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PREFACE

This paper is the twenty=second in a series growing out of studies
of radar cross-sections at the Engineering Research Institute of The
University of Michigan., The primary aims of this program are:

1. To show that radar cross-sections can be determined analyti-

cally.

2. A. To determine means for computing the radiation patterns from
antennas by approximate techniques which determine the pattern
to the accuracy required in military problems but which do not
require the unique determination 6f exact solutions,

B. To determine means for computing the radar cfoss-sections of
various objects of military interest,
(Since 2A and 2B are inter-related by the reciprocity
theorem it is necessary to solve only one of these
problems)

3. To demonstrate that these theoretical cross-sections and theo-

retically determined radiation patterns are in agreement with

experimentally determined ones.,

Intermediate objectives ares
1. A. To compute the exact theoretical cross-sections of various
simple bodies by solution of the approximate boundary=-value

problems arising from electromagnetic theory.
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B. Compute the exact radiation patterns from infinitesimal
solutions on the surface of simple shapes by the solution of
appropriate boundary-value problems arising from electromagnetic
theory.

(Since 1A and 1B are inter-related by the reciprocity
heorem it is necessary to solve only one of these
problems)
2. To examine the various approximations possible in this problenm-
and to determine the limits of their validity and utility.
3. To find means of combining the simple=body solutions in order
to determine the cross-sections of composite bodies,
L. To tabulate various formulas and functions necessary to enable
such computations to be done quickly for arbitrary objects.
5. To collect, summarize, and evaluate existing experimental data.
Titles of the papers already published or presently in process of
publication are listed on the preceding page.
The major portion of the effort in this report was performed for the
Hughes Aircraft Company under purchase order L-265165-F31 under Air Force

Contract AF33(038)-2863L.

K. M. Siegel

vi
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CHAPTER I

INTRODUCTION AND STATEMENT OF PROBLEM

This report concerns methods of readily computing radiation
patterns, to the accuracy required in practical problems, from slot
sources on various perfectly conducting shapes, with particular em-
phasis on the semi-infinite cone. The methods used are based on the
equivalence between a slot source (voltage impressed across a slot)
and a magnetic dipole source. The approximations of significance in
the apﬁlications with which we are concerned are those used for a
wavelength limit which is small in comparison to all dimensions of

the body in question.
The purpose of this study'is~to determine the behavior of the

elementary slot radiators. Such a study is a necessary prelude to
the development of arrays of such elements, arrays which will serve
as useful flush-mounted antennas.

In Chapter 2 radiation problems are discussed from the point
of view of known solutions of the reciprocal scattering problems.
Chapter 3 then lays the foundation for the calculation of radiation
patterns arising from various excitations of a circumferential slbt
on a perfectly conducting semi-infinite cone. A representative set
of patterns, computed on the basis of this chapter, is presented in
Appendix C. In Chapter 4 a particular pattern optimization technique,

with application to a circumferential slot on a cone, is given. The
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material of Chapters 3 and 4 is based on optical techniques; more
precise treatments for wedges and cones\are given in Appendices A
and B, respectively.

An alternative approach to electromagnetic boundary value
problems is suggésted in Chapter 5 by a discussion of Wiener in-
tegral methods.

Finally, Chapter 6 presents the conclusions we have drawn to

date and offers a prospectus for future endeavor.
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CHAPTER 2

GENERAL DISCUSSION OF RADIATION
AND SCATTERING PROBLEMS

2.1. Reciprocity
In.order to be able to draw on the large body of knowledge of

scattering problems in electromagnetic theory we make use of the
reciprocity properties of the electromagnetic field. For our purpose

we state the Lorentz reciprocity theorem in the form

Y e > .
Hy* My dv = [Hye My dv | (2.1)
where ﬁi(ﬁ;) is the field due to the magnetization'ﬁi(ﬁé) and the in-

tegration is over all space. If.ﬁi,z are-of the form ﬁl 28(?-Fi’2),
)

i.e., point sources, then we find
P A --b - .I\
Hl(rz') m, = Hy(ry)emy . (2.2)

Consider now a magnetic dipole on the surface of a perfect con-
ductor S having a position vector Fé and a magnetic dipole of the same
strength located at some position T; in space (see the following figure).
Under these conditions it follows that by varying the orientation of
ﬁl’ the field induced at ?2 on the surface of S by the source at ?i

determines the field at ?i due to the source on the surface S at ?;.
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If we letlﬁilincrease without limit,‘we see that the field induced on S
at Fé due to the incoming plane waves determines the radiation pattern
due to a source at Fé in the direction of the incoming plane wave,

The exact solution of the scattering problem is no simpler to ob-
tain than the exact solution of the reciprocal radiation problem. In
contrast, we have readily available a large number of approximate
solutions of various scattering problems. We now propose to consider
a number of these approximate solutions, most of which are based on some

assumption about the field induced on the scatterer, i.e., the radiation

field of the reciprocal problem.

' 2.2. Geometric Optics

All of the approximations we will examine are for short wavelengths.
We start with the simplest, gometric optics, the exact limit of vanishingly
small wavelength. For a finite wavelength the geometric optics approxi;
mation is equivalent to replacing the body S on which the source is
located at Fé by an infinite perféctly conducting plane tangent to S at
?E with the source at the point of tangency. It is apparent that the per-

tinent parameters are the radii of curvature at ?; in wavelengths,
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With these assumptions, the electric field E produced by a radiating

slot on a body with voltage V, across the slot takes the form

- T olkR

E= = curl / = dl (2.3)
visible
‘portion
of slot

where R is the distance between field point and integration point along
the slot and &i is an infinitesimal of length in the direction of the

| magnetic dipole. In particular, when the body containing the slot
becomes an infinite perfectly conducting plane, the expression (2.3)
becomes the exact solution for the boundary value prdblem of a’radiating
slot on such a body,

The expression (243) for the electric field E will depend on the body
under consideration only in the sense that it will depend on the position
and orientation of the slot onthat body; that is, the optics method
typified by Equation 2.3 will not yield any information éoncerning
possible diffraction effects due to the body itself. Thus the form of
Equation 2,3 will be similar for all bodies whose shapes are in a certain
sense similar, indeed, when an approximation of the form (2.3) is applied
to an arbitrary convex body of revolution having a circumferential slot in
a plane normal to the axis of revolution, the problem reduces to that for
"a cone, tangent to the body of revolution at the slot, with a slot at the

circle of tangency.
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Schensted (Ref. 1) has shown that the geometric optics answer is the
exact scattering answer for a plane wave incident along the axis of a
paraboloid. Thus, applying the reciprocity theorem, the far field
produced by a magnetic dipole located arbitrarily on the surface of a
paraboloid is given exactly in the direction of thé axis of the paraboloid
by the geometric optics field., The expression for the magnetic far field
in the direction of the axis of the paraboloid is just twice the free

e1k(z-zo) R

space expression for the magnetic dipole (i.e., Tew )

22
for a magnetic dipole oriented in the ? - direction, where z.is the distance
to field point parallel to the axis of the paraboloid, and Z, is the
corresponding distance to the dipole.)

In this same vein, it is worth noting that similar reasoning can be
applied to the cone. We recall that the bistatic radar cross-section is
very closely approximated by the physical optics formulation for illumi-
nation along the axis of the cone. This suggests that the use of the
physical optics field in the reciprocity theorem will give a higher order
approximation for the field in the direction of the cone axis due to a
slot excitation of the cone.

. In the case of a circumferential slot on either the paraboloid or
the cone we note that, of cos nff excitations, only the cos @ excitation

will produce a non-vanishing contribution along the axis of symmetry.

Using the above method for the paraboloid will, as indicated, give the
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exact field along the axis of symmetry for the cosine excited ecircumfer-
ential slot. Although the reciprocity theorem is not obeyed by the
physical optics field, Felsen (Ref. 6) has demonstrated that for plane
wave illumination along the cone axis the physical optics field agrees
with the first order small cone angle approximation to the exact scattered
field outside the region of specular reflection © < (29o -m), Recently
Felsen (Ref. 2) has indicated that this result can be‘continued past tﬁe
specular reflection region, and hence, to the surface of the cone, where
the agreement with physical optics also obtains. Thus we may use the
physical optics field on the surface of the cone. We expect to have
reciprocity obeyed by physical optics to first order in the small cone
angle approximation and to first order in (1«;&)"1 where a is the distance
from the slot to the tip and k =‘2ﬂ/z . In this way we obtain the field
on the axis of symmetry produced by the slot on the cone to the same order

of approximation,

2.3 Refinements of Geometric Optics.

In looking for refinements of geometric optics we turn to the recip-
rocal scattering proolems - in particular to the method of Fock based on
an approximate formulation of the scattering broblem and to the use of
approximations of the exact solution for separable surfaces.

