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ABSTRACT

The derivation of the free molecule expressions for shear and normal
pressure on an element of surface inclined at angle 6 with the free stream
is shown. These expressions are then used to develop a general procedure
for finding 1ift and drag on any of a restricted class of bodies at all
angles of attack. Thls general theory is then applied to four specific
bodies of revolution: semi-infinite right circular cone, infinite right
circular cylinder, prolate ellipsoid, and double ogive. A fifth application
is made in obtaining drag and 1ift curves for a body composed of an ogive
plus helf a prolate ellipsoid at angles of attack of 0° and 45°.
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LIST OF SYMBOLS

a - Angle of attack
A - Planform area at zero angle of attack
8 - Angle between the free stream vector and the normal

to a general surface element

ci = A QRTi - Most probable velocity of the molecules in the im-
pinging stream

CI‘= N 2RTr - Most probable velocity of the molecules in thermal
equilibrium at a temperature Tr of the re-emitted
gas

C 2 Coefficient of dra

D gA g

L . .

C.L =— - Coefficient of 1lift

L qA

D ~ Drag

ds - General element of surface area

t 2
D -
erf(t) =ifi?:s e ° ds- Error function of t

o)
F - Total force on a body
FX,'Fy, FZ - X, ¥y, z components of force on a body
c
y = ;—I-)- - Ratio of specific heats
-
G (x,y,2) - Mathematical expression for the shape of an arbi-

trary body
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LIST OF SYMBOLS (CONTINUED)

Direction numbers of the normal to a general
surface element

NG +c® 4P
X y Z
Cosine of the angle between the normal to a sur-
face element and the x-axis
Lift

Direction cosines of the free stream velocity
vector U

Molecular speed ratio

Normal pressure on an element of surface inclined
at angle 6 with the free stream.

Dynamic pressure

Universal gas constant, related to "ordinary" gas
constant R by: R =R
] =

W

Temperature of the impinging stream
Temperature of the re-emitted stream

Direction cosines of the tangent to a general
element of surface (1n the plane of the velocity
vector U and the normal T )

Shear stress on an element of surface inclined at
angle © with the free stream

Angle between a surface element and the free stream
velocity
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I. INTRODUCTION

Free molecule flow is defined as the flow (past a solid surface) of
a fluid of very low density, such that the mean free path of the free
stream molecules is large compared with the linear dimensions of the sur-
face being considered. As a consequence, the collisions of the molecules
of the free stream with each other have no effect whatever on the free
stream velocity, and the force opposing the motion of the fluid past the
surface is due solely to the action of the molecules of the fluid upon
the surface. If we now also assume that the medium in which a body is
being considered is composed of small spherical molecules, the concepts
of kinetic theory apply.

In free molecule flow, the action of the molecules may be consldered
to be characterized by three different reflection phenomena:

i& Specular Reflection - in which the component of molecular
velocity tangent to the element of surface from which the
molecule is reflected remains unchanged, while the normal
component reverses its direction; there is no adjustment of
gas temperature to that of the surface of the body.

B. Diffuse Reflection - in which the molecules of the gas are
momentarily adsorbed, (thus, one of the boundary conditions
is in terms of a derivative with respect to time), so that
the direction of the motion of the reflected molecules is
completely unrelated to the direction of the impinging
gstream. This type of reflection is accompanied by an ex-
change of evergy between the molecules of the stream and
the body surface expressible in terms of an accomodation
coefficient @, a measure of the extent to which reflected
or re-emitted molecules have their energy adjusted toward
that of an equivalent mass of gas traveling in a stream at
the temperature of the surface. This "accommodation" of
the temperature of the impinging stream toward that of the
wall is due to the momentary adsorption of the gas molecules
by the surface, hence is dependent on the average length of
time elapsing before re-emission. Weidman determined the
value of @ for alr on metals, and concluded that its value
is independent of the nature of the metal surface (Ref. 9).

1
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Along with the energy exchange, diffuse reflection is
accompanied by a momentum exchange expressible in terms of
f, Maxwell's coefficient, which is the fraction of tangen-
tial momentum of the oncoming molecules transferred to the
wall upon collision. A table showing that values of f are
usually very nearly unity for all materials at present
deemed suitable for rocket "skins" is given by Millikan
(Ref. 10). Therefore, it might be expected that diffuse
reflection may account for practically all the action of
the molecules on the body.

C. Uniform Adsorbed Layer - an "in between" case in which
the impinging molecules form an adsorbed layer, and later
"evaporate" in such a manner that no contribution to result-
ant forces or moments arises when the molecules are re-
emitted. There is a pressure due to the re-emission from
the layer, but it is distributed so that the contribution
of any one part of a body is Jjust cancelled by the contri-
bution of the rest of the body, so that all the forces we
need deal with are those needed to bring the molecules to
rest with respect to the missile surface. Thus, tempera-
ture adjustment 18 not a factor to be considered in the
calculation of these forces.

Although it might prove difficult to realize this
mechanism physically, use of the concept can lead to sim-
plification of results without greatly impairing the ac-
curacy of the calculations involved.

The "cosine law'-of reflection, that the number of molecules leaving a
surface element in any direction is proportional to the cosine of the angle
between the direction and the normal to the surface element, expresses the
result of numerous molecular ray experiments. As long as the de Broglie
wave length of the incident molecules is large compared with the average
roughness height times the sine of the angle of incidence, specular re-
flection is not observed, nor expected by theory; thus the possibility
of occurrence of specular reflection is limited to angles of incidence
Vvery near grazing. Although the tendency to grazing angles of incidence
increases at high Mach number, it can be shown that, at'high Mach number,
the increase in tendency to grazing incidence is almost exactly offset
by the decrease in de Broglie wave length. TFor all ranges of Mach number,
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ignoring the effect of specular reflection will introduce an error of
less than half a percent into the calculation of restoring force (Ref. 3).
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II. PRESSURE ON AN ELEMENT OF SURFACE

As mentioned above, the collisions of the fluild particles with each
other have no effect whatever on the free stream velocity; so the total
effect of a stream of molecules might be found by adding the effect of
collision by each molecule separately for all the molecules. In subse-
quent discussion, all quantities are assumed to be averages.

The following closely parallels the development presented by Tsien
(Ref. 4) and Ashley (Ref. 5).

Letting u', v', and w' be the velocity components of a molecule in
directions x', y', and z' fixed relative to U (the free stream motion of
the fluid), and if collisions between molecules and other mutual forces
are neglected, then the kinetic theory states that the molecular velocity
distribution is Maxwellian, i.e., the number of molecules per unit volume
with velocities in the range u' to (u' + du'), v' to (v' + dav'), w' to
(w' + dw'), is

~h(Lr+v'2+ W)
e du'dv'dw'

Plw

N dl dv'dw'= dN= N(2)

where
N = number of molecules per unit volume.

h)\3 (W Ve w?)
Nuvw = N(T() e
. | ]
= . = W
2RTL \
cy = most probable velocity of the molecules in the free stream

If unit area dS of a plane surface S moves with velocity components
XU’, W 5/U in directions x', y', z', then, in the relative coordi-
nate system fixed in the plane surface such that x is the outward normal
to the surface, the velocities u, v, w in directions x, y, z are
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u=u'" - AT

vy EPU § where \', p',V ' are the direction cosines of U
- ) in the x' y' z' system.

w=w' -V'U ) J J

Then the number of molecules with velocity components in the range u
tou+ du, v to v + dv, w to w + dw, 1s

2 -h[(wxu)%(vw'u)%(ws-v'u)*J

Nayw. du dvdw=dN-= N(Tﬁ) [/ du dvdw (2)
In unit time, the molecules (with velocity components in the gpecified

range) that strike the surface dS, are contained in a cylinder with dS as

base, slant height‘Ju2 + Ve o+ we , and altitude -u (-u because only mole-
cules with x velocities in the negative range - -o < u< O can strike the
surface dS). Since the volume of the cylinder is -udS, the number of

these molecules striking unit area of S is then -ullyywdudvdw = -udN. The

total number n of molecules striking this unit area is then the integrated
sum of -udN over all possible velocities of impinging molecules.

