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NOMENCLATURE

Dimensions

a Half length of loading plate in simplified beam

A Cross sectional area of concrete (gross)

b Width of end block; also length of each bearing plate in
simplified beam

B Static moment about centroldal axis of the portion of
sectional area above the polnt used for shear stress
computation = ﬁit tydy

c Half depth of simplified bean

d Depth of beam

h Grid size of fine network used in numerical solution

I Moment of inertia of A about its horizontal centroidal axis

kt’ kb Top and bottom kern distances, respectively

Y/ Half length of simplified beam

r Radius of gyration of concrete section A

t v Thickness of section

§%, §% Distance from centroldal axis of top and bottom fiber,

respectlively

Forces and Moments

F " Body force

"M " 'Bending moment at the Junecture

P " Resultant horizontal force at the juncturé; also prestress
q Vertical pressure per unit length from curved cables

Q 6ertical load at mid-span



NOMENCIATURE (CONT'D)

Vertical reaction of the beam (also see below).
Vertical tdtal shear force at the Jjuncture
Unit weight

Applied load

Concentrated load per unit width at mid-span of simplified

‘beam; also total weight of end block

Stresses, Strains and Others

a,D
E

k,K

Pl; 1S5

R‘V‘) RH}

D

Parameters used in computation of principal stresses
Modulus of elasticlty of concrete

Parameters used in computation of stresses in a cantilever
beam

Internal normal pressure at the Jjuncture
Ma jor and minor principal stress, respectively

Biharmonic residusl of § used in relaxation computation
(also see above)

Apparent strain as read by the vertical, horizontal and
diagonal gage of a rosette, respectively

Internal shearing stress at the Juncture

Potential of body forces

Normal strain

Ratlo indicating prestress losses

Poissonts ratio for concrete
Normal stress
Shear stress

Angle between major principal direction and x-axis,

measured counterclockwise from x-axis; also l2®
h
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v

Subscripts

X3¥s2

D, L

T,M,B

NOMENCLATURE (CONT'D)

Aliry's stress function

Auxiliary stress function

Pertaining to the coordinating directlon: x, y, and z,
respectively

Pertaining to dead and live load, respectively

Pertaining to top, middle and bottom cable, respectively

Coordinate System

Origin

Ox

Oy

Oz

Middle point of the bottom edge of the exterior end of
the end block

Horizontal longitudinal axils, pointing the mid-span of beam
Vertical axis, pointing upward

Transverse axls, polnting right when viewed facing the end
of beam

Sign Convention

Normal and Positive sign signifies tension

principal

stresses

Shearing
stress

Normal
strain

Positive sign signifies traption in positive direction:.i
on positive face of the section

Positive sign signifies elongation

xi



CHAPTER I

INTRODUCTION

Statement of Problem

In generai, prestressed concrete beams are made in modified
I-shape, or box-shape, consisting of relatively thin flanges and webs.
The main reason for using these shapes is an economical one, that as
much material as possible should be pléced far away from the centroildal
axis. Near the ends of post-tensioned beams, however, solid rec-
tangular blocks are usually used. These "end blocks" serve two pur-
poses: (1) to make more area availablé at the ends for ahchoring
the prestressing cables; and (2) to spread out the highly concentrated
forces from the end anchorages gradually over the entire beam section.
Figure 1.1 shows a free body diagram of a typical end block.
The forces acting on this end block inelude the followlng:
l. The prestressing forces from the anchoring devices of
cables, Py, Po, ete. The number, locations and di-
rections of these forces all may vary. In general, they
act on the exterior end of the end block.
2. The reaction of the beam from its support, R.
3+ The vertical load over the block, Including both dead
and live load, LA

4y The weight of the end block, W,
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5. The vertical pressure from the prestressing cables, q,
assoclated with any change of direction of the cable.
For cables draped into a parabola, this pressure may be
considered uniformly distributed and vertically upward.
6. The internal normal pressure, p, over the interior end
of the end block.
T« The internal shearing stresses, s, over the interior
end of the end block, The distributions of forces p
and s are not exactly known; but their resultants can be
represented by the normal force, P, the bending moment
about the centroidal axis M, and the vertical shear, S.
It should be mentioned that Figure 1.l is a two-dimensional representation
of & three dimensional body. Actually, P, P, etc., act through
bearing plates which are as a rule narrower than the block itself; q
1ls concentrated in the lateral directlon; and the internal stresses
p and s are distributed over the beam section, which 1s much narrower
than the end block at its web (or webs). These clearly show the three-
dimensional nature of the end block problem. 7
The existing methods for analyzing end blocks almost unani-
mously treat the problem as two-dimensional. The foreces in vertical
direction, such as w,, W, g and R, are often neglected. Even the
vertlcal components of P are sometimes not considered.
In this investigation, the actual distribution of stresses

inslde an end block was studied both experimentally and analytically.



The experiment was carried out on a full-sized concrete model. The
analytical investigation was made in two dimensions by means of a
numerical process. The results were then compared to establish quali-

tatively the stress distribution in the third (lateral) direction,

Historical Review

Although the post-tensioning method for prestressing con-
crete structural members has been used by engineers for more than
thirty years, literature concerning the end block stresses has been
remarkably scarce.

In 1946, Professor Magnel(l8)

made probably the first pub-
lication dealing with this problem. He considered the end block as

a deep beam, loaded by the prestress forces at the external end, and
supported by the body of beam at the internal end. He further assumed
that, on any horizontal sectlion of the end block, the normal stress oy
varies according to a quadratic parabola, and consequently, the shear
stress Txy varies according to a cubic parabola. For the third com-
ponent of stress, o,, Magnel assumed linear distribution on vertical
sections, and 45° angles of dispersion of the pressure from end forces.

Three years later, Magnel revised his method(l9’20)

» changing the
distribution of oy over any horilzontal section into a cubilc parabolic
curve, and hence that of Txy into a fourth degree parabolic curve,
The distribution of o, remained unchanged. Of all the forces acting

on the end block, Magnel considered only the prestress P and the

internal normal stress p. The stress s was Included as an
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additional shear to be superimposed later. Billig(B) and Walley(so)
followed this approach in thelr books. Walley made one improvement in
consldering a vertical force on any horizontal section to insure
static equilibrium. Evans and Bennett(ll) also presented Magnel's
method in this version. Walley also used the rectangular section of
the end block, instead of the sectlon of the beam, for the computation
of p and s. This later procedure, in the opinion of the author, was
qulte erroneocus.,

Chaikes presented a slightly different method in 1951.(5)
The earlier Magnel proposal for distributions of Uy and"rXy over
horizontal sections was adopted. But the distribution of o, was found
from consideration of interior equilibrium to be a fourth degree
parabols along the x-direction. Besides the horizontal forces on
the block, the vertical components of prestress forces and the load
Wy on the block were also given consideratlon.

Guyon presented a completely different method for analyzing
end block stresses in hiS<book.(16) ‘The basis of hls approach was
his theoretical analysis of rectangular prismatic bodies subject to
end loadinggfl5) supported by easrlier work by Bleich,(h) and by
Tesg}'s‘photo elastic'study.(28)An ldealized problem of an Infinitely
long prism subject to constant loadings on top and bottom faces at
every cross section was first solved approximately by means of Fourier
series. Corrective terms were then added for complete satisfaction
of the boundary conditlions. Both normal and tangential forces in

elther symmetrical or anti-symmetrical distribution with respect to
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the ldngitudinal middle plane of the prism were considered. In essence,
this approach was the same as that Filon used in his treatise concerning
beam bending,(lg) except for the proportions of the dimensions of the
members. After the theoretical solution was obtained, however, Guyon
considered it impractical to apply the results directly, and proposed
to use successive square blocks with symmetrical loading for the de-
termination of the maximum tensile stress Oy Evans and Bennett(ll)
adopted Guyon's theory, but suggested that influence lines for cy may
be used to advantage. Lin(l7) also recommended Guyon's method.

Pirson(gl) and Sievers(QB’gh) both used the stress.trajectories
as the means for defermining-the maximum tensile stress in end blocks.
It was established that the magnitude of tenslle principal stress is
closely related to the curvature of the trajectory of the compressive
principal stress. Pirson's trajectories were composed of straight
line segments, while those used by Sievers were smooth curves, which
concelvably would yield better results. Sievers(gu) also presented
an.approximate three-dimensional analysis by consldering a varying
effective width of the block.

Pirson and Sievers considered only the forces P and p.
Guyon's method ineluded also the vertiecal component of P, But the
vertical shear stress s was neglected in all of these methods. The
forces acting on the top and bottom faces were also omitted.

Most experimental work concerning this problem has been done

photoelastically. Tesar!s work,(28>although not originally intended

for this end block problem, nevertheless furnished valuable information



for Guyon in the development of his method. More recently,
Christodoulides(u-7) has made both two-dimensional and three-dimensional
photoelastic investigations of end block stresses, and has found some
discrepancy between the experimental results and the results ylelded

by Guyon's method. Sievers(25)

also made some photoelastic investi-
gations to support his method. With the exception of Christodoulides'
three-dimensional investigation, these experiments were éll made on
rectangular blocks uniformly supported at the bottom and centrally
loaded at the top.

