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  THE ANIMATED PASCAL 


Sandra Lach Arlinghaus 
 


     There are a number of elegant theorems about conics in the projective plane.  
The animations below illustrate a few associated constructions.   
 


●     Figure 1 shows an animated illustration of Pascal's Theorem:


PASCAL'S THEOREM [Coxeter, 1961]:  If A, B, C, A', B', C' are six vertices of a 
hexagon inscribed in a conic, then the points of intersection of opposite sides of 
the hexagon, L, M, and N, are collinear (lying along line z). 
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Figure 1.  Pascal's Theorem. 


 
●     Figure 2 shows an animated illustration of the dual of Pascal's Theorem:


BRIANCHON'S THEOREM [Coxeter, 1961]:  If a, b, c, a', b', c' are six sides of a 
hexagon circumscribed about a conic, then the lines joining opposite vertices 
(the diagonals) of the hexagon, l, m, and n, are concurrent (at the point Z). 
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Figure 2.  Brianchon's Theorem:  dual of Pascal's Theorem. 


 


●     Figure 3 shows an animated illustration of the converse of Pascal's Theorem used 
to create a specific, important construction: 


BRAIKENRIDGE-MACLAURIN CONSTRUCTION [Coxeter, 1961]:  Construction of 
a conic through 5 given points based on: 
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Fiugre 3a.  This construction is the converse of Pascal's Theorem.  Choose line z through L, leading to 
point C' on the conic through the 5 given points, A, B, C, A', B'. 


 


Figure 3b.  This construction is independent of the choice of z.  Choose a different line line z through 
N.  It, too, will produce a point C' in a location different from that of Figure 3a but the new C' will also lie 
on the conic through the 5 given points! 


 


Part of the motivation for creating these animations lies in offering helpful graphics 
to illuminate notation.  Another part of it is to build a foundation on which to 
continue ongoing research linking non-Euclidean geometries and the  compression 
of (geo)graphics [Arlinghaus and Batty, 2005] -- within the digital world but perhaps 
not beyond the "limits" of the Escher series! [Escher, Circle Limit series; kmz file link).
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  DESARGUES'S TWO-TRIANGLE THEOREM 


Sandra Lach Arlinghaus 
 


     Often the introduction of added perspective from another dimension sheds light 
on pattern.  So it is with the following theorem from Projective Geometry which 
becomes easy to visualize in three dimensions.  Google Earth will assist in 
creating graphics for such visualization. 
 
DESARGUES'S THEOREM [Coxeter, 1961]:  If two triangles, A, B, C, and A', B', C' 
are perspective from point O (AA', BB', and CC' are concurrent), then the intersections 
of corresponding triangle sides, L=AB'.A'B, M=AC'.A'C, and N=BC'.B'C, are collinear. 


●     Figure 1 shows an animated illustration of Desargues's Theorem in the plane, only. 


 


 


Figure 1.  Desargues's Two-Triangle Theorem visualized in the plane. 


 
 


●     Figure 2 shows an animated illustration of Desargues's Theorem in the plane, 
with background derived from Google Earth.
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Figure 2.  Desargues's Two-Triangle "Tower" centered on the Sidney Smith Building, home of the 
Mathematics Department of the University of Toronto and the academic home of Professor H. S. M. Coxeter 
for many years. 


 
●     Figure 3 is a .kmz file which must be viewed in Google Earth.  It permits the reader to 


fly around the Leaning  "Tower" of Desargues and examine positions of triangle 
vertices.  Download the kmz file here.   


 
To visualize the theorem in the plane while flying through the .kmz file, tilt 
the configuration so that it appears to flatten out in the plane.  When triangle sides 
are "parallel" in the Euclidean sense the theorem still holds.  The lines forming the 
sides intersect at points at infinity, which, in the projective plane, are no different from 
any others.  The proof of this theorem is often presented in three, rather than in 
two, dimensions. 
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ANNOUNCEMENT and INVITATION 
 
With the release of this issue of Solstice, IMaGe announces a new branch of 
its eBooks section in which student work related to the general IMaGe mission 
is linked.  The medium of the internet offers a practical way to save materials 
of this sort which all too often have been lost.  The initial set of links is small 
in number.  Individuals from around the world are invited to submit links 
for consideration for inclusion. 
 
The links will lead to original sources.  Thus, if the original source is removed, 
the link will not function.  If the creator of material on an accepted link wishes 
to communicate with IMaGe to see if other possibilities might work out, 
please write to sarhaus@umich.edu. 
   


●     Solstice was a Pirelli INTERNETional Award Semi-Finalist, 2001 (top 80 out of over 1000 entries worldwide)
●     One article in Solstice was a Pirelli INTERNETional Award Semi-Finalist, 2003 (Spatial Synthesis Sampler).
●     Solstice is listed in the Directory of Open Access Journals maintained by the University of Lund where it 


is maintained as a "searchable" journal.
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●     Solstice is listed on the journals section of the website of the American Mathematical Society, http://www.ams.org/
●     Solstice is listed in Geoscience e-Journals 


●     Solstice is listed in the EBSCO database.
●     IMaGe is listed on the website of the Numerical Cartography Lab of The Ohio State University:  http://ncl.sbs.


ohio-state.edu/4_homes.html


Congratulations to all Solstice contributors.


 


  


Solstice:  An Electronic Journal of Geography and Mathematics,   
Volume XVIII, Number 2  


Institute of Mathematical Geography (IMaGe).  
All rights reserved worldwide, by IMaGe and by the authors.  


Please contact an appropriate party concerning citation of this article: 
sarhaus@umich.edu  


http://www.imagenet.org


1964 Boulder Drive,  
Ann Arbor, MI 48104734.975.0246  
image@imagenet.org
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Philbrick, Allen K.


AMO 


Memorial Link: 


●     University of Western 
Ontario, Western News


 


In memory of the designer of the final IMaGe logo: 


Allen K. Philbrick  
Gift of Sandra Lach Arlinghaus 
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All rights reserved, Archived Memorials Online, 2003.  
Single scanned flowers: Copyright, 1998,  Alma Lach, Inc.  
Virtual floral arrangements:  Archive Memorials Online, All rights reserved, 2003. 
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Ginsburg, Norton S.