The first approach, that of Fock (Ref. 3), is based on an approxi-

mation to Maxwell's equations depending upon the physical assumption of a
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sufficiently short wavelength. This formulation we can consider aé a
modification of geometric optics based on a local analysis of the field
in the region of the shadow boundary. In particular, Fock defines two
universal scalar functions whose argument is a reduced distance measured
from the shadow boundary. Depending upon the polarization of the incident
radiation with respect to the taﬁgent to the shadow boundary, one of

the Fock functions is approximately proportional to the field induced on
the scatterer.

Following is an account of the general procedure. Let a convex closed
surface S, f(x,y,z) = 0, be illuminated by a plane wave incident in the
direction of the x-axis. The geometrical shadow is then given by the two
equations f(x,y,z) = 0, %%é = 0, Let the origin be located at a point
on the shadow boundary with the z-axis the outward directed normai to S

and the y-axis chosen to form a right-handed system., Using the geometric

assumption that the surface can be approximated by a paraboloid at any
point, i.e.

7z + 1/2 (ax2 + 2bxy *+ cy2) = 0,

so that %}; = ax + by and the physical assumption that the variation of
‘this field in the z-direction is much smaller than that in either the x-
or y-direction for sufficiently small A, Fock obtains an approximation to

Maxwell's equations which lead to the solutions:
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Hy = By o(§)

5 .(%>1/3

iH: el F(¢)

Hz =0

on the surface. The incident field is given by

- 0

o
H, = (0, Hys H,)
while the functions G and F have the asymptotic behavior

2
lin |G(§)|-{
{30 0

2
lin [F(%)| = g

-b;q)
0

where 2 is a reduced distance from the shadow boundary given by

1/3
g’(ﬁl{f;) (ax + by).

We have a modification of geometric optics field induced on S which gives
a smooth transition through the shadow boundary. Hence, we have an

approximate solution to the reciprocal radiation problems as noted above,
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By way of illustration, the application of Fock's method to the
radiation pattern from an axial slot in an infinite perfectly conducting
cylinder has been compared with Bailin's evaluation of the exact series
(Ref. L) for this problem, If a is the radius of the cylinder, and
k = 2m/A (A the wavelength), ka = 12, so that § =(E§)1 ? _g . The com=
parison along with the geometric optics result appears in Fig. 2~1,
Following the method of N. Logan (Ref. 18) the oscillations in the Fock
expression were found by including the contribution going around the rear
of the cylinder. Logan has made the same comparison for ka = 84

In detail we substitute for X, which is‘the correct variable near
its shadow boundary, the path length S aloﬁg the surface of the cylinder.

The magnitude of the field is then proportional to

B ~[o(&) +a(8)

-tz s

) ¢

where S is the path length from one shadow boundary, S! that from the other.

where

N

10
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In terms of polar coordinates

S=a(¢-g)\

S'= a.(_3.12.r - 9)

hence,

[E] ~

(’@2)1/3 & - %))

‘o ((%)1/3 5 - ¢)>{

In applying Fock's method to general shapes we must exercise some
caution. First, since the method is in fact a modification of geometric
optics and therefore a short wavélength approximation, all dimensions of
the surface must be large with respect to a wavelength. Second, the

radii of cwvature must be continuous. To illustrate this, consider a

N
v

modified spindle shape.

.
7\1\

12
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Let a source be located at S, Then, so long as the dimensions a and b
are large with respect to the wavelength, the Fock approach is useful in
determining the radiation pattern in region 1 but must not be used in
region 2 since the radius of curvatufe is discontinuous at the tip.

The second approach depends upon the decomposition of the exact
solution into the geometric optics contribution plus the remainder which
we will call the diffraction term. This method has been applied in
various separable cases for which the exact solution is available. The
use of this method to refine the geometric optics contribution depends
upon a ready approximation of the diffracted term. This has been achieved
by Franz et al. (Ref. 5) for the infiniﬁe circular cylinder and the sphere
and by Oberhettinger (Ref. L16) and others for the infinite wedge. The
diffraction term appearing in the exact solution of the infinite right
circular cone, however, is not so easily approximated except in the
limits of a large and small cone angle (Ref. 6).

Because of our particular interest we consider the cone and its two-
dimensional counterpart, the wedge, at length. The details of the decom-
position into the geometrical optics and diffraction terms appear in
Appendices A and B f&r the wedge and cone, respectively. Except as noted
above we do not have much of a hold on the diffracted term for the cone but
since we can form an estimate of its size we can discover the range of
usefulness of the optics result for sources located at various places on

the cone, We find that if the source is a radial distance a from the

13
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tip of the cone, the diffracted term is of order 1/ka as compared with
the optics term as long as the source is in view. As we move the
observer out of view of the source on the cone, the optics solution is
discontinuous, and we must make use of a more sensitive technique. Since
we eventually intend to  discuss a cylindrically symmetric distribution of
sources about the cone axis, we make the point that the effect of the
discontinuity in the optics result becomes negligitble for a sufficiently
dense distribution of sources.

In the following chapter a method of using the optics solution in
obtaining the entire radiation pattern from variously excited circum-

ferential slots on a cone will be given,




THE UNIVERSITY OF MICHIGAN
21 72=13=T

CHAPTER 3

CONE RADTATION PATTERNS BY OPTICAL TECHNIQUES

In determining the radiatioh from slots in a perfectly conducting
semi~-infinite cone by means of the geometric optics approximation we note
that the case of radial slots can be subsumed under the general theory
of linear slots in an infinite plane and hence presents no new difficulty.
Contrariwise, the case of the circumferential slot introduces a more
difficult problem of characterizing the radiation pattern arising from an
arbitrary excitation. The case of a cone, 8 = 6,, where 8 is the usual
spherical polar variable, with an arbitrarily excited circumferential slot
at a distance "a" from its tip will be illustrated in some detail.
| Let (r, 6, @) and (a, 80yd) designate field and integration points

(spherical coordinate system), respectively., Then Equation 2.3 takes the

form
- v ikR A A '
E~ — curl / & cosg - i sin/g) a sin 8, £(4) d3 (3.1)
2 visible
portion
of slot

A . . 3 s
where i and j are unit vectors in the x and y directions, respectively,

V. is a voltage across the slot, and

=]
n
[}

r2 + g% - 2ap [jcos © cos 6, + sin © sin 8, cos (f -/3)]'.

15
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The function f(ﬁ) is an excitation, arbitrary to the extent that it is

representable by a Fourier decomposition
@
f(ﬁ) =Z Cn eln/g s -4,7'4,647,',
Nn==00
where

T
cm=%,;-r'/f(ﬁ)e'm/" LY
-T

Then for |9l<ﬂ' - 85, the region where the entire slot can be seen,

and for r>»>a, Equation 3.1 becomes

ikp X
~ ik V, e ~ika cos 6 cos 8g ing
Ex —— —— asinge c, e
21 n=-00
1 A 1 N
. [Sn 6 + iT  cos 6 (3.2)

A
where © and a are unit vectors in the usual spherical coordinate system and

1 . N . .
s, = 1& Jn-l (ka sin © sin 65)= I (ka sin © sin 6p)
7! = _rz.l'.i. g, (ka sin @ sin 6)+ J;,y (ka sin @ sin 8;)|, (3.3)
= .

When 6 > - 8y, the integration of (3.1) is accomplished by the method of

stationary‘ phase; the error thus incurred is comparable to the error of the

16
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integral itself. Then for large ka, since there is just one stationary
~ phase point at B = 0,

ikt [ka sin 8, -ika cos (8, - 8)-(Th)
o r Z2msin ©

EaV f(O) 6, 7/-90< e . (39“-)

Using the excitation f (4 ) = 1, Bailin and Silver (Ref., 7) have calcu-

lated from an exact series the expression

. — oikr -1

for four poin‘c's, when 6, = 165o and ka = 50m. A comparison between their

results and the results from Equation 3.4 is given in Table 3.1,

TABLE 3.1
8, = 165°, ka = 50

e 60° 750 90° 1059

BE, from Ref.7 ,182 + ,087i | =.102 = ,110i | ,088 + ,141i | 108 + ,171i

BEg from Eq.3.5| .1k + s098i | =117 = L1174 | .092 + ,134i | 117 + L1174

Figure 3.1 gives a graphical picture, ,BEB‘ versus 6, of Table 3.1,

We felt that it would be valuable to present additional patterns for
various excitations and several different cones with circumferential slots
at various locations on the cone. In particular, patterns have been com-
puted for cosd (Fig. 3-2) and cos 28 (Fig. 3-3) excitations with the
values of 6, and ka used above., These are presented on the succeeding

pages,
17
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~——— Approximate Calculation
xXX Bailin and Silver Calculation

