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SUMMARY

The effect of the substrate structure on the radiation properties of microstrip array feed networks is
investigated with the space-domain integral equation approach. Numerical and analytical techniques are
employed to produce efficient computer algorithms. Results for space and surface wave losses are presented
for corner discontinuities printed on substrate/superstrate, and two-layer substrate structures. Comparisons
are made with the single-layer case.

1. INTRODUCTION

Planar integration of active devices with passive radiating elements offers many advantages such
as reduced area and shorter interconnect lines. Unfortunately, such integration schemes suffer for
a variety of reasons, including the availability of reliable models for passive circuits and radiating
elements. In most monolithic array applications, the feeding structure and antenna elements
are made of microstrip. Despite the advantages of the microstrip technology, radiation from
discontinuities included in microstrip feed structures!~’ reduces the gain of the antenna, and
deteriorates the array patterns. As a result, models for this loss mechanism on the array perform-
ance should become an important part of the array design procedure.

Microstrip arrays often have, for their protection, a cover or superstrate layer, which has also
been reported to improve the gain of microstrip dipoles. This gain-enhancement technique, based
on the elimination of surface waves, has been discussed extensively in the literature.®® As
mentioned in this work, total elimination of the surface waves is not practicable with commercially
available substrates; however, a moderate improvement in gain is realizable. Nonetheless, the
presence of the superstrate, whether it is used in a planar array for improved performance or
protection, must be considered carefully. In this planar configuration, the superstrate increases
the substrate thickness, which may trigger higher radiation in the feed network. These higher
losses can offset the increase in array gain and further complicate the design. Furthermore,
superstrates reduce the operating frequency range by lowering the cut-off frequencies of the
higher-order microstrip and surface wave modes.

In this paper, a full-wave method of moments technique’ is employed to analyse the radiation
properties of microstrip discontinuities often encountered in feeding networks printed on multilayer
substrates. The space and surface wave contributions'®*? are evaluated and it is demonstrated
that the utilization of a superstrate may result in higher radiation losses and lower overall array
gain.

2. THEORY

Consider the open microstrip structure having a multilayer substrate as shown in Figure 1(a) or
a superstrate shown in Figure 1(b). The conductors are lossless and their thickness (¢) is much
smaller than a wavelength. The substrate is of thickness s, and is also assumed lossless. The
electric field may be written in terms of the electric current density as shown below
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Figure 1. Multilayer open microstrip geometry with and without a superstrate. (a) Microstrip discontinuity with multilayer
substrate. (b) Microstrip discontinuity with superstrate

E(x,y,z) = f j [k + VV] - Gix,y,2/x",y",2") I (x' ,y" ). —0ds’  (i=0,1,2) (1)
where k; and G/(x,y,z/x’,y’,z') are the wavenumber and dyadic Green’s function in region (i), and

J'y') = Txy )R + T (x"y")p )

is the planar current density on the conducting strips. The components of the dyadic Green’s
function used in equation (1) are expressed in terms of Sommerfeld integrals”-'* as shown below

Gatewix' w0 = 322 [ nwptate) 40 an ()
ng(x,y,z/x' ’y"O) = (;:zz) (D((b) f Jl ()\P)%zg(z) f ()f;;' ())\) dn (4)
§=x,y
where
p=Vx—x)P+@-y) (5)
w-{d) £ ©

and with Ng(N), N.«(A), fi(A), and f>(\) given in Appendix A. In equations (3) and (4), fi(}),
and f>(\) are analytic functions with discrete zeros. The contributions from these zeros give the
power propagating in the substrate in the form of transverse electric (TE) and transverse magnetic
(TM) surface waves, respectively.

To obtain the electric current density over the conducting strips, the method of moments is
applied.!> A rectangular region containing the microstrip discontinuity is subdivided into rectangles
(see Figure 2) and the current is expressed as a superposition of known rooftop basis functions!'é
multiplied by unknown coefficients.
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Figure 2. Subdivision of (M)MIC area around corner discontinuity. (a) Typical discretization; (b) x-directed mesh; (c) y-
directed mesh
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where the pairs (n,,m,) and (n,,m,) indicate the nodes in the mesh for the x- and y-current,
respectively. In addition, the function f,,g(g') gives the longitudinal dependence of each component

Sin k.\'(&ng‘k 1= g’)

gng = §’ = €n§+l

sin k¢
A Sin k.v(gl_gng— l) ,
ful(€) = ki, Bt SE S &, 9)
0 else

(£.0) = (x.y).(yx)

while g, ({') gives the transverse dependence

1 cmg = C’ = gmé+l
&m(l) =10 else (10)
(&.0)=(x.y).(y.x)

In the above, I, = &, .1 — §,,€, and k; is a scaling parameter chosen to vary between k, (free space
wavenumber) and k; (wavenumber in the highest permittivity dielectric region).