(o}
we iWI

0O

3 w e ~h[WANWH ) H W W]
ne N (&) duf v

~a0 -00

u

w(Z

+ AU [I rerf(AU »/-b:)]}

-kX%u*
€
{ (3)

Vv ih

where erf (t) represents the conventional error function of statistical
theory, defined by

t ‘ﬁ?;
erf(t) =—\:~:j e dpj

Multiplying equation (3) by the average mass, m, per molecule (mN =p
free stream density), the mass m; of the stream striking unit area per
second of the plate is:
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Y. e-hxlu‘

The total momentum of the stream of mass m; in an arbitrary direction
specified by direction cosines Ny, w1,V 1, is found by integrating the
momenta of molecules in each velocity range:

+ Rufiverf wum]}

3 (° ® (® ~h QX0 Vv iad’s (w+ow)*]
M A, U= ~ﬂ({k;)a£wd,uj_wdvl(_”u(x,u+ﬂ,vfz/.w)e dy

’ ! s -ﬂzuzhj / 13
-Pu* {(XX,*},&)\L‘# vv)e + [7‘ lU A (;Cx,+,w}b‘+vv.)-m+erf (O UTEE,
= LhU* -
% U/

(5)

For calculating the pressure p; due to impact of molecules on a plane
inclined at angle © to the free stream velocity U,

A'=5in© Ap= -1
p' = Cos © w, =0
V'=0 V,=0

Substituting these into equation (5):

‘ ) , _L: o cit
Pi (e) - Sin® ﬁ e it Siw ef( Loy Sinte) [H-GV‘F(%—SWLQ)}
LA Jx U W :

(6)

When U = 0 (for a gas at rest), Pi = {—pci , which 1s half that ylelded
by the kinetic theory, the other half being due to reflection. For

U>> cy and© = 90%, py = %9012 +OU2, which checks with the result of
Zahm (Ref. 1), except for a factor of 2, since we have found only pres-
sure due to Impact and not the total pressure.

2
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Substituting My = uvn = e ='l', equation (6) becomes:
QRTi Cq
1 1 -Mud Sn’e . )
_PL(G) = Sin® e n +(2|M£+ Sin 9)[[+€Y‘F(,Mw Stﬂe)] (6a)

h U MeVR

If the stream of molecules is first absorbed by the surface before
reflection, all the tangential momentum is transferred to the surface;
to calculate the shearing stress T thus produced, the direction cosines
are:

A = Sin 6 >‘1=O
pu' = Cos 6 w,o= -1
'U':O vl=o

Substituting into equation (5):

70 _ Coa® -MZSin® . :
o o ¢ +5in® a8 |1+ erf(Meo Sin ) |

If the reflection of molecules is specular, the component of motion
of the incoming molecules normal to the reflecting surface is simply re-
versed in direction, while the tangential component remains unchanged.
Then the pressure due to re-emission is P, = Py, and the shearing stress
due to re-emission is Tr ==1;. "If, however, reflection is diffuse, no
preferred direction of re-emission exists, so T, = 0, and total tangen-
tial stress. T= T4 + Tp = Ti.

(1)

To determine the pressure p,, due to diffuse re-emission, we must use
the fact (as shown in texts (Ref. 11) on kinetic theory) that

—Pr =_V;_i Cr My

where
Cr: \/2RTI. = most probable velocity of the re-emitted molecules
mr = mass emitted per second per unit area.

For steady state reflection, m, must equal m; given by equation (4).

7
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-M2 S

Trle) ! Cre M m6+\/—' %ind Cr[f-erf(mxSm@)]
LPUE IMZ Ci 2 Mo Ci

[~ (o MeSine  yx s5ine

= | Tr ¢ + - - Eferf(MpSin@)}

since

Q_r \/ZF\Tr [Tr
CL ZRTL Te

The total pressure due to both impinging and re-emission, with f frac-
tion of the molecules reflected diffusely and (1-f) specularly, is:

(1 ) Tr
/Pu f /1./3U1 i W Pu*

(9)

Similarly, the shearing stress is:

T . f_T
%,/JUi b PUr
(10)
If £ is assumed to be 1 (reflection is all diffuse),
r . %
WPUr W PUT B PUT
(9a)

So far as is known at present, f is independent of angle of attack 0,
80 it does not complicate any integrations of p or T over ©.
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A table may now be drawn up, showing the pressures and stresses that
must be accounted for for each reflection mechanism mentioned above:

Table of Pressures on an Element of Unit Area

Reflection Specular Uniform Adsorbed Layer Diffuse
Pressure
P _ 2Py P _Pj P _ DPi P
N 1 - = —_— — —_—= ==t
orIa 1 q g q ¢ a q
T
T,
T — _T.=._l _L:..l.
Shear - 0 T g T g

Since, as pointed out earlier, specular reflection has a negligible
influence upon calculation of drag and 1ift, we shall henceforward direct
our attention to the other two mechanisms.

Experimental data indicate that according to certain specific criteris,
a body in flight may (depending on its velocity) pass into the free mole-
cule flow regime at altitudes as low as five hundred thousand feet. (Ref.
2, 7T and 8). For bodies at those altitudes and above, such evidence as
exists leads to the belief that the energy of the molecules of the inci-
dent stream generally exceeds that of the re-emitted stream. If we take

unity as the value of the upper limit of the ratio_f£ , then presumably
Cs
i
the maximum value of restoring force is calculated by the mechanism of

diffuse reflection: this we call "extreme'" diffuse reflection.

Cdnveniently enough, determination of force in the case of uniform
adsorbed layer is identically that for diffuse reflection, when the ratio
c

r
el is arbitrarily assigned the value zero. This presumably is the
i .
minimum value that restoring force may be. (N.B.: The physical quan-

tities represented by c, and T, can never be identically zero in any
physical case; they are merely arbitrarily assigned that value in the
case of uniform adsorbed layer to aid in simplifying the mathematical
formulation of the maximum range of restoring force encountered in free
molecule flow, i.e., as a simple means of bracketing the total range ex-
pected by theory.)

Then the pressures (shear and normal) arising in diffuse reflection

9
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can be made to bracket the whole range of pressures expected by theory by
c

lcetting the ratio — take on all values from O to 1. However, when we say
c

- .
—= 0, we really méan Py =0 a8 used above in describing the mechanism

i
of uniform adsorbed layer.

10
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ITI. BODIES AT ARBITRARY ANGLE OF ATTACK

A. INTRODUCTION

In general, except for simple configurations at zero angle of attack,
force components on a body can be evaluated only by numerical integration.
Exposition and illustration of one of the methods involved in integrating
numerically may be found in Section IV of this paper.

Three of the bodies considered here have been dealt with in the case
of zero angle of attack by Ashley (Ref. 5 and 6). When the treatment given
here is specialized to a = O, the results reduce identically to those ob-
tained by Ashley.

The following analysis is exactly valid only when the flow is uniform,
assumed of infinite extent, and if the body under consideration is such
that a tangent to the surface at any point does not intersect the body sur-
face,

B. GENERAL METHOD

Given a body subject to the above conditions, orient it such that a
convenient point is the origin, and the space coordinate axes coincide
with axes of symmetry (1f such exist) of the body. Express the shape of
the body mathematically in terms of a function G(x,y,z) of the space vari-
ables, and find the partial derivatives GX’ Gy, G, which are the direction
numbers of the normal to a general surface element of the body. The di-
rection cosines of the normal are I'X, I'y, 'z, Where

G
| G
x T
G
JL— A
y r
G
oo E
p r
r =ﬂj G? + G? + G? (l)
X y Z

11
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If the flow 1s such that the free stream has direction cosines (\, u,
V), the angle B between thes free stream vector and the normal is given by:

CosB=AT } I' +T 2
BAX+uyVZ (2)

and the surface element may be considered to be at angle of attack (E -B)

Gog) o, (B0
ELLLT

with the free stream, so that are the free mole-

cule normal and shear pressures, respectively, on the surface element in
question.

Then the force components are to be found by integrating these pressures
over the surface of the body in free molecule flight as follows:

Fx (X componet of force)= 05£ [i;%;_-_/{ Mt ﬂ%{g—)ﬁ{l ds

Fy o [T 78 ) s

Fz - 4 [f_.(%;/g Me+ T(’%"B)Tz] s (3

where Tx’ Ty’ TZ are the direction cosines of that tangent to a general

element of surface which is in the plane of the velocity vector U and the
normal I' , and are themselves determined by msans of the following equa-
tions:

R Tx Myt T =0
AT+ Ty + V' T; = SinfB
1;1 +_Tg1_r-ﬁz¢ - l

()

The total restoring force on the body may then be found by summing vec-
torially:

2 2 2
F=~/Fx+Fy+FZ (5)

12
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¥ F F
. R . . . X J _Z
along a line with direction cosines iﬁ, Ef, §~’

Then the 1ift L and drag D act in the plane determined by the vectors

F and U.
> >
D = F cos (F, U)
L = F sin (F, 1) (6)
o =2
D gA
L
C. ===
L gA (7)

where A 1s the planform area at zero angle of attack, although the refer-
ence area may be chosen arbitrarily, so long as it is treated consistently.

C. GENERAL BODIES OF REVOLUTION

If the body we are dealing with is a body of revolution, the axis of
revolution is an axis of symmetry. If we orient the body so that its axis
of symmetry lies along the x-axis, we may, without loss of generality, re-
gtrict the free stream vector to, say, the x- y- plane. Its direction co-
sines then are cos @, sin @, O where & is the angle between the free stream
velocity U and the x-axis. Then the pressure components in the z-direction
when summed over the surface of the body just cancel each other, so that
the resultant force F acts in the plane determined by U and the x-axis; i.e.,
as mentioned above, in the x- y- plane. Then (3) becomes:

Ef g [M("z + _,D’_(%b_:_/.?.'rz} ds=0

< w =2

by symmetry, because of the choice of coordinate axes.

