpolations are studied within the two-
field formulation: constant displacement and velocity (P0-P0), linear displacement and constant
velocity (P1-P0), linear displacement and velocity (P1-P1), and quadratic displacement and
linear velocity (P2-P1). Both the time-discontinuous Galerkin and the Galerkin/least-squares
methods are investigated.

5.1. Model problem and analytical measures

To study the finite element formulations from a finite difference perspective, we start with the
time finite element method for ordinary differential equations to assess the temporal behaviour of
the algorithms. It suffices to consider the undamped, single-degree-of-freedom model problem:

d+ (w"?d=0 97
d(0) = d, 98)
d(0) = v, ‘ 99)
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See Chapters 8 and 9 of Hughes*® for an explication of the steps taken to obtain (97)—(99) from
(1)-Q3).

For purposes of analysis, it is convenient to express the values at the end of a time interval, e.g.
d"(¢;) and v*(¢;), in terms of the values at the end of the previous time interval. This can be

written in the form:
) 1, dey)
{Aw%gﬂ}-A{Aw%q1g} (100)

where A is the amplification matrix of dimension 2 x 2. The analytical measures of interest are the
spectral radius, local truncation error and numerical dissipation and dispersion. The spectral
radius, p(A), is defined by

p(A) = max|4;(A), 1,(A)| (101)

where 4,(A) denotes the ith eigenvalue of A. Calculating the displacement-difference stencil from
(100) results in

d'ty ) — 24,d"(t;) + ApdP(t,_,) =0 (102)

where
Ay =} trace A (103)
A, =det A (104)

The local truncation error, 7 (t), is defined by
T(t,) = At™2(d(t, + Ar) — 24,d(t,) + A,d(t, — At)) (105)

where d is the exact solution to (97)—(99). Provided that the eigenvalues of A remain complex
(41,2(A) = A £ iB, B # 0), the solution of (102) can be written as:

d"(t7) = exp( — E"@"t,) (c, cos(d™t,) + ¢, sin(d"t,)) (106)
in which
"= At~ 'tan™! (E> (107)
A
2 Inp
h_ [P A
e VL (108)

where " is the algorithmic damping ratio, " is the approximate frequency and the coefficients c,
and ¢, are determined from the initial conditions. The algorithmic damping ratio provides a
measure of the numerical dissipation while the relative frequency error, calculated using
h
)
— =1 (109)
@

is a measure of numerical dispersion. The relative frequency error may also be expressed as:

Q

=1 1
Q (110)

where Q = Atw" and Q = At@". For details on the derivation of the above analytical measures

see Hughes*® and Hilber.*!



TIME FEMS FOR STRUCTURAL DYNAMICS 323

5.2. Local truncation errors

In a local truncation error expression, the power of the lowest-order term with respect to At
defines the convergence rate of the associated algorithm. The coefficient of this lowest-order term
provides a measure of relative error magnitudes for comparing different algorithms.

Table I lists the lowest-order terms in the local truncation errors of the time-discontinuous
Galerkin method using the six interpolation combinations described above. As is typical of time
finite element methods, the convergence rates are odd powers of At. The PO--P0, P1-P0 and P1
elements exhibit first-order accuracy, while third-order accuracy is achieved by the P1-P1,
P2-P1 and P2 elements. The displacement-difference stencils are identical for the time-discontin-
uous Galerkin formulation using P1-P0 and P1 elements; thus, their local truncation error
expressions are also identical. Similarly, the local truncation errors of P2-P1 and P2 are
identical. These equivalences are not surprising since, in the two-field formulation, the compati-
bility equation (61) is equivalent to calculating velocity from the displacement field in the single-
field formulation, provided [ = k — 1. The PO-PO0 ¢lement, while convergent, is equivalent to the
backward Euler method, which is a poor algorithm for accurately computing transient response.
Also, owing to their low rates of convergence, the P1-P0 and P1 elements are inappropriate
methods for solving structural dynamics problems. In contrast, the three methods that exhibit
third-order accuracy are useful transient solvers. We note that commonly used structural
dynamics algorithms are second-order accurate.

Table I1 lists the lowest-order terms in the local truncation errors of the Galerkin/least-squares
method using the same six interpolation combinations. Compared to these error measures, the
error estimates obtained from the convergence analyses of Sections 2 and 3 are pessimistic for the
model problem. Comparing the results in Tables II and I, note that the addition of the least-
squares terms does not degrade the convergence rate but does increase the error coefficient. If
T, = 7,, then the error coefficient for P1-P1 is twice that of P2-P1. In addition, if r, = , then the
error coefficients of P2-P1 and P2 are identical, as are the error coefficients for P1-P0 and P1.

