i .

WORKING PAPERS OF THE

CENTER FOR RESEARCH ON SOCIAL ORGANIZATION

DEPARTMENT OF SOCIOLOGY

UNIVERSITY OF MICHIGAN

Paper # 27

April, 1967




>3

ON .THE. STRUCTURE -OF ' SHARED ‘AWARENESS

Morris F. Friedell
. ‘University. of Michigan

 April, 1967

Please do not
quote Section IV
without con-
sulting the
author.



™

I, Introduction

This paper will discuss who thinks Qho thinks what,
and so what, from various perspectives. ‘First, a mathemat- -
ical language will .be developed for "A thinks B thinks A
thinks..." type .propositions. This:will elucidate their
interrelations and make explicit .some..assumptions used in
dealing with them. It Will begin to allow one to(avoid the
mental strain associated with such ‘propositions. .The next
sections, on Structure and Dynamics, will discuss substantive
topics, especially the:poﬁer.of perceived :expectations over
the individual-~AThemfihal section, Economics, will deal with
A thinks B thinks... reasoning in formal games.

The ‘reader will notice that the mathematical sec-
tions are limited.in applicability. by their specialized as-
sumptions and vocabulary, while the .Substantive sections.ténd to
-be essayistic. This paper may be considered:to represent the
two ends of a bridge whose middle part has not yet been con--
structed. However,. it.:may be. instructive to.demonstrate: the
possibility of formalization in what has been one of .the
"softest" areas.in..'so‘ci.ologyol This will perhaps lead to
greater clarity and thus.to greater refutability for the

theoretical apparatus .in: this area.

1. Statements like,’ "Autrui n'existe. qu'aux yeux du Moi;
le Moi n'existe.-qu'aux-yeux d'autrui. .Si connaitre
autrui c'est. aussi. se regarder,. chercher a se perdre
dans l'autre, -c'est encore se retrouver," (1962) have
long since served.their purpose.. ‘Compare Shakespeare:
"Property was' thus' appalled,/ That: the self was not the
same; / Single nature's double name/ -Neither two nor
one was called."
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An.attempt%ismmade:tomproviderenoughuinformal com-
ment to makeyallmbut.the;final:section¢:which3requires an
elementary knowledge. of. game:-theory,. accessible to the less
mathematical reader;.unexplained technical remarks are periph-
eral to Ehe argument.,

- Let us.orient.ourselves. to-therstudy..of A thinks
B thinks.... by means::of..an example. :Consider  the sequence:
of propositions:
1) A thinks he is despised.
2) B thinks.A~think5Mher(A)‘is despised.
3) A thinks.B thinks: A thinks he: (A).-is -despised.
4) B thinks A thinks ‘B thinks A thinks he.(A) is.despised.
("Thinks" is;alwaYS¢usedsto~meanx¥wouidwaSsent'to if given
ample opportunity ‘to reflect.". . It.does not mean, "is ac-
tively engaged ‘in:thinking about.": -"Believes" will some-
times be used:as a-:synonym - -for "thinks".) . :As.we progress
along thisusequencémthe;propositionswbecome simultaneously
harder to understandgandsmore:ﬁnnatural¢2:wSeveral questions

are- - raised.

2. Maucorps and Bassoul(1962,.p.:47):.speak..of an "effort
de gymnastique :mentale." - It-is. perhaps.-related to the
strain associated.with assessing.-one’s-subjective pro-
babilities. . There isa similar-"jeu-de miroirs" for
these: how.certain.am I of my degree -of belief for...?
Combinations. are ‘possible:r How certain. are. you that I
believe it.is.more.likely than.not: thatryou believe...?
I suggest -the. nature.-and consequences. of. this strain as
a rewarding.subject.for research;: and--that.it depends
not merely-on.complexity butinvolves important Gestalts.
A mathematical model: for subjective :probability which
took strain systematically into account.would be interesting.
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1) Do they remain logically meaningful? Yes. This
is best perceived by rewriting the -propositions as folloWs,
so: they do not get’ longer and longer:

1) A thinks he is despised.

2) B thinks "1)" is true.

.3) A thinks "2)" is true:

4) B thinks "3)" is true.

2n-1) A thinks "2n=2)" is true.

2n) B thinks "2n=1)" is true.

Now it seems quite. unreasonable to say), 'e.g., that statements
-1 through 8 are meaningful but ‘statements 9 and on are mean-
ingless. 1In fact, it is clear that all that is necessary to
prove. that all these statements are meaningful is to postulate:
if A names a person .and. "x" is a meaningful proposition, then
the proposition, "A thinks "x" is ﬁrueq"‘is meaningful. This
postulate,apéears indisputable, and will be assumed through-
out.

2) Are..propositions far .along in. our sequences
(These will be called ‘"long" propositions.) ever empirically
valid? Yes. As a rather-exaggerated example, let A and B
be two mathematicians who have enjoyed a long and intimate’
professional relationship. Our statements are:
1) A thinks 2 + 2 = 4.

2) B thinks A thinks 2 + 2 = 4,
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Clearly the whole.infinite set -of'-statements. are valid.
Indeed, there .is. a name. for. this:situation. :..The belief that
2 + 2 =4 is said :to. be .shared, or taken..for granted between
them, or a matter of. common opinion.... Common opinion will be
discussed extensively below.

3) Given-the answers to 1) --and -2), why are long
propositions so rarely. used? I don't really know. Among
the reasons are probably a) their difficulty, b) that in
practice they may -be impliéd by other kinds of propositions,
and c) that information about them may ‘be difficult to obtain.
(This is partly for normative and practical reasons, such as
regulate asking questions like, "What do you really think
about me?") Finally,. information about long propositions...:
may be of little practical use. But. the example in the final
section of this. paper shows that a law:of diminishing returns

does not necessarily hold.3

3. Thomas J. Scheff (1967, p. 37) adduces the image of the
details 'in. the endless chain of:-reflections in two
opposing ‘mirrors:. coalescing into-a formless blur and
suggests that -empirical instances ‘of what I call common
opinion might be hard to find. On the contrary, long
propositions which are believed ‘but are not common opinion
(or are not thought. to be, etc.) 'should be rare; common
opinion, itself, -is.'very common.



~IT. - Language

Basic.-Terminology .==The objects of belief are  pro-

positions, which will be.-considered.-as: determined by English

sentences. . Propositions:-form a Boolean algebra. This means

that if x and 'y stand -for any two propositions: "x and y"

(written xNvy), "x or. y or both" (written x{y):;, and not-x

(written x) ére also propositions, and-"and", "or", and "not"

obey the usual rules@4 Two "logically -equivalent propositions

will be_considered the -same (written =). So, for example,

we have xNy = yN X,. which implies -that -"Jack is tall and

Jill is small," meansthe same as "Jill is -small and Jack 1is

Vtall,ﬁ

| There is. a.-finite set. of "“person operators", Al,

A2,..L,A,B,C,...,;functions which transform propositions into

(usually other).p;opositionso A will: also be used as a

généric (variable)'person operator. :"Ax". means "Persdn A

;hinks 'x! isvtruéf(at:a»given time):;“5 -If x is a proposition

- Ax is aiso: This. is..a .restatement of. the meanihgfulness’péstulate

ih the Introduction. |
Néte.that.a.simplifyinq*idealization.already has

Béen Iﬁade° To illustrate. this, define.a = "The sun rose today."

and b = "The sun. rose today and the -tenth digit of pi is 3."

4. Logic will always. be.'sacrificed :to. perspicuity in the use
of quotation marks.

5. Use of the ‘same symbols for both. persons. and person oper-
ators should :not cause confusion. - "Epistemic operators"
is a good name.for:all- the operators that can be generated
from person operators by the methods described below.



These are logically equivalent (say, in terms. of a verifi-

ability criterion). so. a. =b. - -Then Aa =.Ab,.implying that
anyone  who believes. one..of.-these propositions..must believe

the other--absurd. .. This: distortion:is.-allowed. in theﬂbeliéf
that actors® problems. in. logical reasoning usually can be
ignored in the -analysis .of~social interaction. Rather, opinions
vary mainly because:.of differences: in data and perhaps in
induction. So the. effect of the: assumption that everyone is
lbgical (and’ so must know. all logical. facts like those about
decimals in pi);shourld-not,.ordinarilybe‘serious.6

Rationality Laws.--Let t:be-the unique logically

true proposition and f = t. Rationality (consistency)

6. Two kinds of idealization are represented by the statements,
"The average man in .5'9" -tall," -and “The average family
has 2.8 children." .The present -model is of the latter
kind and must be. applied with -due::caution=-it, so to
speak, ignores: air resistance.