15
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Then (6) becomes:
D="F cos ( ¢-Q)
L=Fsin ( ¢-a) (6a)

where ¢ 1is the angle between F and the x-axis,

_D. APPLICATION TO SPECIFIC BODIES OF REVOLUTION

1. Infinite right circular cylinder of radius R at angle of attack a:*

G(x,5,2) =x"+32zZ-R =0

Parametric representation:

X = - R coso
z =R 8in 6
y=vy
(1)
G'x = 2X, Gy = 0, GZ = 2z, = - 2R,
Fx = cos 9, I"y= 0, I‘Z = - gin@, (2)

U is parallel to x- y- plane; direction cosines are: cos &, sin @, O.

*For convenience, we set up the coordinate system as follows: at zero
angle of attack, the free stream vector is normal to the axis of the
cylinder. Therefore, the x- y- plane is rotated through 90°, so that the

axis of symmetry of the body lies on the y-axis, instead of along x, as in
IIT C.

1k
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Then:  CoA 3= (ad (o ® (3)
ds _ ARdS Ldo (%)
A 2RL
T - C(’d,o( Stnye
Sin/
T, - (44 Sin® o0 (5)
Sin A
Tg = gH’L"(
Sin /3
Then: ~ (~ 6) 2‘(7. 6) CMO( S "e
N "TP\T-RP) ¢ 2" habdaladidg 7> 6
FX_%A,Q [T (946"'___?.__ St ]d, (6)
Fy =gA sw(f ¥G-A) _do (7)
) %’ SLVL/b)
e Py
F = FX +Fff at Y= arctan —— in the x- y- plane
Fx
D F .
= = — ¢ -«
Co A" T YNCEPS
L F .
Co=— = —Sin (¢4
L GA P th ) (8)
Ata =0,
then: cospB =cos 0, dp=46,p = 6 (9)
Tx=gi-h[>’, Tz:CDAe, Tg =0 (10)
then: . (7 6) 2‘(~ )
.0 _ K _("TrPiz-0)me+C(5-06 Stn@
Co*h @R'i [ (; tﬁ ]de (11)

15
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d =0
an CL (11)

This checks exactly with the results obtained by Ashley (Ref. 5 and 6).
Figure 1 is the graph of Cp versus M, for & = 0° and a = 45°. Figure
1 (a) is a plot of Cp versus Mw for a = 450.

2. Semi-infinite right circular cone, semi-vertex angle 6 , at angle
of attack @. Reaction at origin not included in this discussion.

G(x. Y E=-X"tan'©+y+E7=0

Parametric representation:

=X
X tan® cos ¥
x tan® gsin 7
V2 F 58 =xtan 6 (1)

VD N < M
"

Gy =-2xtam”©, Gy= 1y , Gg-2%
M=Sin@, MNy=-CsaOCoa ¥, [F=-(0aO5inY (2)

U is parallel to x- y- plane; direction cosines are: cos @, sin a, O.

Cor B = Sin O coal - Sink Coa O Cea ¥ (3)
dS . lpd¥ | d¥
A 270" 2750

(&)

T - AL~ Sin® Coa 8 )
Swn/j3
Ty - ST+ CoaB Sin@ Coad - (et . (5)
sk Sin/3
T - Conf Sin¥ Cen ©

Sinfl J

16
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Th%n: n ,f,(f:_/j’)+2'(.f‘-_' -/:’) (_Cﬁ(__ - Co’tﬂ) (6)
sz_:( [ = L Sinf Sin© } d¥
N\ A %. %-
~ X ~ (X _p\ (SinB+ Cod 8 Sin & Coad- Con’
Fy - :Usmef [‘1’(3 )8 ca¥+ TG A) Sind Sin 3 )de‘

] o (ﬁ/ %

E (7)

F =V Fxl‘l' Fgl ot &= G.VC{QVL -F—q- in the x- y-plane
X

C, - %EA-- TC RN

%A | (8)
L F ey (b
C, - — - Sin($-4)
LY
ata =0,
then: cosB = sin o, e=§ -B (9)
|~ Sin’0 . 20+ Sin’0 -
TX = —_:CGTG__—z CMQ-‘-SLHB,T = Cor i:j:be l=0, Tz=SLne Sin ¥
(10)
Then:
L =ﬂe)+ (@) Goao (11)
¥ A ¢ 4% Sind

L7
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and C_ = O (11)

L

This is in perfect'agreement with the results obtained by Ashley
(Ref. 5 and 6). Figure 2 shows a graph of Cp versus M, for a = 0° and
a = 45° when 6 = 10°. Figure 2 (a) is a graph of Cp, versus M, for
a = )+5O¢

It should be noted here that although the treatment has been de-
veloped for a semi-infinite cone; the results apply also in the case of a
finite cone, if one assumes the contribution of the base of the cone to be
negligible.

3. Double-ogive, semi-vertex angle 6, at angle of attack a (see
Appendix A).

g G (%Y. x)=X*+2 /R*- X* R 0. O +Y*+E2-R*(1+C8*6) =0
Parametric representation:
X =-Rcosd
y =R (8ind - cos®) cos e
z =R (s8ind - cos®) sine
P =R (sind - cos®) =N y2 + z2
(1)

/ 2X({/RE- X*-R Co¢6
z O = ( /RE- X* ),Grlg) Og =22 (2)

Tx=0&8, Ty=-SinScotd, Tx=-Sin5Sint

18
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U is parallel to x- y- plane; direction cosines are: cos &, sin a, O.

(04 /5 = Got & Corol - Sin & Sink Cod 4 (3)

dS _Rdsyde (Sins-Coe6)tow¢déd §
A ﬂﬁ&:o} N (1-Cos6)*

(4)

Cob & - Csa8 Cot. § I

Te =
X Sin B

L. S8+ Cotd Cob 8 ot §-Cotd. |
J SinA SinK

Coa 3
Sin A J

(5)

Tz Siné SLVLé

Li .
F= A jd j [P( 2 4) T(,. B aud ‘mﬁms]m‘#(sm&me)aﬁ’
A % ¥ Sinf

(6)

Similarly,

Ne
29A 2

9 n(-Cn 6)* J[

n.g
2

SméCM,“’ +

(7)

7(3-A) S‘u‘n‘ﬂ+Co¢oLMBMé~m’A]m¢(stné-M9)M’

& Sind Sin
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F=y/F**+F até=arctan — y

inthe X,y plane (8)
Fx
D F L F
Coz—= — (a0 (¢K), Co=—=—Sin(¢-
TS TS

ata =0,

ds_ 2(sinf-Cod9)dp

Cod /8= Co8 S, B=5, dB=AS, (9)

A (1-(848)?
Tx=—-SinB, Ty=0, Tr=sin¢css/3 (10)
Then:
n
L
Co = j d P Beoapr s, ](sm s6)d
°" a,A (- cow)lﬂ R S
7.9
(11)
and CL =0

which checks exactly with the results obtained by Ashley (Ref. 5 and
6). Figure 3 shows a graph of Cp versus Mo for @ = 0 and for a = 45°,
when 6 = 10°, Figure 3 (a) 1s a graph of Cy versus Ms, for a = 450.

oA

A special case of the double ogive, for g = = , 1s the sphere.

Then G(x, y, z) = o+ y2 +2° - R% = 0.
Parametric representation:
x=-Rcosg d

Gx= 2)(, G% = 23, G‘x:‘lz, T=2K

y =R 8in § cos?
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z =R sin & sin¢ T‘,@C@QS,E=-Sin$%+,];='5£nss.m¢
D=Rsin8=Jy‘2+z2 (1) (2)

Since the drag on a sphere is independent of &, let us teke @ = O.
Then the directlon cosines of U are = 1, 0, O

A=cm s, 88, d5-d4, ds- m;tnﬂdﬂasin/}dﬂ
(o) (30)
Ty = SLh/g, Ty=0
Then:
% i [P( T—/J?)CM./J’ S8+ (trﬁ)Sm/fﬂdﬂ > C, (sphere)
(5a)

F
since _ci:{\.: O by symmetry. This is identical with the result arrived

at for the sphere by Ashley ( Ref. 5 and 6 ).

4. Prolate ellipsoid of revolution, at angle of attack

X" Y*+
G(x, &JZ)~—+9
y b*

\
/o(\/ Parametric representation:
Y% "

‘ - a cos ©

b sin 6 cos ¢
b sin 6 sin ¢
b sin 6 =N y2 + 22 (1)

~i-0

i

z

T N9 K
]
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2 2y 2z
e pr, R g
b6 Siho ¢ Sinésine b*
T — =~ L=~ ' K= /— (e +Sin*8
X a/K Y’ K A K K “16 +

(2)
U is parallel to x- y- plane; direction cosines are: cos @, sin a, O.

