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Abstract. In this paper we obtain a necessary and sufficient condition for
L'-convergence of the Fourier cosine series with hyper semi-convex coefficients.
Results of Bala R. and Ram B. [1] have been obtained as a special case.
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1. Introduction. Consider

(1.1) 2(x) = %“—-+f:a;,coskr
=

to be the cosine series with partial sums defined by

S.(x) = .@22 + 3 apcoskx
=1

and let g(x) = lim S, (x)
Concerning the '-convergence of cosine series (1. 1) Kolmogorov [3] proved
his well known theorem:
Theorem A. If {a,} is a quasi-convex null sequence, then for the 1! -convergence
of the cosine series (1. 1) it is necessary and sufficient that lima,logn = 0.
Definition. A sequence {a,} is said to be semi-convex if {a,} - 0 asn - o,
and

-
I nAla,y + Ala,| <®,  (ap = 0)
=1

where
A’a, = Aa, — AGp.i

It may be remarked here that every quasi-convex null sequence is semi- convex.

Bala R. and Ram B. [1] have proved that Theorem A holds true for cosine series
with semi-convex null coefficients in the following form:

Theorem B. If {a\} is a semi—convex null sequence, then for the convergence of
the cosine series in the metric space L, it is necessary and sufficient that
ag logk = o(1).



We define {a,} to be hyper semi-convex of order a, in the following way:
Definition. A sequence {a,} is said to be hyper semi-convex, if

{a.; » 0asn -

o

> n*(a*2a, , + A% 2a,)| < o, for o =082 :

n=1

(ﬂu = 0)
By definition, hyper semi-convexity of order zero is same as semi-convexity.
The purpose of this paper is to generalize the Theorem B for the cosine series
with hyper semi-convex null coefficients.

2. Notation and Formulae. In what follows, we use the following notation [4]:

Given a sequence So, Si, Sa............. ,we define for every
=012 :

the sequence 5§, SY, 5%,......... , by the conditions

Strlr = Srh

Sy =SE' 48 +87 w485 (@=1,2.....,n=0,1,2.......).
Similarly for @ = 0,1,2..., we define the sequence of numbers

AJ Af AS........ by the conditions
A =1,
AS = ATV + AT 4 AT 4. 44 (@=1,2...... ,n=0,1,2..... .. 3

where A} denotes the binomial coefficients and are given by the following
relations.

2 ApxP = (1 —x)!
p=l

and S‘;' § are given by
an o

>8P = (1-x) 3 8,x7
=0 =0

Also

Af =Y AT, AZ-AL, = AS

p=0

a_ (n+ay _ _n" S [,

A= (A7 ~ v S (@+-1,-2,-3....... )
Also for 0 < x < x, let

S8 =8, =sinx+sin2x+............ +sinnx

S =81 +8 +S5



SE=S B8 e +8%-1
The conjugate Cesaro means 7% of order @ of 3" a,, will be defined by
78 TR

2. Lemma, The following Lemma will be used for the proof of our result.
Lemma [2]. Ifa > 0, p > 0,
() €= o),
(i) 3 A"|a% e, | < o, then
=0

(iii) 3 AnP|a*e,| < o, for—1 < A < a and
=0

(iv)  An"A%e, is of bounded variation for 0 < A < & and tends to zero as
)

3. Main Result. We prove the following theorem;

Theorem 3.1. Suppose {a,} is a hyper semi-convex null sequence. Then the
cosine series (1.1) converges in the metric space L if and only if laq1|logn - 0 as
n— w,

If we take @ = 0, then this theorem reduces to the Theorem B of Bala R. and Ram
B. [2].