The criticism, "Men -are not computers, .and thus models
that treat them:as .rational -are helpless to approach the
more interesting .phenomena in :their -lives," is not only
false but shallow. - :"For social:control is .more homogeneous,
more consistent..from .person to. person:.than individual,
rational control. ... It permits a:smooth predictability in
the affairs of:men." (Slater, 1963, :p.'346; this is an
excellent discussion.) People::try to. reason about what

(A thinks .B..thinks)® in struggles for :power, triangles of
love, and in :comedies. and tragedies. ‘Two. major empirical
studies have .dealt with troubled marriages (Laing et al,
1966) and the -awareness of ‘dying:(Glaser and Strauss, 1965)
respectively. Of -course; in "crises -of -awareness" people
do not self-consciously use mathematical reasoning, but
neither do -they .self-consciously-use -Euclidean geometry

in getting around.
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requlrements are formulated as laws :for person operators.

(1) At =t

(2) Af = £
(3) A(xNy) = AxNAy
For example, the third one reads::. 'A- believes x

and y' means the same as.'A believes x and- A believes y.'
Notice that "or" cannot be substituted for. "and". The first
and second idealize. the actors as ones for whom it is
logically impossible -tobe mistaken about logic.

Write £ for "logically implies."- We now derive
some theorems from the laws.

(a): Ax s -A_i If A believes x then A cannot
believe not-x. Since (a) is '‘a statement-of logical truth it

is believed by all. the actors, according-to law (1l). The

proofs of most of the theorems -are: in -the Appendix.

7. No attempt has been made to be. exhaustive in listing
: these laws ‘and: the ones:-given later. ' For example: "For
some x, Ax # x," 'is a rather trivial law independent of
those stated here.

Hintikka (1962)has a related but much more.. complex set

of rules. Mine are just complicated.enough to derive
interesting .theorems about- combinations of. person operators.
The reader interested in subtleties of. the relevant
epistemology  on the individual. level:is referred to his
book.

Could paradoxes.arise since' .no. propositions are excluded
from consideration, even propositions:-which refer to the
language itself? - I. rather think not: Mathematical
paradoxes should be avoided because: the Boolean algebra
is only countable. Criteria -of meaningfulness external
to the model ‘are assumed--thiswshould.-obviate semantic
paradoxes. For example,  "This sentence  is false," is
excluded as. not being or. representing a proposition.
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(D): AXAA(XDy)<€ Ay.°

(c): A(xDy)<: (Ax=Ay).

(d): (x<y)-& (Ax<Ay).

(e): AXUVAy € A(xUy).
The reader mayﬁwishxto‘transiaﬁewthese;theorems.into ordinary
- English and -verify. them intuitively.

Self-knowledge.=~The following self-knowledge laws han-

dle beliefs about one's -own beliefs:. - Complete self-knowledge
is assumed:
(4): AAx = Ax
(5): A Ex = Ax
(4) is translatable:“wwhat~Aubeiieves;he»believes is by def-
inition coextensive. with-what: he: believes.

The. following. -are: among: the. more. interesting con-

sequences:

(f): ‘A Ax = Ax

(g) s A(Ax.UAy). = AxU Ay

8. x>y is read, “If. x, -then y," or. "x-only~if y," or "x
implies y." :It means.that it.is-false-that x is true.but
y is false...ThiSuispall it means:w:-there. need be no
especial connection between x and y.

It is easy.-to confuse < andi=y ... :(Lf it is any help, they

are related-as.rare . =-and & ,.the.sign_for "if and
only if".) x3y.is.formally. defined as.xpayY: X<y is
defined. as. obtaining when (x=y).=:t.. .Whenever xs vy,

X=y is always true, but. not necessarlly conversely.

x=y is itself a.proposition,.whose.-validity (unlike that
of x=>y) . does.not depend on which:-particular propositions
happen to be'true¢ﬁ=So (x¢ y)'=t or (xsy) = £, and

(x€ y) =A(xXxgy) =B [A(x=y)], etc.. Knowledge of the.
language is.never.in.question.among actors. (The reader
may tést. his.understanding- by verlfylng that (x=$y)=$
(Ax=yAy) may be. false. .Cf. theorem (d),).

In a sense, we.have.a. three-valued logic.. ‘For any x, A can
believe X, can.believe -not-x,  or.can believe neither. A more-
e}%?orate languagenmight*systematicadiy¢use statements like
x, Mmeaning: A.believes at time t that x has probability
greater than p.
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(h): A(AXSx) = t.°

Of course, Ax may- be -true. while. x is false. - Contrast
the laws for "A knows x," meaning.Axf x, ‘i.e.,. A believes x
and x is true (not. necessarily, "A believes. x.because x is
true.“). If I.1is the.identity'operatoradefined-by Ix = x,
and if the intersection:(Mf)N)x”of:tw0noperators M and N is
defined as MxN Nx,. then the "A knows" operator is ANI.
én I_%atisfies-lews~(l))'(2), (3),. (4), but not (5): a person

ﬁeed not know. that he doesn't know: what: he. doesn't know.lO

" Opinions. of..others' opinions.=-="A.thinks B thinks

"

'X" ! "

ﬁeans “"A thinks that 'B thinks x;' is true," and equals

A(Bx)}_‘AB, the composition. of the: person. operators A and B,
may'be defined‘by:kAB)X“=-A(Bx);wtheaparentheses may be
%émov%hf So AB“trenslates "A- thinks' B. thinks"; similarly,
A(Yﬁ.rranslatee ﬁA?and“B.think_“-:Now;arbitrarily long
"polynomlals" of person operators and. the 1dent1ty operator
may be formed Eig,q“(AB)"njABC means MA - thlnks B thinks A
thlnkS'B thlnkshaod,,alsoqu.thinkSJB.thinksmC thinks." These
polynoﬁials.satisfy.laws[(l), (2) and.(3) .(but not, in general,

(4) an& (5)). and therefore theorems.(a) through (e). They

9. (h) shows.. that: person operators. are. not: invertible, and
that there. are.statements: that-a:rational.believer must
belleve, even. though: they may be- emplrlcally disconfirmable.
He: must. believe. that his beliefs' are true. (Cf. Hintikka,
1962 ) '

10. The operator I. could be. read, “Goduknows;ﬂ of course, it

' satlsfles (1) ,. (29, (39, (4),.(5) . The:laws for person
operators have: interesting analogs' in' topology and logic.
Thus, AN I is' an interior operator: (cf:. Sikorski, 1964,
p. 198) and,.if -the postulate Ax:< x."(useful at times) were
added, A would be. a universal quantifier (Halmos, 1962,
pP. 22, with the' misprint  in  hiss (Q'2) ' corrected.)



also satisfy the-distributive;lawsﬁ.~LiM11N)“=;LM/)LN and
(LAM)N = LN/ MN.... But..remember AB # BA.
The empirical: literaturer goes:up:to: about- the. fourth

"degree," with.Maucorps-and Bassoul eliciting responses like,
"Je crois que...tupenses:. que-. je pensei.que tu: t'attends a @tré-
choisi?mparnun,"241962,ap.=48),vor Laing~et al -asking (1966,
P- 57), "How wouid~she-think“youmhaveranswered the following?
1. She loves me..."

-Commonhopiniona--wSupposeaAxuand.(taking the role

of the other) A belleves that B is' in the ‘same, cognitive posi-
“tion as A himself: (say, ‘because-their-experiences with x and
wiﬁh each other were: symmetrical).: #:A believes, that is, that
if s is a poiynomialrformed*from,A'ande;'and S' is the poly-
nomial obtained from the expression for S by.-interchanging

A and B, then Sx:and.S'x are true or false together. Now,

A béliéﬁés "Ax is: true,! and—A thinks this symmetry exists,
99 A thinks Bx.. A is;aware‘that~heakA)~thinks Bx, so he.
could use symmetry ‘again- to getuA(BAX), and so-on. It turns
oﬁt that A thinks that..x. is a matter..of..common. opinion (Co)
beﬁween A and..B or,. symbolically: . AGOA;wa” Perceived
‘symmetry, then, is. one:basis for .common opinion.