AMO 


Memorial Link: 


●     Google Groups 


 


In memory of: 


Norton S. Ginsburg 
Gift of Sandra Lach Arlinghaus 
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Ginsburg, Norton S.


All rights reserved, Archived Memorials Online, 2003.  
Single scanned flowers: Copyright, 1998,  Alma Lach, Inc.  
Virtual floral arrangements:  Archive Memorials Online, All rights reserved, 2003. 
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List of Individuals who sent e-mail subsequent to the last issue. 


 
Michael Batty 


Sutapa Chaudhuri 
Chuck Drake 


Cosette Grabb 
Bruno Granier 
Joan Gerard 
Karen Hart 


Lauren Hoffman 
Ann E. Larimore 
John D. Nystuen 
Kris S. Oswalt 
Waldo Tobler 


Richard Wallace 
Carlo Werlen 


 
Correspondence concerning a previous Solstice Article: 


From John Nystuen: 
 
Dear Sir, 
   Thank you very much for the reference to the interesting article by Mr. Heilbron. 
regards, 
John Nystuen 
 
--On Saturday, November 24, 2007 9:33 AM +0100 Jan Eskildsen <jeskildsen@gain.dk> wrote: 
 
Dear Sir 
 
at this page...http://www-personal.umich.edu/~copyrght/image/solstice/sum00/nystuen.html... 
you write: "It could be closely predicted but I speculate that the theory might have  
been backed up by empirical observations made throughout the seasons. "  the answer is, they 
knew already how to do it, look here 
 
http://cis.alma.unibo.it/NewsLetter/090496Nw/Heilbron.htm 
http://www-personal.umich.edu/~copyrght/image/solstice/sum00/nystuen.html 
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From Mike Batty: 
 
andy posted something on his blog about yesterday http://digitalurban.blogspot.com/2007/10/
google-earth-from-3d-city-to-data.html  the michigan e-social science meeting is at 
http://ess.si.umich.edu/  later today tomorrow and tues am 
 
Mike 
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Click the issue you wish to read; Volumes I to V are typeset using TeX.  For typeset TeX articles 
containing images, see the Monograph Series.  All materials copyrighted; all rights reserved 
world wide. 


 2007 
Volume XVIII, Number 1, 2007 
 
Front matter:  June, 2007.  
Editorial Board, Advice to Authors, Mission Statement.
 
Awards 
 
Article (reviewed)  
Peter Martin, Spatial Analysis through the Looking Glass 


 
Announcement 
Sandra Lach Arlinghaus, 3D Atlas of Ann Arbor, 3rd Edition 


Notes 


●     Diana Sammataro:  Update on the Varroa Mite Map  [with Editorial 
Commentary]


●     Editorial Commentary on Essays of this Section
�❍     Goutami Bandyopadhyay: The Prediction of Indian Monsoon 


Rainfall: A Regression Approach  
�❍     Goutami Bandyopadhyay and Surajit Chattopadhyay:  


Autocorrelation Structure Analysis and Auto Regressive 
Prediction of the Time Series of Mean Monthly Total Ozone 
overArosa, Switzerland  
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Volume XVII, Number 2, 2006 
SPECIAL ISSUE ON INTERNET GEOMETRY AND GEOGRAPHY 
 
Front matter:  December, 2006.   
Editorial Board, Advice to Authors, Mission Statement. 
 
Awards 
 
Articles (reviewed): 


●     Introduction to the Special Issue
●     Sandra L. Arlinghaus and Michael Batty.  Visualizing Rank and Size of Cities and 


Towns 
�❍     Part I:  England, Scotland, and Wales, 1901-2001 
�❍     Part II:  Greater London, 1901-2001 


●     Sandra Lach Arlinghaus.  Visualizing a Map of Walter Christaller, Poland 1941
�❍     Part I:  Benchmarking the Map.
�❍     Part II:  Interpolation of the Benchmarked Map. 


 
Notes: 


●     Diana Sammataro:  Update on the Varroa Mite Map
●     Sandra Lach Arlinghaus:


�❍     Announcement:  3D Atlas of Ann Arbor, 2nd Edition;  
�❍     Banda Aceh:  A View on the Globe 


Mail 
Solstice Archive


 
 2006 


Volume XVII, Number 1, 2006 
 
Cover 
Front matter: June, 2006.  Editorial Board, Advice to Authors, Mission 
Statement. 
Awards 
 
Articles (reviewed): 


●     Waldo Tobler.  Looking at Some Data from Isard   From a presentation given at the 
Western Regional Science Association in Santa Fe, New Mexico, February, 2006.


●     Sandra L. Arlinghaus and William C. Arlinghaus.  Maps and Decisions:  Part II--
Ambiguity; Part III--Redistricting;  Part IV--Club Data
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●     Sandra Lach Arlinghaus.  3D Atlas of Ann Arbor:  The Google EarthÂ® Approach Part 
I;  Part II 


Research Announcement:  


●     


Sandra L. Arlinghaus and Michael Batty.  Zipf's Hyperboloid?