FIG 3.1 NORMALIZED FIELD INTENSITY, |BE¢| , VS 8 FOR A
UNIFORMLY EXCITED CIRCUMFERENTIAL SLOT

ON A 30° CONE WITH ka = 50w

18
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In éddition, patterns have been computed for all combinations of
these parameters: cone angle 8o = 1609, 165°, 170°; ka = 50w, 757; and
excitations einf , n =1, 2, 3, These patterns are presented in Appendix C.
In the following chapter we present a beam optimumization technique

using the above results,
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CHAPTER L

AN OPTIMIZATION TECHNIQUE

One method of designing an array of radiators to produce a narrow
beam is to fix the power radiated in some particular direction and then
to minimize the total power radiated in all other directions. As an
example, the case of a single circumferential slot, which is especially
simple due to the orthogonality of einf, is studied below,

Here the excitation coefficients are obtained directly in terms of
the Lagrange multipliers (Equations 4.18). In the case of M circumfer-
ential slots we would have to solve M simultaneous equations for the magni-
tudes of the eiM excitation in the M slots.

wWe will concern ourselves here only with the forward directions con-
tained in the extension of the cone. In this case, the field produced by

a circumferential slot with an e+in¢ excitation has, to a good approximation,

the following simple form (see Equations 3.2, 3.3):

=3

Q

]
3| &

ikr - =ika cos @ cos 6, +in A A
S — asing,e e p S; 8 + iT; cos 6 @
r

(k1)

where

S;IETI%I [Jn_l(ka sin @ sin 8,) + Jm_l(ka sin 6 sin SOE‘

|

and

T's r [kn—l(ka sin @ sin ©p) + Jn+1(ka sin © sin Go{l.
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Here the symbols have the same meaning they have had in Chapter 3. What

we want to do is to find an excitation

N ' .
-1
S g+ 1) £

n=-N
which will give a pencil beam in the direction 6 =¥, @ = 0. We proceed
by first specifying the field in the direction © =%, g =0, to be
ikV  oikr -ika cos ¥ cos 6,

°Z a sin 6, e (6 + i 8) . (Le2)

E(2,0)a
2mM r

This done, we minimize the energy radiated in the forward cone. In order
to minimize the radiated energy while simultaneously keeping the field
fixed in the specified.direciion, it is necessary to have a narrow beam
pointed in the specified direction,

We now proceed to evaluate the excitation coefficients 4, and B, in

accord with the above program., We let S, = S; in-l and T = TA i cos 6

so as to be able to deal with real quantities, Now (L42) gives us the

following requirements

N
S (b + 1By) Sp(8) = 1,

n==~N

N
2o (&, + iBy) Tn(®) =1 . (Le3)

n==N
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The minimum radiated energy requirement means that we minimize

w-g 2T N . 2
J[ OJ[ sin 8|2, (A + iBy) 8y (8) elng’
b 3 n=-=y
2
N ing
+ Z (4, + iB,) T, (8) e ' ag de (Loks)
n=wy ’

subject, of course, to (4e3). If we let

=20 2 2
02z j' sin @ [Sn (8) + 1, (e)] de (L.5)
0

and use Lagrange multipliers to take account of the constraints (4.3), we

find that we must minimize

N ) N N
D CBUE+BD) 22 3 mysu(®) 24 50 Ty(w) (4.6)
= i =N

N N
~2p Z By Sp( ) =2V Z By Tp(T) .
n==N n==N
The minimum is obtained by taking
?\Sn (3‘) "’/u Th (5\)

c2 f (be7)

n

Sy (¥) + 2T, (7)
¢
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The Lagrange multipliers A, 4, ¢ ,v are determined by substituting (4.7)

into (4e3)s We find @ =¥ = 0 and

N snm N s (2) T ()
AZ +/uZ: v 02 =1
n==N n==N n
2
N Sy (2) Ty () N Th (%)
2 ; i G 1
Nn=e) Cé é-zN Cn
or . S (Xt) ' Tn (X)
°n ' °n ;
. NS () oS (M T (¥
7 2
e k==T %
NS ()1 () 0 Ti(p)
1 ) 02
lc=-N k ==} k
A =
k==N k==N
i )T () ?: e (Y
2
k==N Ck =N Clzc

(Le8)

(4e9)
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The derivation given above was for the case where circular polarization
‘is desired in the beam direction (see Equation u.é). A similar derivation
could be just as readily carried out for any other polarization.

We have presented above a method for determining the excitation of
a circumferential slot so as to obtain a narrow beam. The presentation
of the method was based on a particular approximate formula for the field
which holds only in the forward regions. In the remainder of the chapter we
show that the method holds in general and give general formulas which can
use more exact representations of the field (either theoretical or experi-
mental).

First of all we need to observe that if the slot has an ein¢
excitation then the oﬁly # dependence of the 6 and @ components of the

electric field will be a factor ein¢. We can prove this as follows:

Suppose the excitation ein¢ gives the following field for @ = O:
ing = A . ol
AP En(e, )= [ta(6) + 18,(@) 8+ [ny(@) + 1 @] F 1 - @0

Then the excitation ein(¢ - ) will give the same field for @ =X since the

 problems are identical:

. - » A ’ kr
oin(# '“)_.En(e,«)zﬂ:fn(e) * ign(e)] 0 + [hn(e) + ijn(e)] 3}9—;—— o (Lo11)

The field for the excitation ein¢ can be obtained from that for the
excitation ein(¢ =) simply by multiplying by il « Then replacingoc

by @ we get the desired relation
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Y ing eikr
ein¢..>En(9, ¢)z{[fn(e) + ign(g)] o+ [hn(e) . ijn(e):[ ¢} eln¢ e_r___ )
| (L.12)

Now let us suppose that we require that the field in the direction

(», O) be

ikr

-~ A
B (#, 0)~(8 +1f) &— (4.13)
where the excitation is
N
Z: (Ap + iBp) P .
N==N

We now require that the quantity

8 2

[[s:me E(e ¢)‘ dg de

be minimized., This gives us the condition that

8, 2m - . 2

f / sin 8 Z‘ (A, + iBp) [fn(e) + ign(e)] eln¢ ag de

0 = (4o11)
8 2 N ind | 2

+ / f sin | 3 (A + iBy) [hn(o) * ijn(O)] e"™ | df a8
o "o n==N

be minimized subject to the constraints
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N
(An + iBp) [fn(l‘) + ign(l?)] =1 ,
n==N ‘
(L.15)
N
) (g +ig) [hn(a*) + ijn(v)] =i .
n==N
Now we let
8o
G = f sin @ [fﬁ(e) + g2(8) + n2(8) + jﬁ(e)J a8 (4.16)
0

Using Lagrange multipliers A, s /o , U we minimize

N
> {cﬁ (42 + B2) 22 [Anfn( ») -By gl m)]-z/x [An gn( ) + Byfy( a*)}

n==N

: (e 17)
-2,0[% hy( 8) =B, jn(m)] - 2y [An in(#) + By hn(a*)J} .
The result is
AE () +u gn(8) +p hy(8) + vip(y)
A = =
n (4.18)

L Af(¥) “Agn(#) + wb(#) =P in(s)
L=

&
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or

(A% 10)[£(2) = 13 )]+ (9% 10 )[b(#) = 13(3)]

A, * iB, =
a2
n

(L4.19)

It is convenient to deal with the following complex numbers

-
(1]

A+ 3By

=
"

= A + i/u ()4020)

av)
n

p+ iv
F(8)=£,(8) + ig ()
Hn(8)=hp(8) + ij(e)
Then (L4.19) becomes

LE,(2) + PEY(§)

o

Dn=

(4.21)

while (4.15) takes the form

s

2
N Lan(J‘)l + PR (F) Hy(2)
Ch

]
=

n==N

iy

ae 2
LF (%) Hy(3) + -P‘Hn(t )l =3 (L.22)

N
2

2
n==N Cn
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Solving (L.21) and (L4.22) for D, we find

. Fn(3) - Hi(8)
2 #
|raC )] N Fa(#) H(#)
N Ee) m(e) N |ry(#)] 2
n=- n=-
) - (4.23)
5 ()] S i)
n==N Cn N=- C%
R ) Hy( ) n ()] 2
- n==N n

This gives the required excitation when circular polarization is
desired in the beam direction. If it is desired that the field in the
direction (¥, 0) have the form

E (8,028 o) = (.21

where & and ﬁ are arbitrary complex numbers, then the only change in

(Le23) is to replace the column
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~in the upper determinant,

One of the interesting conclusions is that for a beam in the forward
direction (= 0) it is not pdssible to reduce» the total radiated power
to an arbitrarily small value (while keeping the radiated power in the
forward diréction fixed) when using a single circumferential slot, since

for ¥= 0 we have Dp =Ounlessn =11,
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CHAPTER 5

WIENER DNTEGRAL METHODS

Because standard techniques of solving scattering and radiation
problems have proved inadequate for some problems of interest, there has
been a certain amount of interest in developing new approaches. One such
new method, the Wiener integral method, is discussed here. It is not yet
clear whether or not this method will prove practicable; but the possi-
bility that it might, may justify this discussion.