Of the very few experimental studies made with concrete
specimens, one was recently reported by Ban, Muguruma and Ugakisg)
They conducted both two-dimensional and three-dimensional investigations
on rectangular columns centrally prestressed. Their results also
deviated from those obtained from Guyon's method, but in general agreed
with Siever's method.

Probably the only experimental investigation which also
included the effect of the vertical forces was conducted at the U. S,
Naval Civil Englneering Research and Evaluation Laboratory at Port
Hueneme, California£27) Surface gage rosettes were used on an end
block of a prestressed beam with an I-section at the middle portion.,
Almost all the forces enumerated at the beginning of this chapter were
involved, except q and wy, due to the systems of prestressing and
loading employed. It was unfortunate that no interior gages were used

so that more information would be avallable., It was found, nevertheless,
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that the magnitudes and directions of the principal tensile stresses
along the mid-height of‘the end block were not changed appreciably
by the application of live load. This seems to indicate the predominant
character of the prestressing force in this problem.

In an attempt to avold higher mathematics, Ramaswamy and
Goel(22) used the lattice analogy method to solve a problem of a
square end block with one normal load at the middle of its top face.
They, too, found larger bursting zone and higher tenslle stress than
indicated by Guyon's method. On the other hand, the maximum tensile

stress in spalling zones found in this way was small.



CHAPTER II

EXPERIMENTAL INVESTIGATION

Design of the Model Beam

The model beam, as shown in Figure 2,1, was designed as
a simple beam, with a span of fifty feet center to center of reactions,
supporting a uniformly distributed load, and with the central forty-
two feet removed. The end bearings were six inches long. During
testing, a concentrated load equal to the total load (dead and live) on
the removed portion was applied at the center of the model. By virtue
of St. Venant's'principle, if the distances between this load and the
end blocks under study are "large", the effect of this replacement
should be negligible. Thus, a beam of only 9'-6" long was needed
for the testing of the end blocks of the designed fifty-foot beam.

The body of the beam was 22" deep, 12" wide at top, 8"
at bottom, and 3" thick at the web. The end blocks were 22" x 12"
rectangular. The two end blocks were made of different lengths, 22"
and 33" respectively, in order that the effect of the length of end
blocks could be studied. The distances from the central load to the
interior ends of the end blocks were 35" and 24" respectively, and
were consldered large enough for the application of St. Venant's
principle.

The properties of the beam section are as following:

A = 14k,5 sq. in

Sr‘b = 11.29 in. §t = 10,71 in,
I

I = 6,752.6 in. r® = 58,97 in.?

kb = 5,506 in, ky = 5.224 in,
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Four 0,600" diameter seven wire prestressing strands with
type SDB8-35 anchorage fittings were used in the beam. The two bottom
ones were lald straight, while the other two were draped in parabolic
shapes, In the fifty-foot prototype, the middle cable would come
down to the level of the bottom cables at the center of the beam;
and the top cable would be 2" higher. According to the manufacturer,

these strands had the followlng properties:

Area . . 0,215 sq. in.
Ultimate Strength 46,000 1bs.
Design Load 26,000 1bs.

Modulus of Elasticity. - 25,000,000 psi
The locations of the cables are shown in Figure 2.1.

" The concrete used in the model was designed to have a 28-day
compressive strength of 6,000 psi, a 3-day strength of 4,000 psi, and
a slump of 3 in. The maximum size of aggregate was limited to 3/4",
due to the presence of strain.gage capsules 1in the end blocks. The
mix finally adopted was composed of the following constituents per

cubic yard:

Portland cement (Type I) 705 1bs.,
Send (dry weight) 1420 1bs,
Gravel (dry weight) 1800 1bs.,
Water ‘ 250 1bs.
Pozzolith 1.87 1bs.

Several standard 12" x 6" (height x diameter) cylinders were

poured with the model beam., Subsequent testing of these cylinders at
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an age of two to four months gave the following average properties of

concrete:
Density 153.8 1bs. per cubic foot
Compressive Strength 6,130 psi
Modulus of Elasticity 4,870,000 psi
Poisson's Ratio 0.178

The allowable stresses used in the design were as following:

Concrete: At transfer: Compression: 0.55 x 4,000= 2,200 psi

Tension 0.05 x 4,000 = 200 psi
After losses: Compression 0,40 x 6,000 = 2,400 psi
Tension 0
Steel: Initial stress: 140,000 psi
Final stress: 120,000 psi
Ratio indicating losses, 1 0.85

Based on these stresses, the allowable total load on the beam was found
to be 390 pounds per linear foot, and the allowable live load was
270.8 pounds per linear foot.

The cables were placed inside paper tubes so that no bond
would exist between concrete and cables, The tubes had an inslde
diameter of 1.3 in. Near the ends, 2.2 in. tubes of 13 in, length were
used to accommodate the anchorage fittings. The tubes were fixed in
position by means of several 1/4" diameter rods placed transversely

through the side forms.
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Installation of Strain Gages

Strains in the end blocks were measured by means of SR-4
strain gages. A-1 gages were used on the surface; and for the interior,
A-T gages and AR-1 gage rosettes were used. Altogether, there were 110
A-7 gages and 18 AR-1 gage rosettes cast inside the concrete, and
22 A-1 gages on the surface., The names and the locations of these
gages are shown in Figure 2.2 and Figure 2,3.

The interior gages were installed as "capsules". Figure 2.k
gives a schematic illustration of a single gage capsule., Two A-T7 gages
were mounted on the opposite faces, at the center, of a thin celluloid
plate 0,030" thick, 3/8" wide and 1-1/2" long. On the longltudinal
axis of the plate and about %5" from the ends, two 1/8" x 3/16" holes
were punched and 5/8" long brass bars inserted., Four small pieces of
celluloid, 3/8" square and 0,0%0" thick, were also added at the ends.
These brass bars served a dual purpose. First, small holes were
drilled near each end of them so that wires could be threaded through
for locating the capsule before pouring of concrete. Sécond, after
the concreting, these bars would engage the neighboring concrete so
that the capsule would deform with it. Since the SR-4 cement is also
a solvent of the celluloid used for the capsule, there was a tendency
for the capsule to warp or curl while drying. It was found that this
tendency could be minimized by mounting the second gage at the
earliest practical time, Still some distortion seemed unavoidable.

In order that the distortion would not affect the readings.significantly,

the two gages were wired in series. Two lead wires, of #0 AWG size,
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stranded conductor with vinyl insulation were then soldered to the
gages, After the wiring, the capsule was waterpreofed with EC-T11
rubber cement (product of Minnesota Mining and Manufacturing Company).
The cement was applied around the central portion of the capsule, leaving
the brass bars clear. Due to the liquid form of the cement, the
applicatién had to be made in several layers, and a heating lamp was
also needed for accelerating the setting of rubber cement., During
heating, the capSules were turned over frequently so that the two
faces would be heated evenly.

The rosette capsules were made using similar procedures.
The celluloid plates for these were 2-1/2" square, and six brass bars
were used for each rosette, two on each gage line, .In the wiring, only
four lead wires were needed, as one wire could be used as a common
ground line for all three gages. The warping problem was more severe
for these capsules than those with single gage, and more care was
necessary for satisfactory results. Due to a shortage of supply of AR-1
rosettes in the Structural Laboratory at the time this study was made,
the rosettes in the long end block were made up by assembling three
single gage capsules, Extreme care was taken in establishing the 45°
angles between gage lines, but the result was not very successful,
Consequently, some doubt must be gilven to the information obtailned
from these made-up rosettes,

For the placing of the capsules in the beam form, a number of
quarter Inch diameter rods were placed transversely through holes

drilled in the side forms. All rods were threaded at both ends so that
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nuts could be used to maintain the inside width of the forms at 12". On
each rod were drilled three small holes, one at the center and the others
4" away. No. 26 bare copper wires were used for hanging the capsules.
In general, double wires were used, and after both ends of the wires were
fixed, minor adjustments of its length could be made simply by turning
a nall between the two wires. To obtaln sufficlent accuracy of gage
locations, eight wires were needed for each capsule., They held the
capsule firmly in position, and were believed strong enough to with-
stand any possible pressure during the placing of concrete. It should
easily be seen that with all the capsules in place, the inside of the
end block forms contailned quite a network of wires, rods and tubes,
and the small size of aggregate used was an absolute necessity. Figure
245 shows the inside of the forms before placing concrete, The locations
of the transverse rods are shown in Figure 2.2 and Figure 2.3.

It must be mentioned that the presence of transverse rods
in the end block should not substantially affect the stress pilcture,
primarily because of thelr directlon, All gages were oriented parallel
to the longltudinal vertical plane, and normal to the transverse
direction. The rosettes were placed in such a way that the diagonal
gages polnted upward toward the ends of the beam.

The compensating gages were cast inside two 1 ft« x 1 £ft. x 1 ft.
blocks, one for each end. The size of these dummy blocks was chosen
so that the active and compensating gages would have similar thicknesses

of conerete coverage.
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Casting of Model Beam

The beam was cast on October 9, 1957. During the casting
of the model beam, the vibrator was not used inside the end block to avoid
undue pressure that might break the copper wires holding gage capsules
in place. Instead, rodding was used internally and the vibrator used
externally. The entire pouring, including the test cylinders and the
dummy blocks, was completed in about an hour.

The model was covered with wet burlap after six hours, and
was kept ﬁet-for a week, After that the form was stripped, and the

surface gages were mounted.