Book Reviews: 


●     Wildberger, Norman.  Divine Proportions:  Rational Trigonometry to Universal Geometry.  
Review by S. Arlinghaus


Puzzle: 


●     William C. Arlinghaus.  PseudoCoupÂ® :  A Psubtle Puzzle
●     Link to Solution 


Mail 
Solstice Archive 
 


 
 2005  


Volume XVI, Number 2, 2005 


●     Cover
●     Front matter: Winter, 2005. Editorial Board, Advice to Authors, Mission Statement.
●     Awards


Articles (reviewed): 


●     Veronique Van Acker and Frank Witlox Exploring the Relationships between Land-
use System and Travel Behaviour Concepts:  Some First Findings  [ed.]  This file 
displays best in Microsoft Internet Explorer or Avant browsers


●     Waldo Tobler Using Asymmetry to Estimate Potential  From a talk given in Redondo 
Beach, CA--1005. [ed.] Readers who enjoy Professor Toblerâ€™s article may also wish to consider 
work by Jerrold Grossman involving Research on Collaboration in Research, http://www.oakland.edu/enp/
research.html, and related topics on Professor Grossmanâ€™s home page, http://personalwebs.oakland.
edu/~grossman/


●     John D. Nystuen  Photo Essay:  The Emerald Ash Borer Photos in this essay looked 
best using screen set at highest resolution available.


http://www-personal.umich.edu/%7Ecopyrght/image/solstice/win07/solsticearchive.html (3 of 16) [6/18/2010 6:51:21 PM]



http://www-personal.umich.edu/%7Ecopyrght/image/solstice/win07/sum06/Gloobe.html

http://www-personal.umich.edu/%7Ecopyrght/image/solstice/win07/sum06/Gloobe.html

http://www-personal.umich.edu/%7Ecopyrght/image/solstice/win07/sum06/Gloobe2.html

http://www-personal.umich.edu/%7Ecopyrght/image/solstice/win07/sum06/arlbat/arlbat2.html

http://www-personal.umich.edu/%7Ecopyrght/image/solstice/win07/sum06/wildberger.html

http://www-personal.umich.edu/%7Ecopyrght/image/solstice/win07/sum06/PseudoCoup01.pdf

http://www-personal.umich.edu/%7Ecopyrght/image/solstice/win07/sum06/PseudoCoup01.pdf

http://www-personal.umich.edu/%7Ecopyrght/image/solstice/win07/sum06/PseudoCoup01Solution.pdf

http://www-personal.umich.edu/%7Ecopyrght/image/solstice/win07/sum06/mail.html

http://www-personal.umich.edu/%7Ecopyrght/image/solstice/solsticearchive.html

http://www-personal.umich.edu/%7Ecopyrght/image/solstice/win05/

http://www-personal.umich.edu/%7Ecopyrght/image/solstice/win05/cover0205.html

http://www-personal.umich.edu/%7Ecopyrght/image/solstice/win05/sols0205.html

http://www-personal.umich.edu/%7Ecopyrght/image/solstice/win05/awards.html

http://www-personal.umich.edu/%7Ecopyrght/image/solstice/win05/exploringEDfinaltest.html

http://www-personal.umich.edu/%7Ecopyrght/image/solstice/win05/exploringEDfinaltest.html

http://www-personal.umich.edu/%7Ecopyrght/image/solstice/win05/Sunbelt%20XXV%20talk%20ed.pdf

http://www.oakland.edu/enp/research.html

http://www.oakland.edu/enp/research.html

http://personalwebs.oakland.edu/%7Egrossman/

http://personalwebs.oakland.edu/%7Egrossman/

http://www-personal.umich.edu/%7Ecopyrght/image/solstice/win05/ashborer.html





Institute of Mathematical Geography


●     Sandra L. Arlinghaus and William C. Arlinghaus  Beyond the Shadow  Variation on a 
submission for the Pirelli Relativity Challenge of 2005.


●     NEWS:  UPDATE ON THE 3D ATLAS OF ANN ARBOR
�❍     Sandra Lach Arlinghaus  Archimedes in Ann Arbor?
�❍     Alyssa J. Domzal, Ui Sang Hwang, and Kris J. Walters, Jr.  Virtual Flood in 


the Allen Creek Floodplain and Floodway
●     Mail
●     Solstice Archive


 
 2005  


Volume XVI, Number 1, 2005 


●     Cover
●     Front matter: Winter, 2005. Editorial Board, Advice to Authors, Mission Statement.
●     Awards


In Memoriam 


●     Frank Harary
●     Saunders Mac Lane


Articles (reviewed): 


●     Sandra Lach Arlinghaus
 
Spatial Synthesis 
The Evidence of Cartographic Example:  Hierarchy and Centrality


●     Sandra Lach Arlinghaus et al.
 
Kioskland:  A Strategy for Linking Hierarchical Levels of Virtual Reality Maps


Research Announcements 


●     Ann Evans Larimore with Sandra Lach Arlinghaus and Robert Haug 
 
A Methodology for Historical Geography:  Internet Implementation


●     Sandra Lach Arlinghaus
 
Spatial Synthesis:  Investigations in Progress
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 2004  


Volume XV, Number 1, 2004 


●     Cover
●     Front matter: Summer, 2004.  Editorial Board, Advice to Authors, 


Mission Statement.
●     Awards to Solstice Authors


Articles (reviewed, except where noted): 


●     Sandra Lach Arlinghaus and William Charles Arlinghaus
 
Spatial Synthesis Sampler. Geometric Visualization of Hexagonal 
Hierarchies:  Animation and Virtual Reality


●     Klaus-Peter Beier  One Optimization of an Earlier Model of Virtual 
Downtown Ann Arbor


●     Frank J. A. Witlox, Aloys W. J. Borgers, Harry J. P. Timmermans 
Modelling Locational Decision Making of Firms Using Multidimensional 
Fuzzy Decision Tables:  An Illustration


●     Sandra L. Arlinghaus, Fred J. Beal, and Douglas S. Kelbaugh  The View 
from the Top:  Visualizing Downtown Ann Arbor in Three Dimensions


●     Marc Schlossberg  Visualizing Accessibility II: Access to Food
●     Peter A. Martin  Energy Flow:  Spatial and Temporal Patterns
●     Alma S. Lach  Winter Windows:   Ice Largo
●     Seung-Hoon Han  Spatial Analysis of Subway Zones in Boston, 


Massachusetts
●     Andrew Walton  A Golfer's Resource:  Huron Hills Golf Course, Ann 


Arbor, Michigan
●     Thana Chirapiwat (link to his server, unreviewed material)  


Visualization of Geographic Information with VRML


  2004  
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Volume XV, Number 2, 2004 


●     Cover
●     Front matter: Winter, 2004. Editorial Board, Advice to Authors, Mission Statement.
●     Awards


Articles (reviewed): 


●     Sandra Lach Arlinghaus  Spatial Synthesis:  3D Atlas of Ann Arbor
●     Peter Martin  Cross-discipline Analogy:  Information Impedance Matching
●     Sandra Lach Arlinghaus  Goode's 80th!