The Wiener integral method actually is a method of attack for boundary
value problems involving the diffusion equation. Since our interest
centers in the wave equation rather than the diffusion equation, we will
start the discussién by pointing out a connection between the two problems.

Such a connection is mentioned, among other places, in Reference 8.

Let Y (x,y,2,t) be the solution of the equation

VY- 12 —rxy,a) 1) (5.0

which is zero for t< 0 and which satisfies a linear, time=-independent
boundary condition on some surface. Here 8 (t) is the Dirac delta function.

Now consider the function

© 22
G (X,¥,2,p) =/ e * ’y(x:)’:z,t) dat . (5.2)

=00
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If we differentiate under the integral sign we find that
2 2, _
VG - p°G ==Uf(x,y,2) s (5.3)

and that G satisfies the same boundary condition asiy. The equation for

which we would actually like a solution is

v2o + k%G = ~Lf(x,7,2) . (5.k)

If we assume that G(x,y,z,p) is an analytic function of p, then we can
replace p by ik or =ik to get solutions of (5.3). In order to proceed in
this way it will be very desirable to obtain G as a function of p rather
than obtaining G numerically for various values of p. The reason that we
do not take p = I ik directly in (5.2) is that then the integral would not,
in general, converge.

Although we have mentioned only a scalar problem, it is evident that
the above reasoning applies equally well to vector problems.

Having made the connection, we will now restrict our attention to
diffusion problems. In order to see the relationship between Wiener
integrals and diffusion problems it is simplest to start with the free=-

space problem, In this case it is well-known (and easily verified) that

the solution of (5.1) is

o 00 00

+)] +'§’
Y (x,¥,2,%) W2 /// £(x=3 ,y=) y2= )d§ dyldg

=® =® =00
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We can write this concisely in terms of Wiener integrals by using the

following relationship

%2

j@[x(ti' d.x = 7 5; §x) ax . (5.6)

This equation, as well as a brief discussion of what a Wiener integral is,
will be found in Reference 9. The result of using (5.6) in (5.5) is that

we can write

WWW

Y (x,y,2,t) = jff £ [X-g(t), y=1 (t), z"t(t):] dwg dw)’ dws .

cce

(5.7)

In order to see how to proceed in the case when a scattering surface
is present it is convenient to give a physical interpretation to (547
The interpretation we use is the following. At time t = O we release
particles with a density f(x,y,z)s A typical particle follows a path
which at time s has coordinates x- & (t-s), y=Y (t=s), z- €(t-5)s The
probability of this particular path is d g dyy d,5 . Then ¥ (x,y,2,t) is
the density of particles at time t.

Using this type of interpretation, we can conceive problems whose
solutions in terms of Wiener integrals are obvious, but which are at the

same time solutions of (5.1) subject to certain boundary conditions., For
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example, suppose we want (x,¥525%) to vanish on some given surface. We
can accomplish this in the following way. We again let 4 be a density of
particles. We again start the particles out at a density f(x,y,z) and let
them follow paths x =B (t=5), +es .+ However, now whenever a particle

hits the given surface we assume that it is absorbed. The density of
particles will satisfy (5.1). On the surface the density of particles will
be zero since all particles on the surface are absorbed. Thus the particle
density is a solution of the desired problem. But, from the description

of what happens to the particles, we see that ﬁhe density of particles can

be written as

WWW

Y (x,y,2,t) ‘j[/ X ( 55,7],§ ) f[x-g(t), y=n(t), z-é(t}dv;dwqdw;
cce (5.8)

where X is zero if the path x-§ (t-5), ... touches the given surface and
is one otherwise. This is a well known way of satisfying this problem and
is mentioned, for example, in Reference 8.

The above model is not the only one which will enable us to solve
this problem in terms of Wiener integrals., The following is another of
the possible models., We have two kinds of ﬁarticles which we call positive
particles and negative particles. We start with positive particles having
a density f(x,y,z)s Now whenever a particle hits the given surface it is
reflected off specular;y and simultaneously is changed into a particle of

the other kind., If we look at the particles near the surface we find that
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half of the particles have just hit the surface and thus changed sign so
that the numbers of positive and negative particles are equal, If we
takegy to be the difference in the density of the positive and negative
particles we see that Y is the solution to the desired problem, In terms
of Wiener integrals the solution to this problem can be written immediately

in the form
WWW

Y (x,5,2,%) = f / OEICIACHEEER FIRIN (5.9)
cce

Here the path x=% (t=s), ... is modified by reflection as indicated above
(see Figure 5-1), n is the number of reflections the path undergoes and

x*, y* , 2* are the points from which the modified path starts., We see

o x-5 (t):Y"? (t),Z-Z (t)
)

{
\ e IVEX:
) XyV,2
y )
Vd
./F h
o <
¢ Scattering
™*, 5%, 2% Surface
Unmodified Path Modified Path

FIG 5-1 PATH OF A PARTICIE IN FREE SPACE (UNMODIFIED PATH) AND
IN THE PRESENCE OF A BODY (MODIFIED PATH)

36



THE UNIVERSITY OF MICHIGAN
2472-13-T

that (5.8) and (5.9) give us two quite different expressions for the
same thing. We could also construct other models which would give us
still more expressions. For example we could think of a surface which
absorbs some particles while reflecting and changing the sign of others.
Also the reflection would not have to be specular. Other models might
involve the creation of a number of particles whenever a particle hits
the surface. All of these different models give us many Wiener inte=-

- grals all having the same value. Now only in very rare cases will we
be able to evaluate the integrals in a simple closed form. Generally
we will have to resort to a series expansion or something similar,

Thus the many different models give us some freedom in trying to choose
a model for which the expansion will be rapidly convergent. Also it is
possible to use the results for a second model as a check on the results

of the first model.

Equations 5.8 and 5.9 have been applied to scattering by an in-
finite plane. A sequence of approximate evaluations of the Wiener
integrals was useds (Cf. Equation 5.13). The approximate evaluations
of (5.9) could all be carried out in closed form and all agree with
the exact answer. The first two approximations to (5.8) were obtained,
Figure 5-2 illustrates the relation between the approximations and the

exact answer as a function of distance from the plane at a particular

instant of time.
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1.0+
0.6 N lst Approximation to Eq. 5.8
X 2" Approximation to Eq. 5.8
0 h' Eq. 5.9
O ) T T 1

I T Y
0 0 1.0 1.5 2,0 2,5. 3.0 3.5
Distance From Plane

FIG 5-2 COMPARISON OF EXACT AND APPROXIMATE INFINITE PLANE SOLUTIONS

The above discussion has been for a scalar problems We will now
mention a model which may be used for electromagnetic problems where the
bodies are perfect conductors. As a preliminary let us reconsider the
model discussed above which involved two kinds of particles, positive
and negative. A slightly different language to describe the situation is
found to be convenient. We now assume that we have only one kind of part-
icle, but that the particle carries along a label which can be either
positive or negative. Whenever the particle hits a scatterer it is spec-
ularly reflected and its label changes sign. Now to compute[fai a point

we take a small volume, v, about the point and let

1
;&.1;21,“ , (5.10)
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where L is the label ( +1 or ~1) of the n®® particle in the volume.

In the vector case we proceed similarly, except that now the label
is a unit vector. If we are trying to compute the electric field, we
require that on reflection of a particle the tangential component of its
label change sign while the normal component remains unchanged. The

formula for ,2? is now
=1 S
=2 §an. . (5.11)

We could equivalently use a model involving six kinds of particles corres-
ponding to positive and negative components in three directions.

The above considerations allow us to write down (Wiener) integral
representations for the solutions to scattering and radiation problems
involving arbitrarily shaped bodies. However, in order for these repre-
sentations to be useful we must have practical methods for evaluating the
Wiener integrals involved. This is the problem which still awaits a com=
pletely satisfactory solution., We will discuss below an approach which
can be used but which is quite laborious.

When one is faced with a Riemann integral which he cannot evaluate in
a simple closed form, one frequently resorts to numerical integration.

Certain general formulas have been developed for this purpose such as the
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trapezoidal rule and Simpson's rule. For Wiener integrals Cameron

(Ref. 10) has given some analogous approximation formulae. The simplest

formula he gives is

et A S Pl |,
. N . n 2" 5:sin {(3=1)m(*)
‘[FE(( ):ldwx‘/ / ‘n‘n/z F j-—-zl 231 d§l...d§n

(5.12)

S §IN)

Thus the Wiener integral is approximated by an n-~fold Riemann integral.
- Cameron has shown under certain conditions that the right side of (5.12)

approaches the left side of (5.12) when n—»m® .