Tensioning of Cables

Tensioning of cables was done by means of two thirty-ton
Simplex Jacks, operated in parallel by one single oil pump. The
amount of prestress force in the cable was controlled by two A-12
strain gages mounted on the pull bar of each Jjack. These gages were
first callbrated in the Tinius-Olsen Unilversal Testing Machine in the
Structural Laboratory up to 36;000 pounds tension (as compared to a
maximum tensioning force required in each cable of 30,750 pounds ). The
calibration resulted in a perfectly straight load-strain curve with a
factor of 0.0428 microinches per inch per pound, and a modulus of
elasticity of the pull bars of 29,800,000 pounds per square inch. The
parts of the tensioning apparatus are shown in Figure 2.6, and Figure

2. glves an assembled view.
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After the tenslon in the pull bar reached the desired value,
the anchoring nuts at the ends of the cable were turned by hand until
snug with the steel bearing plates. Then the Jacking force was re-
leased and the pull bars disengaged from the cable. ' Subsequent
checkings had indicated that this method of prestress control was quite
accurate,

The bearing plates were cut from a piece of hard steel.
Combined bearing plates 4" x 8" were used for the bottom cables. Those
for the upper cables were 4" square and bevelled to the desired angle.
The holes for the cables were 1-3/8" in diameter., All plates were 1"
thick at the holes.

Two steel frames were bullt to support the Jack and rig
assemblies, Horizontal members were placed at different levels so
that the jack and rig, when supported by these members, would be in the
right position and inclination for each cable, As the two bent cables
were rather close together at the ends, the supporting members for the
highiposition were made removable,

In order that the Jack, when working in an inclined position,
might bear evenly on the conecrete, a frame of masonlte hard board was
hung from the top of beam. Several thin steel strips were taped to
the frame at different locatlions to make up the difference due to
inelination (about half an inch for the top cable and seven-sixteenths
of an inch for the middle cable). Both this frame and the steel frame

mentioned in the previous paragraph can be seen in Figure 2.8.
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A few difficulties were met durlng the tensioning of cables.
The rig as provided by the Jjack manufacturers did not have the pull bar
acting at the centroild of its bearing area, but about one third the way
out toward the open side., This did not cause any serious problem with
the middle cable stretching. However, since the top cable was only 2"
from the top surface at the end, the toes of the rig actually projected
out, and the situation was aggravated. The pressure under the toes
became so high that the masonite frames were broken and had to be re-
placed several times. Small pieces of concrete at the top edge were
also chipped but. Also, there was actually a tendency‘for the rigs
to come off the supporting frames and flip up. Fortunately, it did
not happen and no serious damage was done to the beam.

The two bottom cables were stfetched simultaneously, one from
each end. Due to the closeness of these two cables to each other and
to the bottom of the beam, and because of the combined béaring plateé
used, the rigs could not be placed "face up” as for the two upper cables.,
Instead, they were placed standing up on one side, facing the longi-
tudinal axial plane of the beam. A considerable portion of the "bearing
face" of the rig was thus below the beam. Two L-shaped half-inch steel
plates were used to help distribute the pressure, and were fairly
effective. However, there were a few instances that the rigs did turn
about the bearing toe, and the screw threads on the anchorage fitting
were damaged because of moving against the bearing plate. At a latter

stage of the experiment, there was also one lower corner broken because

of excesslve pressure.
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These difficulties could all be avoided by modifying the
design of the beam, locating the cables further in from the concrete

surfaces. The shape of the rig also could be improved.

Testing of Model Beam

The beam was tested in the Tinius-Olsen Universal Testing
Machine in the Structural Laboratory. Figure 2.8 shows the beam in
the machine as viewed from near the short end. Figure 2.9 shows the
electric wiring system, the strain indicator, the Jjacking pump, etce.
The beam can also be seen behind the working table. The two dunmy blocks
were placed near the respective ends of the beam.

The procedures of testing were as follows:

1. With no prestress in the cables, no load on the beam,
and with the beam supported at six points approximately
two feet apart, take the "initlal zero" reading on
all gages. |

2+ ©Stretch the cables, In order to prevent any tensile
fiber stress to develop in the concrete, the cables
were stretched in the following order:

a. Otretch the middle cable.

be ©Stretch the bottom cables to about two thirds of
the force desired, accuracy was not required at
this stage.

¢, Stretch the top cable.



ol

d. Stretch the bottom cables to the desired prestress.
e, Check the force 1n the middle cable, and restretch
1t to the desired level. The effect of the top
cable force on the lower ones, and vice versa, was
so small that no corfections Were necessary.
3« Remove the intermediate supports of the beam, leaving
it simply supported at the two ends. Apply concentrated
load of 4,890 pounds at the middle. Take readings. The
value of 4,890 was reached as the weight of the "removed
portion" of the 50-foot prototype. This corresponds to
the "P.L. + D.L."” conditioni
4, Increase the concentrated load to ineclude live load on
the middle portion. Take the "P,L. + DyLs + L.L," readings.
S5« Remove the concentrated load, set up the intermediate
supports, release the prestresses and take the'final zero"
readings. The order for releasing the prestress in cables
was the reverse of that of stretching, except that Step
Nos e in stretching was not needed here, and‘the releasing
wag actually started at Step No. dy i.es, reducing the
bottom cable forces by about one third.

These five steps constitute one cycle of testing.



Figure 2.8. Model Beam in Testing Machine - Viewed from
Near the Short End.

Figure 2.9. Testing Setup, Showing the Switching and
Measuring Units.
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Table 2,1 gives the several combinations of prestress and

live load used in this investigation.

TABIE 2,1

LOADING CONDITIONS INVESTIGATED

No. Cycles Prestress Concentrated Load
Fp & Pp By 9 e

I I 16,0000 15,1707 4,800 6,000
I 4 211,000 22,750 1,890 9,000
III 5 30,750 29,150 4,890 11,100
v 3 30,750 32,120 1,890 11,100
v b 30,750 30,750 1,890 11,100

The lower level loading conditions I and II were used to
insure that some results of the experiment would be obtained in case
the beam should fall under the "full load” condition V. The conditions
IITI, IV and V were different only by the amount of prestiress in the
middle cable P, In conditions I, II and III, the stretchings were
carried out Wy teking the Steps a through d, and no correction in Py
was made., The elastic shortening of the beam under the prestress forces
caused the loss in PM' In condition 1V, attempt was made to counter
this loss by initially overstressing the middle cable, resulted in a
higher stress therein. In condition V, the stretching was done

according to the procedures outlined above.
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Emphasis was placed upon the results of loading condition V,
as this corresponded to the actual loading conditlon of the prototype.

Immediately after the stripping of forms of the beam, an ohm-
meter.. wag; used to check the interior gages. They all registered
correct resistances, However, one month later, when the first trial
run was performed, 1t was found that the gage 52 had broken inside the
concrete. After the first cycle of testing, the gages IR8-H and IR4-D
were both broken inside the concrete. The gage ILR6-H was lost the same
way near the end of the testing. The exact reason for these failures
inside the concrete was not known, but faulty waterproofing was probably
one major factor.

During the trial run, it was also found that all three gages
of the rosette SR3 showed marked drop in electric resistance, Resistances
of 15, 14 and 22 ohms were needed in series with the wvertical, hori-
zontal and diagonal gages, respectively, to get them balanced on the
indicator. The respoﬁse of the ammeter in the indicator to the adjust-
ments was also very sluggish with these gages, After the first few
cyales of testing; however, it was found that, in order to get a reading
from SR3-D, the previously necessary resistance must now be removed.
This pecullar behavior seems to indlcate some damage to the rosette,
and hence the unreliability of the informatlion yielded by itu.i.

A "drifting" phenomenon was noticed on all interior gages
throughout the testing. The strain reading for any palr of active
and compensating gages varied with time., If both gages were turned

on at the same time, the variation was not excessive, but rather
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irregular. If one compensating gage was used for several active gages,
then except for the first active gage; the straln reading would always
tend to increase with time, although at an ever decreasing rate. It
was noted that, in order to get a stable strain reading, about ten
minutes were needed for each gage. ©Such a long walting period would
certainly extend the time needed for each cycle of testing to such

an extent that other adverse factors would show' their effect. It was
finally decided to wait one minute for each gage, and the result proved
fairly successful. This drifting was attributed to the heat created by
the current passing through the very fine wires of the strain gages.
The use of celluloid plate as the base of the capsules apparently was
also a factor. No such effect was noted with the surface gages which
were cemented directly on the concrete surface,

With one minute needed to take a reading of each gage, and
five steps to complete one stretching, or releasing of prestresses,
the total time consumed for each cycle of testing was rather long.
took two days to complete the first cycle. By better coordination of
the work, and galning experience, however, it was soon possible to
complete one cycle in ten-hours.