Notes, Research Announcements, and Observations 


●     Gottfried Hogh  Continental USA Travel Tracks
●     Sandra Arlinghaus and Braxton Blake Two Rivers Ridge:  Capturing Art


Mail  
Solstice Archive 


  2003  
Volume XIV, Number 1, 2003 


●     Cover
●     Front matter: Summer, 2002.  Editorial Board, Advice to Authors, 


Mission Statement.
●     Awards to Solstice Authors


Articles (reviewed): 


●     Sandra Arlinghaus, Michael Batty, and John Nystuen  Animated Time 
Lines:  Coordination of Spatial and Temporal Information


●     Sutapa Chaudhuri and Surajit Chattopadhyay  Viewing the relative 
importance of some surface parameters associated with pre-monsoon 
thunderstorms through Ampliative Reasoning


●     Kulwinder Kaur  On L1-Convergence of Modified Sine Sums
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TeX file link.
●     Sandra Lach Arlinghaus


1.  Ann Arbor, Michigan:  Virtual Downtown Experiments  
2.  Tornado Siren Location: Ann Arbor, Michigan


Special section, I, on Ann Arbor, Michigan.  


 
Volume XIV, Number 2, 2003 


●     Cover
●     Front matter: Winter, 2003.  Editorial Board, Advice to Authors, Mission 


Statement.
●     Awards to Solstice Authors


Articles (reviewed): 


●     Sandra Arlinghaus, Robert Haug, Ann Larimore  Lewis and Clark, 200 
Years:  A Visual Tribute to an Exploration.  The Gates of the Rocky 
Mountains.


●     Surajit Chattopadhyay


Dependence of Production of Paddy on the Total Annual Rainfall:  
A Different Approach


 
Combating the complexity in spatial data:  A neuronal approach


●     Sandra Lach Arlinghaus  Ann Arbor, Michigan:  Virtual Downtown 
Experiments, Part II


●     Taejung Kwon, Adrien A. Lazzaro, Paul J. Oppenheim, Aaron 
Rosenblum Ann Arbor, Michigan:  Virtual Downtown Experiments, Part 
III


 
 2002  


Volume XIII, Number 1, 2002 


●     Cover
●     Front matter: Summer, 2002.  Editorial Board, Advice to Authors, 


Mission Statement.
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Research Note:  


●     Sandra Arlinghaus, Salma Haidar, and Mark Wilson
 
Animated Map Timeline, Syria


Articles (reviewed): 


●     B. Derudder and F. Witlox
 
Classification Techniques in Complex Databases:  
Assessment of Vagueness and Sparsity in a Network of World Cities


●     John D. Nystuen
 
The ThÃ¼nen Society, North American Division


●     Sandra Lach Arlinghaus
 
The Lights Are On, All Over the World


Mapping Projects, Urban Planning 507, 2002  
The University of Michigan   
(selections): 


Interactive Internet Maps: 


●     Eun-Young Kim:
 
Bus Stops and Bus Users in the City of Detroit 


●     Hyeyun Lee (also includes animated maps):
 
The Relationship between Bicycle Accidents and Lanes of Travel at Downtown Ann 
Arbor Intersections


Animated Maps: 


●     Jeanine Chura McCloskey: 
 
Beach Closures in Oakland County, Michigan:  Using GIS as an Investigative Tool


●     Makoto Noguchi:
 
The Possibility of Extending the Streetcar Line in Kagoshima City, Japan
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Materials Received 


Volume XIII, Number 2, 2002 


●     Cover
●     Front matter: Winter, 2002.  Editorial Board, Advice to Authors, Mission 


Statement.


Articles (reviewed): 


●     Marc Schlossberg  Visual Accessibility with GIS
●     Robert F. Austin Cost Proxy Models in Rural Telephone Companies
●     Surajit Chattopadhyay  Predicting Pre-monsoon Thunderstorms--A 


Statistical View through Propositional Logic
●     Robert F. Austin and Porter E. Childers  Disaggregation and Targeting 


of Universal Service Support
●     Kulwinder Kaur, Babu Ram, and S. S. Bhatia, TeX file for the reader to 


run LaTeX, or, a .pdf below:  L1-Convergence of Cosine Series with 
Hyper Semi Convex Coefficients


●     Sandra L. Arlinghaus and William C. Arlinghaus Spatial Synthesis:  A 
Research Program


 2001  
Volume XII, Number 1, 2001 


●     Cover
●     Front matter: Summer, 2001


�❍     Editorial Board, Advice to Authors, Mission Statement.
�❍     Update from Diana Sammataro:  Varroa Mite Animated Map


●     Articles:
�❍     John D. Nystuen, Photo Essay.  Water Rustlers?  (High-speed 


connection recommended.)
�❍     Sandra L. Arlinghaus and William C. Arlinghaus  The Neglected 


Relation
�❍     Sandra Lach Arlinghaus  Maps and Decisions:  Allen's Creek 


Floodplain, Opportunity or Disaster?
●     Book Reviews:


�❍     Kameshwari Pothukuchi reviewer of:  Fast Food Nation: The Dark 
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Side of the All-American Meal by Eric Schlosser, New York: 
Houghton Mifflin, 2001.


�❍     Richard R. Wallace reviewer of:  High Technology and Low-
Income Communities: Prospects for the Positive Use of Advanced 
Information Technology edited by Donald A. SchÃ¶n, Bish Sanyal, 
and William J. Mitchell, MIT Press, 1999.