Let us take a look at the application of (5.12) to (5.8). In
order to use (5.12) we find that we must evaluate the functional for a
path which is given by a trigonometric series with arbitrary coefficients
(we integrate with respect to the coefficients from = oo to ).
This means that, for (5.8), we must take a path whose x, y, and z com~
ponents are trigonometric series in time with arbitrary coefficients,
and find out if the path hits the body or not. We then integrate the
coefficients over the region in which the path does not hit the body.
Determining whether the path hits the body involves the solution of
a complicated transcendental equation. The situation would be much
simpler if the paths we had to consider were of some simpler form such

as broken line segments. We can readily obtain a modification of (5.12)
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in which the paths considered are broken line segments. We quote the

formula without proof':
2 2
~4P~(Gemy Vomenenll <L)

-0 -0 J

(5.13)

n
where E [J °(:J(t) is the function shown in Figure 5=3.

J=1
Zn-l__ _—
~ =
O S SN
X" 2 -
AN Zl—-_‘ =
O VAR
" (o]
[| 1 ‘_]_ [
0. 1/n 2/1'1 l‘; 1

t
FIG 5~3 TYPICAL PATH
When we use (5.13) in conjunction with the model for the vector
problem discussed in connection with (5.11), we find that for n =1
we get just geometric optics. For larger n we get corrections to

geometric optics including contributions from the shadow regions.
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The sequence of approximations obtained is not én asympototic sequence
although the greatest accuracy is probably obtained (for a given n)
for short wavelengths.

If n 1is taken sufficiently large, we can get as accurate an answer
as desired, but the amount of labor involved in evaluating the multiple
integrals is very large. Thus it would be desifable to get improved

integration formulas,
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CHAPTER 6

CONCLUSIONS AND PROSPECTUS

In conclusion we find, on the basis of the above analysis
(see Chapters 2,3,4),that radiation patterns of single circum-
ferential or radial slots with arbitrary excitation can be given by
optics techniques with sufficient accuracy that we may now turn to
the problem of using such elements to produce a useful antenna. The
solution of this problem requires that we determine for a given sur-
face the distribution and excitation of such elements necessary to
produce a radiation pattern of given beamwidth, side-lobe level,
gain, and scan capabilities.

Hence, during the coming year, The University of Michigan plans
to investigate the following problems:

(1) the problem of determining pattern features, corresponding
to scan angles 0° - 80°, resulting from (a) a linear array along a
cone generator, and (b) a system of such linear arrays spaced at
certain azimuthal intervals and excited with a constant, or cosine,
azimuthal distribution. In connection with this problem an attempt
will be made to ascertain the degree to which the control of beam

shape can be specified in terms of phase distributions (possibly

non-linear) along an array.

(2) the problem similar to 1 and for (a) an annular array,

and (b) a set of such arrays.
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Problems 1 and 2 will undoubtedly necessitate refinement and
extension of the approximation methods of this report so as to obtain
beam scan information to within prescribed limits of beam deterioration
and cross-polarization effects.

A study will be made of

(3) the problem of determining what alterations in pattern
features and scanning capabilities of a dipole-activated prolate
spheroid result from alterations of the surface of the spheroid. Sur-
face alteration would be defined to mean placement of dipoles on the
surface in various ways in possible conjunction with bumps and inden-
tations of the surface itself,

The Polytechnic Institute of Brooklyn and The University of
I1linois are engaged in efforts complementary to those of The University
of Michigan. These efforts are described below.

The Electrophysics group of the Microwave Research Institute,
Polytechnic Institute of Brooklyn will continue to investigate the
problems of scattering by and radiation from infinite and finite cones.
In particular they will continue their study of the vector field problem
of radiation from circumferential and infinitesimal slots on a cone
via Green'!s function and modal techniques; in this consideration they
will give particular attention to alternative representations which
would permit casting the results into a rapidly convergent form appli-

cable to the numerical description of fields in illuminated, shadow,
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and transition regions surrounding various conical geometries. This
group will investigate fields set ﬁp on coupled radiating slots and
slot arrays on cones via integral equation and variational techniques;
from this information they hope to apply the Green's function results
alluded to above and thereby obtain radiation patterns from slot arrays
of arbitrary elements. In connection with arrays of slots, they will
investigate the Msurface" and "leaky" waves whose propagation along
the surface of a cone, in consequence of slot arrays thereon, and
whose reflections by the cone boundaries,can modify the radiation pat-
tern. The Electrophysics group will attempt to apply the above results
to numerical calculation of radiation patterns for specific array
geometries.

The University of Illinois will analyze a method of replacing
an antenna system which can be enclosed by a given surface in space, by
an array of slots in a conductor which coincides with the surface.
In particular, they will attempt to determine the minimum density of
slots on the surface of a sphere (and ultimately on a finite cone)
necessary to reproduce the pattern arising from a continuous tangential
field distribution (or a dish in free space) according to variously

prescribed criteria.
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APPENDIX A
WEDGE

The radiation from two slots parallel to and equidistant from the
edge of an infinite perfectly conducting wedge is treated below: the
exact boundary value problem is solved, and then, since the solution
is not amenable to rapid computation, an asymptotic approximation as
well as the geometrical optics solution is developed, and the results
obtained from the exact and approximate methods are compared.

A more general solution for the radiation from a wedge, involving
slots with various orientations relative to the edge, has been studied
by Felsen and is given in Reference 1l.

A-1 Electromagnetic Field for an Infinite Perfectly Conducting Wedge
with Uniformly Excited Slots Parallel to its Edge

Let V, = voltage across the slots
a = distance of slots from the edge
e 19 & time dependence of fields .

The electric field for the slotted wedge of Figure A=l is given

by TM modes, with the electric field perpendicular to the edge of

the wedge.




2472-13-T

THE UNIVERSITY OF MICHIGAN

|
@11' /I
> i
|
. y
%
¢
i
x Direction  Direction to
of Incidence Field Point
FIG A-1

A-1.1 Exact Solution

The exact solution is obtained from the boundary problem

(V4 Ky =0

where

E=

H|
~i-
<
%
x>
<
n
1
|
"t"—"

with boundary conditions

le
e B Lo
R

=1
0

W’;_awa]

3
Jg Ir

= VOS (r=a)

(A.1)

(A.2)

(A.3)

since the tangential fields must vanish on the wedge, except at the

slots. Solutions of Equation A.l are:
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Y= Jv(kr)[Avcosﬂ g+ Bysinyﬂ (A.4)
for r small, so that the fields remain bounded near the edge, and

Y= }g)(kr)[Apcosv¢+Bpsin Z)¢] (A.5)

for r large; this corresponds to an outgoing wave.

From Equation A.3

¥
of

A= 0 for all n since the ¢ component of the electric fields as the

=0at@=%g, andv-'--rz%r- » B= 0 for n even.
0

edge is approached from above the @ = 0 axis must be the negative of

the ¢ component as the edge is approached from below the ﬁ = 0 axis.

Then
Z el 2n 1, (kr) sin (2;}"1 L for r large, (A.6)
n=1 a‘ 0
2 9%
and

o)

=> 8 i (20-1)70

V- _ Bon1 J2n-l,,r (kr) sin X for r small . (A.7)
n=1 m o

The coefficients may be found by use of the Lorentz Reciprocity

theorem in the form (Ref. 7):
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-~ _

where E, arare the fields obtained from or given by Equation (4.6),
Y

and EM, HM, are the modal solutions corresponding to a given index n.

S is the sum of SO’ Sl’ 82 and Soo as shown in Figure A-2,

/ N\
5
©
Seo
51
So
4'
slots
2
&
/
\ /
FIG A-2 REGIONS OF INTEGRATION FOR THE WEDGE
Integration over the surface yields:
2¢.B
o°m
J/r =0 = » + 2 VO(-l)n Jmﬂ (ka) m = 2n-l (4.8)
m
S 27,

Using B, from Equation A.8 in Bquation A.6 and applying Equation A.2 :

iy, o, <= 1 _ 2n-l o
E¢ = __JO_O. ~F Z (=1)" J2n-11£ka) H(nzl (kr) sin 2%0-— g (A.9)

T T

L9




THE UNIVERSITY OF MICHIGAN

2472~13=-T
for r large. For r small the Bessel and Hankel functions are reversed.

A-1.2 Asymptotic Solutions and Estimate of Error of Asymptotic

Solutions

Approximate expressions for E¢ for r>>a and ka»1 are obtained
through three approaches. The first approximation may be obtained by
considering ‘a related scattering problem. The second method consists
in expressing Equation A.9 in terms of integrals obtained by
Oberhettinger (Ref. 12) and by ottaining asymptotic expansions of
these integrals. A comparison between the exact solution (in terms
of the integrals of Reference 12) and the approximations used provides
an estimate of the error of the asymptotic approximation. A third
method expresses the integrals encountered in the second method in
terms of continued fractions at large distances. The same expression
is obtained from the first and second methods; a different and more

accurate one from the third method.