With the substitution of equations (7)—(10) into equation (1), the original integral equation can
be written in the form
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where H (x,y/x",y" )&, = x,y) are integro-differential operators given by

vy - 82 32
He(x,yix',y') = L [(k g + agac) Fyt — 9298 ]d)\ (13)

3¢, is the Kronecker delta, and F;; and F,, are functions of A of the following form

R 2] s 4 (14)
Wik : ~_’>Q§)_
Foo= (220 oo 00 0) 15)

In equations (11) and (12) the errors AE, and AE, are introduced under the approximations made
for the unknown current distributions in equations (7)-(10). The z derivative in equation (13)
may be replaced by an { derivative resulting in the modified form for the operator ¥

Ho(xplx'y') = f[(k,za& aw) fu d‘z& f,_;] Jo(Ap) AN (16)
fa = Fy (17)

W ) ()\)
fom - (2) a0, Tl (18)

where &',,(z) is the first derivative of ¥,,(z) with respect to z. In this manner, the first-order
Bessel function in equation (15) is eliminated, and the p-dependence in all Sommerfeld integrals
is in the argument of a zeroth-order Bessel function of the first kind.

The application of Galerkin’s method reduces equations (11) and (12) to a matrix equation

[Z] (1] = [V] (19)
where Z is the impedance matrix, I is the vector of unknown x and y current amplitudes, and V

is the excitation vector. The impedance matrix is a square matrix containing four submatrices as
shown below

@-[Z) 12 @

The elements of each submatrix are given by

Zo(nmy,n) = £, (x)8m (0, Kux: £, (6)8,, () 2y
Zyy(nm,v, 1) = o (X )8m, (V') Ky, £, ()81, (%)) (22)
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Zyx(n’m’v»p') = <fny(yl)gmy(x’)’ 3{,\',\'7 fv,\-(x)gux(y» (23)
Z(nm,p2) = (o, (7 )8, (8), Hyys fu, (9)Eu, () (24)

where the pair (ve,pe)(§ = x,y) indicates the testing points. The terms Z,, and Z,, are called the
direct-coupled terms because the direction of the testing field and the current component are the
same, while the terms Z,, and Z,, are the cross-coupled terms.

The double inner product in equations (21)-(24) is of the form

<fn§gm§’ %Eé’ vagth = J' L dx’ dy, J L dx dy (fnggm;]{f;lfvcgu-g) (25)

where S, and S’ represent the surface of the conducting strips.

2.1. Evaluation of the impedance matrix

The computation of the elements in the impedance matrix requires the evaluation of quadruple
spatial integrals present in equation (25), as well as the semi-infinite Sommerfeld integrals in the
Green’s function. The Sommerfeld integral are computed by a real-axis integration in the complex
A-plane!” using an extraction of the singularities technique which effectively takes into account
the contribution from the simple pole singularities of the integrand (see Figure 3). For a lossless
substrate these poles lie on the real axis between the free space wavenumber (k) and the highest
wavenumber of the other layers (MAX(k,k,)). The residues of the poles correspond to radiated
power in the form of TM and TE modes propagating within the substrate layer. For the grounded
substrate configuration, the TM,, surface wave mode has no cut-off frequency.

For simplicity in the computation, the semi-infinite Sommerfeld integrals are divided into two
regions. A combination of numerical and analytical techniques is employed to evaluate the integrals
in each region separately. The first region extends from 0 to the parameter A and the second
from [A—o). The parameter A is chosen to satisfy the condition

A,=tanh (VA% - kih) =1 (26)
where the index (i) refers to the electrically thinnest dielectric layer which is adjacent to the
microstrip structure. When \ is greater than A, simplifications made in the integrand of the

Sommerfeld integral result in improved accuracy and reduced numerical and computational effort.
In view of the above, the elements of the impedance matrix may be written as

Zg=Zg+Zf El=xy (27)
2.1.1. Evaluation of Z%,. Considering equations (16), (25), and (26), Z4(n,m.v,n) is given
by the following expression:
Im (&)