 
Volume XII, Number 2, 2001 


●     Cover
●     Front matter: Winter, 2001--Editorial Board, Advice to Authors, Mission 


Statement.
●     Articles:


�❍     Waldo Tobler,  Spherical Measures without Spherical 
Trigonometry


�❍     John D. Nystuen, What's At Home?  Shelter for the Poor in Low 
Income Cities


�❍     Sandra Lach Arlinghaus,  Base Maps, Buffers, and Bisectors


 2000  
Volume XI, Number 1, 2000  
    Cover  
Front matter: Summer, 2000  
    Editorial Board, Advice to Authors, Mission Statement.  
John D. Nystuen  
    Set in Stone:  An Analemma in Northern Italy  
Richard Wallace  
    Personal Reflections on Solar Power  
Sandra Lach Arlinghaus  
    Animaps, IV:  Of Time and Place  
     On a slow modem this article will take a long time to load.  
Book Review.  
Review of:  Arundhati Roy, The Cost of Living, Modern Library, 1999, 126 pp., $11.95 
(pap.).  
Reviewer:  Richard Wallace.  


 
Volume XI, Number 2, 2000  
     Cover  
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Front matter: Winter, 2000  
     Editorial Board, Advice to Authors, Mission Statement.  
To the Memory of Donald Frederick Lach, 1917-2000  
     Dedication  
John D. Nystuen, Photo Essay  
     Fifty Years of Spatial Analysis:  A Symposium in Honor of William L. 
Garrison  1950-2000  
      (High-speed connection recommended.)  
Sandra L. Arlinghaus and Lloyd R. Phillips  
     A Neighborhood Information System within Ann Arbor, Michigan  
Courtney Gober  
     Animaps, Again  
Nakia D. Baird  
     Animap Sequences  
     (High-speed connection recommended)


 1999  
Volume X, Number 1, 1999  
Cover  
Front matter: Summer, 1999.  Editorial Board, Advice to Authors, Mission 
Statement.  
Dedication  To John D. Nystuen, on the occasion of his retirement from The 
University of Michigan  
John D. Nystuen, Metropolitan Mining: Institutional and Scale Effects on the 
Salt Mines of Detroit  
Sandra L. Arlinghaus and William C. Arlinghaus. Animaps III:  Color Straws, 
Color Voxels, and Color Ramps.  
Richard Wallace.  Book Review:  AndrÃ© I. Khuri, Thomas Mathew, and 
Bimal K. Sinha, Statistical Tests for Mixed Linear Models, John Wiley & Sons, 
1998, 352 pp., $69.95 (cloth).  
Seema Desai Iyer.  Book Review:  Castells, Manuel (1996). The Rise of the 
Network Society (The Information Age: Economy, Society and Culture, 
Volume 1). Malden, MA: Blackwell Publishers, Inc. (556 pages, bibliography 51 
pages, index 23 pages).  


 
Volume X, Number 2, 1999  
Cover  
Front matter: Winter, 1999  
    Editorial Board, Advice to Authors, Mission Statement.  
    E-mail from readers  
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    Festschrift: Nystuen CD  
Jeffrey A. Nystuen  
    Listening to Raindrops  
Sandra L. Arlinghaus  
    A Map of Jackson, Mississippi  
Books Received; Brief Summaries:  
    Julius S. Bendat, Nonlinear Systems Techniques and Applications  
    Paul M. DeRusso, Rob J. Roy, Charles M. Close, Alan A. Desrochers, State Variables 
for Engineers


 1998  
Volume IX, Number 1, 1998  
Cover and table of content  
Front matter: Summer, 1998.  Editorial Board, Advice to Authors, Mission 
Statement.  
Sandra L. Arlinghaus, William D. Drake, and John D. Nystuen with data and 
other input from:  Audra Laug, Kris S. Oswalt, and Diana Sammataro.  Animaps.  
Frank E. Barmore (reprinted, in part, from The Wisconsin Geographer (with 
permission)).  
Spatial Analysis, the Wisconsin Idea and the UW-System.  The Use and Abuse 
of Dispersion Statistics  
Sandra L. Arlinghaus, Ruben De la Sierra.  Revitalizing Maps or Images?  
John D. Nystuen.  Book Review:  The Universe Below by William J. Broad  
(New York: Simon and Schuster, 1997, 432 pages)  


 
Volume IX, Number 2, 1998  
Cover  
Front matter:  Winter, 1998.  Editorial Board, Advice to Authors, Mission 
Statement.  
Sandra Lach Arlinghaus.  Animated Four Color Theorem:  Sample Map.  
Sandra Lach Arlinghaus.  Animaps, II.  
Daniel Albert.  Book Review:  Rising Tide: The Great Mississippi Flood of 
1927 and How it Changed America, by John M. Barry
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 1997  
Volume VIII, Number 1, 1997  
Front matter: Summer, 1997 Editorial Board, Advice to Authors, Mission 
Statement.  
Author: John D. Nystuen. Why Whales Don't Freeze or Kidney-Shaped 
Airports: Spatial Analysis and Spatial Design.  
Author: Frank Harary. To the Memory of Clyde Tombaugh, 1906-1997.  


 
Volume VIII, Number 2, 1997  
Front matter:  Winter, 1997.  Editorial Board, Advice to Authors, Mission 
Statement.  
John D. Nystuen.  The Photographic Record.  SunSweep:  A Visit on the 
Summer Solstice.  
Sandra L. Arlinghaus, Frederick L. Goodman, Daniel A. Jacobs. Buffers and 
Duality.  
Sandra L. Arlinghaus, William C. Arlinghaus.  A Graph Theoretic View of the 
Join-Count Statistic.  
John D. Nystuen, Andrea I. Frank.  Differences in Feature Representation in 
Digital Map Bases.


 1996  
Volume VII, Number 1, 1996  
John D. Nystuen, Rhonda Ryznar, Thomas Wagner. "The Greening of Detroit, 
1975-1992: Physical Effects of Decline."  
Sandra Lach Arlinghaus. "Algebraic Aspects of Ratios."  
Daniel Jacobs. "U.S. Route 12 Buffer."  


 
Volume VII, Number 2, 1996  
Sandra Lach Arlinghaus. "Web Fractals: An Overview."  
Sandra Lach Arlinghaus. "Part II. Elements of Spatial Planning. Theory. 
Merging Maps: Node Labeling Strategies.
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 1995  
Volume VI, Number 1, 1995  
Richard Wallace: "Motor Vehicle Transport and Global Climate Change: Policy 
Scenarios."  
Sandra L. Arlinghaus, William C. Arlinghaus, John D. Nystuen: "Discrete 
Mathematics and Counting Derangements in Blind Wine Tastings."  