(
m&z(—anu C88.6 - Sin A SiN 6 Cotd) e

dS [a*sin*é+b*coa*e SiNOLOL$
A no
_ Ksinodod ¢
T b

(1)

Cbio(‘&j{(b%.g Ces 3

Tx=

Sih /5
Ty= Stz AL cos e 0804 (5)
SinB sind
Sin 6 Sin¢$ cl
Tz = .
K sing
Then:
(X-8) sind oo+ c("/o’)s—ng (CMo( acm) dodé
s gt
?:O 0

(6)
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LAY n_ Y x_ sin & -
F,- 24A EJ [‘P(-z g) sin‘econe 2(5-4) (sin*4
n b4>=o e=0 cb %
b (7)
t X CodX mﬂme—m“a()J A6 A%
- 2 7 FL{ A
F= Fx +Fq at = arctan —F—H‘L‘H'LB X,Y-Plane
X
D F (8)
Cp= = - >
" 9A 9A Cod (4 K)
L F oo
C.= = SL -
T A n(d-A J
d
atod=0 ——=2 = K 5indd 6
A b
(9)
bCad 6 . :
Coa 5= ) SLR/”'-‘W: Sin@
akK K
Gin> 6 Sin @ : )
Py = = S /4
" Sth/s- K> K - (10)
Ty=o0 ]

" [P(%‘/S’) SlnoCoyo + ?'(_;!:__g)_:.' Sin*

D
Then CD= —= .E‘. = 1{ ‘L % 6]({9 awdCL:O

W 9n b
(11)

This result may, if desired, be expressed solely in terms of B,
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by replacing the 6 terms by their equivalent B terms:

example: S o= _b S‘Lnﬁ
- Sin~g4

where : c“=a" -b (12)

A graph of Cp versus M, for @ = 0° and 45° vhere the ratio of
minor axis to major axis is: b appears in figure L.

= 0.09475
Figure 4 (a) is a graph of Cy versus M, for a = 45°.

A special case of the ellipsoid, for a

Then G(x, y, z) =x2+y2+z2-R2=O,K

b ( =R), is the sphere.
1 and (11) becomes

b K, ?(3-6) sinece o+ 2(2-6) sin*6 »
A AR ¥ %
(68)

which is identical with that obtained by similar means with the double
ogive.

5. Body formed by Joining an ogive of vertex angle lOo and a semi-

ellopsoid with b ata le of attack.
; = 0.09475 a angle ol a C

10° b o«
} !

7 B

2k
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At angle of attack a, the restoring force on this body (let us call
it MI) may be determined by adding the contributions of each piece sep-

arately:
J=90° o=x
F F F
—L(MI)=—’((°9‘V€) + ‘—i(ellipsoid) l
C"A ‘}A ,§=80° CVA O-= -;:
S =90° =N
F i F
_S(MI)= —g(ogive) | + -—g(ellipsoid)
1A A S=80° 9qA o7

where each of the pressure components 1s based on the area of the
circle of intersection of the ellipsoid with the ogive.

F
X

F F F
Then, as before, =-— =/( Fx)2 +( y)2 at angle ¢ = arctan y .
gA

C X cos ( ¢- Q)
D—qA

Foo
C. =— sin ( ¢- @)
gA

¥
at « = 0, CL = 0, and CD is simply _x
QA

o
Figure 5 shows a graph of Cp versus M for & = O and for a = 457, for
Mp . Figure 5 (a) is a graph of Cy, versus M, for « = 450,
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1V. TYPICAL NUMERICAL CALCULATIONS

As mentioned earlier, the calculations performed to obtain the results
plotted on the graphs of this report generally involve numerical integra-
tion. A typical group of such calculations is included here.

Since the drag "law" changes as M, decreases through and beyond unity,
there is some doubt as to the validity of the results listed for M < 1.
However, since such experimental data as do exist agree qualitatively, at
least down to M, = 0.5, with these results, we have included them in this
paper.

A. NORMAL AND SHEAR STRESSES

As cited above, the method used in obtaining aerodynamic coefficients
at angle of attack was developed on the basis of the expressions for pres-
sure (normal and tangential) on the body in flight.

These expressions, derived in Section II are:

p;, (6) e'M“”S'Ln‘e |+2Moa SiR0
L . . + oo DL

=sine +1+erf (MeSno (1)
¥ Meoy/n0 [1erf ) 2 Mao®

Mo SL’6
T (6) e .
=08, 6 +5in8 | [+ef (Moo Sin 6 (2)
ﬂ' hﬂcoVG; [ il
‘MQLSLH}G

fie)e_gf e 1—sm9[|+er’r‘(MwSm9)] (3)
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where the total normal pressure is:

PO _ PO, pr(®) "
¢ % %

and the total tangential stress is:
T T (o) (5)
=2

¥ ¥

In every application so far considered (requiring numerical integra-
tion), the tangential stress term contained a factor of:

£

a

which is equivalent to:

T (o)
q cos 8

So, instead of (2), tabulation was made of:

-Ma Si.'b’@

Z(;:f)e =+ sin o[ 1+erf (Me5in )
% oo

(22)
T L
It must be remembered that '(-lE 0, fore = + E However, values of
7
T (9) have been tabulated fore = + 'é for purposes of interpolation.
q cos ©

In these calculations we were concerned with bracketing all values of
1ift and drag coefficients believed possible. Thus, the lower bound is
that for the reflection mechanism of uniform adsorbed layer, in which case:
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pr (6) = 0. The upper bound is that for "extreme" diffuse reflection, in

q Cn c
which case: < = 1. To prepare for all other cases, 0< =<1 , tabula-
. c
1 i

tion was made of:

o’ Sin’e

| pe@_ v e

Cr C2Me | Moo
o ¢ M Jr

+Sin @ |1 +erf (Me sing)]} ()

4
A typical calculatlon of:

Py (8) T; () —_t . pr(e) at =2205O' and the

> ) ¢

a q cO89 °r/71 -—a
tabulation of the results of all other such calculations performed to date
by the author are presented in Tables 1, 2, 3, and L.

B. METHOD OF NUMERICAL INTEGRATION

The method used for numerically integrating was Simpson's parabolic
rule:

[V

If the integral we evaluate is ¥y =J F (Myo) de (1)

o)
we divide the interval from O to 152' into an even number ( = n) of parts,
each equal to A6 .

Applying Simpson's rule, taking n equal to L,

A6
gz—é—[ﬁ(mﬁoyl-} F(M,6,+00) ¢ 2F(M,6,+1 A9+ 4F (M, 6,+386)+F(M.6)]

(2)
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1 [/ n 3 n
=—-—|F(M,0) + 4F ,—)+2F M,— | + F( F(M=
38'_;( 0+ (Ms (’4)4 M 8)+(’2)}
(2a)
Similarly, for evaluating a double integral, such as
g %
Z = J de f F (M,0 ,¢ ) de (3)
o} o}

the process is merely repeated so that:

pA =/ y.de (3a)
o

b1
2 .
where y =/ F (Mo ,¢) de (1la)

o
is evaluated as before for each value of ¢, taken as the endpoints of the
equal number of parts into which the interval from O to n has been divided.

Then forAe.—.Ié ,Ae =

J

=R

A¢- N6
2z 33 {[F(M,g, 4.)F4F(M,6,406,4,)+1F (M, 8,+286,4,)+ 4F(M,6:+306,£)+F (M,64,)]

+4.[F(M,90'$+A¢)+4F(M-,Q+A9,1>‘,+A¢)+7.F(M,9,+7.A9,4>,+A+)+4'?(M,9,+3A9,1’,+A+)+F(M,9,,4’ofMﬂ
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+2 [F(M,9,§°+2A4’)+4F(M,9,m 0.6,+ LAY+ 2F(M,8,42A6,4, tAA)+4F(M, & +3A 6,4, 204)+ F(M0,4:1144)]

+4[F(M,a,,¢.+3a+)+4 F(M, 6, t00,$:¢384)t LF(M,6,t2A8,4,+ 304) 4F(M,6,t30.6,4,4384) + F (M, 8, %+34¢) |

+[F(M,9,,4")+4F(M,60+Ae,+()+l{= (M,6,+100,%,) +4F(M,6,+346,4,) +F(M,9,4>,)]}

(4)

C. DETERMINATION OF CL AND CD FOR DOUBLE OGIVE, HALF ANGLE © = lOo , AT

ANGLE OF ATTACK 45°

As derived 1n Section IIT C, the force components on a double ogive,
of half angle 10° , at angle of attack of 45° are given by:

. (X
A2 F; p I”l?(—}/?)mw ds Z)(W-Mﬂ meS)}W(S*'nSWW
%A Tr(l C0 6)* ,_'9 L % (1)
I J 0 Sco b (1"?)(5 "3+ (o0 C04,4¢845 - cmz)]
A w(-oe)* ) - ¢ sinf

- O 4 (SinS- c48)d P  (2)
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where cos B = cosd cos & - 8ind sin @ cos¢ (3)

Then d 1s to be integrated from 80° to 100° , over a range of 20°.
Choosing A8 = 10°, we must evaluate (1) and (2) for & = 80°, 90°, 100°.