A -plane
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Figure 3. Real axis integration of Sommerfeld integral
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Zl&(n ’m’v’l“') = 85; §£§§(A) (fnggm§9 J()(Ap)’ fv;guc) (28)
82
+ %EL(A) (fnegmgw @ J()()\p)’ fv;gng

where £.(A) and R (A) are integral operators given by

PolA) = K2 [ "o 29)
%EL(A) = ﬁ ) d)‘(féé +fz;) (30)

The real-axis evaluation of the Sommerfeld integrals with simple pole singularities is given in
Reference 17. As mentioned, the double inner products contain quadruple integrals which would
result in unacceptable numerical error and excessive CPU time, if the integrations were performed
numerically. This difficulty has been overcome by reducing the integrals to convergent series.
Along these lines, the Bessel function and its derivatives may be written in integral form as

™

J()()\P) — 2_11; j ej)\(x—x’) costbej)\(y—y’) sing d¢ (31)
_& Jo()\P) = i i (1)\ COSd))U(j}\ Sin(b)T ej)\(x-x’) cosd ej)\(y—y’) sind d¢ (32)
axeay” 2%

e 1

Employing these relations the quadruple integrals can be reduced to quickly converging series as
shown in Appendix B. The series are of the form

<fn§gm§’ JO(}‘p) H fv§gu,§> (33)
=2 2
k=0 k'=01
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where £, = x,y(E # (), and p = V(gv.z - §,,§)2 + (Cu; - ng)z. These summations result in a sub-
stantial savings of CPU time over numerical integration.

2.1.2. Evaluation of Z%. The contribution for the interval from (A,x) can be written

Z = (fr 8o KD, o) (36)
2 = (foomgs K, o ) (37)
Z5D = (fo By KD, fr ) (38)

Z$D = fu oy K3, fo 8 (39)
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where

*Z = L [(k’zaﬂ a§a§> fu g 24] le) w0

When A is chosen according to equation (26), simplifications may be made in the integrand of
the Green’s function resulting in the expressions

g = - ) @
where
HE) = h | & ! 42)
£ L §§ agag z; agac \/ )2
f(A)
and
g = [ an [h (a il ) +h Jonp) S 43
=), e T agar) T a6at) 00 4y fa) *)
In equations (42) and (43), f(A), hy, and h,, are constants given by
b = (‘”I-L() ) 1 (44
Y\ 2wk 2[1 — e,(A)] A(A) )
_{9ro 1 1 _ 2
= (3oe) o0 = a1~ (v enr=can) *)
with
flA) =+/1+ ki 46
- A2 — k2 ( )
KBk
EZ(A) - 4(A2 _ k%) (47)
()= 5 AT (49)

21 + €) 4(AT— K3)

for the case of a superstrate/substrate configuration. When the superstrate is not present €,,, and
€,, are replaced by the quantities €,, and e, respectively.
Substitution of (41) into (36)—(39) gives

Z$ = Fulimgs KD fu) = s HE Fun) (49)

The quantity containing %(gA) can be handled in exactly the same manner as Z4,. The derivatives
present in the double inner product involving %(*) can be eliminated through integration by parts,
resulting in the expressions
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In equations (50) and (51), p,4_¢ are functions of £ and { given by
P = (C= O+ (E+ &= G+ L)
p:l)} = (é - LI)E + (g + §u§ - Eng - lé)z
P (L= U+ (E+ b~ )
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2.2. Numerical considerations

2.2.1. Formation of the impedance matrix. ~As mentioned in the previous section, the discretiz-
ation of the entire (M)MIC surface enclosing the microstrip discontinuity (Figure 2) has been
performed. The reason for this approach is two-fold. On one hand, it allows the maximum
utilization of symmetry inherently present in the open microstrip problem as will be discussed
shortly. Secondly, when the discretization is performed in this manner, other circuit elements
printed on the same substrate may be analysed without the re-evaluation of the impedance matrix
elements. For the desired microstrip element, a simple routine correctly fills the impedance matrix
from these pre-existing elements according to the discontinuity shape and the known boundary
conditions. Therefore, if a design is to be made on a specific substrate (such as GaAs or alumina),
impedance matrix elements can be pre-computed and stored in libraries, and re-used indefinitely
for the synthesis of the desired performance. However, it must be noted that for very large
problems, solving the matrix can be as time-consuming as generating the matrix elements.