Method 1: Asymptotic Solution Obtained by Considering a Scattering

Problem
a) Development of Asymptotic Solution

For r >>a, Equation A.9 may be expressed as:

2
1 . o
4y ikr+7IEl- i ~i(n+% )W_ ' .
E¢ - - ‘—2;9- e = %; §n- ‘ e o Jm%(ka)sm[(m%)aﬂ

(A.10)
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The expression in brackets may be obtained from a two-dimensional

scattering problem. For this purpose consider a perfectly conducting,
non-slotted wedge in the polar coordinate system, a, @, as shown in

Figure A-3: AY

£o

FIG A-3
For this wedge geometry the geometric optics fields are:
~ika cos(@-g,)
\VG.O.(¢°) = 28 u(”.’. ¢"¢0) (A'll)

and
-ik (g+9,)
V. (H)=2e P+90) 64, (a.12)

where u is the Heaviside unit function. The scattered fields

corresponding to the above geometric optics fields are (Ref. 13):

2
 in X
- Zj o Wy () G g)eos LT, (8.13)
n= 27,
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and
ﬂ2
e9) -i R :
b . n 1 (g-g,)
%g Z e 7O . (ka) (-1)™1 - bno) cos -——2%—2 . (A.1L)

n=0 5@';

From this it appears that the bracketed expression in Equation A.10 is
¥ (f,) - ¥(~B,). The total geometrical optics solution WG.O.’ given

by the sum of Equation 4,11 and Equation A.12, may be expanded into the

set of functions sin(n + %) g .
2

= i f _(ka) sin _(.n_:é)_q-rﬂ ' (AJ1b)
y n 2,

GeOs n=0

where, for ka large,

n o (7| 1@ E[lz 2 ke + M
fn(ka)= (1) 7\ T e cos(n + %) g_ +e T, (4.16)
° 0

By separating out the geometrical optics solution expressed in Equation
" AJ15 and Equation A.16 from Equation 4,10, and by using the asymptotic form

of fy(ka) and J 7 (ka), and then summing the terms not involving

n+ 3
‘ (n + 3) o
¥ .0,
ikp + 01 ika + ni
g oo Vo ® b ,,3_..._..:5 2 {} (4.17)
7/ 2m = \¥%.0. " T 2g, ke
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{.} 1 - 1
n+p) o M=E)
cos cos
'?@o Zﬁo
This asymptotic expression may be obtained through other methods (see
Section A-l.2, iethod 2a). It is not applicable to the transition regions

g =12 (mW- @,) for which an asymptotic formula must be derived separately.

b) Comparison of Scattering Problem with Results Obtained from the
Pulse Solution of Keller and Blank
The bracketed expression in Equation A.,17 may be obtained by con-
sidering the solution obtained by Keller and Blank (Ref. 1k, pp. 75-9k)
for the two dimensional scattering problem of a plane pulse incident on a
perfectly conducting infinite wedge. Again considering the polar coordinate
system a, @ and letting V(<C, ff, t) be the pulse solution, the time

harmonic solution is given by Duhamel's theorem (Ref. 1lli, p. 90):

(00}

P (w) =-iw f v(t) " a (4.18)
-0
and
0]
v(t) =:2-}'-i- / ""f’“’) e (4.19)
«-00
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The pulse solution corresponding to the geometric optics field
~ika cos(@-@o) ~~ika cos(#+¢,)

VE.O“—' 2[6 u(m+ g-g )~ e u(7 ~g-¢, )]

(A.ZO):

vV =
GeOe

25 u [ cos(gfo )+ o) (142 cos(a )] utm -¢-¢°>}
(A.21)

The diffraction field obtained from Keller and Blank (Ref. 1k, p.81)

is:

Ay .
72 |l (l—(02 ) sin Aw
D m 2 A
(1+ P )ecos A -2f sin g
(A.22)
(l-,OZA) sin Aw |
- tan~l — u(t- %)

1+ p?‘)')cos Aw + 2p1 sinA g

where {0 - 2 , A= %— and the tan™! lies between
ct +| c2t? -a? °

O and ™, The diffraction field may be obtained by applying Equation

A.18 to Equation A.22
0

Y= -iw/ eiwt 2 |tan~l (l-[’zk)sin AT l
D " 2X A j
o (1+p<" JeosAwr-2p" sin A ¢
c
(A.23)
A .
_tan~L (l-{o2 )sin Aw it .
(1+ ‘027\)005 AT+ ZPA sin A ¢

Sl




THE UNIVERSITY OF MICHIGAN
2472-13=T

The integrals may be evaluated through rapidly convergent expansions
(Rets 15), of which only the first term is used here. By examining the

value of the integrand for t = % + & ( € small,) it is observed that,

+
except for ¢ 2 (- ¢o), the integrand varies asr. Constant terms,

however, are brought about by values of tan™! close to shence,to avoid
this, the tan™! will be chosen between - FandZ. This will be indicated

by t)n"{. Equation A.23 is then in such a form that the rapidly cone

vergent expansions mentioned above may be used,

% = zeika '[u (¢~ ¢o""') "‘1(""'¢o‘¢)]

® -2 SN
..j_w/ 2| gafl (L=p ) sin AW (A.24)
/o L 1+ (27\) cos A = 2 e” sinAg

¢ (1 - P?) sinaw
-t dt,

(1 +p2) coshw + 20" sinhg

The field of Equation A.21 persists only until t = % ; the terms
introduced by the shutting off of Equation A.21 cancel the first term

of Equation A.2l; and the scattered field becomes (by using Equation 1

of Reference 15):
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2
2 ika ;A_ (L =p A) sin AT
‘P“)“ G.0. 3T .

(1 o 2N YeosAT =20 N sinAg

/tz{l (l-PzA) sin AMr
(l+1027‘ )cosAT +2P7‘ sinA g

As ka - o, this may be reduced to the expression between the brackets

(4.25)

o
n
olp
+
h*tﬁ

of Equation A,17.

Method 2: Asymptotic Expressions Obtained by Use of Oberhettinger's

Formulas for Diffraction by a Wedge. Estimate of Error.

a) Asymptotic Expression Excluding the Transition Regions, and

Estimate of Error,

Oberhettinger obtained the Dirichlet Green's function for the two
dimensional case of an incident cylindrical wave with direction of

incidence ¥ and axis parallel to the edge,

y
Direction to
Field Point
¢o g Direction of
\ Incidence
N \ v
FIG A-L
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The expression is:

o .
G(2) = 5—'5 [Jo(ka) H§1> (kr) #+ 2__; ;S_T_r_(ka) %f’-'[()-h){ H (4,26)
n= fo} o

{}wsm-(sa -¥) roos I (g 40 2g;)

\P s from expression (A.6) with the proper coefficients, may be expressed

in terms of this Green function. Then

p -T2 [0 - o] (2.27)

By use of Equations 29 = 35 of Reference 12, this may be written as:

1/2
Y = .klc.’. ZH(()l) [k(r2+ al . 2ar cos(f - ¢o)) /} u(m+ g - g,)

1/2
- 2Hc()l) k(r2 + a% = 2ar cos(f§ + ,)) w(m-pg -9, (4.28)

1) + 22 /2}
+ 1 cos 2'"' (m+ @) j 8h [:J(cr a. i Z:Sh’;)
2P 7 cos - +
0 o 0 LN sin m

(This equation is continued on next page).
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1 s 7 (” ¢)/ 61) k(r + a2 + 2ar cosh x) /Z]dx
cosh ”x + sin ,275_ (= @)

1l 1/2
> H(() ) [k(r2 + 2% + 2ar cosh x) / ]dx

i 7_ (7 f)
wgcos.m;(ff ’ . coshé’w)_‘ - sin .2%_ (- @)
o 0

B [x(? + 2% + 2ar cosh x) Y2

1 cos T (Tf-l- ¢)
'23; Wg [ cosh.ggf + sin -2%;- (7 + @)

+

Estimate of Error

An asymptotic expression as well as an estimate of the error was

found for integrals of the type

R ) (xr)
dx (4.29)
/ cosh”x + smﬁ

where = z and R2= r2 + a® + 2ar cosh x. Tor rs>>a

1§ (am) # Jg{ ST awy L w0)
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Equation A.29 may be written as

(1) 1 1
(k) ax B 0@ - Y 08 oy
cosh x7r : s:Ln/3 cosh ﬂx i' s:.nﬁ

(o]

I may be evaluated by using a method which is elaborated in

the following sections

I =0/;P A1 (xr) ax ) [5* i ¥ r ey
=l= e
A cosh".é%_i sin/i ” / fka [cosh TX+ sinﬂ]
o

[z ¥ 1 / e fan_ (832
" 1z <1nﬂ) \l 2kar R-r-a
w
NN Y [
ik 9% | |k ar sinh x(cosh ZLX * singB)
A 28,
- 1 dx
{2ker(R-a-r)' (1 I sinf)
Q0
- 1 ikR 9B dx
‘o " f -
[o]
=Igp - Je
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1
Th j? Hg) (ir) ox = J+D
cosh ILX : sin P
, oshgg - cinf
eik (a + 1)
I = .