Proof. We have

Sn(x) e Zaﬁ'mkx
k=1

n
l .
= - aycoskx2sinx
2sinx E *

n-1 i
= 1 : sinax
= o Qg — Ay )SINKY + @, =L
2smx£1'( k-1 — @ge) -1

2sinx
sin(n + 1)x
; F T sinx
R : sinnx sin(n + 1)x
2sinx E(aak s e L 2sinx " 2sinx
Applying Abel’s transformation, we have
1

n-2 k n=1
TS 2(A%ay + 8%ai) Y sinvx + (Aa, . + Aa,-) > sinwvx
sy oy y=1 =1

i sin(n + 1)x
sinnx ( ‘ )
2sinx 2sinx

gn(x) =

+dp-1



[E(AZG‘H + A2a)8(x) + (Adpt + AGp2)S2, (x)

25|nx
sin(n + 1)x
2sinx

sinnx
+a : +a
n-1 ZSIIII n

If we use Abel’s transformation @ + 1 times, we have

n—{a+2)

Sn(x) = =1 |: Y (A" 2apy + A% 2a,)8¢(x) +i(ﬁblan-k—1:‘*'i-k-1 (x):|
=0

2sinx | 5

N 251733' [E(A&Ha”‘k‘asi’r—k l (x) ]

smmc+ sin(n + 1)x
2sinx " 2sinx

+dp

n—{a+2) - a -
- l: 2 (A% 2ap + A% 2a)8%(x) + Z(A""an_k.lA’;_k_, i (x}]
Zsinx |

1 (At k5 smn.r sin(n + 1)x
" Zsinx [&(& b2t T (x):| T g siny T 2simx
Since S, and 7, are uniformly bounded on every segment [e,7 — ¢], & > 0.
Ax) = lim S, (x)
ar ZSlnx [Z(acﬁzak 1+ &aﬁiak)Sa(x)]
Thus
_ e | - a+2 a+2, 3\ Qu
Sx) = 8n(x) S sine H}Z{iﬂ)(a Ap + A" ay)SE(x) }
1 K k+1 k7
2sinx _g(‘& A1 Ay gy Ty (x) :l
=5 s}n x| g(ﬁm Y. LAY | e)|
) SINAX Siﬂ(ﬂ + I)I )
(a,,_; 2smx T on 2sinx

4

Ax) = Sa(x) || SI : |: i (A" 2ap, + f-‘-“"zﬂx-)s'?(x)] dx

3 2simx

k=n—{a+1)
T 1 i'+I k e
+ (A @poier A ) T 4y (%) |dx
lhmxé R el
fl_1 l: k1
+ 2 (A a, oAt T, (x}:l
! 2sinx k-1 !
+J‘(H sinmx nSIH{"+I)x)’dr
-4 2sinx 2sinx



k=n—{a+1)

|:2An-k-1|ﬁk Vi 1[“ ~1{x) |dx:|
- (?[ZALHI.g.k-:na,,_;,.zlﬂ?‘f;_k_, (x) |dx:|
0

SINMX a, Siﬂ(ﬂ:l* 1x ) i
Zsmx 2sinx

|IAx) = Sa(x) || < C{ i (A™2ay + A“*zak}ll3§(x) Icir:|

AL[(A"agy + a“"zakﬁ “ Ti(x) ldr:|

de=p—{ |1+l)

+C I:i kl.&h A i) [.”Iﬂ—k‘l (x) IdX]
k=0
+ C[E kia*aﬂ.»_zlﬂ!H 1 (x) |dx:|
pry
t sinnx sm(n +1)x
+-|[ ( "2sinx T 2emx )l

<O Y AFNATa + A%y
k=n—{a+1)

a
+C1 2 A; pala™ anin |
=0

a
+C E A r [‘ﬁ'kan—k-l I
k=0

(3.1) + O(a,- logn) (Cy is an absolute constant)

The first three terms of the above inequality are of o(1) by the Lemma and the
hypothesis of theorem.

Because,

!
< lan |Ian(x)|‘ir

( sinnx sin(n+l}x)‘dx

2sinx " 2sinx

= Nap logn)  as IlD,,(x)kir ~ logn.
0

[Ifx) = 8,(x)lelx — 0 if and only if ja,, [logn — O asn — .
0

This completes the proof of the theorem.
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