The testing filrst started on December 30, 1957. With a few
interruptions due to conflicts in scheduling of the use of the testing

machine, the last (20th) cycle of readings was taken on February 24, 1958,
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Computation of Strains and Stresses

In general, for the interior gages, the "final zero" readings
were different from the "initial zero" readings. These changes in
zero readings were of the same order of magnitude as the strains
measured due to loading. For example, in cycle number 4 using loading

condition I, the strain gage S3 gave the following readings:

Initial zero 0 -1k - 1359  Jan, 22, 1958-9:02 AM
P.L. + D.L, 0 - 14 - 1347 1:26 PM
P.,L¢ + DyL. + L.L. 0 - 14 - 1354 ' 3:07 PM
Final zero 0 - 14 - 1378 5: 34 PM,

It is obvious that the actual strain dvue to loading could not be
obtained accurately with the "zero readings" changing so much. It

was first attempted to assume that the zero reading varies at a
uniform rate, and the effective "zero" for each loading condition might
be obtalned by interpolation between the two zero readings. Thus, the

strain due to P,Ls + D.L, would be

264

(1347 - 1359) - (1378 - 1359) x = = - 1210

= - 22 micro-inches/in.,

and the strain due to P,L. + D.L. + L.L. would be

6
(1378 - 1359) x %Eg - - 5.1k

(1354 - 1359)

- 19 micro-inches/in,
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However, it was soon noticed that in the next cycle, the
respective zero readings were:

Initial zero O - 14 - 1375 Jan. 24, 1958  10:40 AM

Final zero 0 - 14 - 1400 Jan. 25, 1958 5322 PM,
In both cycles, the final zero was higher than the initial zero, while
the initial zero of cyecle 5 was lower than the final zero of cycle k4.
Indeed, 1f the zero readings were plotted against time, a zigzag curve
like Figure 2,10 would result. It seems apparent that more than one
factor was causing the changing of strain readings. The continuing
chemical reactlon in concrete should be one important factor, but this
should cause a rather uniform variation., It seems reasonable to assume
that 1f the beam was lying idle, the zero readings would have changed
according to this effect, The difference of the final reading from the
initial one was attributed mainly to the residual strain in the
celluloid capsule upon the release of load. Based upon this assumption,
the Interpolation of zero readings should be made between the successive
initial zeroes. Thus, the strain due to P.L. + D.L. at gage S3 in

cyele 4 would be

k40

I ) - (1375 - 1 Sl = . 1241
(1347 - 1359) - (1375 - 1359) x 15.65
= - 13 micro-inches/in.,
and the strain due to P.L. + D.L. + L.L. would be
(1354 - 1359) - (1375 - 1359) x §:9§— = - 5-2
49.63

= - 7 micro-inches/in.
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This latter method was adopted in general for computation of actual
stralns. For the surface gages, the changes in zero readings were
very small in comparison with the strains due to loading, so the first
method was used.

After the strains were obtalned at each point, stresses were
computed. Those for single gages were computed simply by multiplying
the strain by the modulus of elasticity of concrete, For the rosettes,

the computations were a little more complicated, as following:

1
€y = RV - = R
v 210 H

_ 1

H "H 59

1
€y = 1,02 Ry - —— (Ry + R
D D - 575 Bm * By)

= €.+ V €
EE (e = v V)
E
g =——= (e, +V €,)
E
Teo = - ————— (2 ep - €y - €p)
XY 501+ v) v

C= % (eH + ev)

D - (e - ep) + (& - eD)g
2
pl—E(IC_:—V+%
pg-E(%-%
ran 26 = _EeD - &g - &
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The first three formulae were gilven by Baldwin-Iima-Hamilton Corporation
(manufacturer of SR-L4 strain gages) for the adjustments of rosette
readings. The rest are the standard formulae for two-dimensional strain
problems« The mlnus signs forvTXy and Tan 2¢ were inserted because

the D direction used in the test was the "negative" dlagonal, making

a 135° angle with the positive x directlon. The computations for
rosette gages were méde on the IBM 650 Electronic Digital Computer in

the Statistical and Computing lLeboratory of the University.

Results of Testing

The end block stresses under various loading conditions

obtained from the experiment are shown in Figures 2.11 through 2.30.
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CHAPTER III

ANALYTICAL INVESTIGATION

Three Dimensional Problem

‘Basically, the problems of end blocks are three dimensional,
due to the relative smallness of the bearing plates at the end, and the
variation of width of the beam body and the differencés of these widths
from that of the end block. Consider the variation of the distribution
of longitudinal stress, o,, over successive transverse sections, for
example. At the end surface (x = O), a0y is necessarily zero everywhere
except under the anchorage bearing plates. As the section moves inward,
it is obvioué that the pressure will be distributed over wider area,
with the tendency of achieving uniform, or at most linearly varying
distribution. However, at the other end of this distribution zone,
where the rectangular end block joins the I-shaped beam body (this
plane will héreafter be called "the juncture section” or simply "the
juncture”), the pressure must be restricted inside the boundary of the
smaller section, i.e,, the I-section. Thus, the longitudinal pressure
spreads out from‘under~the bearing plates, but "reconcentrates" towarad
the juncture sectlon. ©Similarly, the vertical normal stress oy is
concentrated at the bottom surface, zero at top, and is transmitted
by shear Txy,into the beanm body. .The transverse normal stress o, is
zero over both side faces, and at some maximum value at the central
plane (z = 0). It is seen that all six components of streés are present

at arbitrary interior points, and the problem is truly three-dimensional.

-5k
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Although enough equations are availlable for a theoretical
solution of three-dimensional stress-strain problems, the extreme
complexity, nevertheless, renders it impracticable to solve them, except
for a few very speclal cases. In order to avold the complexity of

three-dimensional problems,,simplifications were attempted.

Two Dimensional Problem
On the two side surfaces of the end block (z = j'% b), the

three stress components o,, 7.,, and T,, are all zero. In view of the

z? 'y

fact that the width of an end block 1ls glmost always 1ts smallest
dimension, it seems reasonable to assume that these three stress com-
ponents will remsin small, relative to the other three, throughout the

end block, and hence may be considered as zero throughout without

introducing serious error. Thus

and the problem is reduced to two dimensional as plane stresss .The
problem can be further simplified by neglecting the variations of stress

components with respect to z,* l.e., assuming

aqx ) Bay ) BTXy o
3z oz oz

*his assumption is actually equlvalent of assuming that the normal
strain in z direction, €,, is a linear function of x and y, which is
in general not the case. However, the error thus introduced is not
serious, cf., S, Timoshenko and J. N, Goodler, Theory of Elasticity,
2nd Edition, pp. 241-24k,
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So far as the author 1s aware, all of the existing methods of end
block analysis are based on these assumptions. In this study, the end
block will first be analyzed two dimensionally. The results will then
be compared with the experimental data for a qualitative study of the

distribution in the z-direction.

Solution of Plane Stress Problem

In the ﬁlane stress problem, with the assumption that all
stress components are independent of z, the equations that must be

satisfied are:

) o0y BTXy
Equilibrium equations Fo + 5 +Fy =0 (1)
or. da.
Xy J +F = 2
ox Jy y 0 (2)
Compatibility equation
52 52 | BFX aFy _
2 +ay2>(GX+ a;) + (1 +V-)(&—+-ay—) =0 (3)

where Fy, F_ are the body forces per unit volume in x and y directions.

y
let Z = potential of body forces, so that

>
F, = - o
(%)
F :-B_Zl.*
y dy

*In all engineering problems, such a potential exists. Cf. R.V. Southwell,
Theory of Elasticity, p. 367.
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Then the equilibrium equations may be satisfied by substituting

2. .
o = §_9 + Z,
s
o =—+ 12 (5)
T ’
52®

T - ’
Xy oxoy
where & 1s the Airy .stress function.

Substituting into (3)

52

A * )(52@ . o X7 ¥z
X2 T oP P

S;z'+ 27.) - (l + V)(g;g + S;g) =0

or
2 o 2 2 2 2
d 0 d 7 7
(AR ik ) S F R it B i) S (6)
ox oy~ ox Jy X Jy

In the end block problem, as.in most engineering problems, the
only body force present 1s the gravity forece. If w represents the unit

welght of the material, then

F, =0, Fy =-W

and 7= WY
Substituting into (6), and expanding,

ahé 0 a“¢ . a“@'
R P

= 0y (7)

Needless to say, ® must also satisfy certain glven condlitions

along the boundary.
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Loading Conditions

Only the "full load" conditlon was used in the analytical
solution. As previously stated in Chapter II, emphasis was placed upon
this one loading condition, although five different conditions were
used In the experiment. .Also, the analytical solution was used only
for a comparison with the experimental results, and as a gulde for the
estimation of transverse stress distributions. The large amount of time
and labor necessary for the solution of all these loading conditions were
therefore considered unjustified, and only condition V was considered,

Under this loading condltion, the forces acting on the end
block were as shown in Figure 3,1. Due to the complexity of the force
system, it was resolved into the several systems as follows:

1. -Force system A, as shown in Figure 3.2a., This was the

primary system and wlll be discussed fully later.

2., Force system B, as shown in Figure 3,2b, This transposes

the uniform load of 23.48 1bs. per in. on top edge of
'system A into the gravity forces. This system was
solved by |

¢ = - % wy3
and a, = O, qy = + Wy, Txy = O.
For the concrete used, w = 153.8 pounds per cubiec foot
or 0.089 pounds per cubic inch,

3« Force system C, as shown in Figure 3.2c, This consilders

the vertlcal pressures from the draped cables as a uniform
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A

Figure 3.1.