Another approach to. common.opinion.will also be
introduced by. an example... Suppose.A.and.B.are in face-to-face
contact and hear.froﬁaa.voice whose  authority is not in
Question, "You both believe. x.": Now. A:and B} as well as
believing x, both. believe that both ‘believe: it, both believe

that both believe ‘that both believe ‘it;,. etc., and x becomes
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‘common opinion,m.Anothervwaymtomlookmatﬂt@@sﬁ;s: C

- 11 -

OA,BX is
the most prominent.solution:to:thev“equétipn?;. "A and B
believe x and this.statement- " :The:mathematical: formalization

of this type. of. thing must-be-more difficult.than-before, due
to the sd-tofspeakAinfinite;operationsah :(The. less mathematical
reader shoula skiphto;thexnext:subsection.)V
It seems desirable to.assume: a.stronger version of

law (3) for person operators:
(3') If iurgi.exists,;thenffqrAxi"existsuaandA/q.Axi = An/7xi.

) req YA ALl
(3') reduces. to.(3) when .¢g=is finite. .
Theorem (i) : 'If'éii83°M’ N satisﬁy*ﬁ)y~2) and 3') so does
C]Ii’ if meaningﬁul1.and”§o does:-MN.' Also.the distributive
laws: ( /)Li)M,.: /) (@ ana M( /) L) = /] (ML;) hold when-

ever fq Li is defined.

If "A and B -believe x and this statement," does denote

a proposition,‘the-proposition-ought~to:satisfy y (ANB) (xNy) .
This, however,. lacks. a.unique solution (y = £ is a solution.)
But there is a greatest solution (with respect to the partial
order of the Boolean. algebra), whose reasonableness is
supported by the fact that it is thus a solution with maxiﬁal

likelihood of being true.

(-]
Theorem (j): If.y i.v/}My, M satisfies(3') and -/]Mlv is
. . i =0
defined, then.y.;f/) M'v is the greatest.solution. (M0 = I by
i=0 .
definition.)

There seems no reason. not to postulate:
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i_ el 10a
(6) //) ({;\Aj)_ CkA A ‘is. always:défined.

l, 2,.0.

Applying (3j) tOxthe;previousrdiscussion;with@va= (aB) x,

S

N T l (A/)B) w-=just.what A and

B would learn.from. the.authoritative:.voice above.

M= A/?B, we obtaln Co

Properties.of:shared awareness:-=-We have formally

defined Co and :Ck: (common knowledge;: or: t¥ruecommon opinion)
ahd we proceed- to .delineate some of.their- properties. For
éxample, common:-opinion: is::what- everybody: thinks is common
knowledge or, equivalently, ‘what.it:is:common knowledge that
.everYbody thinks. ' This is ‘part of. theorem (k) :

Co = CkP = PCk = CoP = PCo, Ck = CoI.:= Ck(P/1I) = (P/)I)Ck,
where P is the. intersection-.of: the: person operators involved
("Everybody thinks').: .Co and-Ck each:satisfy ‘laws 1), 2),

3') (stronger than 3).and 4), but not 5)% .The most interesting
result is perhaps.thatuC02~=“Co;:rIfﬁSOmething is .common
.qpinion it is common .opinion:-that: it' is: common opinion. E.g.,
ﬁot only is it Co..that: flat-earthers -are crackpots but it

is Co that everybody.-believes this. .Co-and'Ck share this
"idempotence" property (law (4)) with.person.operators but

not with intersections:and compositions of-person operators.
Public opinion, then, acts-in a special. way.like an-individual

consciousness, .and.can .be.considered. as: argeneralized Other.
o9

10a. If S is:.a.polynomial.in:person: operators, 4 st is
probably: always ‘meaningful. as well;but sometgmes hard
to 1nterpret Is _there a.scenario.where:Sx is true if
and only if.S. /’\ (ABC)l for some''or ?° Systematic
postulates. for tﬁe meanlngfulneSS’of various propositions
about symmetry-would probably be' desirable.
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We conclude. this section.by . indicating:-two"- phenomena
that may arise. where more.: than two: personSrare rinvolved. First,

it is p0551ble.tqmpgvgmﬁgﬁA;B(?gﬁ /)Ck /‘CkA B, C,)X -

suppose B and C”areuaﬂquarrelingicoupleswho have-each secretly
confided to A the. topic.of.their quarrel.

Second,  suppose. D learns:y,- tells-E,.E tells this
(including the conversation: with D). to.F,--F tells all this
back to D, D.talks to.E again and tells. all:this.  We have

Ck Ck Ck Ck ~Since there_iéwalways something new

D,E-“F,D "E,FD,EY"

we never get to the..stopping place of. Ck: But instead,

DEF
suppose E tells .D, truthfully, about.y.and that he will tell

all to F., Then. (after sufficient time:.has elapsed)
z = Ck Ck,, . (y[ﬁz)»Mis;satisfied:bygwhat is-known, and the
’ 14

maximal solutlon 1s Ck So in..this:. fashion triads

D,E,FY"

with pairwise communication can achieve«common knowledge.



III. Structure

In the previous.:.section a. language was developed
for who knows who .knows what. Now :the -language can be used
to formally discuss..the.distribution of knowledge within a
culture, |

| One might.begin a taxonomy -with. "common sense",
defined here. as that which is common :opinion between typical
strangers in.a culture, :or among everyone who is a full

participant in the culture: Cs = Co . Probably,

Al,AZI,:.

assumed common sense.tends to be ontogenetically and phylo-
genetically prior .to.self-consciously .private opinion, as
awareness .precedes..self-awareness.

In the .mathematical model logical tautologies are
automatically assumed part of common sense;. more generally,
rules of language may. be rassumed so.. Also there is a rénge
of natural science: facts which are -common sense, e.g., "The
earth is round.".. The .example is one which-it is common
"knowledge was once not.common sense, .and so has a certain
prominence which.most. examples of .common sense lack. There
"is'usually no point -in communicating commen sense, and one
may lack self-conscious.awareness of-it,-as the invisible
obvious. In fact,.utterance 6f'commonrsense'propositions
is often associated .with .impropriety, since it tends im-
plicitly but pointedly to bring into focus the relation be-
tween the speakers. ..During the "Initial Calibration" phase

of an encounter, when-the participants are'tuning in' on



each otherll

. the.interpersonal -relation.must be handled; it
seems required then .that: propositions., if.they be uttered at
all, be common sense-=-presumably, to:leave the participants
free to concentrate .on the situation. "~ Even here the blatantly
obvious, like the:Fijian greeting, "You.are .awake," (Parsons,
1914) is improper unless extremely .conventional. "It's
thundering," as chat about the weather;: might elicit a response
like, "I'm not deaf."

| Common sense may also be appropriate during
psydhiatric examinations :(indicative of :why it is usually
inappropriate otherwise)}ga Even -here there is a place for
tact. The taboo.against expressing:common sense is dys-—
functional for science :but continues to influence scientists.
It is only partly circumvented by the use -of mathematical or
stylistic adornment, .or by illustration with data not generally
available. Perhaps . this partly explains why common sense
itself has not received. the study it deserves.

A fascinating region of  common sense is what

everybody is expected :to:know about himself. - This is an im-
portant aspect of the:. culture’s-definition of the role of
the individual: Define A*x, "A knows..about x," as (AAI)x
U (ANI)X. Then.let.us say that a function Xj(Ai) from
individuals. to propositions ‘is "biographical" if:

CS(_] At x,(a;)
1

1l1. See Pittenger, et al., (1960).

12. "...he may be given‘:..questions to ascertain if he
can give the dates of ‘well-known events," (Luria, 1966,
p. 310.)
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An example of a biographical function=is "A's -name is John,"
for it is’Cs that everybody knows whether. or not his own

name is John°l3, Biographical functions .generally seem to
refer to the individual's history -of placement: in social
categories: e.g., sex, military: service record, number of
children, but there:are a number .of interesting types of
divergence from.the..demographic. items..on .a.questionnaire.
There is knowledge contingent on relationship's, e.g., "wife's
eye color," and that which is private 'in various senses:

age at first coitus, or presence 6f~toothache. A's biography
might be defined as the set of true Xj(A). .Goffman (1963)
has vividly described the problems entailed by deviant
bioéraphies.