The mesh of Figure 2 shows a total of (N:M,), (i = x,y) node points resulting in a total of
(N:M,)* + (N,M,)* interactions for the direct terms (Z,,,Z,,) and (N.M N, M,) interactions for
the cross-coupled terms (Z,,,Z,,). Fortunately, this number can be reduced significantly by
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symmetry and reciprocity. From equations (21)—(25) it can be shown that the spatial dependence
in the direct terms is an even function of the quantities (x — x') and (y — y'). Furthermore, the
cross-coupled interactions are odd functions of these quantities. Therefore, elements may be
catalogued according to these properties, resulting in large reductions in computational effort.
The number of elements computed for the particular submatrix Z;; is reduced to N;M;,(i,j = x,y)
which is the square root of the previously given numbers. This is not true for shielded microstrip
where the position of the cavity or waveguide wall is reflected in the spatial dependence of the
Green’s function. In this case, the interactions between subsections are not solely dependent on
their relative position to each other, but also on their exact position in the cavity.

A three-dimensional view of the impedance matrix is shown in Figure 4. The matrix is toeplitz
and diagonally dominant with the diagonal elements being the largest contribution by an order of
magnitude. The large values of elements off the diagonal results from interactions of adjacent
cells and their location in the impedance matrix depends on the ordering of the nodes.

2.2.2. Convergence with respect to the parameter A. The choice of the parameter A in equation
(26), influences both the accuracy and numerical convergence of the network parameters. The
CPU time increase linearly with A for the calculation of Z%,, while it is independent of A in the
computation of Z%,. Furthermore, the computer time for the computation of Z7, is significantly
greater than the time required for Z%,. Therefore, the value of A must be chosen as small as
possible, while still achieving numerical convergence. Figures 5 and 6 show the convergence of
the phase of S|, and the radiated power as a function of A. Table I shows the correspondence
between the quantity A, defined in equation (26), and the parameter shown in the graph. As
shown, the network parameters show no sensitivity to increasing A, above 0-95. Below A, = 0-9,
the accuracy of the phase of S, and the radiation loss gradually deteriorate until the estimated
values become completely unacceptable at A, = 0-7.
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Figure 5. Convergence of the phase of §;, as a function of the parameter A for a microstrip corner discontinuity
(w = 56 mil (1-42 mm), A, = 56 mil (1-42 mm), ¢,, = 2)
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Figure 6. Convergence of the radiation loss as a function of the parameter A for a microstrip corner discontinuity
(w = 56 mil (1-42 mm), h, = 56 mil (1-42 mm), ¢,, = 2)

Table I. Choice of A microstrip corner discontinuity of Figures 5 and 6

7 _ 2. - 7 _ L2,

% (10 GHz) VAT=I2-H A, = tanh(VA? — k2-H)
0

20 0-867 0-7

24-8 1-098 0-8

323 1-472 0-9

39-6 1-832 0-95

565 2-647 0-99

80-6 3-800 0-999

2.3. Computation of network parameters and radiated fields

The solution of the matrix equation yields the current on the microstrip conducting strips as
shown in Figure 7 for a corner discontinuity. This current clearly shows the formation of standing
waves and the edge effect. In this simulation 500 basis functions were used, and the computer run
required 870-8 CPU seconds on an IBM RS 6000. The matrix inversion used 6-7 per cent of the
total run-time. From the current distribution the network parameters may be computed as shown
in Reference 7. The radiated fields may be obtained from the integral equation. This is done by
applying a saddle-point integration technique as given in Reference 13.

3. NUMERICAL RESULTS

As discussed extensively in the literature,® the efficiency of a printed antenna depends on the
shape and size of the antenna and on the electric size and consistency of the dielectric substrate.
An extensive study®” has shown that the use of an appropriate combination of substrate and
superstrate layers can improve the radiation performance by eliminating the surface waves. In
monolithic array applications, where the individual antennas are fed by extensive feeding networks,
an improvement in the radiation efficiency of the antennas by this technique will increase the
parasitic radiation. As a result, the techniques for surface wave suppression have to be re-
evaluated.

In this paper, substrate/superstrate and two-layer substrate combinations made of duroid
(e, = 2-2) and GaAs (e, = 13), materials widely used in circuits, are considered and the effect of
parasitic radiation is computed. Specifically, total radiation losses, and the percentages of surface
wave and space wave power are evaluated as functions of the frequency and are compared to the
single-layer substrate case.

