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Abstract

Complex logarithmic mapping has been shown to be useful for the size, rotation, and projec-
tion invariance of objects in a visual field for an observer translating in the direction of its gaze.
Assuming known translational motion of the observer, the ego-motion polar transform was suc-
cessfully used in segmentation of dynamic scenes. By combining the two transforms one can
exploit features of both transforms and remove some of the limitations which restrict the applica-
bility of both. In this paper we show that by using complex logarithmic mapping with respect to
the focus of expansion rather than the center of the visual field perfect projection invariance and

better size and rotation invariance may be obtained for any arbitrary motion of the observer.
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1. INTRODUCTION

Recently many researchers [BGT82, CaP77, CAV78, SaT80, SAW72, SCH77, SCHS0,
SCHS81, SCH82| have suggested application of complex logarithmic mapping for the size and
rotation invariance of objects in a visual field. Schwartz [SCH77, SCH80, SCH81, SCH82] sug-
gested that the retino-striate mapping can be approximated by complex logarithmic mapping for
most visual systems and is responsible for size, rotational, and projection invariance. Cavanagh |
CAV78 | suggests that a combination of Fourier transform and complex logarithmic mapping
may be used for translation, size, and rotational invariance. He argues [CAV81] that the map-
ping alone results in the invariance only in very limited cases. Many approaches have been pro-
posed for obtaining size and rotation invariance in computer vision systems using either transfor-
mations based on complex logarithmic mapping [ CaP77, SaT80, SAW72, SWC81, ChW79 | or

using sensors for acquiring images which have complex logarithmic property.

For the segmentation of dynamic scenes in stationary and nonstationary components of the
scene obtained using a moving observer, Jain | JAI82, JAI83| suggested the use of an Ego-Motion
Polar (EMP) transform. This transformation uses the known location of the Focus Of Expansion
(FOE) as the origin of the polar coordinate system and converts the original image into another
rectangular image whose abscissa and ordinates are r and 4, respectively. He developed an algo-
rithm for the segmentation using this transform. The experience with this algorithm [ JAI83 |
shows that if the observer motion is known then the scene can be successfully segmented using

the EMP transforms.

The EMP transform has many similarities with the logarithmic mapping. It appears that
by combining these two concepts we may be able to understand the scope of the CLM in vision
systems better, particularly, for projection invariance. Another advantage may be the possibility

of extracting more information from a scene sequence describing the motion of the observer.
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In this paper, first, we briefly review the CLM and the EMP and then suggest a modified
EMP transformation. We discuss some mathematical aspects of this transform and present

results of our experiments to study the efficacy of this transform.

2. COMPLEX LOGARITHMIC MAPPING

The application of complex logarithmic mapping (CLM) has been suggested for implement-
ing a rotation and size invariant mechanism in pattern recognition [CaP77, SAW72 |. Schwartz
[SCH77, SCH80, SCH81, SCH82 | has shown that the mapping from retina to the striate cortex
can be approximated by CLM and is responsible for size and rotational invariance in human
visual system. Cavanagh [ CAV78 | suggested that a composite of spatial frequency mapping
and CLM would provide a translation, rotation, and size invariant mechanism for human vision.
Cavanagh’s suggestion was certainly influenced by the work of Casasent and Psaltis | CaP77 | in
pattern recognition. Schwartz challenged the validity of the Cavanagh’s suggestion arguing that
application of the Fourier transform leads to certain problems in human visual systems and can
not be justified using anatomical arguments also. He posited | SCH81 | that the CLM leads to
rotation and size invariance and is the mechanism found in most retino-striate mappings. He
further showed that in addition this mapping also results in projection invariance, by which he
meant the sequence of projective changes that a stimulus fixed in the environment would
undergo as an organism approached a fixation point. In a series of papers | SCH77, SCH80,
SCH82 | Schwartz has shown the importance of the CLM in many tasks of the human visual sys-

tem.