F F

But = 0=—L for 5 = 80° and lOOO, since cos 10°= sin 80°=
qA qh
sin 100°.
Then our evaluation is limited to & = 90°, when (1) and (2) become:
. 8emd (T(E-4
2 f = ) CoLdd &
%A X (0.01519) ¢ Sins
° (1e)
F (£- z'-’i-ﬁ Sin4-col’y
gA rr(o 03519) %Sm/? sin X
(2a)

Teking A¢ = 30°, we must evaluate (la) and (2a) for ¢ = 0°, 30°, 60°, 90°,
120°, 150°, and 180°.

Since cos 9005 0, we need not evaluate for ¢ = 90°. TFirst we must
determine B for ¢ = 0°, 30°, 60°, 120°, 150°, and 180°. To do this, we
complete the following table:

cos B =- 070711 cos ¢ , taking a = 45°

¢ o° 30° 60° |90° 120° 150° 180°
cos ¢ 1 0.86603 0.5 0 - 0.5 |- 0.86603 -1

cos B |- 0.70711| - 0.61238 |- 0.35356] O |+ 0.35356 |+ 0.61238 |+ 0.70711
8 1350 | 127.76° | 110.7° |90° 69.% 50.24° 45°
S-p - | 2316 | -20.7° | °| +20.7°| +37.76°|  +u5°

51




WILLOW RUN RESEARCH CENTER ~ UNIVERSITY OF MICHIGAN
UMM-55

Then we evaluate (la) as follows:

Fx 8.0ty 7 17 i|T@4s) *a6) (o)’ Tl207)° T(3176)°  2(-45Y
— S — === | 34042 + - ~34642 - -
A X(0.01591) 18 3 © 3404 45° ¢ G43776° %mm" %cuio.'z" %mmb" %m%’

L0t 2 | T(45%)-T(45°) (31767 - T(-31769 T (201%)-T(-207°)
= . +34641% +
243 0.0(519 % Cod 45° 96 Coa (31.76°) § corzor

(1b)

Ordinarily a table must be set up in which the values of each of the
stresses occurring in such an equation is listed for each M, desired
(see below, as was done for (2b)). However, in the case of (1b), the
stresses are independent of M., i.e., they are constant. When the
values are read or interpolated from Table 1 it is a simple matter to
calculate:

for thils configuration for all M.

If a better approximation had been determined, e.g., by taking
A8 = 50, it is likely that Fx would not have been exactly constant.

gA
This 1s purely a result of the fact that the approximation first de-
termined was found by computation for a single 38 , namely, 3= 900.
However, when better approximation was calculated, the variation in
value of Fx with M, was so small that the additional work entailed
qh

produced no appreciable difference in the final evaluation of the drag
and 1ift coefficients.
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Evaluation of (2a) is as follows:

F9~ 8  mimifplas)+pl 45°) y:(mwhp-mu’ p(m")rp(zov)
%A 7 (0.0559 183 63 % £ ¢

T (3176%)-7(-31169) . (201°) -2 (207°)
+ 0.1
%Cet (31.16°) %cu (w01°) | )

+070Tul l.O. 80603

(2b)

The steps and tabulation involved in evaluating (2b) and then de-
termining Cp and Cr, by proper manipulation of (1lc) and (2b) are shown
in Tables 5 and 6.

In like manner, the coefficients for the semi-infinite right cir-
cular cone, infinite right circular cylinder, and prolate ellipsoid
at an angle of attack of 45° were obtained. The results are presented
in Table 7.

(@)
D. My AT ANGLE OF ATTACK OF 45

As discussed earlier, the DH: congists of half of a double ogive plus
half of a prolate ellipsoid. The restoring force on the M; , at any angle
of attack &, may be determined by adding the contributions of each piece
separately:

F F i F
—X(MI)= _’i(Ogive) \ f—x(e(lifsou{ i

qSA A $= zio" ‘tA 9=
F §=90 y o=n
3 (MI) = ‘F" (ogwe l +— (GlllpSo'd) l

%A $-=80° %A ) =_7£.

By the methods of part IV B above, the following table containing the
contribution of each pilece was completed and the coefficients obtained
(see Table 8).
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APPENDTY A

Note on the Double Ogive

A double ogive is formed by rotating the arc of a circle about its
chord (see below). The vertex angle (26 ) of the ogive is then equal
to the central angle of the generating arc (generatrix).

d is defined as the angle between the negative x-axis and a normal
to the generatrix.
}¥ ]

\
A 4
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Ellipsoid

Drag Coefficients and Lift Coefficients for Mg

38

MICHIGAN

Page

o1

59
61




WILLOW RUN RESEARCH CENTER ~ UNIVERSITY OF MICHIGAN

UMM-55

$69L°0 |$69L-0]¢L9l 0] 9c08 0] $998° 0] L8E6 0] GLTO T| QOFT "T|T29¢ T|TeGS T|00%8° T @u®+@ mﬁwwww
—0 | — 0[9TTO0 0[g90T 0|G66T 0JSLET Of2See 0] L9Se 012682 O] TTOL 'O} TLTE 0 & uts x(§) @
$G9L°0 | ¢GoL 0|LECL 0] 9879 0| 8S6S 0] 6065 0]20¢S 0] Lg6w ‘0| ToL% 0l ¢39% 0l ¢e% 0| 6 uts x@) @
— 0| —0[2000°0| L5T0"0] 2050 0| 060T 0| 6¢6T"0f 99L¢ 0 T¢08 0f SeLe TfogLt 2|  (9)- @ Am%.ﬂ
620¢ "0 | £¢TE 0[255¢ " 0f2Las 0} 2Lg9” 0] £BLE 0| 0660 T 88L% "T{9L92 2| $020°¢| 9%9¢ ¥ @+ g @..HW.
— 0 | =——0[¥500°0|85LO O LLGT O] L¥SE 0| 708¢ 0| <229 0| #%¥%T T| 8889 " T|90TL 2 ©® x® @
620% "0 | ¢¢TS "0|006s " Of TL9T " 0] 9485 "0l 92¢l "of Set6 0| Tece " Tlege6 T 1309 2| 02¢g ¢ g
FTST 0 | 99ST OJLLLT O) %TL2 0} L89S 0| LS6% 0| 3979 0| LL26 0)cCeS Tl 39%T 2|¢Tle ¢ @
—— 0 |2000°0|$0£0" 0} T6L2 0| 69TF" 0] 09TG 0| ¥885 0| 80L9°0|¥S¥L 0] g9gL 0l9g2g 0| (@ Fxe-T @
— 2 | 9666 T|9696" T| 602L "T| TCQS T| 0987 "T|9TT¥ T|263¢ T|9%¢e T|ecTe Ti#TLT T (D Ixo+T @
0 0]2¢00° 0] T090 0] 0T 0| LSHT 098 T 0] LSw2 0|3Tw¢ 0] c9TH 0 92¢s 0] 6 uts x(© @
——0 | T000 0|S¢TO 0] OLET 0} S0L2 0] 808¢ "0l €Le¥ 0| T279 00268 0]8L80 T|LT6¢ T ®x© ©
$950°0 |9080°0 |OT#T"0|T282 0| T9LL"0)20L% " 0|2%95  0]zc0L 0 lcos6 0 ozt TS0t T IH'@ ®
— 0 | 600" 0]0960° 0] L9565 0| C6TL 06608 0|8s9g 0{c0t6 0 |Lg6 0l 1396 0[L9g6 0 @-w ©
PP¥9 VT QGLT L |TCwe 2| 9885 0} S62¢ " 0|60T2 0} $9¥T 0)LE60°0|L250"0]99£0 0] F¢20° 0 0, UTs omoz ®
8928°¢ |88L9°2|L0LS T $G9L "0 O0%LS 0]26S% "0 L28s "0} T90S "0 9622 O|STET 0| T¢ST 0 UTs®W ®
00\ | OL | oY |ozZ| s1| &1 | o1 ]| 80|90 | 50| ¥o swwoﬁg de3s
ﬁlo
10¢ g22 = 6 JI04 5 mow Ly .o_H S .‘.dla JO UOT4BUTMLISLO(
(8)r (e)*d T (o)td
T HIGVL

29




WILLOW RUN RESEARCH CENTER ~ UNIVERSITY OF MICHIGAN

UMM-55

| 3
—0 —0]2%00°0 ¢220°0]9690° 0| #SET 0 |c2ee 00l 02968 0 |F¥64  T|608s 2 9x® k! Pw.
_ 3 B2
8L90°0 |6960°0|00OLT 0 |OLGE"O6TTSC 0]¢C69°0|LTO6 0]gc92  T|6TTO 2 |0TSL 2] 99L0" 52
9 8¢9 99L0°% gxa @ T
9880°0 [992T°0|9T22 O |T¢H¥° 0|806S5 0] GRCL 02988 0|QLOT "T{OLLT "TGaLL T|9¢TE 2 HzN g
— 0 | —o|6t00° 02050 0foTTT 0|¢C8T 0 |2=292 " 0|35 " 0]9909°0L9gL 0| Ilo-T AHVAMHvAmu wmwwwec
ool |oL|ob|oz|s1 ]| 21| o1] 80|90 s D i
| | 18 9 o| v¥'oO 82/ deqg