® Substrate-superstrate configuration
Figure 8 shows the total radiated power as a function of frequency for a right-angle bend printed
on a 40 mil (1-02 mm) duroid substrate with and without a 16 mil (0-406 mm) GaAs cover.
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Figure 7. Current on microstrip corner excited by gap generators: €,, = 2, h, = 56 mil (1-42 mm), w = 56 mil (1-42 mm)
(N, + N, = 500, 870-8 CPU seconds). (a) x-directed current on corner; (b) y-directed current on corner
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Figure 8. Total radiation loss for a microstrip corner discontinuity with a superstrate: £, = 16 mil (0-406 mm), A, = 40 mil
(1-02 mm), ¢, = 13, ¢, = 2) and without a superstrate (h, = 40 mil (1-02 mm), ¢,, = 2, (N, + N, = 244, 823-1 CPU
seconds/frequency)

The comparison shows clearly the effects of the superstrate from 10 GHz to 20 GHz. In the
lower half of the frequency band, the superstrate tends to reduce losses slightly. However, at
higher frequencies, the total radiated power has increased by 67 per cent owing to the presence
of the cover. As Figures 9 and 10 indicate, this excess radiated power comes from the
enhancement of space wave radiation which is very desirable in antennas. In monolithic arrays
printed on single layer dielectric substrate a careful design of the feeding network could provide
parasitic radiation much lower than the primary radiation from the array. The replacement of
the single layer by a substrate/superstrate configuration for array efficiency improvement could
increase the power radiated by all the discontinuities included in the feeding structure substan-
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Figure 9. Radiation loss for a microstrip corner discontinuity with a superstrate (£, = 16 mil (0-406 mm), h, = 40 mil
(1-02 mm), ¢,, = 13, ¢,, = 2)
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Figure 10. Radiation loss for a microstrip corner discontinuity on a single layer (£, = 40 mil (1-02 mm), ¢,, = 2)

tially. As a result, the level of the total parasitic radiation could become unacceptably high and
could deteriorate the array pattern substantially.

® Two-layer substrate

In this case, two different comparisons are performed. At first the total power radiated by a
right-angle bend printed on a 56 mil duroid is compared to the same bend printed on 40 mil
duroid/16 mil GaAs substrate and shows a 20 per cent increase at the upper end of the frequency
band mainly coming from the enhancement of the space wave radiation (see Figures 11 and
12). Much higher radiated power is observed when the geometry of the single-layer bend is
modified to preserve the 100 ) input/output port characteristic impedance of the two-layer
case. The excess loss in this case is due to the effects of electrically thick substrates which have
been reported in Reference 1.
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Figure 11. Total radiation loss for a microstrip corner discontinuity with a two-layer substrate (#, = 16 mil (0-406 mm).
hy = 40 mil (1-02 mm), €,, = 13, ¢,, = 2) and with a single layer substrate (h, = 56 mil (1-42 mm), ¢, = 2)
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Figure 12. Radiation loss for a microstrip corner discontinuity with a two-layer substrate (h, = 16 mil (0-406 mm),
h; = 40 mil (1-02 mm), €,, = 13, ¢,, = 2)

In both of the above cases, the frequency range was chosen so that only one mode is excited in
the substrate. Furthermore, the presence of the superstrate or of a second layer with a higher
dielectric constant tends to reduce the power of the excited surface wave and increase the power
radiated into space waves. These effects have to be taken into account when techniques for
enhancement of the radiation efficiency are applied in arrays fed by extensive feeding networks.

4. CONCLUSION

Radiation losses for microstrip corner discontinuities printed on substrates with one and two
dielectric layers, and/or a superstrate are presented. The losses were evaluated with a space-
domain integral equation approach and were separated into space and surface wave components.
It was found that a superstrate, often used for protection or gain enhancement of antenna elements,
may increase the loss of the microstrip feed network considerably. This would result in lower
overall gain. Therefore, a tradeoff exists between the enhancement of radiation from the antennas
and the undesirable radiation in the feed network.

Another comparison between a corner discontinuity on a single layer of duroid, and on a two-
layer structure (GaAs/duroid) having the same total thickness, showed that the radiation losses
were comparable when the conducting strips had the same width. However, it was found that the
loss was influenced by the strip width. Specifically, when the width in the single-layer case was
increased to create the same characteristic impedance as the two-layer case, the loss was substan-
tially higher.

APPENDIX A

This appendix contains the functions included in the expression of the Green’s function in equations
(3)-(4). The functions are given below for three different substrate configurations.