Intimacy:of’interpersonal‘relationships is measured
by degree of common. knowledge of biographies. Acquaintances
tend to know .only those parts-of each.-others' biographies
WEiéh it_is common sense. are not secret;ésexcept sometimes
when their encounter is understood as. fleeting. For closer
relatibnships there are.-prescriptive  norms for biographical
knowlédge—-eogo, of .the physical location of close kin.

More specialized roles than:that..of individual are
also associated with fields of knowledge. -The charisma of
expertise is related to.the Durkheimian -sacredness of the

individual in an organic society, ‘in that everyone (if not

13. The propositions:A knows about form a Boolean algebra,

‘ as do the biographical functions.

14. Cf. Simmel, (1964). I am diffusely indebted to Simmel
with respect to both content and method.



defined as sick):is.:.the..expert.on. himself.

As Plato.:envisaged, the:-logical: stratification of
knowledge is: linked.with. socialwvstratification, although in
a subtle and.complex. manner. . Verticalr&logical}implication)
relations among propositions are much:morermultidimensional
than those among persons.: -An- intermediate order-is provided
by what.might.beﬂcalledh"common“knowledge@implication", or
cki: "x cki:y".obtains.when-it is:common- knowledge that one
who knows about.x:.also knows about yu.: ckivallows one to
draw far more. extensive: conclusions. than: mere:logic would

justify.15

ThuS‘therggirrelation:is~basiCtt0“impressiQn
management. Consider. x.-above.y if x.cki.y.. . Then, e.g. in
sociology,. knowing -the: true:'names of: most of the little
communities that. have .been.studied is:. rather high, and
accrediting, while ignorance of the::identity of Talcott
Parsons is very.-low and.discrediting.

More -generally,. roles are:stratifiable by know-
ledge, e.g., it.is..common: sense -that 'a-doctor+knows about
what a medical technician.knows -about.: “In formal organ-
izations, though,. it.is often.sufficientthat-the super-
ordinate merelkanOWuwhatwthe"subordinatéwknows about.
Stratified knowledge.:can-also ‘be- that: of:-other members

of -a group ---one-.can.-define -the insider,

15. Compare and..contrast..the. "logic".used. in balance theory,
as in' Abelson. and Rosenberg.:(1958)« -~ cki. is a quasi-
order. h ’ ) ' ’
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the gossip, etc.

For simplicity., .I. have..been. talking of--common sense
rather than. of perceived: common: -sensei: . 0f..course, -the content
of this cultural apparatus :varies among individuals, like
the idiolects .of .a language. I think the forms are more con-
stant than the .content--and that .this  is, itself, a matter
of common sense, .enabling empathy somewhat to transcend

cultural barriers.



,,,,,, .... .IV. Dynamics

How does. knowledge -change:-over-time? Are there
equilibria in the .distribution-of knowledge .and, if so, how
are they maintained?. These are what'I-would-call dynamic
guestions.

Acquisition..of knowledge.=-New knowledge can be

acquired by perception.- Vision'isrparticularly interesting
because of this common sense property:- if B sees A look at
B, then A sees B -look:at.A. From this and-a few simpler
properties oneucanhdemohstrate that eye-contact leads to
common knowledge .of: the presence of . the interactants. It is
no coincidence that eye contact is of considerable emotional
and normative significance.

Common knowledge always seems to be built up from
previous common. knowledge.  Suppose we -are.on a picnic. I
know that if it.starts raining this will -be common knoWledge-
among us. For rain is a public event. It is in the class
of events for which it is and (it is Ck) it remains common
knowledge that every member of a group will know about such
events when they happen. And it follows from theorem (1),
Ck(x=>Px) = Ck(x:#Ck x) , that it is Ck that public events
will be Ck when they happen. The public location for events
is a vital taxonomic category, as illustrated by its utility
for research (cf. Lofland, 1966).

Most important, knowledge comes from communication.

Normally, face-to-face :utterances are public for the par-



ticipants. And, normally, through communication knowledge

becomes commonuknowledge;lﬁ

The possible abnormal ramific-
ations are very extensive. When a question is asked, even
taking communication channels for granted, all that may be
certain is that .the :questioner believes ‘it is ‘in his interest
to ask the question. : For (recalling.Descartes) we can say
that even if the questioner was only concerned to give that
impression, it would still be in his interest  to ask the
question. On the .other hand, the questioner may know the
answer already, or he may not, and:if -he knows it he may
think the other does not know he knows it or not, and if...,

etc.

"Abnormal" .equilibria.--0Of -greatest interest are

equilibria short .of the ‘"normal" equilibrium of common
knowledge, such as that.:of pluralistic ignorance. The

notion of pluralistic.ignorance does not ‘uniquely specify a
cognitive situation, ‘but -includes cases where everybody thinks
a given way, but everybody thinks everybody else thinks that

the opposite is :common. knowledge: Px!\[]

I3

~2}
practices are the topic. of a classic sociological example.

AiAjCk§. Drinking

Using theorem (m): L JA.A.Ck = Ck{f)A.A., we see that there
. wﬁ_l J *v'l.j

is a so~to-speak hidden ‘but real consensus in this situation

of pluralistic-ignorance—-a consensus -as -to other's expect-

ations for oneself. Paradoxically, pluralistic ignorance is

l6. Compare the consideration of communication as a process
of equalizing information by Newcomb et al, (1965) and
the derivation of Co from symmetry, above.
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stable becaqseﬁofwthiswconsensus.u'%ugdq;oné hides qne's
drinking behavior not so much-becau%enone.thinks other's
practices are diffefent~but-becausé;onthhinks others'
expectations for one's :own practiceg'differ from the reality.
For the community. to..achieve consenﬁus‘on drinking, this
consensus on expectations-would hav;hto be temporarily
destroyed.

Another.schema for-equilibrium-short of Ck is that
of the shy lovers. The:fact of thellackrof avowal is common
knowledge and has its own common sense. implications, which
are: Ck[(3aWBB) N (bVBa)] where.a.= YA loves B" and b = "B
loves A". (Note that who. and whether one loves is more or
less a.part of one‘'s biography.) A might soliloquize: "She
has said nothing because she doesn't love me, or if not so,
it must be becéuse.she doesn't realize I love her. But .that

would:show she lacks.intuitive ‘understanding of me."

'The-pressurepof.expectations,-;The extent of
irrational avoidaﬂce=of potentially discrediting situations
like those discussed above is probabily responsible for a
great deal of private suffering, social-conformity and political
aliéthion. ..It cries..for explanation. - Whence the mysterious
power of consensus (indeed, of society) over the individual?
We‘will-beginwby examining -some current theories.
Here it should be noted -that the focus is not on their
considerable heuristic usefulness but -on their causal validity.

Then a different theory will be presented.



The usual. contemporary explanation is ego-psychological
and runs something .like this: individuals.-need an adequate
self-image in order: to function, but-must-:validate their
self-concept through others. Thus they are extremely sensitive
to the threat of being labelled ‘unworthy--as is shown by their
"egos' thick padding :in rituals- of :deference and patterns of
defense.,l7 One difficulty with this hypothesis is that it
seems to inadequately account for the special role of consensus
(common knowledge of agreement) in 'social pressure. This
criticism does not apply to Scheff's (1967, p. 36) suggestion:

"The. collective representations are felt as power-

ful exterior constraints -because each individual

agrees,.recognizes that his' neighbors agree,... and
so -on ‘indefinitely. Although he "agrees (or
disagrees) ‘with the sentiment; ‘it is also something
beyond his power to change, or even completely
éxplore. The potentially endless mirror reflections
of each of -the others® recognitions is felt as
something.-utterly finalwv - From this formulation it
follows' that -each actor feels: -the-presence of the
collective representation-with a sense of exterior-
ity. and.constraint,..."
Spheff'seems-tOu;mply-that'collectivew:epresentations have
theif"power becaﬁse;the~prppositions~involved-are so manifold
and complex. ‘But -the -implicit.psychology-of awe before the
infinite is ad ‘hoc. . Achilles will beat -the tortoise in
spite of Zeno's reflections.

It is instructive to compare -Durkheim's (1951, p.