® k@ (1%sing)

X (1)
Hy™/(kR) dx
By using = I, in Equation 4.28, (A.33)
MX + s P
, cosh 7 - sin 3
[ .
V= 1k v, H((,l) k Jrz + a® = 2ar cos (F-g,) [w(7+ @ =~ B5) (A.3h)

( L
k V, Hél) k \lr2 + a2 - 2ar cos (¢+¢o) _l (=g =g

-

=

ik (a+r)
VO e 1

1
L g, J—F cos .2%5 (w+f) = cos %; (m - @)

+

The asymptotic form of E obtained from Equation A.3l corresponds to
g

Equation A.17.
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In order to estimate the error of the approximation, bounds will

be found for J and D. From the results of the following section

2(n+l)A :
o] « 2oLl (4.35)
where n is the number of zeroes of %?E and A is a bound of B,
It was found that
|B| < 1 (A.36)
ha K JE" (1% sin /)
which implies
1
7)< : (4.37)

%/ a J? (1} sin f3)

Only one zero was used for g.g in Equation A.35, since the other zeroes
X

occur at the end points where B = O,

A bound for D is obtained as follows:

(1)

V

5 ) - a8 em)

. 0
J—? S EI ot uv-%[(h% )V-%-]dJ‘
wkR kR
0

Mo+

L[2 [@3/2) for v<3/2

T\7TkR ;IZKRP (2)-—2‘:)

Then H(()l) (kR) - Af)l)(kn) < Ei‘i % (4.39)
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and using this in D gives a bound:

(A.L0)
i Hél)(kR) - Agl)(kR) dx| < Aoz 1 (BtT)ese (fr1
cosh X + sing3 ~ L (i + ka) 3 ) 2) B 2)
0 Py

General Discussion of Error in the Stationary Phase Method

The object of our attention here will be the integral

. ,,f o(t) ()t
0

where £'(t)>0 except for t = 0 and f' (0) = O, By a change of variable

the integral can be rewritten in the form

£(o0)
I-= _g_(_t_,)_ eikf df.
£1(t)
£(0)

Near t = O we have

£(t) = £(0) +fn(0).t§ + fm(o).z.z uee

£1(8) = £11(0)b + wus =JZf"(O) [f - f(o)]' e .

Making use of this behavior we split the integral into two parts, the .

first of which is the stationary phase contribution, as follows:
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£(o0) et £(00)
L= g(0) e df + | | el®) o g(0) elkfyr,
QN o) RET(0)[2-£(0)]
£(0) #(0) Lf

On integrating the second integral by parts we get

(o 0]
=1 +| &%) o g(0) ikf (t)
7 dep {f‘(t) :szu(o) [f(t)-f(O)]'} eik
| 0
00 .
.1 ikf(t) g(t) . g(0)
T f O 5[ M4 - preed eerer |
0
S algeo) | g(0) eikf(00)
P lr(w) J28(0) [£(e0)-EO)]| ik

_g(0) g _£'""(0) ¢1k£(0)
£r1(0) [g(0)  3¢''(0) | ik

1
T v | rr(r)  [errr (o) [£(¢)-£(0)]

o%—bg

GAKE(E) g [g(t) _ 0) }dt.

Now by obtaining a bound for the last integral, J, in the above
equation we can obtain a bound for the error incurred by using stationary

phase., Such a bound is
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s & J

The integral just above can be rewritten in the following form

||

J=o

dt .

24 - 8y

t

g(0)
- PO
t

J*l

J

where t, = 0, t .4 = @, and

g(TJ) (O J =0 (j =1, 2, ooo,n)O

d )
aes| £ N [2111(0) [£(t; Y -£(0)] "

Thus, if we can get a bound of the form

g(t) _ (0
T1(0) [£(5)=L(0

<A,

then we have

2(n+1)A .
o] < 22
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b) Asymptotic Expression for the Transition Region

For § = 2 (- #,) the asymptotic expression (A.17) is not
applicable, For these values of f, the integrals of Equation A.28 are

of the form:

Hc()l)(kR) dx (A.41)

.. s
I (892¢0) = - M— sin -QT f
o o cosh X - cos 70
° 2, 2%,

where S has the values:
% =7r+¢-¢0362= M=+ Bos 63’"'¢'¢o55h= mef by o

Using the method of the preceding section, these integrals are given by:

eik(a+r)cot Ego

26, k\l'aTr"

For 52 and 8)4 there are no singularities. For 81 and 83, there

(A.42)

21 (§,20,)~ -

are singularities at @ = X (w- §,). For such integrals, Oberhettinger
(Ref. 16) obtained a series representation of which the first term is

used here. Oberhettinger's integrand numerator was g-ika cosh %; for

e o3 1T
this reason i was changed into =i and the factor 1.;% eikr -1 /b was

added to Oberhettinger's results in order to obtain the integratiori of

the asymptotic form of Equation A.Ll.
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: _1f - -
t}fgl,gl{. \Lg elkr -ﬁ- { ell_{a cos(ff - #,) W+ B-gy)

) e-ika cos(f + &) U= g - )

Then

(A.43)
+ T* (61,28,) + 1( 6,,28)

%
- T ( 53,2¢o) - I( Sh’2¢0%}
where the I terms are given by Equation A.42 and I* by

e (8,28 )% J—2m & "

{ Jika 0083-43,‘_ ({7 )sin I)sgn S .

tIE elka. —‘% [Ao( 6"2¢0) - A, (8,21)') - A, (2‘”—8, 211’)!}

where

(Aouly)

2

(00}
S*( z ) ‘f eit dt and AO(S ’2¢0) = W cot ‘i‘:¢“‘

2
This leads to an expression which is bounded for ¢ = : (m- ¢°), and which

for g # : (- ¢o) and ka large, gives a field E¢ which reduces to

Equation A.17.
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Method 3: Asymptotic Expansions by Means of Continued Fractions.

A different asymptotic form of Equation A.28 may be obtained by
expressing integrals of the type of Equation A.29 in the form of
asymptotic series, and then converting them into continued fractions.

Consider

.. m§ 0 o '
s 2¢ . sin m J~ e ika cosh x i (n15)
<¥Fo = . mX né *
L, cosh - cos
¢° 0o (o] 2E.O_

These integrals are of the type of Equation A.29 for r>> a if i»=i

and the factor
2 eikr =i/l 54 adged.
Tkr

The asymptotic form of A=L5 is:

-ika + f) 1,(8,28, 0 + )

n=0 (ika) ™

1( §,28,) ¥ S (A.46)

where

N | { :
- ’5;5 = i%( §,28,) t" ([t]<18])
n=o

2(2¢o)| t+2 {cosh(o_’c" cosh™L(1+t)=cos z:céi
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This asymptotic series may be converted into a continued fraction (Ref.17)
cot 78 -i(ka + %’.’)

L%, \l%ﬁe
LB 2

1§10 22 (enm8)y s,
B L, L, )

(A.L7)

I( 8_,2¢0) =

There are indications that the continued fraction may converge and
represent I (§ ,2f,), and further that the continued fraction, when

cut off at a point corresponding to thét at which the asymptotic series
is cut off, will always give a better answer than the asymptotic series.,
The fields obtained from this method were calculated and compared with
those obtained fromthe exact solution; this method was found to give

a better approximation than Equation A.17.

A=l.3 Geometric Optics Solution

By adapting the field of a slot in an infinite perfectly conducting
plane to an infinite perfectly conducting wedge, one obtains, for the case
of short wavelengths, a first approximation to the radiation problem:
this is a geometric optics appré:d.mation. |

The field of a slot of length I and width W on an infinite per-
fectly conducting plane (see Fig. A-5) is derived as follows. Let
L<<A and W<<A, The tangential component of the electric field must
be zero outside the slot and equal to vo/w across the slot. Such a
field may be produced by a magnetic dipole placed in the plane of the
slot along the slot: its magnetic moment is derived below. The field

of a magpitic dipole at x=0, y=0 oriented along the x-axis is
- ikr
E=x2

r

A
(1 - ﬂ]c;i") fx1 where K must be determined.
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Y
A
< L »|

W

' ;

¢ .
FIG A=5 SLOT CONFIGURATION
At a distance A above the slot, for kr << 1:
iK(xd. + yf + A f:)x:t _ K A.a'\ - Yﬁ)

k(x2 + y° + 4%) k(x2 + 32 + p%)°

A
As A—+0, the j component should vanish except at x = y = 0. In order
to evaluate K, the tangential component is integrated over x and y.
A
For the slot the integral has the value = L S j, where the direction

of the field has been taken to be given by the right hand rule.