Forces on‘End Block.
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Figure 3.2. Component Force Systems.
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load on top of beam, and supported by shear and moment

at the Jjuncture plane. The solution of thils system is

0 = - KRGS - 3 &P) -2 APy - s + bePy - @),

10
+q
where K = EE___;M‘.
ba3
Hence o, = - K [3x2(2y - 4) - (43 - 6y°a + 5% vd® - % a,
o, = - K(2y° - 385%),
Tyy = = 6K xy(d - y).

Force system D, as shown in Figure 3.2d. This system
transposes dp to its actual position. The effect of this

system 1s uniform compression between the top cable and

the top, or
b
OX=O, Gy=-—%‘, Txy=0 yT.SySd
I = 0, 0y=0, Txy = 0 O<y =SV

5. ‘Force system E, as shown in Figure 3.2e. This system
transposes qy to its actual position. The effect of this
system is uniform compression between the middle cable

and the top, or

Ay .
O =0y Oy ===y Ty =0 yysvysd
g = 0, oy = 0, Txy = 0 0<y< Yy

*R. V. Southwell, Theory of Elasticity, p. 379.
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As the forces w, dp and dy were 8ll very small compared with
the prestressing forces and the concentrated load at center, 1t was
obvious that the stresses due to force systems B through E were small
as compared with those from force system A. And, for the degree of
accuracy usually desired for englneering problems, these systems may
be neglected. Unless otherwise indicated, the discussilon hereafter

will be limited to the primary force system A,

Boundary Conditions

Along the top, bottom and left (end) boundaries, the con-
ditions of stresses were relatlvely easy to establish. The forces
from the cables and the reaction to the beam were all assumed to be
unifdrmly distributed over the corresponding bearing areas. On the
Jjuncture section, the total thrust, shear and bending moment could
be determined from the static equilibrium of the entlre block, but thelr
distribution was unknown. Varlous authorities, such as Magnel and
Guyon, -have been using over the beam section a llnear distribution of
direct stresses and a parabolilc distributlion of shearing stress, as
by conventional formulae, In view of the unusual depth to span ratio
of the model beam, and the closeness of the section in question to the
concentrations of external forces, these assumptions were examined
before adoption. A similar, but simpler, beam, as shown in Figure 3.3,
was first analyzed by the methods of plane stress; the stresses over
a section "d" distance away from the end were computed, and compared

with the results obtained with conventional beam formulae., This simple
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beam had the same overall dimensions and the same Vertical_loadings
as the model beam; but the longltudinal loadings from prestressing were

omitted, and the beam section was kept uniform. With the coordinate

axes as shown, the stress in this beam was solved by Filon(lg) to be
o ‘
_ 3w y _1 {8inchb m Sinoal
0 = —= — o (-1)" s
X 0e348 ) 2 ©ob (-1) oa.
W < (Sinhae - ae Coshoc)Coshoy + oty ‘Sinhae Sinhaijinaa o\ Slnab
-7 + (=1) Cosox
£ m=1 Sinh 20c + 20c Vaa
W « (Coshoe-ac Sinhoc)SinhQy+oy Coshoe Coshoy inoa mSinozb
7 m§l Sinh 20c - 2oc {S (-1 Joosox,
L ;‘, (Sinhae+oe :Coshae)Coshtvy=0y SinhoeSinhdy Sina ( mSi b
yToEICT Sinh 20c + 20c U qa t(-1) 75
W & (Coshoe+ oc Slnhac)Slnhay oy Coshae Coshay Singa m Sinab
) m‘g’ Sinh 2ac - 20c Toa - (-1) Joosax,
W & -acCoshoc Sinhay+oy Sinhoc Coéhay Sinoa m Sinab
xy T ﬂymgi Sinh 20c + 20c ' aa + (1) }Binoc
W ¥ -gc Sinhoc Coshoy+oy Coshae Sinhoy Singa Sinob
+ 2 mgi Sinh 20c - 20c laa - Ehia b fSinox,
where
mi
o = 7,
a = half length of the loading plate,
b = léngth of each bearing plate,
¢ = half depth of beam,
£ = half length of beam,
W = total congentrated load at center per unit width of beam.

}Cosox
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In the above analysis, the central load and each of the reactions
were assumed to be uniformly distributed over the lengths 2a, and b,
respectively.

In the present problem, a = 1.5 inches, b = 6 inches,
¢ = 11 inches, and 4 = 57 inches. At the section "@" from the right
end, x = 35", Stresses at several polnts at this sectlon were com-
puted by using a sufficient number of terms of the serles glven above.
The results, together with those obtained by the conventional formulae,

are shown in Table 3,1.

TABLE 3,1

STRESSES AT x = 35" OF SIMPLIFIED BEAM

Normal Stress Shear Stress
Point By Conventional By Conventional
By Series Formula By Series Formula
y==-c¢ - 0.11618 W - 011775 W 0O W 0O W

;%c = 0,05768 - 0.05888 ~-0,02476 a0, 02557
0 - 0,00123 0 - 0.03419 - 0,03409
%c + 0.0573k4 + 0,05888 - 0.02619 - 0.02557

¢ + 0.11955 + . 0,11775 0 0

It is thus seen that for the present problem, the conventional formulae
for normal and shear stresses were accurate to within 3% of the values

obtalned by employing series. Hence, the common assumption of linear
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variation of normal stress and parabolic variation of shear stress at
the Jjuncture were used. This assumption also neglected any effect the
non-rectangular section of the beam body might have on the distribution
of stresses. However, at the beginning of this chapter, assumption was
made that all stresses were independent of z. This assumption, in
effect, meant that the average stresses across the width, instead of
those at individual points, were being considered. In view of this,
the neglecting of the effect of the I-section seemed justifiable.

Based on the above assumptions, the boundary conditions for

the short end blocks can be written as follows:

Along y = O: oy = - 123,63 psi., ey = 0 0<x<6
o, =0, Ty = O 6 <x<22
Along x = 0 gq = -1,281.25 psi., Tey = 0O 0<y<khk
a. =0, Txy = O L <y<13
o, = -63827 psi., Tey =t 54.78 psi. 13 <y <17
o, =0, Txy = 0 17 <y <18
o = -637405 psl,, T,y = + 67.28 psi. 18 <y <22
Along y = 22: o = - 1.958 psi., Tey = 0 0<x<22
Along x = 22: g = (- 111.123 + 1.9321y)t
” } 0<y<22
ny = - 0,031173 B
where t = thickness of section (in z direction)
B = moment about centroidal axis of the portion of area of the

It

¥ tydy

beam section above the point under consideration = [
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For the long end block, the boundary conditions are

Along y = 0 oy = - 124, 7h psi., Ty =0 0<
Gy = 0, Txy = 0 6<

Along x = O Same as for short end block.

Along y = 22: a = - 1.958 psi., Txy =0 0 <

Along x = 33: g, = (- 107.116 + 1.5772y)t >

a—
(@]
INA

- 0.028970 B

T
Xy
The boundary conditions for the two end blocks are

in Figure 3.4 and Figure 3.5.

Method of Numerical Solution

shown

In view of the complexity of the boundary conditions, the

stress functions for these end blocks were solved, not by an algebraic

method, but by a numerical method involving finite difference equations,

Let h be the "grid" dimension; the fourth derivatives of & can be

approximated by the following finite differences:

Bﬁ@ 1
< = T (oyy - bay + 60, - bog + op)
N
o'® 1
2o = L [ (o + Oy + O + O ) -2 (o +idg + O + Oy)
8x28y2 EE NE W SE SW *N S E W

+ 4o, ]

Substituting these expressions into Equation (7), one obtains

2004 - B0y + g + O + 0p) + 2(Byp + Oy + Ogp + Ogy)

+ (oyy + 05 + Oy + %gr) = O.

(8)



‘pug 3JI0Ug ‘SUOT3Tpuo) Lrepunog “+H°¢ 2anBT4

1sq ur sessons [ [ /08¢
‘ g2¢2l -
| EEEEEEERNEYN!
b%
-1 sere2l-
g6~
L6°0/-
0
! €521~ .
. [2ee9-
- =
— ] , N * + u$
1 gLrs
110/~ | D12 - yH
224~ N\ ST sol59 -
: S Ny 8L+ =
Firq seees- gs8'l ~ ~



‘puy Buo] ‘suoTqTpuo) Axspunog *G°f 2InITJ

rsq v ssssauc (fy G:| a/exg
pLY2! -
X £86955- I EREERNEREE!
ozor| 2ER2 Y]
_ ]
< e
9 22/1- 7
- oy
- m [
- N R
] 3
6cs- | 19z - S '
™
SL9-\— L8906 33
. 58
%.QWQI QM.\IQ..\! W
bz




-69-

In the above expressions, the subscript o indicates the point at
which the derivatives were being evaluated; N and S indicate the points
adjacent to point o in the y-direction (as North and South); E and W
Indicate the polnts adjacant to point o in the x-direction; and the
double subscripts indilcate the points adjacent to the point with the
first subscript in the direction as suggested by the second one, thus SW
is the point W of S.

Eguation (8), though linear, still contains as many as
thirteen terms. To simplify the computations further, the "two level"
method was used. -This method was oncet suggested by Conwelljlo) and

later amplified by Geer;(l3) Equation (6) may be transformed into

two partial differential equations of second order by introducing a new

function
2 2
¥ =‘§J2 +'§:? 2 (9)
ox dy
then
2 2
.Q_Y +‘§_Y = 0. (10)

The correspbnding difference equatlons are

(o + 0g + & + o) - ho_ = \[rohg, (11)
and
(WN + Vg oyt Vi) -y, = O.
Consequently
1l
Vo = T (¢N-+ Vg + Vg + WW); (12)
1 2
®O:I(®N+®‘S+®E+®w-h¢0).
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Iet
1
ﬂs = h2" 2, <l3)
then

BT (by +Bs + Be + By - ¥)- (1)
Note that in problems where no body forces are present, ¥ has the
physical meaning of the sum of the principal stresses.