Table 1. Local truncation errors for the time-discontinuous Galerkin method

Interpolation Error rate  Error coefficient

Constant displacement, (PO-PO) At 1
Constant velocity

Linear displacement, (P1-PQ) At 172
Constant velocity

Linear displacement, (P1-P1) A3 1/36
Linear velocity

Quadratic displacement, (P2-P1) Ae3 1/72
Linear velocity

Linear displacement (P1) At 1/2
(single-field formulation)

Quadratic displacement (P2) A? 1/72
(single-field formulation)
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Table II. Local truncation errors for the Galerkin/least-squares method

Interpolation Error rate Error coefficient
PO-PO At 14+ (%, +1,)
1
P1-PO At §+ 2
I 1 ,62 + 22 2A A (A + N
P1-P1 At3 — _(,el + fz) + 1 T2+ TITZ(TI ATZ)
36 18 18(1 + 22, + £,) + 4,%,)
1 4,00 +3%
P2-P1 Ar? 1 R0 +3%)
72 18(1 + 2%,)
P1 At 1+ N
2 T
1 t(1 + 3¢
P2 Af3 (1 + 3%)

,....+—._~__.
72 18(1 + 2¢)

Note: £ = 1/At, £, = 1;/At

5.3. Spectral radii

Spectral radius plots are useful to observe the dissipative properties of an algorithm over the
entire frequency domain. Of particular interest is the spectral radius magnitude at the high end of
the frequency spectrum. It is desirable for structural dynamics algorithms to attenuate high
frequency response because high frequency behaviour is typically the result of spatial discretiz-
ation and does not represent physical behaviour of the structure. Ideally, the high frequency
behaviour should be annihilated in one time step, i..

Pp= lim p=10 (111
Q-
We refer to this desirable attribute as ‘asymptotic annihilation’ of the high frequency response.
Simultaneously, dissipation should be small in the low frequency regime so that the physical
response is not overdamped. Low frequency dissipation is best measured by the algorithmic
damping ratio; see Section 5.4.

Figure 1 depicts spectral radii for the time-discontinuous Galerkin method obtained using the
six different interpolations. Also shown are the spectral radii for the Hilber-Hughes-Taylor «
method (HHT-a method) and the Houbolt algorithm. The HHT-a method is a good second-order
accurate semidiscrete algorithm which attenuates high frequency response.*! ~#* All results were
computed using o = — 0-3. The Houbolt method*® is the only three-step linear multistep
algorithm that attains asymptotic annihilation. (See Hughes*? for a discussion of linear multistep
methods for second-order equations.) The spectral radii of the P 1 single-field formulation and the
P 1-P0 two-field formulation are the same since the displacement-difference stencils are identical;
likewise the P2 and P2-P1 spectral radii are identical. Differences between the first-order and
third-order accurate algorithms may be easily observed in the low frequency region. Note the
P0O-P0 and P1-P1 elements possess the asymptotic annihilation property. From an accuracy
standpoint, P1-P1 is preferred since it is a third-order accurate method while PO—PQ is only first-
order accurate and hence too dissipative in the low frequency region. The P1 and P1-PO
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Figure 1. Spectral radii for time-discontinuous Galerkin methods

elements are not useful for transient dynamics since they exhibit first-order accuracy yet do not
dampen high frequency response. While the spectral radii for these methods initially decrease, the
roots of their characteristic polynomials bifurcate when Q = 4-0; the roots remain real-valued for
frequencies above this limit. (See Hilber*! ~43 for details about the effects of root bifurcations
within the context of semidiscrete algorithms.) The P2 and P2-P1 elements are third-order
accurate but do not dampen the high frequencies due to root bifurcations when Q = 3-1 and
Q = 10-8. Thus, while the time-discontinuous Galerkin method using P1-P1 elements is an
effective algorithm from the perspective of stability and accuracy (its roots do not bifurcate), P2
and P2-P1 elements need the additional dissipation engendered by the least-squares terms to
render viable algorithms for structural dynamics.

Figure 2 depicts the spectral radii of the Galerkin/least-squares method for the six inter-
polation combinations (7 = 1, = t, = 1/2At) and the spectral radii of the HHT-o and Houbolt
algorithms. All six interpolation combinations exhibit the asymptotic annihilation property.
While the roots of P1-P0, P1, P2-P1 and P2 still bifurcate, the addition of the least-squares
terms ensures that their spectral radii are zero in the high frequency limit.