 
Figures for Volume VI, Number 1, 1995  


 
Volume VI, Number 2, 1995  
Sandra Lach Arlinghaus: "Elements of Spatial Planning: Theory. Part I."


 1994  
Volume V, Number 1, 1994  
Virginia Ainslie and Jack Licate: "Getting Infrastructure Built. Cleveland 
Infrastructure Team Shares Secrets of Success."  
Frank E. Barmore: "Center Here; Center There; Center, Center Everywhere."  
Barton R. Burkhalter: "Equal-Area Venn Diagrams of Two Circles: Their Use 
with Real-World Data."  
Sandra L. Arlinghaus, William C. Arlinghaus, Frank Harary, John D. Nystuen. 
"Los Angeles, 1994--A Spatial Scientific Study."  


 
Volume V, Number 2, 1994  
Sandra L. Arlinghaus, William C. Arlinghaus, Frank Harary: "The Paris Metro: 
Is its Graph Planar?"  
Sandra Lach Arlinghaus: "Interruption!"  
Reprint. Michael F. Dacey: "Imperfections in the Uniform Plane."


 1993  
Volume IV, Number 1, 1993  
Sandra L. Arlinghaus and Richard H. Zander: "Electronic Journals: 
Observations Based on Actual Trials, 1987-Present."  
John D. Nystuen: "Wilderness As Place."  
Frank E. Barmore: The Earth Isn't Flat. And It Isn't Round Either: Some 
Significant and Little Known Effects of the Earth's Ellipsoidal Shape."  
Sandra Lach Arlinghaus: "Micro-cell Hex-nets?"  
Sandra L. Arlinghaus, William C. Arlinghaus, Frank Harary: "Sum Graphs and 
Geograhic Information."  
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Volume IV, Number 2, 1993  
William D. Drake, S. Pak, I. Tarwotjo, Muhilal, J. Gorstein, R. Tilden. "Villages 
in Transition: Elevated Risk of Micronutrient Deficiency."


 1992  
Volume III, Number 1, 1992  
Harry L. Stern: "Computing Areas of Regions with Discretely Defined 
Boundaries."  
Sandra L. Arlinghaus, John D. Nystuen, Michael J. Woldenberg: "The 
Quadratic World of Kinematic Waves."  


 
Volume III, Number 2, 1992  
Reprint. Frank Harary: "What Are Mathematical Models and What Should 
They Be?"  
Frank E. Barmore: "Where Are We? Comments on the Concept of Center of 
Population."  
Sandra L. Arlinghaus and John D. Nystuen: "The Pelt of the Earth: An Essay 
on Reactive Diffusion."


 1991  
Volume II, Number 1, 1991  
Sandra L. Arlinghaus, David Barr, John D. Nystuen: "The Spatial Shadow: 
Light and Dark--Whole and Part."  


 
Volume II, Number 2, 1991  
Reprint. Saunders Mac Lane: "Proof, Truth, and Confusion, The Nora and 
Edward Ryerson Lecture at The University of Chicago in 1982."  
Robert F. Austin: Digital Maps and Data Bases: Aesthetics versus Accuracy."


  1990  
Volume I, Number 1, 1990  
Reprint. William Kingdon Clifford: "Postulates of the Science of Space."  
Sandra Lach Arlinghaus: "Beyond the Fractal."  
William C. Arlinghaus: "Groups, Graphs, and God"  


 
Volume I, Number 2, 1990  
John D. Nystuen: "A City of Strangers: Spatial Aspects of Alienation in the 
Detroit Metropolitan Region."  
Sandra Lach Arlinghaus: "Scale and Dimension: Their Logical Harmony."  
Sandra Lach Arlinghaus: "Parallels Between Parallels."  
Sandra L. Arlinghaus, William C. Arlinghaus, and John D. Nystuen: "The 
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Hedetniemi Matrix Sum: A Real-world Application."  
Sandra Lach Arlinghaus: Fractal Geometry of Infinite Pixel Sequences: 
"Super-definition" Resoultion?"


 
 


Institute of Mathematical Geography  
1964 Boulder Drive  
Ann Arbor, MI 48104 


734.975.0246  
sarhaus@umich.edu 
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SOLSTICE: FRONT MATTER


SOLSTICE:  AN ELECTRONIC JOURNAL OF GEOGRAPHY AND MATHEMATICS  
http://www.imagenet.org


December, 2007  
VOLUME XVIII, NUMBER 2  
ANN ARBOR, MICHIGAN  


Founding Editor-in-Chief: 
     Sandra Lach Arlinghaus, University of Michigan; 
        Institute of Mathematical Geography (independent)  
Editorial Advisory Board: 
  Geography. 
     Michael F. Goodchild, University of California, Santa Barbara 
     Daniel A. Griffith, Syracuse University 
     Jonathan D. Mayer, University of Washington (also School of Medicine) 
     John D. Nystuen, University of Michigan 
  Mathematics.  
     William C. Arlinghaus, Lawrence Technological University 
     Neal Brand, University of North Texas 
     Kenneth H. Rosen, A. T. & T. Bell Laboratories 
  Engineering Applications. 
     William D. Drake, (deceased), University of Michigan 
  Education. 
     Frederick L. Goodman, University of Michigan 
  Business. 
     Robert F. Austin, Austin Communications Education Services.  
Book Review Editors: 
     Richard Wallace, University of Michigan. 
     Kameshwari Pothukuchi, Wayne State University  
Web Design: 
     Sandra L. Arlinghaus 
     (with early input from William E. Arlinghaus).