® Substrate—superstrate configuration
The functions for the substrate—superstrate geometry of Figure 1(a) in the region (0 < Z < )
are given by

Neg(A) = A (AD)
Netlh) = - (A2)
Fee = u, coshlju(z — hy)] — uysinh[ju,(z — hy)] (A3)

Z.e = [uiuafi(N) — wdf2(\)] cosh{ju,(z — hy)]
+ wittpluo f2(N) — €.tz fi(N)] sinh[ju,(z — hy)] (A4)
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with u; = Vk3 — A2 The expressions f;(A) and f,(\) are the characteristic equations for surface
wave modes given by

Fr(N) = ug[u, cosh(ju,h,) + u, coth(jush,) sinh(juh)j

+ u\[u, sinh(ju,h,) + u, coth(jushs) cosh(ju,h;)] (AS)
f2(\) = uy[e,ou, sinh(ju,h,) coth(jushs) + €,1u, cosh(ju,hy)]
+ €, uo[€,2u coth(jush,) cosh(ju,h,) + €,u; sinh(ju,h,y)] (A6)

® Two-layer substrate
The functions for the two-layer case in Figure 1(b) for the region (Z > 0) are given by

Nee(N) = [uy cosh(ju,hy) + u, sinh(juyhy) coth(jushy)i N (A7)
N.e(N) = jeud[e€,ou, cosh(ju,h,) coth(jushy) + €, u; sinh(ju,hy))
[¢) cosh(ju k) + u, coth(ush,) sinh(ju,h,)] (A8)

— ju$[u, sinh(ju,h;) + u, coth(jush,) cosh(ju,h,)]
[€,ou; coth(ju,hy) sinh(ju k) + €,u; cosh(ju,h,)]
%, = %, = e (A9)
® Single-layer substrate

The expressions for the single-layer case may be obtained from equations (AS5)-(A8). After
some simplification they can be written as

Neg(N) = sinh(juh;)h (A10)
N.e(N) = jI(1 — €,) sinh ju,h cosh ju,h] N? (A11)
fi(\) = uysinh juh + u, cosh juh (A12)
f>2(A) = €,uq cosh ju,h + u, sinh ju,h (A13)
APPENDIX B

The quadruple integrals (25) for direct coupled x—x interactions can be written

(X8, (') Jo(Np). £, (X)8, (V) (B1)
= f L dx’ dy’ f f dx dy [, (x")8m,(v) Ju(Ap) £, (X)8,., (V)]
<fn ( )gm\(y ) .](,()\p) f (x)gu‘())» (B2)

= J L dx’ dy’ f J;dxdy [ﬁz,\.(x')gm\.(y’) %Jo(kp)f»_\.(X)gu_.()’)]

and for cross coupled x—y terms

. (¥)8m, ') 5 ayJo(Kp) fo, ()80, (V) (B3)

= f f dxdy f j dx dy [fn &m0 5050 (x)}

Employing the integral representation for the first-order Bessel function in equations (31)--(32),
the above may be simplified to the expressions

v

v
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Frx)8m, ), Jo(Np), £, ()8, YD)

™
= 2i j e, —x'y ) cos(d) @Ay, —¥y, ) sin(d)
- .

-

(BN cos($))UN sin()JU(—A sin(b)) do (B4)
om0 55 Jo(0R). o (80, )

h1d
= ZL f (])\ Coscb)ZeiA(xvx—X’,,l)cos«b) e/'A(_vux—y’,,,_l)sin(d))
‘rr kig

RN cos($))* U sin(d))U(—\ sin(d)) db (B5)

62

(fnx(x,)gm_‘-(yl)’ @ "()()‘p)vay(y)guy(x»

™
= 21_11- J' (]}\ Sln(b)(_l}\ COS(‘))C’-MXH_\,_X'”_‘) cos(d) ej)\(_vv.‘_—_v'm‘) sin(db)
™

RN cos(4))R(N sin())U(A cos($))U(—A sin(d)) dd (B6)

The quantities R and 9 are convergent series having the form
RN cos(d)) = X Az(h cos())* (B7)
k=0

U(N cos(d)) = . By cos(d)) (B8)

=0

where

(k’-‘)zt) (BY)

2 k
Ay = W ([1 - COS(kl,\.)] + uz:l (_1)“L 'zzpy)z
By, = (=1)"(L)*" (B10)

BZn+ 1= j(_ l)n(l—“)2n+ :

considering the integral representation for the zeroth-order Bessel function these expressions can
be re-written as a summation of derivatives of the zeroth-order Bessel function appearing in the

main text (equations (33)—(35)).
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