Bl o™

(penutquo)) A v
© 800 b c b N/, b

0% 0% = @ TE T (0)%a (6)d

T TIdVL

JO UOT}BUTWIOL T

8

40




WILLOW RUN RESEARCH CENTER ~ UNIVERSITY OF MICHIGAN

UMM-55

00920 | 00L2°0 | 02TE 0 | 0TgP° 0 | 08€9°0 | 0%28°0 | 00%0°T | 08T¥ T | 068T 2 | OT¢6°2 | 0¥G3 " F| ol 02
28ST0 | 899T 0 | 9Lo2 0 | #59¢ "0 | 00TS 0 | 0%89°0| 988 0| Teve T | GGL6°T | 6Lgo e| #996°¢| ol ST
¢0L0°0 | 60800 | 0gTT" 0 o»m.m "0]098¢°0 | 0¢%G 0| 082l 0| 08GO T | OLWL T | 0¢ev 2| 09%9°¢ 00T
8¥20°0 | G£0°0 | $%90°0 | €28T"0 | 8562 0 | TLEF 0| 290970 | 02T6°0 | 9096 T | ¢w02 2| Sgls ¢ oS
S¥TO'0 | GT20°0 | 06%0°0 | FLET O | #9270 | 000% 0| 0294 0 | QLG 0 | 006%°T | goeT 2 | ¢Gle ¢ o%
0600°0 | 20T0°0 | ¢T¢0"0 | 06T 0 | 2232 0 | aLvc 0] ocooc o] ¢18L°0 | 6885 T | 0000 2 | 02T ¢ o0
¢TO0'0 | T#OO 0 | 06TO 0 | TRE0 0 | GGQT 0 | Lo0g 0| 9<% 0 | TOTL 0 | 2¢62°T | 9988 T | TOg6 "2 o0&
$000°0 | T200 0 | ¢¢TO0 | 0£80°0 | 0O%9T "0 | 92L2°0 | 060% "0 8699°0 | v2¢e'T | OTTR T | L98g° ¢ oG-
——'0 | £000°0 | 6%00°0 | €£G0°0 | 8QTT O | LIT2 0| %2¢¢ 0| 0696 0 | 2T60°T | €L€9°T | 3%99°2] oOT-
— 0] = 0 |4TO0"0 | OT£0 0 J OTQ0"0 | 2LST 0} 0292°0 ] 0L9%°0 | g8¥%6°0 | 06GFH°T | 0O2¢¥ 2 o».ﬂ-
— 0] =—"0 | %0000 | 8TO"0 | 0LSGO"0 | 202T 0 | 96020 | £¥6¢ "0 | T6¢8 0 | 68T< T | T9%2 2 |oL 02
— 0| —0]=2000°0| L5100 |20%0°0 |060T 0| 6¢6T 0 99L¢ 0 | T¢08°0 | G2le T | TQLT "2 oS ‘ga-
— 0| — 0| —0]|1L00"0 |2620°0 |92Lo 0| 0cosT 0| 06820 L0L9°0 | €860°T | 85%6°T| 0%~
— 0| =—0] —'0|TL00°0 |L9T0O"0 |08%0 0 | LOOT 0 | 0622 0 | TT9S 0 | 2066°0 | %8¢€L T |o9L LS
— 0| — 0| =—'0|2200°0 |S¥TO 0O |OTFO 0 | 0680 0 | 0602°0 | 2625 0 | G006°0 | 2L99°T |,8" 0%~
— 0| — 0| =0 |%T00°0 | 20TO"0 | T¢€0 0 | €6LO 0 | 80QT 0 | L0gT 0 | 98¢8°0 | 6TLG T| oS5~
— 0| =— 0| —"0|£000°0 | T¥00°0 |2LTO 0 | TG%0 0 | T¢2T 0 | $L9¢°0 | $9L9°0 | GG¢C T| 09~
— 0| =— 0| —'0|TO00"0 | gT00"0 | G600 0 | ¥820°0 | GL80"0 | 2062 0 | L6GS 0 | 66ST T| o006~
ool | oL | ov oz | sl | 21| o1 | 80 | 90 | g0 | b0 |5
b
(6) Fa
g WIdVL

b1




MICHIGAN

WILLOW RUN RESEARCH CENTER ~ UNIVERSITY OF

UMM -55

00TO'2 | $020°2 | G290 2 | 00Ce e | Le¥¥°2 | 0689 2 | 9TL6 2 | 0GL% ¢ | 9L8% % | COP%°G | T#60°L o006
O0TG'T | 086" T | G295"T | 00GL T | $O%6°T | ¢LLT 2 | 06Gv e | %6¢6°2 | FOT6°¢ | 9¢28°% | 9%e%° 9 509
O0TO'T | #020°T | 6290 T | 98%2 T | e%<% T | €T99°T | L¥26°T | 02gs e | oL62 ¢ | $T9T ¥ | 08L9 G oSG¥
9¢93°0 | 09L8°0 | T9T6°0 | FTOT T | G¢82°T | 0LOG'T | S¥9L"T | 2TTe 2 | 2390T ¢ | 0¢G6°¢C | $9¢7°C | o8 0%
009L°0 | #OLL 0 | GSTQ 0 | OL66°0 | LLLT T | 000%°T | 0069 T | GLg0"2 | 0L96°2 | 0008 ¢ | 9T92 G |o9L " L¢
00TG 0 | #026°0 | G295 0 | OSFL 0 | GT6 0 | 022T T § 009¢ T | G¢LL T | TLO9 2 | LTO% ¢ | 2%08° % 00¢%
0¢0¢°0 | ¢6TC0 | 36G¢ 0 | 2Lag 0] 2,89 0 | ¢8L8°0 | 0660°T | 88L%"T | 9L92 e | $020°¢ | 9%9¢ "% | oG 22
0’0l oL ov | 0¢ S’ Z\ o'\ 80 9'0 S'0 {0 o~

b
(e)7a

(penutiuo))

¢ 19Vl

L2




WILLOW RUN RESEARCH CENTER ~ UNIVERSITY OF MICHIGAN

UMM-55

0G28°T

08%0°0 | 0690°0 | o2zt 0| 00g2 0| LLT# 0| 0¢QG 0] OTLL O} FLTIT'T T9TG 2 | OT9L ¢ | ol GT
80<0°0 | ¥%%0°0 | L£g0"0 | L9T2 0| 00%¢ 0 | G063 0] 2899 0 9986 0 | G099 T | oge¢ 2 § 0Gas ¢ o0T
TOTO"0 | 8920°0 | ¢<3G0°0 | Lot O GLL2 0| %¢TF 0| gals o] TLLg 0 | sT2C T | ¢osT 2 | 023¢ "¢ oG
OTTO"0 | 28TO"O | 2¥¥0°0 | OOST O SpGe 0 | ¢Lge 0| gLvG 0| €L¢8 0 | 9L9v T | 1360°2 | ¢ce92 ¢ o%
0%00°0 | 20T0°0 | ¢T¢0"0 | 0S2T 0| 2222 0 | 2Lvc 0| 000S 0| ¢T18L 0 | 688¢ T | 0000 2 | oszT ¢ 00
LT00"0 | 20070 | 0T20°0 | 2¢0T°0 | L26T 0 | 0oT¢ 0| 06Sw 0| Lyal 0 focte T | 9806°T | 3010 ¢ oS-
LO00"0 | STO0'0 JLETO"0 | 206070 | SHLT 0| 998270 9927 0| ¢889°0 | 0v92°"T | <6%0°T | Le¢6°2 oG-
— 0] S000°0 §8900°0 | 290 0| GFSCT O | 0%¢2 0| G09¢ 0| 0%09°0 | SL3T T | €LoL T |%csl 2| oOT-
—— 0] =70 |T200°0 | 00%0°0| 0860°0 | ¥¢QT 0| $TES 0| 0TS 0 | 0920°T | OLGG T | 0295 °2 Jol."GT-
"0 "0 |Looo"0 | 0920 0| 0cLo 0 | 9L¥T 0| 0g%2 0| ¢TGT 0 |Lg26 0 | SGcw T | 0503 2 |1 O2-
‘0 "0 | 700070 | 222070 | 959070 | $SCT O | c2¢2 0| OLey 0 | 296870 | #96¢ T | 6085 2 oS 22~
=0} =="0] ="O| TITO'O| €TF0°0 | 0960°0| OLLT O} 06%¢°0 JGcLL 0 JGLs2 T | 3131 2| o0%-
— 0] =0 =—0]¢500°0 ]| $520°0 | €L90 0| 0¢¢T 0| 2£82°0 §8L99°0 | 2660 T | ¢S6°T |09l L¢-
— 0] =0} =—"0]0%00°0] 2020°0 | LgG0 0] %021 0] gT92°0 | 02¢9°0 | 910" T | 9888 T b9 0%~
—'0) =—="0}] =—"0]L200°0| ¢9TO"0 | 8870 0| $%0T 0| ¢G¢2°0 | 2L850 | 9T66°0 | TG0 T| S6¥-
— 0| =— 0| =—0]L000"0]2Lo0"0|¢L20°0] 8990°0] G69T 0 | 8897 0 |aleg 0 |6¢LS T 009-
— 0] =—'0]| =—"0]2000°0| %£00°0 | 09T0"0| 9%%0 0| <9210 | 6¢8¢°0 | LLoL 0 |G96¢ T | o06-
ool | oL | ov | o | s Tl | ot | 8o | 90| S50 | o |=p~E_
...mlo.
.HO
(e)*d T
¢ TIVL