Educational Technology:


Marc Schlossberg, University of Oregon  
Ming-Hui Hsieh, Taiwan


 
WebSite:  http://www.imagenet.org 


Electronic address:  sarhaus@umich.edu 


MISSION STATEMENT 


     The purpose of Solstice is to promote interaction between geography and mathematics. Articles in which 
elements of one discipline are used to  
shed light on the other are particularly sought.  Also welcome are original contributions that are purely 
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geographical or purely  
mathematical.  These may be prefaced (by editor or author) with commentary suggesting directions that might 
lead toward the desired interactions.  
Individuals wishing to submit articles or other material should contact an editor, or send e-mail directly to 
sarhaus@umich.edu. 


SOLSTICE ARCHIVES 


     Back issues of Solstice are available on the WebSite of the Institute of Mathematical Geography, http://www.
imagenet.org and at various sites  
that can be found by searching under "Solstice" on the World Wide Web.  Thanks to Bruce Long (Arizona State 
University, Department of Mathematics)  
for taking an early initiative in archiving Solstice using GOPHER. 


PUBLICATION INFORMATION 


    To cite the electronic copy, note the exact time of transmission from Ann Arbor, and cite all the transmission 
matter as facts of publication.  Any copy that  
does not superimpose precisely upon the original as transmitted from Ann Arbor should be presumed to be an 
altered, bogus copy of Solstice. The  
oriental rug, with errors, serves as the model for creating this weaving of words and graphics. 
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Awards and Recognition  
(See Press Clippings page for other.)  


 
●     2007:  Best of 3D Warehouse awards (blue ribbons); these buildings come up default in 


all free downloads of Google Earth when the "3d buildings" checkbox is checked.  They 
are designed for planning, rather than for architectural, purposes; file size is kept small.  
What is important is giving the "impression" of the building rather than giving large 
amounts of detail.  View the associated .kmz files in Google Earth to understand the 
context; they are attached to the linked pages below.  Be sure to turn on the "terrain" 
switch, otherwise buildings made in older software (older versions of Google SketchUp) 
will float above the surface. 


�❍     Archimedes's models (S. Arlinghaus is "Archimedes").
■     Campus models of Arlinghaus:  1 (Alumni Center), 2 (Angell Hall), 3 (Angell 


Hall Complex), 4 (Art Museum, first model), 5 (Art Museum, second 
model), 6 (Bagnoud Building), 7 (Biomedical Sciences Building), 8 (Bursley 
Hall), 9 (C. C. Little Building), 10 (Chemistry Building), 11 (Clements 
Library, first model), 12 (Clements Library, second model), 13 (Crisler 
Arena), 14 (Dennison Building, first model), 15 (Dennison Building, second 
model), 16 (East Hall, first model), 17 (East Hall, second model), 18 (Frieze 
Building), 19 (Hatcher Library North), 20 (Hatcher Library South), 21 
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(Haven Hall), 22 (Hill Auditorium, first model), 23 (Hill Auditorium, second 
model), 24 (Kraus Natural Science Building), 25 (Michigan League, first 
model), 26 (Michigan League, second model), 27 (Literature, Science, and 
the Arts Building), 28 (Mason Hall), 29 (Michigan Stadium), 30 (Modern 
Language Building), 31 (Northwood IV), 32 (Pharmacy College), 33 (Power 
Center), 34 (Rackham Building, first model), 35 (Rackham Building, second 
model), 36 (Randall Laboratory), 37 (Schembechler Hall), 38 (Shapiro 
Library),  39 (Tappan Hall, second model), 40 (Tisch Hall), 41 (University 
Hospitals), 42 (West Hall, first model), 43 (West Hall, second model). 


■     DDA models of Arlinghaus:  1, 2, 3, 4, 5, 6, 7, 8, 9, 10, 11, 12
■     YouTube version of all, above.


�❍     Build Your Campus competition models--student participants each won at least 
one blue ribbon, as a Best of 3D Warehouse award


■     Lauren Leigh Hoffman:  Dana Building
■     Juan Sergio Ponce de Leon:  Yost Arena, South Quad
■     Andrew Walton:  Golf Course Clubhouse 


●     2007:  University of Michigan models of about 300 buildings included in the online folder 
resulting from the "Build Your Campus" competition. 


●     2007:  Archimedes selected by Google as a "Featured Modeler." 
●     2006:  Google 3D Warehouse, "Google Picks" then go to "Cities in Development" http://


sketchup.google.com/3dwarehouse/ to see textured models of downtown Ann Arbor 
buildings. 


●     2006:  3D Atlas of Ann Arbor, Version 2.  Google Earth Community, ranked a "Top 20 
Rated Post" on Entrance page, December 8, 2006. 


●     2006:  3D Atlas of Ann Arbor, Version 2.  Rated a 5 globe production (top score) in 
Google Earth Community, November 2006. 


●     2004:  Sandra L. Arlinghaus and William C. Arlinghaus, Spatial Synthesis Sampler, 
Solstice, Summer 2004.  Semi-Finalist, Pirelli 2003 INTERNETional Award Competition.


●     2004:  Sandra Lach Arlinghaus, recipient, The Presidentâ€™s Volunteer Service Award, 
March 11, 2004.


●     2003:  Jeffrey A. Nystuen, won the 2003 Medwin Prize in Acoustical Oceanography 
given by the Acoustical Society of America.  The citation was "for the innovative use of 
sound to measure rainfall rate and type at sea".  It is awarded to a young/mid-career 
scientist whose work demonstrates the effective use of sound in the discovery and 
understanding of physical and biological parameters and processes in the sea.


●     2002:    Sandra L. Arlinghaus, William C. Arlinghaus, and Frank Harary.  Graph Theory 
and Geography:  an Interactive View (eBook), published by John Wiley and Sons, New 
York, April 2002.  Finished as a Finalist in the 2002 Pirelli INTERNETional Award 
Competition (in the top 20 of over 1200 entries worldwide). 
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●     2001:  Solstice, Semi-Finalist, Pirelli 2001 INTERNETional Award Competition in the 
Environmental Publishing category.


●     1992:  Solstice, article about it by Ivars Peterson in Science News, 25 January, 1992..
●     1991:  Solstice, article about it by Joe Palca, Science (AAAS), 29 November, 1991.


 
 


Solstice:  An Electronic Journal of Geography and Mathematics, Institute of Mathematical 
Geography, Ann Arbor, Michigan.  