The Equations (12) and (14), each containing no more than
six terms, with most of the coefficients one, are very convenient to handle
with any calculator. Using these equations, with the boundary values
of @ known, the value of 0 at any interior point may be computed to
the desired degree of precision by using a fine enough grid, or a
small enough h. In this study, the value of h adppted was one-eighth
of the depth of the beam, or 2.75 inches. The computation was carried
out on successively finer grids, mainly following the method of Dr. Geer.
The procedure was as follows:

l. From the known values of boundary stresses, i.es, the
second derivatives of @, the values of P at all boundary
grid points were computed by integration. The constants
of integration were so chosen that all f's would be
positive. The values of V{ at the four corners were also
computed from the known stresses,

2. In the process of computing boundary ﬁ's, the values of
their derivatives were obtained. The derivatives in the
direction normal to the boundary were multiplied by h,

and designated as P'::

=l
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where n was the outward normal. In the subsequent com-
putation, whenever ¢ at an external point E was needed,

it was evaluated from that at an interior point I by

fg=pr+2m ¢'B’ (15)

where E, B and I were adjacent points along a grid line
normal to the boundary, B being the boundary point; and
m was the ratio of the grid size to h.

Starting with a very coarse net with grid size Lh, 0 at
a few interior points were computed directly by applylng
Equation (8) at each of these points and solving
simultaneously. Note that Equation (8) could be written
in terms of ¢ without any change; and that at this stage,
m in Equation (15) was L4,. For the short end block, only
one interior point was involved at this stage. For the
long end block, there were two.

¥'s at all grid points were then computed by (14), or,

rewritten,

Yo = Py + By + Pt By - B, (1ha)

For points on the boundary, this was further simplified.
As the values of 9 at the boundary points were known, and
that at an external point was related to that at the

corresponding interior point, Equation (14a) was reduced
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‘to the form

Yp = Constant + 2¢I (16)

This completed the solution on the coarse net,

The values of ¥ were then transposed to the intermediate

2
net with size 2h. The V's were first divided by L (= £§).
2
and then transposed. YV at the four corners at this stage
2

were those obtained inStep 1:multiplied. by 4(= i—g). At this
stage, P was known at all boundary points (and exactly);

¥ at alternate boundary points; and in the interior, both
were known at those points which were also grid points in
the coarser net.

The {'s at the other interior points were computed by
Equation (12). This equation was first applied diagonally,

as
1
WO =T (WNE + 11"1\'[((,1 + Il’SE + \]fsw) (123«)

for several points, and later normally for the rest.

The values of-¢ at these interior points were computed by
using Equation (lh),.first diagonally and then normally.
Note that when applied diagonally, this equation should

be modified as:

b = % (e + Puw + Bsg + Pow -2Vo) (1)
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8, The boundary values of ¥ (except those at the corners)
were recomputed by Equation (16).
9. All values of ¥ and the interior values of § were then -

o improved by an iterative process:

a. Interior U's were computed by Equation (12).
b. Interior P's were computed by Equation (1k).
cs Boundary V's were computed by Equation (16).

10, The iteretion process was continued until the result
was judgéd satisfactory. Then the work was transposed
to the fine net with grid size h,‘and the steps from
L to 9 were repeated.

It was noted that almost all Y's (except a few boundary values)
were negative, which further simplified the arithmetic in applying
‘Equation (14),,as subtraction was actually not needed.

For the coarse net, the solution was exact. For the inter-
mediate net, the iteration was carried only a few cycles, as the results
from this were to be used only as initial values in the fine net,
and great accuracy was not needed, For the fine net, the work was
carried on untll correct answers were reasonably assured.

The convergence of the values of ﬁ by the iteration process
was very slow, partly due to the size of the system, and partly due to
the presence of the coefficient 2 in Equation (16). At a number of
points, the ¢ values actually showed a tendency to oscillate within a

considerably large range, and a half-period of about 10 cycles.
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Fortunately, the values of V¥, being numerically much smaller than @,
converged much faster. Noting that the aim of these computations was to
find the stresses, or the second derivatives of‘ﬁ,.but not the @'s
themselves, it was decided that iteration process should not be carried
too far beyond the convergence of V.

For the short end block, lteration was stopped after eighteen
cycles, The biharmonic residuals were then computed at each interior

point, using the following formula.
R, =200 - 8(fy + fg + B + B)) + 2(Byp + By + By + By

+ (ﬁNN + Bsg + Bgr + Bw) (17)

The largest residual was found to be only 1.08. Relaxation method was
then used to make local corrections, and the residuals were reduced
to within + 0.25, which was considered small enough. The final values
of ¢, together with the boundary values of ¢§ are shown in Figure 3.6,

The work on the long end block was carried a little further.
Biharmonic residuals were computed after 30 cycles of iteration, and
the largest residual was only 0.59. The residuals were reduced to
within + 0,08 by relaxation. The final values of ¢ and the boundary

ot

values of @' are shown in Figure 3.7.

Computation of Stresses

From Equations (5), with no body forces acting, the dif-
ference equations for stresses are:

1

1
Gylo = 1’? (@N -2@0 + @S)’
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and

1
T = (Bpir = Oym = Oy + Oam)e
Xylo Fh W NE SW sE)

In terms of P, these may be rewritten:

G,x]o'= Py - apb + ﬁw
ol = By - 20, + By (18)

Txylo = %(FSNW - Py - By + ¢sﬁ)

These formulase were used to compute all the stresses except
Txy at the corners, where one of the four f's could not be evaluated.
These shear stresses were evaluated from the known boundary conditions
to be all zero,

The values of the stresses thus obtained were recorded in
Figures 3.8 and 3.9. Figures 3.10 and 3.11 show stress contours for oyo

It should be mentioned that the stresses thus obtained were
actually welghted averages over a length of 2h for normal stresses
and over an area of 2h x 2h for shear stresses, This explains why the

computed boundary stresses did not agree exactly with the glven boundary

conditions.

Examination of the Minor Systems
The stresses at various points due to the several minor

force systems(B through E) were then examined.
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The force systems B, D and E caused only normal stresses
in the vertical direction, Oy, as indicatedlabove. For the loading

condition under consideration

W = 153.8 pef = 0.089 poi
ay = __2.6_2 X 30,750 = 8.68 1b./in.
(303) 5
ap = —= 5 % 30,750 = 10.66 1b./in.
(303)
Therefore, Max. oyB =22 x 0,089 = 1.958 psi,
10,66
%Gp=-"12 = - 0.888 psi yp <y <4,
8,68
UyE=——I2——=--O.723 psi meyfd‘

The stresses due to force system C may be rewritten as follows:

o = - xl3@e T -0 - @3 6P 5 @) - 51,

_ IV (o L _
_ Ly (L J
Ty = - @O - D),
ady +.q '
where k = K5 = L - X =,10.6612 8.68 = 1.612 psi.

The extreme values of the stresses were then evaluated:

At x =d, y =0, d. o = - 1.612(33 * 0.2) = ¥ 4,51 psi.
At x = 1.5, y = 0, d. o = = 1.612(36.75 ¥ 0.2) = ¥ 10.56 psi.

Mong y = d, oy - 1.612 (-1) = + 1.612 psi.
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At x =d, y = 0.5 d. Txy =
At x = 1.5 d, y = 0.5 d, Ty =

A1l these stresses are very
caused by the primary force system A.

they may be neglected.

- 6(1.612)(0.25) = - 2,418 psi.
- 6(1.612)(1.5)(0,25) = - 3.627 psi.
small as compared with those

Therefore, for practical purposes,



CHAPTER IV

SOLUTIONS BY EXISTING METHODS

Magnel's Method

The method of analyzing end blocks proposed by Magnel was

based on the following assumptions:

1.

3«

Se

The pressure under the anchorages of the cables dilsperses
at 45° angles. Area outside of these angles is ineffective
in resisting Oyw

Over any vertical transverse section through the end block,
0, varies linearly according to the conventional formula.

Over any horizontal sectlon through the end block, qy

varies according to a cublc parabola; and consequently,
Xy varies according to a parabola of fourth degree.
Both 9 and Ty, are zero at the juncture sectlon.

For the computation of o, and Tor? the effectlive width of

¥y y
the end block is the overall width minus the width of the

openings for cables.

Magnel also neglected most vertical forces on the end block.

(The reaction of the beam, and the vertical components of prestresses,

etc.). The effect of the vertical shear at the juncture was later taken

into consideration by superimposing a constant shear stress over the

entire block.

The end blocks were treated as a deep beam supported horizontally.

The stresses were computed from the bending moment.: and shear force on

a horizontal section based on the above mentioned distributions.