%




WILLOW RUN RESEARCH CENTER ~ UNIVERSITY OF MICHIGAN

UMM-55

2LLT 0] 2¢Ce 0 | T¢¥%°0 | %988°0 | 0GGT T | 0<6% T | OLTR T | T¥¢ 2 | T8SS ¢ | 9252 % | 9L28°G 006
GeGT 0| ¢6T2°0 | 868570 | 289L 0| 90¢0°T | 690 "T | QT09°T | €880°e | TL20 ¢ | 2L6g ¢ | FTTF & 009
¢t ol oblt ol ccte 0 | 962970 026870 | ¢¢60°T | LSC T | 0208°T | 29L9°2 | 0005°¢ | L8s6 ¥ oG¥
QGTT 0 | $69T°0 | 66820 | 6285 0 226L°0 ] 9¢20 T | %8L2"T | 260L°T | 6195 2 | LLOS ¢ | #¢8L V| o8 0¥
¢got o | osst o | 3TLe 0 | ogws o 06%L-0 | gTL6 0| ¢6T2 T | 00%9°T | g9L¥ 2 | 00L2 ¢ | €L99 % |9l L¢
9880°0 | 992T°0 | 9Te2 0 | 23GT 0] 02€9°0 | G¥¢8°0 ] 2€90°T | OLGH T | G0G2 2 | 00TO ¢ | OLSe % 00¢
8L90'0 | 0L60 0 | 0OLT 0 | 0LGe 0| 02TSG 0| €69 0] 0206 0 | 0%92°T | 02TO 2 | OTGL 2 | 99L0° %] oG 22
129070 | €680 0 | €LGT 0 | %6¢¢ 0] OT6%°0 | 0699°0 ] 9%L8°0 | 992 T | 0€L6°T | 06892 | 90L6°¢| oL 02
ool | oL | oy | 0oz | 51| Tl | ot | 80 [ 90| 50| V'O |anNE
R
(penurauo)) T =
C)
¢ FIAVL

LL




WILLOW RUN RESEARCH CENTER ~ UNIVERSITY OF MICHIGAN

UMM-55

ST¥S 0| TFS 0| Q0SG 0f GT1¢9 0 TLoL 0] G6gL 0] coLg 0] 9g00°T | 9¢¢e T | 96T T | 9L69°T| ol ST
L% "0 | 0S¢ 0| gLLE Of T6QF 0] 06,6 0| 1999 0| 03CL 0| G268 0| e%eT T | GOTE T | OT6S"T 00T
LTQT 0 | 096T 0| 0S5¥%2 0] QLLE 0| L69¥ 0| G29c 0] 969 0| gw6L 0| Toco T | LLt2 T | %66%°T oG
9eST 0 | SCPT 0| G66T 0] SLSS 0] g0cH 0| #9250 | TeT9 0] geCl 0| $¢66°0 | STET T | %¢9%°T o%
$950°0 | 9080°0 | OT#T 0O} T282°0| T9LL"0 | 20L%°0 | 2%9¢°0 2¢0L 0 | 0%6°0 | 39T T | COT%'T o0
69T0°0 | 880 0| 8¥60°0] g2¢e 0] T92¢ 0 | L6T% 0 | ¢S 0] T%59°0 | 688870 | 99L0°0 | ggsc T 0"
7L00°0 | LT20°0 | LOLOO} G¢02 0| %462 0 | T88¢ 0 | ¢Tev 0| G129°0 | L6Gg 0 | 3¢%0 T | 0%e¢ T oG-
¢000°0 | 6£00°0 | G0¢0°0f QTFT 0| LL22 0] 89T¢ 0 | L90% 0| 26%C°0 | 69LL 0 | 2¢96°0 | Lswe T o0T-
=0 | 300070 | 9600 0] £060°01 64591 0| <8%2°0 | 88250 $L9%°0 | %690 | $8L8°0 | 95T "T| L GT-
—'0] —"0]0c00°0] 06500 | Lg2T 0 | 0002 0 | L6LZ2 0| #L0% 0 | 8823970 ] 00T8"0 | 0680 T | L 0z-
— 0| —"0|6T00°0] 2050°0 | OTTT O | <€8T"0 | 2292°0 | #58< "0 | 8909°0 | L9gL 0 | 93L0"T|: O¢o2-
—=—'0| ="0]32000°0] TG20"0 | 00LO 0 | 00CT 0 | 966T 0| 2GTC 0 | L£2G°0 | 2869°0 | $996°0 00¢-
— 0} —'0 —"0| 6TTO 0| 0¢%0°0 | TT60°0 | TTST 0| LGG2 0 | T2S%°0 | 202970 | Q188 0,9, " L¢-
— 0| =0 =—'0] 0600°0 | 2550 0 | G6L0°0 | 66T 0| €9¢2°0 | 6L2%°0 | #£6S°0 | 9268 0| o8 0%~
—'0]| =—'0| ~=—"0| T900°0 | 9L20°0 | 0990°0 | QLTT 0| %2120 | GL6C 0 | G6SGC 0 | L¥TQ O oS ¥

— 0] =0 —'0|L9T00°0 22100 | 0L0"0 | #6L0°0 | 0SGT 0 | #LT¢ 0 | L99%°0 | $OTL O 009~

—'0] =—0] =—"0] G000°0 | LS00"0 |LT20°0 | €000 ] OFTT 0 | 0092 0 | ¢66¢ 0 | £0¢9*0 006~
ool oL|o¥ | oz | st |zt ]| o1 ]| 80| 90| 50| 0 |eg\8

© 500 b
(6)2
¥ TV




WILLOW RUN RESEARCH CENTER ~ UNIVERSITY OF MICHIGAN

UMM-55

— ‘2| =—'2| —'2| o002 |LG00 2 | Lt20 2 | cos0 2 | OvTT 2 | 0092 2 | ¢66¢°2 | €0¢9°2 006
TSCL T TeeLl T Teel T LSSl T |<o%L T | 069L T | 7L0g T | 168" T | #%6%0°2 | gg6T 2 | G239 °2 009
SV T | SPTF T | SPTF T | €O T |6T%% T | $0Q%°T | TeCC T | 9929 T | 6TTQ'T | 9¢Ll6 T | T622 2 oG ¥
990¢ T | 990¢"T | 990¢ T | SSTC'T |80%C T | T98<"T | Gevv T | 623G T | S¥el T | 0006°T | 066T°2| ,8°0%
8¥cc T | 8922 T | 8%cc T | L9%e'T | QL2 T | QGTC T | QGLS T | %08%° T | 69L9°T | 04%Q°T | 990T "2 o9 Le

— 'T| =—'T|2000°T| TS20 TT|00LO T {0OCT T | 966T T | SCTC T | L¢2G'T | 2869°T | 6996 T 0%
YG9L 0 | $69L°0 ) €L9L 0] 950870 | #998°0 | Lgg670 | GLTO'T | 03T T | T29¢ T T3CG T | 00%8°T|: 0¢022
TLOL"O | TLOL'O | TOTL 0| 099L°0 |80£8 0 [ 650670 | 9986 0 | GTT T | 66¢¢ T oLt T | T2l T| ol 02
ool oL | Op | oz St | &1 | oy | 8o 90| 50| 1ro|=N

(penutyuo)) & MMMM Pw
$  EIEVL

L6




WILLOW RUN RESEARCH CENTER ~ UNIVERSITY OF MICHIGAN

UMM-55

T

76070 | OTT'0 | 670 | 96¢°T | gov°2 | 2oL'¢ | 919°S | <ov'g | 9voct| 999° 1| 2¢g-cc € xED 1,
188 OT| €¥6°0T| 2LT'TT| LET'2T| 0% '<T| %64 ¥1| 6%2°9T| 962°6T| 6L9°Ga| 66v°e¢| 989" %% @x® %
€Lgg"CT(07¥6"0T| LOLT TT| 0292 "2T| €LS7"CT|€TLO"CT| €8TT"LT| LOLO"T2| S¥€6763| 650" 65| 6090° 95| D+ @ p - .MM @
0500°0 |T0TO"0 |£0£0°0 [70TT 0 [68LT°0 |9%6%2°0 29T 0 |9T0% 0 920670 [L¥cC 0 [6c09°0 | OT urs @D
0000°T [6666°0 |G666°0 |6¢66°0 |6¢86°0 |€896°0 [Lgn6°0 [gsT6°0 [Svogto [ozgg o [tL6L 0 0T ®09 @)