Figure 3 compares the spectral radii of the time-discontinuous Galerkin and Galerkin/least-
squares methods for each of the six interpolation combinations. The influence of the least-squares
operators on the spectral radii may be readily observed from these plots.

5.4. Numerical dissipation and dispersion

The algorithmic damping associated with the time-discontinuous Galerkin method for the six
interpolation combinations is shown in Figure 4 (top figure) as a function of the frequency
parameter, . Also included are the algorithmic damping curves for the HHT-« and Houbolt
algorithms. The Houbolt algorithm is generally considered to be too dissipative in the low
frequency regime; thus, PO-PQ, P1-P0 and P1 are clearly too dissipative to be of practical
interest. The algorithmic damping curves of P1-P1 and HHT-a are nearly identical when
Q < 0-3x. It is observed that the P2-P1 and P2 elements have very little dissipation in the low
frequency domain.
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Figure 2. Spectral radii for Galerkin/least-squares methods. (Top: single-field formulation; Bottom: two-field formula-
tion)

Algorithmic damping for the Galerkin/least-squares, HHT-« and Houbolt algorithms is shown
in Figure 4 (bottom figure), with T = 1, = 1, = 1/2At. The effect of the least-squares operators is
to add dissipation to the time-discontinuous Galerkin formulations; consequently, the algorit-
hmic damping increases. Algorithmic damping curves for PO—P0, P1-P0 and P1 are omitted
since these elements are already too dissipative without the least-squares terms. The least-squares
terms result in algorithmic damping ratios greater than that of the HHT-o method for all
elements. However, when Q < 0-107, there is little difference between the algorithmic damping
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Figure 3. Spectral radii for time-discontinuous Galerkin and Galerkin/least-squares methods. (TDG = time-discontin-
uous Galerkin method; GLS = Galerkin/least-squares method)

ratios of the HHT-o method and the P1-P1, P2-P1 and P2 elements. It is important to recall
that, unlike the HHT-« algorithm, P1-P1, P2-P1 and P2 achieve asymptotic annihilation of high
frequency response.

Relative frequency error in the low frequency domain is shown in Figure 5 for the time-
discontinuous Galerkin, Galerkin/least-squares, trapezoidal rule, HHT-a and Houbolt al-
gorithms. Dahlquist*® proved that, for unconditionally stable linear multistep methods, the
trapezoidal rule exhibits the smallest frequency error; thus frequency errors for the HHT-« and
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Houbolt algorithms are greater than that of the trapezoidal rule. Time-discontinuous Galerkin
and Galerkin/least-squares formulations do not result in linear multistep algorithms and thus can
generate unconditionally stable algorithms which have less numerical dispersion than the
trapezoidal rule. The results in Figure 5 demonstrate the superior numerical dispersion character-
istics of the P1-P1, P2-P1 and P2 elements. While the frequency errors of PO-P0, P1-P0 and P1
are comparable to those of the semidiscrete formulations, these time finite element methods are
not effective time integration schemes owing to poor accuracy and algorithmic damping charac-

teristics.
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Figure 5. Relative frequency errors for time finite element methods. (Top: time-discontinuous Galerkin method; Bottom:

Galerkin/least-squares method)

6. CONCLUSIONS

A new time finite element formulation of structural dynamics was presented. The methods are
based upon using the time-discontinuous Galerkin method; stabilizing terms having least-squares
form are included. Stability and convergence of single-field and two-field formulations were
proved. Finite difference analyses of the time finite element methods were performed using
various temporal interpolations; the results show the methods possess advantages over com-
monly used structural dynamics algorithms. In particular, the Galerkin/least-squares formula-
tions achieve high-order accuracy and asymptotically annihilate undesirable high frequency
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response without introducing excessive algorithmic damping in the low frequency regime. In
addition, the proposed methods exhibit little numerical dispersion.

Time-discontinuous Galerkin methods typically lead to systems of coupled equations which
are larger than those emanating from standard semidiscrete methods. To approach economic
competitiveness with existing algorithms, predictor-multicorrector, explicit or implicit-explicit
algorithms need to be developed; the challenge is to develop a more economical algorithm that
inherits the desirable accuracy and stability properties of the underlying fully coupled methods.
This is the subject of a subsequent publication.
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