As argued by Cavanagh [ CAVS81 |, the CLM results in invariances only under severe res-
trictions. The size and rotation invariance is obtained only for those cases when the measure-
ments are made with respect to the origin of the CLM. For the human visual system the CLM

represents the retino-striate mapping only in peripheral areas and CLM leads to problems in case
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of a shift in position of objects. Moreover, the projection invariance claimed by Schwartz is true

only when the direction of motion and the axis of gaze are colinear.

In this paper our aim is not to address the relevance of the CLM to the human visual sys-
tem; but to show that if the FOE is known then the limitation of the CLM in case of projection
invariance can be removed and the modified mapping may be used for the extraction of informa-
tion in the dynamic scenes acquired using a controlled moving camera. Here we discuss some
mathematical properties of the transform and in a later section show that by modifying the CLM
only slightly it can be made very useful, at least, in the case of a moving observer. The

relevance of the proposed modification to the human vision remains to be studied.

2.1. Mathematical Aspects of CLM

Let us consider a point P in an image. If we consider the center of the image as the origin
then the cartesian coordinates (z,y) and the polar coordinates ( r, 6 ) of the point are related

by:

r=V(z*+y°) (1)
§=tan"\(y/z) (2)

If it is desired to map a circular region onto a rectangular region, as in case of the human
visual system, then it is well known from the theory of complex variables and conformal map-

ping that an appropriate mapping is:

w=log(z) (3)
where

z=z+iy (4)

and
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w=1u(z)+iv(z) (5)
are the complex variables. The mapping given by equation 3 simplifies to:

u(r,0)=log(r) (6)

or,0)=0 (7)

The selection of the above mapping for modelling the retino-striate structure was strongly
influenced by the fact that the magnitude of the cortical magnification factor is approximately
proportional to retinal eccentricity. It can be easily verified [ SCH80 | that the proposed map-

ping satisfies the above relationship as

dw _ dlog(z)) _1 (8)
dz dz r

Another attractive feature of the above mapping is the fact that CLM is the only analytic
function which maps an annular region to a rectangular region. The analytic nature guarantees
that the mapping preserves the direction and magnitude of the local angles. These properties

may be very useful in the extraction of information from the transformed space.

As shown by several researchers [ CaP77, SCH80 ], the rotation of of surfaces in the z
space becomes vertical displacement in the w space; the magnification of a surface in z space
becomes a horizontal shift in the w space. From dynamic scene analysis view point, a very
interesting property of this mapping is that if the observer is moving towards its fixation point
then the projection of stationary surfaces remain of the same size and show only horizontal dis-

placements.

3. EGO-MOTION POLAR TRANSFORMATION

The intersection of the 3-D vector representing the instantaneous direction of the observer

motion, and the projection plane is called the Focus Of Expansion (FOE). The retinal velocity
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vectors due to stationary points meet at the FOE. It has been shown | CLO80, GIB79, LEES0,
PRASO | that the FOE plays a very important role in the extraction of information from the opt-

ical flow.

If the camera motion is known then the FOE can be computed and the fact that the flow
vectors for the stationary points meet at the FOE can be used to classify points in an image into
stationary and moving points. After computing the optical flow, a test for colinearity of the
FOE and the flow vector for the point may be used for the classification. The difficult part in
this approach is the computation of the optical flow and applying colinearity test to every point

in the image.

If the observer continues its motion in the same direction then the FOE the remains same
and the image of a point moves along the radial line originating at the FOE | GIB79, BaB82 |.
If we transform the original image into another two dimensional rectangular image such that 4 is
along the conventional Y axis and r is along the conventional X axis, then due to the observer
motion the image of a stationary point will display motion only along r in the transformed
image. Note that the motion of all stationary points in the original image is in assorted direc-
tions but in the transformed image all points show motion in one direction. The surface coher-
ence property and the rigidity assumption allows us to assume that regions in an image
representing a surface will show the same motion in the r - 6 plane for the translational motion
of the observer and the surface. Thus, if the observer has only a translational component to his
motion then we can classify all the regions that show cnly herizontal velocity in the EMP space
as due to stationary surfaces. The regions having vertical component of velocity are due to

nonstationary surfaces.