070 | 090 [ LS T | o869 | o£ OT| 0S¥ 7T o7'8T| ol'C2| o2 0% oli¢C] oST LS o - % ©D

o€ S7| 09°GH| (GLT9Y| oGeTTCl  oe7CC| 06769 o7'e9| ol'89| o276L| olieL| oSTieg il ®
00TO'T [#020°T |S290°T | 0062 T | #%%% T |$%69°T | 0000 2 |G29G 2 |gLLL ¢ |0000°¢ |00S2 L ®@/Q=“w |@

_ . -
89cL°L |sote"L |06cT'g |06LS"6 | 9v90°TT| 616 72T ovac cT| o6e9"6T| g6 ge cooe g Tecc ce|  EXETL (@)= |
TSPS % [6T6G°F | HTQL % |0629°G | 000579 |0629°L | 000076 |#TES TT|0000°LT| 000 23| 0529 2¢ O+®+®©+@ |®
b
TOge 2 |¢TTE 2 [9L¢w 2 |0000°¢ | 9685 ¢ [vecs % | T0Se S |9L¢6°9 |9¢gG oT| 00 7T 0000 T2 (e Tar (o1 g ) T ©
B
00¢T 0 |[26ST 0 |29ST 0 | 00Ce 0 2L%¢ 0 |22ly"0 | 06290 |2906°0 |6CTS"T |0GST 2 0062 ¢ C.om-vHTQ.omvEm. ®
3
00TO'T [$020°T [S290°T |00S2 T | #%%%°T |#%69°T | 0000°g [G295 2 [LLLL ¢ |0000°G [00G2"L (C3-) Ya+(c7) ®
0G2T T [0G2T'T |0S2T T | 06T T | 06aT T |0SeT T [ 06eT T |0GeT T |0GeT T |0G2T T |oset T (a2) ut smrey 13X (@)
¥b
0099°L [0099°L |0099°L [0099°L [0099°L |0099°L | 0099°L |0099°L [0099°L |0099 L |0099°L = ®
] ] uotyeIedo .
(oie]] oL | ov | o | St | Tl | O 80 | 900 | g0 | V'O A |aeas
b ¥b
‘(0 = mv _Ho pue Qo ¢ hh Jo uoTjeUTILIONOd
¢ TIAVI




WILLOW RUN RESEARCH CENTER ~ UNIVERSITY OF MICHIGAN

UMM-55

G2CC 0 |ogeg 0 [2L8S T |L¥T6°¢ |L200°9 [8¢6G g |L¥TL TT|c02% LT|SL69 62| TS0 2% |aLloL %9 @x @ To
7686 " TT| LSCo TT| cotv -2t |eLwL vt | coca ot [v9aw 6T 6136 22 | 9c ¢z g2 00cc - ov | Tage - 2¢ | 00w ¢ a
9 8 8 9T|%9 22| 9662 82| 00¢S " 0% | T8S8 " 24 [ 00%S " GL X 0
. . . . . . . . . . . vh
696¢ " TT|8%89 TT|€6TS 2T |6LG2 ST|9cL8 LT 272 Te| G60% " Ge |cabT ccf co¥2 05]L8as Lo <597 66 @+ SO p= < @
¢8%0°0 [$0L0O"0 [92T 0 [9952°0 |85C< 0 |9%0%°0 |0T9% 0 |8¥%25 0 |0T66 0 |<229°0 [$059 0 @H s mmmw
996670 [SL66°0 |6T66°0 |9996°0 |6T96°0 |S7T6°0 | 7Lgg 0 [2T68°0 | 990870 |Lagl 0 |c66L0 (o)) =00 &)
08°2 | 060°F ) 06 FT| o09°6T| o6°¢3| oSF Le| 059 TE| o2'9¢] o&°8%¢) o097 0¥ v- L mﬂ
08'L7} 0G0'6%| of'3s| o6'6c] 09'39| o689 oSvEL| 0699l oz'TE| oS¢ o97CH T (=9
020T"T |62ST'T [0c62'T |L2el T |280T 2 [9985 2 |829T"¢ |29Te2 % |828%"9 |685L°8 |S9%6°2T @+@u T4 ey @
—t— - =
CT97°8 |8628'8 [$206°6 [8S6T CT|06%T 9T [ecT8 6T|vLae ve|c962 2c| 0859 678260 L9 |00LT 66 wmww Hgn .MM @
T656°7 |LegT S [cLT8°¢ [Tacl L |oLgv 6 |96¢9 TT|gece vT|0cL6 gT| veLt 6agvTr 6c|o6ca s | I +ED+(ED+@ | (29
<ls e |osloz |etgo s [eete s |eoevc |aL6L 9 |v6cv g fgg6n TT|wTr0 gT|Ceto v2|620L "9c =
€T9T 0 [00QT 0 [¢SC2 0 |g2¢F 0 |2629°0 [G088°0 [299T T |36%L°T 18996 2 |algT % |cL¢w: L
<19 8 9 98°0 [298 gr96°2 |aLg 9 | TToy @ (oo Tace] &
coer T |966T°T |gole T [Tege’T |gete s |socs e |zeonc |0009'w |atrorL |tosvi6 |ecssct L
g 88T |9 9cg'z | 229w 9 8 Gy | ©
06eT T {0ser T [0Szt T [oget T [0Szt T [oSeT T [0oGeT T [0GeT'T |oder T |0SeT T |0SeT T (az) uT swres 1% | (2)
0099°L |0099°L 0099 L }0099°L 10099°L 10099°L |0099°L 0099 L |0099°L |0099°L 0099°L .Wwﬂ @
ool | oL oy | oz s | o o1 | 8o | 90 | so | vo To—RTARIed0 | g g
T
2 1 T« P
T umM.. opwe o X 7 50 UoTABUTmISseq
9 TIAVI

48




WILLOW RUN RESEARCH CENTER ~ UNIVERSITY OF MICHIGAN
UMM-55
TABLE 7
Uniform Adsorbed Layer "Extreme" Diffuse Reflection
cr/oi =0 Cr/ci =1
Moo Cp CL Cp ‘L
0.4 5.49 -1.29 T.24 -5.05
0.5 4,46 -1.02 5.85 -2.42
0.6 3.78 -0.85 4,94 -2.01
0.8 2,95 -0.63 3.82 -1.50
Infinite 1.0 2.47 -0.50 3.17 -1.20
Right 1.2 2.18 0.41 2.76 -1.00
Circular
Cylinder 1.5 1.90 -0.33 2.37 -0.79
2.0 1.66 -0.24 2,01 -0.59
4.0 1.41 -0.14 1.58 -0.31
7.0 1.36 -0.11 1.46 -0.21
10.0 1.33 -0.09 1.40 -0.16
0.4 13.46 -0.59 19.19 0.28
0.5 10.63 0.01 14.91 0.99
0.6 8.91 0.19 12,32 1.21
0.8 6.91 0.30 9.3%4 1.27
Semi -infinite | 1.0 5485 0.3%4 7.75 1.21
Right 1.2 5.16 0.28 6.72 1.06
Circular
Cone 1.5 4.55 0.23 - 5.80 0.90
2.0 4.05 0.17 4.98 0.70
4.0 3.52 0.05 3.99 0.34
7.0 3.41 0.02 3.68 - 0.18
10.0 3.39 0.01 3.58 0.12
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TABIE 7 (Continued)

Uniform Adsorbed Layer "Extreme" Diffuse Reflection
Cr/ci =0 CI‘/Ci =1
Moo Cp Cr, Cp Cp,
0.4 63.94 14.84 85.17 35,66
0.5 51.838 11.77 68.86 28.40
0.6 43,94 9.86 58.07 23,70
0.8 34,38 7.19 44,98 17.58
Prolate 1.0 28.97 5.67 37,41 13.92
Ellipsold 1.2 25.5 4.6 2.64 11
Ratio of Axes |_— 0.2 .63 32. .57
=-§- 1.5 20,42 3.58 28.08 9.12
0 o9475==%% 2.0 19.72 2.55 23.9% 6.79
4.0 16.95 1.19 19.08 3.27
7.0 16.27 0.83 17.47 2.00
10.0 16.08 0.74 16.92 1.57
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DISTRIBUTION

Distribution of this report is made
in accordance with ANAF-GM Mailing
List No. 14, dated 15 January 1951,

to include Part A, Part B and Part C.
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