-8~
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According to Magnel, the distribution of stresses at the
Junecture Would_bekthe same regardless of the length of the end block.
But the lopger end block would be much stronger in resisting cy and
Txy than the shorter one. |

The stresses in the fwo end blocks of the model beam under
loading condition V were‘computed'by Magnelis method with results as

shown in Figure 4.1 and Figure 4.2,

Modified Magnel's Method

In their book, Evans and Bennett(ll) presented alﬁodified version
of Magnel's method., On any horizontal section through the end block, a
vertical force was added to maintain static equilibrium, and the adjustment
of shear stress by the Vertieal shear force at the juncture was not used.
The assumptionson the distribution of stresses remained the same.

According to this method, the stresses in the end blocks under

loading condition V were recorded as in Figure 4.3 and Figure bk,

Guyon's Method

Guyon's method of end block analysis was based on the following

assumptions;k
‘1. For the basic case of a single normal force acting at mid-
depth of the beam, the length of the "lead-in" zone equals
the depth; and the distribution of oy is uniform over the
_interior end of this lead-in zone.
- 2. The knowledge- of thefmaximum value of‘oy in tension is suf-
ficient for the purpose of design. This maximum oy oceurs
on the axis of‘the basic block, usually at a distance from

1 1
the end of from Z to E of the length of the lead-in zone.
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3« For the purpose of design, end blocks with any other
arrangement of end forces may be reduced to a number of
basic case problems by meant of "partitioning”, "symmetrical
prism” or "successive resultant".

L, The effect of the ineclination of prestresses may be
neglected,

The stresses on axis for the baslc case were computed by

theory of elasticity and charts and tables were .available.
Based on Guyon's method, the end blocks of the model beam
‘under loading condition V were reanalyzed, The maximum tensions for

-the successive symmetrical prisms were found to be:

gy =+ T65 psi At x =0, y=29.75"
oy = + 970 psi At x =0, -~y = 17.50"
oy =+ 670 psi At x = 0.83", y=2"

Guyon suggested placing the end support of the beam outéide
the lead-in zone, hence the reactlon was not considered in the com-
-putation. Also, the extra length of the long end block did not have

any effect on the stress according to the method.

The Influence ILine Method

Evans and Bennett proposed to use influence lines for the
determination of maximum Ty stress in end blocks. The influence lines,
however, were based on Guyon's data,(l5) which were derived from s

two-dimensional solution of the problem. The solution was first made
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by means of Fourler series, and then corrective terms were added to
satisfy all of the boundary conditions. The influence lines given by
Evans and Bennett were limited to the range of 0.10d < x < 0.75d,

and %d <y < gd, It must be noted that, in general, 1f the cables

were located near the top and bottom edges of the beam, maximum vertical
tension would not occur withlin this range. Applying these influence
lines to the model beam under loading condition V, the results were

as follows:

No tensidn

<
';gf

y = gd voy = + 159.4 psi at x = 0.104
y .= ld o, = + 99 psi !
2 J
y = Z>'d g, = + 200 psi "
8 Iy

1l
y = zd No tension

Obviously, the maximum.oy found here would be smaller than those found
by Guyon's method, as the influence lines for the critical points for

thils problem were not available, If the influence lines were extended

to include x = Oy the maximum tenslon was found to be approximately

3.

600 psi at y



CHAPTER V

DISCUSSION

General Discussion of the Experiment

It should be mentioned at the very beginning of discussion
that since only one model beam was tested during this investigation,
the findings derived from this investigation may very possibly be
special to this beam but not common to end blocks in general,

It 15 obvious that a large number of factors affect the
stress distributions in end blocks. The most important ones probably
are the length-depth ratio of the end block, the location of pre-
stressing cables, the shape of the beam and the position of the end
support. Of these four items, only one was actually considered in
the present investigation, that is the length-depth ratio. The
other three were all fixed, and the effects of them were therefore not
detecteds Further investigations with a much broader scope are
necessary to evaluate all these effects and to furnish a thorough

knowledge of the end block problem,

Interpretation of Experimental Results

It was unfortunate that several interior gages were lost
during the test, and it was particularly so since a number of rosettes
were involved. As a consequence, very little information on principal
stresses was obtalned and it was difficult to draw any conclusion

from these scattered data.

-90-
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It also should be mentioned that the method of computing
experimental stresses at the single gage points involved some error.
As stated in Chapter II, under "Computations of Strains and Stresses”,
these stresses were obtained by simply multiplying the corresponding
strains by the modulus of elasticlity of concrete. This would be
correct only if the other two normal stresses both vanished, which
was the exceptional, rather than normsl case. As oy and o, were in
most places tensile, the compressive stress o, thus obtained was
generally larger than its true value.

Surface gages were exposed to the least amount of disturbance,
after their mounting. Also, these gages were free from the "drifting"
phenomenon, as mentioned in Chapter II, under "Testing of Model Beam'.
It was thus apparent that the information obtained from these gages
was more reliable,

Examination of Figures 2.11 through 2,30 at the end of
Chapter II reveals several inﬁeresting points.

First, only one reglon of substantial vertical tension was
detected in each end block. This region was located near the exterjor
end and between the middle and bottom cables. Along the cables, and
3 to 6 inches from the end, where the "bursting zones" were supposed
to be, the tensile stresses were rather small (in general less than
10% of the horizontal compression). The outside "spalling zones" did
not exist as the cables were placed close to the top and bottom faces,

The maximum tensile stress in the above mentioned region, as measured
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by surface gage No. 1, differed only slightly in the two end blocks,
indicating its virtual independence of the length-depth ratio. The
magnitude of this stress was in the neighborhood of 80% of the average
pressure over the end block, or MO% of the average pressure over the
I-section area, According to Guyon, these ratios should be considerably
higher.

Second, the surface gages No. 6 and No. 8 on both end
blocks registered very low strains under all loading conditions.
Comparison of stresses at the interior gage points at this location
revealed that the stress was highest at the plane of symmetry, and
gradually reduced toward the side surfaces. As this location was
rather close to the Jjuncture and was opposite the web of the beam, the
manner of distribution was obviously due to the tendency of the pressure
to "re-concentrate"” toward the middle plane. This tendency of con-
centration was observed to be stronger in the short end block than in
the long one.

Perhaps the most peculiar findings were the high surface
stresses under surface gages No. 5 and No., T at both ends, In the long
end block, the lateral distribution of o, stresses at this points was
in‘the approximate shape of a parabola, with the minimum stress at
the plane of symmetry. In the short end block, the distribution was
in the shape of the letter W, with peaks at the plane of symmetry and
the side surfaces, and the low points in between., These distributions

were difficult to . explain, particularly that in the short end. Usually,
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a drop-off of stresses toward the side surfaces, or an approximately
uniform distribution across the member would be expected, But here,
the distribution was entirely different. The non-homogeneous and non-
uniform character of concrete and the presence of cable duct openings
in the end blocks may be partially responsible, However, further in-
vestigations are necessary before any positive statement may be made.
In Figure 5.1, the solid lines indicate the variation of
horizontal fiber stresses at the Jjuncture, along the line of symmetry.
The dashed lines indicate the theoretical distribution by the conventional
formula., There seems to be & static inequilibrium of the end block in
the longitudinal direction, but that is of course impossible. The
author belleves that this apparent inequilibrium was actually due to
the lateral distribution of the fiber stresses, It should be pointed
out that the theoretical stresses were actually the average across the
width of the member, and that the “experimental” stresses were measured
on the plane of symmetry. It seems reasonable to assume a parabolic
distribution of oy across the width of the member. Then the static
equilibrium of the end blocks can be realized. If lines representing
60% of the theoretical average stresses are drawn, as shown by the
long-and-short-dash lines in Figure 5.1, it is interesting to find that
these lines agree remarkably well with the experimental results, with
the exception of interior gage S8 which registered very high strains
under all loading conditions. Accepting the figure of 60% at the mid-

plane, a parabolic distributlon of o, will result in a surface stress
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of 180% of the average value as shown in Figure 5.2.

0.605;

Figure 5.2. Lateral Distribution of Oy

The stress concentration factor at the juncture was therefore apparently
1.80. However, as mentioned before, the effects of oy and o, were
lgnored in computing the stresses at the single gages. As o0, was un-
doubtedly compressive at the Juncture, and 0y Was comparatively small,
the actual value of oy was larger than that appeared, and consequently
the stress concentration factor based on parabolic distribution was

in fact lower then 1.80 computed above,

This parabolic lateral distribution of oy also helps explain
the apparent dropping off of top fiber stress at the Jjuncture. Since
the beam section was much smaller than that of the end block, and the
bending moment due to verfical loads increased toward the middle of
the span, 1t was expected that surface gage No. 4 would record higher
stress than surface gage No. 3. However, the reverse actually happened.
As both gages were on the plane of symmetry, the different ways of
lateral distribution at these points glve a partial explanation. (1t

is reasonable to assume uniform lateral distribution at gage No. 3 which



-96-

was away from the discontinuity at juncture,) Also, it should be
remembered that the eccentricity of total prestress changed between
these two sections under discussion, and the change of bending moment
caused by this change of eccentricity more than compensated that due
to vertical loadings.

In closing it should be mentioned that much better underf
standing of the state of stress would have been péssible if more surface
gages were used, particularly at the Juncture, where the lateral distri-

bution of stresses was non-uniform.