307) treatment of .collective represéntations in Book III, Ch. 1

17. Loflénd, (1966) -provides an excellent exposition of such
a model :in a‘'section entitled The -Fragile Nature of Man.
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of"Suicidé:

"Usually when:.:collective.tendencies..or passions
are spoken-of, we-tend ‘to:regard..these: expressions
as mere metaphors-—-and-manners:.of: speech with no
real signification-but a sort—-of-average among a
certain number of individual states. They are not
considered as things, forces-sui generis which
dominate the consciousness of single individuals.
None the less, this is their nature, as is
brilliantly5 shown Dby statistics of suicide. The
individuals making up a society change from year
to year yet the number of suicides is the same so
long as the society itself does not change."

Unfortunately, Durkheim did not understand the meaning of
statistical regularity. He did not realize the profound
significance of the small but definite amount of irregularity
that would remain in. his data if social variables (and
reporting errors) were controlled for. For suppose that ){2
values then came out significantly lower than would be
expected by chance.. Durkheim would be literally correct and
our conception of the nature of society would be profoundly
different from what.it is. Then ‘it would indeed be useful
to conceive of a social suicide quota and a suprapersonal
entity responsible.for. that quota.

Durkheim constructed an untenable sociology to account
for what seems. to. be. the.power of social forces. But forms
of the collective representations. concept.have remained use-
ful enough (for qualitative datasthough)’that psychology has
been distorted to .preserve it. Society still dominates the
individual, but not because society is- strong but because the

individual is weak.

Both the contemporary-hypotheses- that have been
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presented ovefemphasizezthe“role“ofvcognitivetantecedents in
action. Western culture and-historical-and contemporary-
sociology are rife.with . myths about: this: : Hamlet's: resolution
was supposed to.be sicklied o'er by the pale cast of thought,
but there is a widespread belief thatvbeiief in free-will is
necessary not to-be.paralyzed. (Compare the earlier belief
that belief in.Godsisuneceséary”notftO“do-evilu) "In every
highéf kind of: production- a person needs to understand and
télieve in himsélf," (Cooley, 1956,.p.: 224); cf. Simmel's

' . "
(1964, p. 310) discussion -of the Lebensluge. - The centrality

of expectatiqns in contemporary action' theory is consistent
with thls pattern (zigg Parsons, 1964- Ch. .I) Most of this
15 the ultlmate ratlonallzatlon--that there is any reason
(cf Ryle, 1949).;;In partlcular,‘lnd1v1duals may rationalize
that they conform because they fear what..others will think
(Dlscredltlng ratlonallzatlons are' safest from challenge),
bpt there may be only a correlation.- And sensitivity, real or
péteﬁ%ible, to others' .opinions does not: mean that a funda-
“méntai need is_in%olved. R propos:to the first hypothesis

discussed, there are:.sociological reasons:-.for treating people

as having sensitiye.egos, whether they: have  them or not.18

18. There is perhaps: something-1like' a natural law, resulting
from'interpersonal'comparisohs of utility, that worth
as an ethical:'-object is proportlonal to range and sensi-
tivity of feelings. (Vide Andersen's- (1835) simulation
Of status-validation—ceremonies.) : At any rate, this law
has some validity: in- this culture,and-we will distort
the feelings if- ‘necessary to. match—-the ascribed worth.
Thus the neurotic will be denied: range and the psychotic
or criminal: will- be' denied: sensitivity: A person would
wish to be ‘almost anything but-a clod, except a vegetable.
So it is no wonder that deference rituals treat people
as i1f sensitiveand intense.
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A fourth .hypothesis is suggested-by.clinical data.
Analysis wili‘centerAon:theidyad—-an?already.complek level.19
I see no reason to believe ‘that thewsoecialxinhibitions of
neurotics in therapy: differ importantly from those of average
persons except in-degree (and not-even with respect to degree
in the middle stages..of successful- therapy). So by examining
what seems to help-:these people we may-obtain insights on
the nature of- socialization. - There - is good-eviﬁence that
therapy can be effected by reciprocal inhibition of anxiety
responses to difficult.social situations. This is done by
repeatedly encouraging assertive responses  to subjectively
very mild forms .of the aversive stimuli.- (Salter (1961):
WolpeAand Lazarus (1966)). This suggests that the apparent
power of collective-representations is.-due-.to conditioned
anxiety responses.to. the-associated-behavioral stimuli rather
than to something- more: intrinsic.- What- accounts for the
-existence and stability of these responses?

Leﬁ;me.sketch the hypothesis-by-means of a scenario.
Suppose Ego. asks a.question which he fears may be rather
silly to Alter who:is::explaining something.to him. Much that
is more concrete..than Ego's being "redefined" may happen.
Alter's reaction may discomfit him-by:- confirming his fears;

it will be, literally; :bad--news, and: therefore produce an

19. My impression is..that the presenceof an audience tends
to amplify the crucial positivefeedback effects hypo-
thesized. 'This: is generally' true in the particular
situations -discussed. 1In them, further, there may be
Ck that one actor represents society's expectations.



emotional reaction...:In this. culture -he .will .have..the problem
of managing.the"expression:of~a£fectﬁsﬁperimposedron-his inter-
actional task--under.penalty of being .perceived as (Here,
rather than directly, - the threat of "unworthiness" seems to
come most into. play.)- inappropriately demeaned. As the flow

of interaction: is disrupted, Alter will tend to be frustrated
and indicate resentment. toward Ego-which will further fluster
him, etc.20 .During. this period:of readjustment unpleasant
uncertainty about. propositional- polynomials. further. heightens
the tension. . Thus, 1in.a word, embarassment is unpleasant,

and expectations.are conformed.to, though not so much because
of a fear of. being thought unworthy-as because of a conditioned
. and perhaps unconscious. aversion to."losing oné's cool".

The argument.given does not seem~sufficient' to account
for the intensity.or tenacity- of aversion- to.potentially
embarassing.situations.. Here I thinkwthat.factors militating
against the extinction of-'social:inhibitions are crucial--
partiCularly,-thetubiquity>in'socialninteraction of the
égsitivé feedbackaindicateduabove,van:the.précis of behavior
;bgraby, the.subjéctive.extreme mildness - of the aversive
stimuiﬁs was crucial,uuwith inanimate .objects .one can come,
iitéf%lly or figuratively,. a few.inches closer each time
uhiil all fear ﬂas.vanished, never being exposed to even

mogerate discomfort. . :When it-is -a matter. of human relation-

30. CE. Goffman. .(1961) on "flooding:out", a related type of
contagion.



ships sométhing-likevihis~is-much‘more;difficult—-for it is
hard to make them vary..gradually-.and.continuously. -The inter-
active.adjﬁstmentmof.reciprocal~expectationsvthat occurs
whenever something-happens-suggests: that.a:relationship will
not possess even temporaiyvstabiLityrexcept*atAa discrete

set of equilibriummpositions;' I believe studies of the pro-
cesses of courtship. and:divorce support this.

Objective discussion of-the:relationship might
solve this stabilization-.problem.but often tends to defeat
its purpose. Also, there are norms -in-~this society against
discussing relationships (primary- or.. secondary). With most
people unused. to.-discussing. most: relationships: ‘their first
attempts wouldﬂbe.1ike1yrto-berembarrassingw. All this tends
to maintain the .status quo.

Aspects: of.the sociology of~sexual- impotence form
a simplified paradigm:for. the discussioncmembarrassment,
positive feedback, :discontinuity)-. «(It. is:simplified because
the ocommon sense.:link .between affect.and behavior is tighter
thah in. cases. more. typical.of social action.).. One type .of
therapy involves . a:partner with full knowledge of it and use
of deliberéte restraint- in order to:move gradually to full
sexual activity. (Wolpe.and Lazarus, .1966)-. This ‘illustrates
what I mean by gradual: continuous variation.and the difficulties
in arranging this. ..Imagine an-attempt to directly adopt this
techniqué to .extinguish-inhibition-against asking one's boés
for a raise!

To summarize: the endless mirrors of mutual



éxpectations amplify. by positive feedback-the emotions
associated with unconventional- interaction, and give the field
of interaction patterns -a-character  of: discontinuity. This
discontinuity makes..everyday. life: unable- to extinguish the
'avérsive.conditioning¢contingent-onfthe:disruption~of consensus.
Questions remain unasked, knowledge :remains unshared, and the
status quo is maintained.
TOutest@thiSLtheory:it~wilivbewnecessary to make
it more elaborate:'and precise. ' Because -of ‘the special prom-
inence ‘it gives to cultural regulation-—-of affective behavior,
cross-cultural inquiry should beiusefulwin~differentially
evaluating it.