Then
Q 00}
i ' = emik :
4 7, = lin X4 Yy = T (A.19)
A0 ¥k (x2 + y2 + A%) k
=00 Y =0
and
ikr
. AKTL e NPT TRC I Ler (4.50)
= — (1 - rxi=— X{1 . Ao
E® = r (1 - 177 o

This gives the exact field in the case of an infinite plane. when
Equation A.50 is used for an arbitrary body, integration takes place
over the portion of the slot visible from the field point (Fig. A=6).
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J
A

\e
IS > X

A

g

0

FIG A-6

For a slot parallel to and placed at a distance a from the edge

of a wedge
© ikJrQ - 2ar cos (8-f,) + a2 + 72
- V A e
Ev—e v X K e dz U(T4ff)
em r¢ - 2ar cos(f-g,) +a2 + z°

-00

which becomes

. - - T i
Eav X ﬁ elk [r & cos(f %)] T u(m+g-g_) for r>> a. (4.51)
° J2wr , 0

This is in agreement with the geometric optics portion of Equation A.17

fr ()

A=l.l Comparison between the Exact and Asymptotic Solution and Calculation

of the Error of the Asymptotic Expression.

Fields for @ = %" and ¢o =7, %" and %’f were calculated from the
exact solution (A.9), the asymptotic solution (A.l7) and the asymptotic
expression obtained through the use of continued fractions, The fields

from Equation A.9 and Equation A.17 are plotted in Figure A-7, and the
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fields from A-9 and those obtained through the use of continued
fractions in Figure A-8;, for the latter calculation two terms of
A+L,8 were used. From the graphs it is apparent that the agreement is
much better for the approximation obtained through continued fractions,
The approximation is also best for thin wedges and deteriarates as
¢o decreases, This may be expected from the estimated error of
Equation A.17: the calculation was made through the use of formulae
given in Section A-1,2 Method (2a) and results show an increase in the

radius of error from @, =7"to §, = -3{ .

The equation for the approximate radius of error is:

b 1 2y __ 1 N
[ Bka \[—1: Icosﬂ! +, °°3f’,|
where

Bagye (O B gwep

From these graphs it is apparent that the error increases from RSO =1 to

¢° = _Hﬂ; . For @, = g.. the approximate solution is exact and the error

v
will increase from f_ = g- to P, = zh— .
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CONE

We determine the field due to a magnetic dipole source in the
presence of a perfectly conducting semi-infinite cone. With a time

harmonic dependence of the form e~1 Maxwell's equations are

e

VxB=ik H+ M, k=W (B.1)

Q

Vx § =-ik E,

o . -~ b . .
where we assume a point source M = m $ (r-r'). Since the cone is a sur-

face separable in spherical coordinates, we can make use of the modal

representations
E mode: E=vx1T (B.2)
T=-ik LT
Hmode: B =ik LI (B.3)
F=vxTl

where L =-i T xVis the angular momentum operator. The scalar Hertz

potentials satisfy the equation
(v2 + 120N =0 (B.L)

away from the source,
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If we eliminate the electric field from Maxwell's equations, we

find that the E-mode Hertz functioﬂ]T satisfies
(V2 + k%) TT= N . (B.5)

Since the operator L commutes with the Laplacian, we form

(V2 + k?‘) L2H= % . H (B.6)
or - -~
(g2 + k%) = - _%'_ %, ME(F-) (B.7)
L

where the primes indicate an operation with respect to the variable

(x', y', 2'). Inverting the differential operator of Equation B.6

T=L1T*.m ¢ (F ) (8.8)
L|2

where Gp is the Dirichlet Green's function for the cone,

Similarly, eliminating the magnetic field the H-mode Hertz function

satisfies
2 an 1 o
(V2+k)LT[=-.£vaM. (B.9)
So by the above reasoning we find

2 i~ Pt et Vo did ‘
(V2 + k-1 L ¥ xv. mo(F- ) (B+10)
ik L'?
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and
=12 T xy @ oy (FT) (B.11)
1

where Gy (’f’,?') is the Neumann Green's function for the cone.

From the above we see that the decomposition of the exact solution
into essentially a geometric optics part plus a part asymptotic in the
wave number can result only from such a decomposition of the scalar
Green's functions., That this is indeed the case has been shown by
Felsen (see Ref. 2).

Consider a ring source of magnetic dipoles centered about the axis
of a perfectly conducting semi~infinite cone of angle Qo>,127_ + Per-
forming the operation indicated in (B.8) and (B.2) above, we have for a

uniformly excited source that

HEF) = § () L d:( 1)(2”1)* 1) (5.12)
C +

2
3, (<) 0l (>) O G (0, 7))

 where the contour includes the positive real axis in the complex

plane and
P (cos 8 <)P, (-cos 8>)

sinvy

P (-cos 6p)
+ T ! v ° Py (cos 8') P, (cos 8)

2 sinvr P, (cos 6,)
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is the decomposition of the scalar Green's function mentioned above.

Provided @ + 8' < 28, - 1, the contour can be deformed in the case of
1, . ' . co s

the second term to run from-§+ iw to~ %’- - i oo. This gives the

diffracted term:?

> Am aikn @ X
E e =g /‘ dx (B.13)
diff .
il 8 o x2 +%I

H(l) (kr) Hgl) (krt) K (-cos 6) '
ix ix X . K:,c (cos G)Kx' (cos 0')

cosh m x Kx(c,os 8,)

where me (cos 8) = Piﬂ 14 ix (cos 8)s For sufficiently large kr and kr!

the asymptotic form of H(l)may be employed in Equation B.1l3 to give

1X
()]
. ™
gdiff xf L eik(r) dx £ ° (3.1h)
rr! 2 (x2 + %)cosh X
~00

Kx (=cos 8p)

[] !
X X | Ky (cos 6,)

For values of Ognear (small cones), the employment of the asymptotic form

Ky (-cos 8,) w, m -1 s 8™ (B.15)
Ky (cos &5) 2}@(&) cosh mx
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in Equation B.1ll permits the integration of (B.1li) and yields, to the

first order, for a small cone approximation

tan 9. tan 2

,’Z

cos 8+ cos G'

v =g elk(mrt)  om 1
T S 21%(“ - 8o ) u
2

(B.16)

If the source is permitted to go to the surface of the cone, the

same form for ﬁéiff of Equation B.16 results; hence, an evaluation is

obtained for the higher order terms in the case of a circumferential

slot on a small cone.

If the ring source is on the surface ot the cone, the decomposition,

as was pointed out by Felsen, depends upon breaking up the Legendre

functions into positive and negative exponentials. That is, let

(1)
(2) P (-cos 0) - g TiVT P, (cos 8)
D, (8)=% Z

2 1 sinvy

so that
(1)
B el fove -
| J?'n'L751n 8!

(B.17)

forVsin 6>>1., Substitution of Equation B.l7 in Equation B.1l2 yields

integrals of the form
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+ 1 1
/ dv __f__’{___ jv (kr') e‘i(”* %—_) g Py (cos 8)
Cy V(v +1) - p,, (1) (8,)

-/dy_:é____ i. (krt) i(2 + ) 7 P,zj (cos 8) DJ(,2) (8o)
Y

c V(v+1) D_él) (8 ) B (cos 8)
1
> 1
[ i et 2D
' V(V+ 1) v =
Co A
v e 3y (krt) e-i 2+ 2F 7, (05 0) D7) (5,)
) v
y (v + 1) Dl(zl) (8,) P, (cos €,)
2

where the contours are indicated below:
V =plane

¢y Gy
/—<—————

-1 )

Cy o8

The integrals over Cl' and Cz' can then be evaluated, using the asymptotic
form of j,, for large kr', These lead to the diffracted term, while a
saddle point evaluation of the integral over Cy leads to the geometric

optics term,

79




THE UNIVERSITY OF MICHIGAN

2)72=13=T

APPENDIX C.

GRAPHICAL PRESENTATIONS

The expression (3.2) of Chapter 3 has been employed to obtain
radiation patterns in the region 0< €< m-8, for the following values of

the parameters ka, 65, and n:

ka = 50m, 757 ;
8, = 1600, 1650, 1700 ;
n=1, 2, 3,
These patterns are shown in Figures C-1 through C-18.

The expression actually calculated is

- sin 8, | ka 2 2,
lB, | = — | |7t | cos?s
ﬂ o n n

vhere B is given by Equation 3.5 and S} and T'  are given by Equation 3.3.
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8, = 160°
ka= 507 +——
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FIG. C.2 40° CONE WITH e:Zl¢ EXCITED CIRCUMFERENTIAL
SLOT 25 WAVELENGTHS FROM TIP
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FIG. C.13 30° CONE WITH ei¢ EXCITED CIRCUMFERENTIAL
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