Note that the segmentation of a dynamic scene into its stationary and nonstationary com-

ponents can now be performed by detecting the presence of vertical component of motion in the
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EMP space. There is no need to compute optical flow and determine the colinearity of the vec-
tors with the FOE for the segmentation. The velocity components for a region may be deter-
mined using techniques used for the stationary camera case in the EMP space. In | JAI82 JAIS3
] the efficiency of this approach was demonstrated considering several scenes containing station-
ary and moving objects. In Fig.1 we show three frames from a sequence used in | JAI82b |. The
first frame of these frames is shown in EMP form in the Fig.2 and the segmentation obtained

using the proposed approach is shown in Fig.3.
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[Figure 1| Three frames of a sequence acquired using a moving camera. The connecting rod was
moving to the left, the yoke to the right and all other objects in the scene were stationary. The

camera was moving on a rail.
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IFigure 2] The EMP picture of the frame shown in Figure 1a. Note the distortion in the
objects. It should be mentioned here that several issues related to the implementation of the

transform are not well understood yet.
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IFiéure 3| The stationary and moving components of the frame shown in Figure 1a. The

brighter objects are the one classified as moving objects and the darker as the stationary object.
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4. MODIFICATIONS

Let us consider a stationary point P in the environment whose real world coordinates with
respect to the observer at a time instant are (X, Y,Z). The projection of this point on the image

plane, assuming that the projection plan is parallel to XY plan and isat Z =1, is at (¢ ,y )

given by
X
= 9
7 7 (9)
Y
= 10
V== (10)

If the observer moves then the relationship between the image plane distance of the projection of

the point from the FOE and the distance Z of the point from the observer is

dr _dV@ /) _ r (1)

daZ daz Z

where r is the distance from the center of the image.

The projection invariance shown by Schwartz is based on the fact that for a moving
observer the projection of a point at the distance Z from the observer satisfies the following rela-

tions in the W plane:
dr r
—_ =] 12
|7 =17 | (12)

The complex logarithmic mapping results in

du _du dr (13)
azZ dr dZ

and
dv _dv  db (14)
dZ a0 dZ

since from equation 6, we get
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du 1
22 == 15
dr r ( )
and
t -1"/_.
a ) (e
az iz
in CLM; we have
du 1
2 - 17
VA Z (17)
dv
— = 18
— =0 (18)

Thus for a stationary point P the displacement along v is zero for a translating observer in
the direction of its fixation point. Moreover, if the stationary point is far away from the
observer its displacement in the CLM image may be considered uniform for the uniform transla-
tory motion of the observer. If the observer moves in the direction of its gaze, then the displace-
ment component (dz,dy,dz) is such that dz=dy=0 resulting in the FOE at the center of the
visual field. As argued by Cavanagh | CAVS81 |, if the direction of the motion of the observer is
not in the direction of its gaze then the above relationship will be no longer correct. In this case
the FOE will be at the point (dz/dzdy/dz) and the above equations are satisfied if the CLM is

obtained considering the FOE as the origin for the transformation.

The EMP transformation considers the direction of motion of the observer by using the
FOE as the origin but does not use CLM. By using CLM with respect to the FOE rather than

the center of the image we can combine features of both approaches.

Another important point to be noted is that the displacement of the projection of the point
in the transformed space is inversely proportional to the depth of the point. The rate of change

of the displacement is thus
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d2u _ 1 (19)
dzz 77

Clearly, the displacement and all its derivatives of the projection of a point in W space are
governed by the 3-D distance of the point in the real space. Thus for a planar surface perpendic-
ular to the direction of the gaze the displacement of every point in the transformed space will be
same; for other surface the displacements of different points will depend on the nature and the
orientation of the surface. This fact may be exploited for the determination of the orientation of
a planar surface. It appears possible to obtain the nature of the non-planar surfaces by deter-
mining the displacement component at every point of the surface and then using techniques

similar to those used in the photometric stereo.