ThetOstensibieue—Oneﬁmore~¢opiqamust be alluded to:

mutual pretense,. or:-the.open secret: -‘there is common knowledge
but tacit collusion to: act as if the contrary of the proposition
were true--e.g., as:if the patient:were not dying (Glaser and

’Strauss, 1965) .. :It. then is common knowledge -that it ostensibly

is common knowledge: that: the ‘patient:is not.dying. When a
proposition. is ostensibly valid it means-:that interaction is
carried on as if that .proposition were: true. It is, of course,
common sense. that: therer is—a typical: redation of correspondence
petween reciprocal:knowledge patterns—and -interaction patterns.
gé“interaction,patterns;can-be'classifiedwand structured by
%eans.of-thé knowledge: patterns- in-typical:coerrespondence,
&gether or ndt-thiswknowiedge‘adtualiy obtains. Ground-rules
%or interaction are described by ostensible propositions.

] N
3

This conceptualization suggests the~research tasks of describ-
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ing the structures:.of- ostensible-.worilds: and..comparing them
with common sense: worlds,:.and -bothwith: the- real world.
Typically, ostensibly: everything:-is:.for: the best in the best

of all possible'worlds.21

21. Hence ""cooling::out' -procedures..are: possible. See
Bittner: (1967) ron:-how: police: apprehend- the mentally
i1l for :illustration. C



V. féCOnomicszz

We.returnutoHauformalaperspectiveum-Knowledge can
be translated -into. rationai- action through -the-more or less_
eommon sense.principievof‘maximizing~expected utility.

Game theory studies. 51tuatlons where .the- utilities of
multlple dec151on-makers interlock; it has been assumed that
the fprm of the .game -is : common knowledge,f In this f;nal
section of the paper we analyze a-simple-type of case.where
this restrictionfis~relaxed. " The normative theory of the
ngersen 0-sum game.willwbe'extended-to this case, and an
algprifhm for solvingnsuch'generaiizedwéamesﬂwill be derived
apd:applied‘tO'an.example. |

” Let,two,rationaléplayerséplay'a game, M, whose
payoffs depend on. a.parameter vector: h:with-given probablllty
dlstrlbutlon. -M.is: 0= sum.forueach valuefof h. The distri-
butlon of h and the rationality of-the.players is common
knowledge.'

Let the: players .be"A and B, :and -let C be a variable

standing for ei;herm,AC!Suknowledge“ofzhnmay be briefly

-despribed by .a proposition written (Ch:—-v),_where
Y'=i(..J,vi,m..)”isdthe.vector with Vix.’l:if-C knows the
value of componen;aigqg_h and v, .= Ojetherwise.
The,distribupion of knowledge .in- this situation is
given by a-function.e(S,C): e(s,0 = v.if S(Ch = v) is true,
where S is formed.ffom.A,B,and I- by . composition. (The set

of such S will be hereafter referred:.to.as the semigroup.).

27. This section.is..a .revision of Friedell (1966).
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For instance, e(ABA,B).= (1,0) means: that:A. thinks B thinks
A thinks that B knows the. first component.of h--but not the
second.

Find. rational. strategies -and the:value :0f M, given
e. (Some restriction.will later be placed:on-e to avoid
23

certain infinite regresses.)

Decisions.given the opponent's decision.--In solving

a game of the type given,'C“will judge the“appeérance of the
situat}on to. D (C's opponent), calculate D's strategy on this
basis, and act accordingly. Given  that C believes D will
choose a strategy D* from a set z, we may, guided by conven-
tional game theory, postulate a set of rational strategies,
m-, for C. m. may be obtained from the class of all possible
strategies for C by:1l) eliminating those .which depend on
parameters C @oes not khow, 2) eliminating those which maximize
expected utility against no D* in z, and 3) eliminating those
which do not maximize C's minimum on the chance that he may be
wrong about D's decision. (C does not assume he may be mis-
taken about D's knowledge, just as C does not assume this in
conventional game theory.)

m-,
on z, and we may write: («) C[(Ch = x) f\(Dh = y)f)(D*gz)]

then, depends on e(C,C) and e(C,D) as well as

€ [C*sm( (x,y+2)]. . (Fortunately, m, tends to have just

C
one member.) Note that this inequality translates opinion (on
the left side) to action (on the right side). (¢) 1is not

empirically refutable~-an apparent counterinstance would only

prove that the rationality condition used here were not

23. Harsanyi (1962). treats a somewhat related problem.
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satisfied. Thus- the inequality . (&):is~equal~to.t in- the formal
system, and hence is :common knowledge.

Now we can .find .E's optimal..strategies.(E = A or
E = B) given only e .and .ETC(D*$x) for: some T in the semigroup.
For ET may be prefixed to each side of-.(e). to obtain a result
of the form ET(C*¢.z'), and this process-may be iterated.

Decisions. where: the: opponent's: decision 'is unknown.

1) If the situation is..a.conventional game, each
player knows the distribution of knowledge about the parameter.
This is equivalent to .the condition on.e: e(I,C) = e(S,C)
for all C and .S. .Define .g:as the set of such e.

2) It is- assumed, in accordance with conventional
game theory, that E(e¢ g)=£(E plays maximin in .the game )
specified by g.)

3) 1Itiwill .now.be shown how .E's .strategies can be
.derived, given only that .there exists a . semigroup element T
such that e(ET,C) =.e(ETS,C) for all S and C.

| 4) Define eI,=”e; .define' the .function eE by:

ef(s,c) = e(Bs,c); if.e" is defined, define e"F

as (eW).Eo Then
it can be shown .by .induction thatneTwiS'defined and eT(S,C) =
e(TS,CS for any T and S.
5). Write .as..$e the statement: "e obtains."

$es E(séE) follows from-consideration.of the definition of eE.

| 6) Lemma;:.segss(ses) for any .S in the semiéroup
(proved in the Appendix).

' 7) Suppose .for some T,:.e(T,C) = e(TS,C) for all

S and C. Then eTs.gﬂ --for eT(I,C) = . e(T,C) = e(TS,C) = eT(S,C)°



8) Now. suppose, as .in:3).,..e.(ET,C)= e(ETS,C). Then

efTe g (from 7)), and ET($eET): (from 6))... I£.T.= I, substitute

eE for e in 2) to obtain: that'E plays maximin..in the game

specified by_eE.“ If T=WF (F = A or.F.= B), then EW(F($eET)),

ET

so-EW (F plays maximin in the game specified by e"~). Now the

discussion in the previous. .subsection. may be applied to
determine E's .strategies.

9) 1If zA—andaanare the .sets:in which A* and B*

are finally determined-to lie, the value-V .of M will satisfy:

max E, PV2 min  E

h :P{;Awhere E

B P is A's-expected utility.

h

A*¢ z A*¢ z

A A

B*¢ 2z B*g z

B B

10) A final weak assumption :may be uséd_to simplify
the ﬁotationz (Ch = x) = C(Ch = x).. " Then for all S and C,
e(sc,C)= e(S,C)x=_eLSC)1‘where:here e is. newly defined as a

function of one variable (e(I) is not defined).

Some .consequences.--1) Suppose A knows what B is -

thinking: that is,..e(AS) = e(S): for all:S # I. Then eA = e,
and $e =) A(Se). A will know the actual situation and hence
B's decision.. To..know the whole truth, obviously enough, is
best of all for .a rational player.

2). It-is. easy . to show that .to:gain.information
about the parameter does not hurt a:player even when the
fact of this gain is.common knowledge: :(although he may be
disadvantaged .if -he does not'know  that the other knows about
his new informgtionf¢,¢The question is -posed whether these

two conditions on V as a function V(e)::of e are the only
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powerful conditions..that..can-be: demonstrated.

~.

An examplem:rThe=readernmayniindua;simple-iilustratipﬁ

of V(e) interesting... Consider the game, G:

B
w -1
A - 9 +:where prob. (w =.0) = prob (w = 2) = .5.