Interpretation of the Analytical Results

The size of the final network used in the numerical solution
of the end block stresses in Chapter IIT was admittedly not very fine,
hence the results obtained can only be a rough approximation., By using
the finlte difference Equations (18) for the evaluation of stresses,
the values obtained were actually welghted averages over a length of
2h in the case of normal stresses, and over a 2h by 2h square in the
case of shear stresses., Furthermore, the fact that the problem was
solved in two dimensions implied that the results obtained were in fact
averages across the width of the beamn,

Examination of Figures 3.8 and 3.9 shows that there were
two tension zones (where Oy Was tensile) in each end block. The one
near the exterior end was the same as found in the experiment. The
other one was located at the.middle portion of the Jjuncture, opposite
the web of the beam, It i1s obvlious that the tensile stress here

actually did not spread over the entire width, but was concentrated
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outside the web., In the web, the vertical stress was concelvably very
small, but remained compressive, This serves to explain why this tensile
zone was not detected in the experiment, as most of the strailn gages
were located on the plane of symmetry. It should be noted that the
average tensile stress here was of about the same magnitude as that
on the exterior end, but the extent of thls zone was much larger. .Con-
sequently, this region is actually more critical than the one near the
exterior end so far as cracking due to vertical tensile stress is con-
cerned, And if vertical reinforcements are to be used in an end block,
this reglon should be reinforced first,

Outside of the two tension reglons Jjust mentioned, Oy Was
compressive everywhere in both end blocks. Guyon's "bursting zones”
did not appear at all. Agaln, thls does not mean the non-exilstence
of these tenslon regions. In fact, oy was found to be generally tensile
on the plane of symmetry by the experiment. However, it has been pdinted
out before that the magnitude of oy was relatively small over these
regions. It now seems reasonable to assume that such tenslle stresses
existed only within a rather restricted region surfounding,each cable,
outside of which o

J

A comparison of the stresses in the two end blocks showed

became compressive,

that contrary to Magnel's postulation, the vertical tensile stresses in
the long end block were actually slightly higher than in the short end
block. (According to Magnel's method, it should be only 4/9 es mch. )
Thus the length-depth ratio of one 1s seen to be more economlcal than

the ratio of 1:5.
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It was also noticed that at the mid-length of the long end
block, the distribution of Oy in the vertical direction was almost linear,
In the short end, however, the pressure was definitely lower in the
reglion near the centroidal axls., It was therefore apparent that, in the
process of transmitting the prestress forces from the anchorage plates
to the I-beam section, the stage of spreading out had not been completed
in the short end block before the stage of re-concentrating started
to take effect., It may thus be claimed that the middle portion of
the two slde surfaces never did get developed in the short end; con-
sequently, those portions of concrete rendered no service and could be
removed, Thus, the use of long horizontal tapers of the end block

toward the web of the I-section seems advisable,

Study of Princilpal Stresses and Trajectories

Figures 5.3 through 5.6 give the experimental principal
stresses under loading condition V. Figures 5.7 and 5.8 show the
principal stress trajectories based on the analytical results, It
was seen that the directions of experimental principal stresses agreed
falply well with the trajectories.

Examination of Figures 5.7 and 5.8 showed that the horizontal
plane at y = %d (approximately midway between the bottom and the middle
cables) might be considered as a "plane of separation"”. Above this
plane, the pressure of the two upper cables was transmitted into the
upper part of the I-beam; and below, the pressure from the two bottom

cables went into the lower flange. High tensile stress existed across
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this plane, particularly at the two ends where the two major tensile

zones were located. Potentially, this plane should be the plane of

failure. Also,,comparison‘of.Figures 5.3 and 5,5 with 5.4 and 5.6 in-
dicated that the directlons of princlpal stresses were not appreciably
affected by the application of Q. Both of these observations agreed
with previous investigators? resultss(ET)

By comparing Figures 2.20 and 2,30 with 3.8 and 3.9, it was

seen that, in general, experimental surface stresses were higher than
analytical results, while for interior points, the analytical stresses

were higher. Once again, the non-uniform or even nen-linear character

of lateral distribution of stresses was indicated.

nggarison of Results Obtained by Existing Methods

A1l of the existing methods treat the end block problems as
two dimensional. Consequently, the resulfs obtained by thelr appli-
cation must be regarded as averages across the width of the beam. Also,
all of the existing methods neglect the forces in the vertical directlon,
of which the most important one is the reaction R. Thus, an unreal
boundary conditlon on the end blocks was obtained. That in turn affects
the accuracy of the resulting stresses.

In particular, Magnel's method resulted in very low vertical
stresses, as shown in Figures 4.1 and 4.2, The tensile zone at Juncture
could not be detected by this method, because one of his basic asshup-
tions was that Gy = 0 at the juncture. According to this method, the
tensile stresses in the long end block would be much lower than those in

the short end block. However, it has been shown before that the tensile
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stresses in the long end block were actually higher, though not by much.
This method bases all computation on the moment and shear on any hori-
zontal plane. It dis interesting to note that the sign of the moment
could be reversed by the incluslon of the vertical reaction to the force
system, By working on a two-dimensional basls, hence gveraging across
the width, Magnel's method also overestimates o, on the plane of
symmetry. Thls, combined with the underestimated tensile stress oy
results in principal tensile stresses much less than thelr true values,
Guyon®s method resulted in a very high tensile stress at the
exterior end between the bearing plates of middle and top cables, This
tension zone was not detected by either the experimental or the numerical
solution., However, it must be remembered that the network used in the
numerical solution was rather coarse, and no strain gage was placed at
this location in the test. The existence of this tensile zone was
understandable, although the total tensile force here was undoubtedly
small because of the very limited extent of the zone. Other than this,
Guyon's method resulted in a tension of 765 psi near the locatlon of
surface gage No..l, and that was considerably higher than the experi-
mental value. Guyon also neglected to consider the state of stresses
near the juncture, hence ignored the more critical tension zone there,
The influence line method suggested by Evans and Bennett was essentially
the same as Guyon's method, and ylelded a slightly lower tensile stress.
Of the several exlsting methods, the modified Magnel's

(11)

method as presented by Evans and Bennett in their book is the only
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one which takes into conslderation the vertical reaction from the end
supports The inclusion of a vertical force in the computation seemingly
should meke this method more correct than the others. However, com-
parison of Figures 4.3 and 4,4 with Figures 4.1 and 4.2 reveals that

by this inclusion, the vertical tensile stresses were substantially re-
duced« The vertical force directly caused some compression all over
the end block, And indirectly, the inclusion of the end reaction
effectively reversed the sense of the bending-momént on the horizontal
section. This also contributed to the reduction of tensile stress.

At least for the particular problem under investigation, thils modified

method gave the worst "approximation” of all.



CHAPTER VI

CONCIUSION.

The distribution of stresses inside the end blocks of a
post-tensioned prestressed concrete beam has been studied. - Experi-
mental study was made on one model beam with two end blocks of dif-
ferent lengths,using embedded and surface-mounted strain gages. An
analytical solution of these end blocks has been made by means of a
numerical procedure, Different existing methods of end block design
have also been examined.

It was found that the existling methods gave results quite
different from the experimental and analytical results.  However,
as only one model beam has been tested, no attempt was made to draw
general conclusions applicable to all end block problems. Further
investigations, particularly experimental, are needed for the establish-~
ment of any sound and practical design methods for end blocks.

From the limited amount of information acquired in this study,
the following conclusions may be drawn:

1. It is not advisable to use end blocks with length-depth
ratio much greater than unity, as such blocks would suffer
severe vertical tensile stresses. On the other hand, it
1is apparent that the end blocks should not be made too
short. The optimum length-depth ratio i1s probably close

to one.
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2. For beams of I, T or box shape, a tension zone exists
negr the Jjuncturé. The intensity of tensile stress here
is similar to that in the exterior end tension zone, but
the extent of the former is larger. To prevent failure,
vertical and horizontal reinforcements should be used
in this region, covering probably % of the length of the
end block.

3s The fiber stress o, at the juncture may be assumed to
follow a linear vertical distribution with sufficient
accuracy, but laterally, its distribution is better approxi-
mated by a parabola. At the plane of symmetry, o, is a
minimum and is about 60% of the average across the width
of the beam,

L, The effects of the weight of the end block, the applied
load and the pressure from the curved cables on the
stresses in an end block are in general small and for
practical purposes may be neglegteda But the reaction
from end support and the vertical shear at the juncture
should be considered.

5. In end blocks with length equal to depth, the portion
near the two side faces opposite the web of the beam was
largely ineffective, Thus, long horizontal tapers may
be used both for economy and for efficiency.

In concluding this paper, 1t seems appropriate to mention

the several things which the author feels advisable to do in future
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investigations of this problem.

1.

3e

In order to establish the lateral distribution of
stresses, more surface gages should be used, particularly

at the section of juncture.

Several strain gages should be used on the prestressing

cables, or some other means should be used to determine

the amount of prestress in each cable at any time. In
this test, the prestress was controlled solely by the
pull bar in the Jjack. And after the jack was released
after anchoring, it was alwgys uncertain whether the
anchorage nuts had been turned exactly to the right
tightness.

Several gages in the I-beam section beyond the juncture
would be very helpful.

The technique of installation of interior gage capsules
still needs improvements, particularly the water-proofing
and the placing. Also, thin metal plates may be con-
sidered to replace the celluloid plates used for capsules,
on account of the troublesome drifting phenomenon which

was believed related to the property of celluloid.
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