5. RESULTS

We simulated motion of points at different distances using the perspective transformation.
The CLM with respect to the center of the image and with respect to the FOE for the uniform
observer motion for several frames are given in Table 1. It can be clearly seen that the angle
remains constant when the CLM is taken with respect to the FOE; but varies in the other case.
Our experiments on IBM PC showed that in CLM the departure in the angle depends on the
relative values of X)Y,Z and dz,dy,dz. From the table we see that the departure was more for
points having lower values of X and Z; since dy=0, the Y component has no effect. In the

modified transform, labelled EMP in the table, the angle remained constant.

Another interesting observation to be made from this table is the fact that points at the
same depth, i.e., equal Z, show equal amount of displacement in the EMP space; not in the CLM
space. The DCR and DER columns in the table show the frame-to-frame displacement of points
in the CLM and EMP spaces, respectively. Thus, if it is desired to extract the surface informa-

tion using the known motion of the observer then EMP space retains the information; the CLM
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introduces noise. Of course in depth extraction using motion stereo one can control camera
motion, such that the camera moves in the direction of its optical axis resulting in the FOE at
the center of the image, then CLM and EMP will be same. In more general cases, however, use

of the observer motion information is desirable.

In Figure 4 we show motion of the observer with respect to a simulated surface. The FOE
is (20,0) from the center of the image of size 128x128. The figure shows the surface in the CLM
and the modified EMP space and also the superimposed images of the surface after several
frames. Note that image plane motion of the surface in the modified EMP space is horizontal, in
the CLM space is not. This figure demonstrates that the projection invariance is obtained in the

EMP space, not in the CLLM space.
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|Fi£ure 4] The motion of a surface in the CLM and EMP spaces due to the motion of the

observer. The FOE is (20,0) from center in the image of the size 128x128.
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6. DISCUSSION

In this paper we showed that by using the CLM with respect to the FOE the applicability
of the CLLM in dynamic scenes can be significantly increased. We considered a very simple simu-
lation to illustrate the enhancements in the projection invariance using the modified CLM ( or
modified EMP). In more realistic situations involving complex motion of observer and planar
and curved surfaces in the scene we intend to compute some properties of neighborhood of points

to extract information about the nature of surfaces.

The plausibility of the modified transformation in the human visual system has not been
investigated here. We are investigating the possibility of a simple transform based on the ego-
motion to be applied to the CLM to obtain the modified transform. If such a transform can be
obtained then the presence of such a transform from the striate cortex to the higher levels should

be investigated.
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Table 1

FOR THIS RUN NQ OF POINTS WAS 4

THE 3-D COORDIMATES OF POINTS WERE

158
758
2800
480

sea
288
2880
788

15
135
o8
28

WM e

DBSERVER MOTION 3 8 1

THE FOCUS OF EXPANSION IS 3 8

FOR POINT NO. 1

FRaAME

1.666008
2.000008
3.600088
4.006008
S.80088
4.000088
7.00808
8.80000
7?.90000
16.0606600

CLM.R

--FOR COMPLEX LOG MAPPING

3.17232
3.24258
3.31867
3.48188
3.49348
3.3%5604
2.78717
3.83918
3.78%71
4.186835

FOR POINT NO. 2

FRAME

1.66800808
2.860000
2.00080
4.3080860
S.060008
6.86000
7.388606
8.06080
¥.888048

18.000009

CLM-R

-=FOR COMPLEX LOG MAPPIMNG

4.85177
4,12242
4.15857
4.28251
4.37432
4.,4741%
4.59044
4.72046
4.87108
5.84784

CLM_T

1.11518
1.12328
1.13144
1.139&6
1.147%94
1.13829
1.14478
1.17317
1.18174
1.1%829%

CLM_T

.3813%
. 38328
. 38447
. 38818
. 38752
38824
37848
.39185
. 393232

. 39477

IO DRDDE

DCR

6.060800
8.67018
8.878617
8.088319
8.8%154
B8.181485
8.11413
8.12993
B.15841
f.17884