This gape is inter@sting because the -apparently symmetrical
change from e=0. to.e=1 give A a disadvantage (cf .07). WV{(e)
is most intelligibly presented by .a computational diagram and

e (SA)=0
e(SB)=1

e(SA)=1___
e (SB) =0

e(sa)=1___
e (SB)=0

*s P . is

Legend: ci

the probability. thathinll choose the first: row or column when
W= 1i. '{XPDO'PDzi}'=“mD‘X'Y’{(PC0‘PC2{}' The value of y is

not needed here. . A node associated with a function e £g indicates
an optimal strategy for-that game.
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Values of V

B*

v 0,0 | 0,1 [.4,.4 |.5,.5 |.67,.4] 1,0 [ 1,.2 | 1,1
0,0 1 0 .2 0 -.07 0 -.2 -1
0,.8 2| 12| 2| 2| -l07] -8 | -6 .2
0,1 o | 15| .2 25| -.07| -1 | -.7 .5
.4,.4 .2 2 | .04 0 | ~.07| -.2 | -.2| -.2
.5,.5 0| .25 0 o- S =.07] -=.25| -.2 | 0

.67,.4( -.07| -.07] =.07} -.07| <=.07{ -.07| =-.07| -.07

1,0 o| -1| -.2| -.25[ -.07 .5 31 -5

1,1 | -1 5 -.2 o | -.07| -.5 | -.2 1

The computationgl procedure will be indicated by
an example.. Suppose that kﬂoWing'ﬁhe Value of w is "cheating",
anq suppose that in fact no one is cheating,. but A thinks
thhihks~A_is cheétingppecapse A.obsefves B frowning, and B

thinks A thinks B is cheating because B observes A scrutinizing

him. (Actually, the frown and the stare are reinforcing

each .other.) Since each trusts the-other, neither thinks the
other is cheatihg. In short, e (ABA) = e(BAB) =1, e = 0 for

eABAﬁeg' so ABA (B plays makximin in the

éther arguments.
gaﬁé séecified by e=0). ‘Enter theAtablé at B's e=0 node
to find ABA (Bplays (;5,.5)), NoW since e(ABA) = 1 follow
thé "1" arrow to node . So AB(A. plays (0,1)). Continuing,

A (B plays (0,0)) and, finally, A plays(0,0). Similarly



we obtain: B plays.(1l,1l). From the:table, the value of the
game is -1, a worst.outcome- for A;ueven%though;the cognitive
situation is symmétric. _

A could .get..2 . if it.wereka;thatmheaa}one knew the
value of w. But. A gets.his maximum of 1.5.if he knows w and
can correctly deduce.that B will play- (0,1). . B will play
(0,1) if it is.Ck that. he alone knows w;, except that t(BA) =1
(i.e., B thinks A is peeking). - So if A. wants to cheat most
profitably he should .sell B ostensibly execlusive knowledge
of w and then cheat, but do it just clumsily enough that B
catches him but does.not realize A realiées this.

Conclusion.==Let us return to the question discussed

in the Introduétionmof;the rarity of.long propositions. It
would be nice if there were a convergence law like: for any
&> O,E]nslV(el)- V(e2)‘<22whenever eivand-ezsdiffeernly for an
~argument ofuthe.form,S(AB)nT. But.nothing like this holds

for game G; we have seen that it can be' quite profitable for
an actor.to induce. another .to believe. a :polynomial proposition
of high degree,.bututhis.may;require.much adroitness. Perhaps
we have a clue as .to. the  common lack:of:.independent
significance of these propositions.  'The general gquestion
arises: 1is there..a structure of props .necessary.or sufficient
to induce a reasonable man to believe a given such'proposition,
and if so--what.is.it? . Findings on-this topic might perhaps
be directly useful only to confidence men and espionage
agencies, but wvaluable sidelights might be shed on the

geometry and furniture of the social world.



- Appendix

(Proofs)

Theorem (a): Ax € AX

= Af = A(XN X) = Ax/1AX = Ax{J Ax = (Ax $ AX).

i

Proof: t =

Theorem (b): Ax/)A(x=y) £ Ay

IP;'roofz AXNA(x3y) = A(x/1 (x=y)) ="A(xNy) = AxMNAy £ Ay.

Theorem (d):  (x < y) € (Ax € Ay)

Proof: (x < y) means (xNy = x), so Ax = A(x(ly) = Ax(lay,

and (Ax £ Ay).

Theorem (e): Ax U Ay < A(XU Y)

Proof: x € xVy, so Ax £ A(xVy); 'similarly, Ay é AxUVy).

So Ax W/ Ay £ A'(xU y) .

Theo_refn (f£): A Ax = AX

Proof: A AX = AX = AX. '

Theorem (g): A(AxUV Ay.) = Ax{/ Ay

ﬁroof: A(Ax\WAy) = A(Axugxy) (from:-(£f)) = A(E{'(\E) = .

A Ax A Ay = AxNAy = Ax{/Ay.

Theorem (h): A(Ax=x) =t
Proof: t = AXUAx = Ax(/A Ax £ A(xUAx) (from (e)) =

A(Axx) § t.
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An associativity lemma (used below): If z.=. {/\\x is.-defined and,
’ = : X iwl‘j
for each j, x. //\ x is defined, thgpv-/ﬁ} x-. exists and

XsTJ ] J

equals z.
Proof: 1) 2z £ xj for every j (obvious),
2) If ngixj-for every j, thenm y € x for every x;

hence y € z.

Thus z is the greatest lower bound of the Xj'

Theorem (i}: Satisfaction of laws (l) and : (2) is obvious. We

first show: If for. all i, Mi satisfies (3'), and if /Z\ Mi
exists, thenv/:} Mi.satisfies (3').

Proof: Assume /)Xk existsol

(/;)Mi)(/;)xk)ithen exists and equals~/ﬂ[Mi/i?xk]vé /();/;)Migk] =

i
{fthixk, from the. infinite associatiMe:lawm(Sikorski, 1964,
14

P. 59). Now we show /l/:} M.'xk is the g.l.b. of {mM-)X} =
. f
{//\] (M, x }o In the lemma, let. xja-P//) M, %, z—-?/‘\ M, x,

then k ( /:\ M, xk) exists and equals /KQ\.M 1 ¥y So
Q [(QMi)Xk] = _§@Mi) (@Xk) » q.€.d.
We next show: If M, M , satisfy (3%), then MlM‘z"doese

Proof: 1If /7xi ex1sts, /7M2Xi and /7M1(M2xi) do. Now,
Mty () =y nyxpy = (T, :

We finally turn to the distributive -laws: Dd(/7 Li)== {7 MLi
is a restatement of (3'); ( /)Li)M = /}(IEM) follows from

the definition .of composition.

1. Incidentally, any countable Boolean algebra is incomplete
(Sikorski, 1964, p. 66).
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" Theorem (j) : If M.satisfies .(3') . and*z =/"\Mlv is defined,

then z is the .greatest .value -for .y that satlsfles y = v/?‘My.
Proof: 1) Z -—;van. .,.Fo“r,Mz:'. M. /] M v = A mt
v /\ Mz = vN Q_ ‘Miv"= 1/=-} Miv (from:the.assocn.atlve law) .

2) | z isi.the greatest solution. .. For suppose w = v/)Mw;
tiuen Miw = Mivnn Mir+l-w, so Miw < Miv. w < Mw; using (d)

repeatedly we get w.g M W M v, if. iz 1. Also w < x, SO

i = g

Theorem (k): .a). diL pt X . is defJ.ned3 so Co =. m P (Px) =
<o . e

-/i/——-\l P'x is defined. Ck = CoA1I = £ l pif) p0 = 5'i=0 pt

b). Clearly, Co = CkP, so (1), (2) and (3') for

Co follow from their validity for Ck, .which .will be demonstrated.

c) P't=+t, soCk t = t.
'd) bpf = f, . soCk £ = £.
2o . .
e) Ck = Q Pt satisfies (3'). Apply theorem

(1) with % = m,.
f) . Ck-satisfies (4).
l) Ck x & x, so CkCk x < Ck x.
2) A (Pix).'.exists and Ck satisfies

(3'), so ACk(P X) .exists and equals Ck(ﬂ (P x)). o

Ck x <€ CkP X because _CkP X = /\ PJP X = /\ PJXZ /;\ plx.

3=0
Now Ck x s /J) ckpix =.ck /)P x = CkCk.x. So Ck x = CKCk x.