DCR

B.00000
@.87844
a,87557
8.88253
a.8%182
8.18185
g.11427
B.13081
B.15862
8.17878

OCT

@.60000
8.0608810
8.088148
8.60822
8.88828
8.88835
B8.86841
0.88847
8.88853
8.88385%

DCT

B.0000840
8.068139
@.068148
@.60141
g.808142
.88143
.88144
.88 145
88144
.88147

LYV I o B s B

EMP_R
~-~FOR

3. 12258

3.124661

3.27664
3.36367
3.458%8
3.56434
3.68212
3.815485
3.949C6
4.13212

L) O 7% T S PSP s )
o HOEUNE
e P 0 WO O R
N A b oo
~J 0 DN D 0N
[~

EMP_T

DER

DET

EGO-MOTION LOG POLAR--

1.22412
1.23412
1.23412
1.22412
1.23412
1.23412
1.23412
1.23412
1.23412

1.23412

EMP_T

B.000008
8.87411
6.865604
8.88781
8.89331
B.18538
8.11778
8.13353
8.15415
8.18232

DER

8.08000
6.00000
9.00000
0.000800
@.080080
8.60000
8.00000
B.60000
8.8006048
8.00000

DET

EGO-MOTION LOG POLAR--

B.48232
A.46232
G.40232
48232
48232
48232
.48232
48232
8.46232
0.48232

B.60060
a.67411
6.086084
8.88781
B.87331
8.18336
a.11778
B8.13353
8.13415
@8.18232

@.00008
@.000080
6.000008
b.00000
A.08000
@8.00000
A.6604d0
8.00008
6.0060008
9.000800



FOR POINT NO. 3

FRAME

1.88000
2.600080
3.00808
4.080080
S.0680880
$.800060
7.88080
8.000060
?.8000808

19.000600

CLM_R

-=FOR COMPLEX LOG MAPPING

q4.29795
4.31811
4,338748
4.35%974
4.381258
4.48328
4.42581
4.44888
4.47252

4.495875

FOR POINT NO. 4

FRAME

1.00000
2.0080080
3.808066
4.0800080
S5.0R688
6.00000
7.088000
8.0800600
7.80880
19.08000

CLM_R

-—FOR COMPLEX LOG MAPPING

2.79878
2.817483
2.83471
2.83649
2.874546
2.89723
2.91842
2.948148
2.78247
2.9833%

CLM_T

B.,9834%
8.¥8418
8.98487
B.983357
8.98626
B.984%8
8,987&4
8.98835
8.98983
8.98975

CLM_T

1.8548%
1.858149
1.846148
1.86467
1.847%5
1.87125
1.8745&
1.87788
1.848121
1.884355

DCR

B.08008
B.82014
@.8285%
6.82185
B.82132
8.62201
8.82253
8.82287
8.023849
8.82423

DCR

8.68008
8.81878
B.081922
8.817s8%
a.a2017
8.82847
a.8211%
8.62174
8.082221
B.82292

DCT

@.08000
B8.00049
B.0888%
0.80058%
8.806870
B.0686878
@.600870
0.868070
2.60870
8.088708

DCT

B.06080
8.88325
f.88328
8.88327
a4.80328
8.803308
883221
. 88332
.BE233
88334

D X

EMP_R
---FOR

4,27347
4,29631
4.31736
4.33887
4.38885
4.38332
4.468431
4.42984
4.4352%94
4.47843

EMP_R
---FOR

2.71928
2.73%9%6
2.7468%6
2.78246
2.80444
2.826%1
2.847%4
2.87343
2.897532

2.92223

EMP_T

DER

DET

EGO-MOTION LOG POLAR--

1.81821
1.81821
1.81821
1.81821
1.81821
1.81821
1.41821
1.81821
t.91821
1.81821

EMP_T

8.6p8008
@.020862
8.82165
8.82151
8.821%8

B.82247-

@.6229%
8.62353
8.8241a
0.824467%

DER

8.08000
8.000600
B.0B8B00
6.00000
8.06000
8.08000
@6.00000
8.00000
6.00600
0.80000

DET

EGO-MOTION LOG POLAR--

1.22777
1.22777
1.22777
1.22777
1.22777

1.22777

B.00000
8.02862
8.82185
8.62151
3.821%8
8.82247
8.82299%

B.82353-

8.62410
8.02489%

6.000009
8.080000
@8.000600
0.80000
8.808080
B.8006000
@a.00088
6.00008
8.8060680
8.0006006
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