Formulas: . starting from 1): Ck== coNI and 2):
Co = CkP, and applying (3') we get PCk = . (=1 pJ = Co. So
Co =-CkP = PCk.. .ckPflI = Ck, from 1) and 2). Also,

ck (Pf) 1)

(PNI)Ck.= Ck, for Ck = CkPf)I = ck(CkP/11I) (from
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(4)) = ckPflck =.pckA ck..=.(PAI)Ck,.and.CkPA.Ck = ck(P/TI).
Now, CoP = PCo = .Co, for:
1) .CoP.= CkP2 = PCkP =:.P°Ck = PCo;
2) .Pz.,g.. P. (since.person.operators..are .idempotent),
S0 .CoP £..CkP®> ¢ CkP =.Co,-Ck € Co, Co = Ckp £ CoP,
‘and CoP = Co. (4) holds.for Co.(i.e., Co® = Co),

- for: A..‘..COZA = CkPCkP = CkaP2 = CkP2 = CoP = Co.

.Formal delineation..of.:the. argument: from-symmetry -in- the Common

Qpinion »sub,sectionx:,.-::Let.Si denote. a-polynomial in A and B,

and let ﬂ(si) exchange: A and B in the:expression for Si"' Here

6nly we assume: . .y.= O (Sixaﬁ-(si') x) .is  meaningful. Show

A(x/ly) £ ACo x. _

Proof: A(xNy) < Ay = AL/ (S;xey 9(s)0)] = f1A(5,xe0(5)%) =
(S;x¢3» #(S,)x) for .each.i (theorem.(c)) £ (AS;x=p Af(S,)x).

The monomial .Si .may. be .enumerated:

.So =1 L "S'4h-i"=" (aB)™, nz1

8, = Sgne1 = (BB)"A, n2 0
s, = B | '..S4n+2=B(AB)2, nzo
S, = BB ’ Syneqa = B(AB)"A, nx -1,
s, = BA

S, = ABA

e e e 0 & @ 00 e ¢ o0

Next we show by induction: A(x/Ay)< qASix for every monomial
S;. We know A(x/)y)g AS x. i

Suppose~A(x/)y)s.-ASnx-.,. -If n is even.AS x. = AS . x. If n is
odd: A(x/1y) € AS_x and axNy) < (AS_x=»AQ(S )x), so .

-_— n -—
P o= agcan =

A(xNly) € Aﬂ(Sn)x =-ASn+lx. .For, Aﬂ(,S‘m_.

n-1 _

a(BA)™ =.AB(AB) = A and Af (S = ag((aB)"a) =

S4(n-1)+4 an+1)




An¥2"
A ASix. Since we .have shown A(xAy) < Asi-x.,...we -conclude:

A (BA) N = AB(AB) .AS © Now, Ck x__‘=.../.]...S_ix,., so ACk x =
A(xﬂy) £ ACk x £ ACo X,

Lemmas on epistemic.operators: . .All . operators .used from here

on are assumed to satisfy (l)i. (2) .and (3').
Lemma: .If M€ N and.P £ Q, then MP £ NQ.
Proof: MP = NP from.the definition of M = N; NP % NQ from

P € Q and theorem (4d).

2 i

Lemma: If M = M<£ I, M€ N, then M= N, 1=0, 1, c.0.
Proof: M = Mi_é Ni. if 1 » 1, and the result is immediate if-
i=o.

Lemma: If M° = M < .N <.I, then MN.= NM = M.

Proof: Since N« I, MN.< M and NM &€ .M. M <N, so M = Mzﬁ NM

and M = M2 € MN. Therefore MN = M and NM = M.

. 04
Lemma: Ck < CK‘,c*o

Proof: /:1 Al 5"@‘Ai so, from-a. lemma,. the. . k-th powers

also bear thls.,i.nequa_'l,ity.... Take g.l.b.'s -to.prove the lemma.

The following.three theorems.justify.intuitions-concerning
operations on.Ck..operators.

Theorem: Let L = (ACk \WA (OA ), let ¢ be the set of all
person operators .1nvoly¢d,_ then ﬂ . exists. and equals.Ck,
Proof: We know..from.the..lemmas:z: .Ck; §Lk ~s0 Ck, is a
lower bound of {L]ff 'Also, Léo 57 o) L <. (Q A )
Therefore any lower bound of {L };s a-lower bound of

{(@Aj)]j and hence of Ck,.. We conclude: nLk exists and

equals Ckg.
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Theorem: If for all i,3 'Mi'j < Itand .;Nh.: /) (lﬂM.. .)k exists,

let L= (MyiM ... lnl) (1 (1, M 22 **Man N ﬂ( MM
an ). Then /).L .exists and.equals N.
m .
Proof: Substituting I.for all.M__. except .M,. we see L € M..,
pq - 1] 13

soL‘-‘»/)M:l

(/)M )3_< the. i-th term.in L; kaJ<I so(an)maX(ni)c

(AMk )i and (an max(ny) ¢ L 2 I, ;4 and (M, ykmaxing))
< (/) M )ko N, then, is a lower bound-.of {-Lk} and any

=
~
(-
[
[
|

lower bound of {L} is.a lower bound of N. So nL = N, g.e.d.
Theorem: If M2 =.M, N2 = N and. /\ (M/)N) exists, then

ﬂ (NM) exists. and equals N ( /\ (M nN) MOI

Proof: One can show: by .inductlon:' (Mﬂ‘-:N.),:. = (NN T) /\ (MN) (M/]I)
N (MN)l/] NMnNnM (i 1). A

so, N(MAN) 3t N/‘ () *m /) (v ”l/) NM:- l;\i (NMf, This is

also true when i = 0, and I/BN(MAN)>* l*é am X (1 =z 0).

Now, (MAN = MmN, $o (M{DN)2 (M/’DN) (1€ kg 2i),
and InN(Mﬂ N)ZiM < .IﬂN(bfth)kM ThlS ¥s also true when

‘ . i+l

k = 0. So IﬂI\J(Mﬂ?N)VZlM = }ﬂ) (LN M AN) My, and kAO (nm) K

A N &
(I/YN(MAN) M) .

k=0
Finally, q mAnHmNz
= Q N(MnN) M)nI (using (3'))

= A (N(M/)N) ‘M) .. (Sikorski, 1964, ‘p. 60)

_ Q (q (N (M/N) | M(DI)) (by the associativity lemma)

- ﬂ(/“i(NM)

i=0
@ (NM) * (by. the infinite associative law),
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0
Corollary: /f\ )% exists..and equals Ck

D E E F D,E,F

(cf. the concluding.paragraphnofmsection~II).
ay

. k .
rqof CkD,E,F =0 (CFD,E/)CKE,F) ,. from.the first of

: L - e o i —_
the gh;ee theoremsmjust proven. ﬁi=0w(CkD,ECkE,F)

Ckp, g%%p, £, F*E; F{WI = Ckpy gCKp 5 vCKE,r = SKp,E,F (from the

q 3
theorem just proved.and a lemma). Finally,_,fﬂ\(CkD ECkE F)l =

Ckp, g, F%*p,%%E,r = Kp,E,F"

Theorem (1): Ck (x=pPx) = Ck(x=Ck x).

r{roof:. Ck (x=)Px) = CkbT (x=Px) £ Ck(Prx= P11x), so

Ck (x=Px) £ Ck (x=pPTx). Now, {) Pix exists, so () (X U pix)
exists agﬁ equals x h’i ()Pix).(sikorski,,1964, p. 60);

i.e., g:g'(x=>Pix) = (x=2>Ck x). Using.(3'), Ck(x=Ck x) =

ck( M) (x=2P %)) = Nckx=3px). so ck(x=9Px) £ () ck(x=9P x)=
Ck(x=®Ck x). But (x=Lk x) £ (x=Px), so Ck(x=Px) >

Ck(x=PCk x). Therefore, Ck(x=Px) = Ck(x=Ck x), g.e.d.

ﬂAP‘&Ck:CkmAA.

Theorem (m):

i#g(wi.j i#3 Ui
Proof: Let B = i#inAj, First .we .show BP = PB:
_ - -\
BP i# 7 AjAjA l#]#kA BBy n 4;3 jAk; 1#j#kA1AjAk

13

(nBRY) = (

>

BiB)L= ((lPi)B.

A lemma .in section .V: . $e & S($es) for .any:S in the semigroup.

Probf: This is trué .for..S.= A, B, I. . Suppose % s'T(seT);
show $e € TE(Se’T).. We know $e’ = E($e'"), so T(se') &
'I‘E($eTE)° So Se £ TE(SeTE), which .is.:sufficient to prove

the: lemma by induction.




.Hintikka,,JaakkowwKnowledge.and.Belief,:Ithaca: Cornell,
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