Volume XVIII, Number 2.  
http://www.InstituteOfMathematicalGeography.org/ 
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Institute of Mathematical Geography


SOLSTICE:  


An 
Electronic 
Journal of  


Geography 
and 
Mathematics.  
(Major articles are 
refereed;  
full electronic archives 
available)


 
  INTRODUCTION TO THE SPECIAL ISSUE* 


 
Projective geometry is a non-Euclidean geometry that sits atop all other non-
Euclidean geometries.  It is the most general geometry and possesses 
complete symmetry.  The infinite is no different from the ordinary.  Two points 
determine a line; two lines determine a point.  Indeed, "parallel" lines intersect at a 
point at infinity (at least to our Euclidean-trained minds).  There is complete duality.   
 
Because the academic curriculum is focused almost entirely on Euclidean geometry, 
the constructions of projective geometry, which are quite beautiful, remain hidden 
from most.  They appear "unnatural" and "non-intuitive."  The extra capability of 
the internet and related software permits animating difficult to visualize projective 
scenes and the instantaneous sharing of these across a wide range of locales. 
 
This issue of Solstice shares several important projective constructions with readers: 


●     Harmonic conjugacy
●     Constructions associated with conics in the projective plane.
●     Desargues's Two-Triangle theorem. 
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Read about harmonic conjugacy in association with true perspective projections of 
the globe to a mapping plane.  Learn how all perspective mapping is captured by 
this projective geometric construction! 
 


 
*Dedicated to the memory of Professor H.S.M. Coxeter, 1907-2003.


●     Solstice was a Pirelli INTERNETional Award Semi-Finalist, 2001 (top 80 out of over 1000 entries worldwide)
●     One article in Solstice was a Pirelli INTERNETional Award Semi-Finalist, 2003 (Spatial Synthesis Sampler).
●     Solstice is listed in the Directory of Open Access Journals maintained by the University of Lund where it 


is maintained as a "searchable" journal.
●     Solstice is listed on the journals section of the website of the American Mathematical Society, http://www.ams.org/


●     Solstice is listed in Geoscience e-Journals 
●     Solstice is listed in the EBSCO database.


●     IMaGe is listed on the website of the Numerical Cartography Lab of The Ohio State University:  http://ncl.sbs.
ohio-state.edu/4_homes.html


Congratulations to all Solstice contributors.
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Sandra Lach Arlinghaus 


 
      Benoit Mandelbrot has shown us the power of computer-generated images to 
make mathematical concepts come alive that had otherwise been tucked away 
in mathematics classrooms [Mandelbrot, 1982].   What is accurate in terms of 
definition/proof presentation may not penetrate the minds of those less gifted in 
mastering the mathematical notation and its underlying system of logic.  Beautiful 
images, conceived by those who understand both the abstract concepts and 
their representation using current technological capability, can go a long way 
toward making heretofore inaccessible concepts become accessible. 
 
     A recent example of such transformation in accessibilty appeared in YouTube this 
past summer [Arnold and Rogers, 2007].  Imagine being able to see 
Möbius transformations come alive as an animated sequence showing their relations 
to each other in the plane and then, unifying those representations by lifting them into 
the third dimension on a sphere.  Take a look at this award-winning work, now.  Use 
the link above to view it at low resolution on YouTube.  Original Source Douglas N. Arnold 
and Jonathan Rogness, June 2007:  http://www.youtube.com/watch?v=JX3VmDgiFnY 
 
 
     The projection "light" at the top of the sphere in the video sends points on the sphere 
to points in the plane via stereographic projection, one of a class of "true" 
perspective projections employed by map makers to send part of the surface of 
a spherical globe to a plane.  Three members of this projection class are shown 
below (Figure 1).   
In all cases, the plane into which points are projected is tangent to the globe at S, 
the south pole of the globe.  The projections are: 
 


●     Stereographic Projection, in which the center of projection is at the north pole of 
the globe.  A point P on the globe is sent to a point P(stereo) in the plane (Figure 1a).


●     Gnomonic Projection, in which the center of projection is at the center of the globe.  
A point P on the globe is sent to a point P(gnomon) in the plane (Figure 1b).


●     Orthographic Projection, in which the center of projection is at a point at infinity.  A point 
P on the globe is sent to a point P(ortho) in the plane (Figure 1c). 


Each of the first three images shows an animation suggesting how a point is sent 
from the globe to the plane.  When a large number of points, outlining regions of 
various sorts, is sent from the globe to the plane, a geographic outline map is created.   
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Figure 1a.  Projection is from the north pole. Figure 1b.  Projection is from the center of the globe. Figure 1c.  Projection is from a point at infinity. 


 
Clearly, there is an infinite number of choices available, up and down the white 
vertical line, for centers of projection.  Figure 2 shows one relationship among the 
three projections of Figure 1.  Perspective projections are only one style of 
projection; there are an infinity of other styles possible and within most of those, 
another infinity of ways to create maps.  Readers wishing to discover more about 
the characteristics of individual projections, and classes of projections, are referred to 
the vast literature on the subject of cartography, the science and art of making 
maps [Snyder, 1993; Yang, Snyder, Tobler, 2000].  


 
 


 


Figure 2.  Relationship among different perspective projection types. 


 
     As Arnold and Rogness suggest, there may be more to learn by looking at 
the relationship between plane and spherical expressions.  To consider this idea, turn 
to the underlying mathematics...that of projective geometry which explores the theory 
of perspectivity and related concepts [Coxeter, 1961].  Perspective projection through 
P, in the sequence below, shows how one might find, given three collinear points A, 
B, and C, a fourth point C' that is independent of arbitrary choices made during 
the process of construction.  The points C and C' are harmonic conjugates with respect 
to A and B.  Follow the animations in Figures 3a and 3b to understand the process. 
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Figure 3a.  C and C' are harmonic conjugates 


 


Figure 3b.  C and C' are harmonic conjugates 


In 1986, an essay appeared couched in the language of projective geometry in which 
a theorem, linking harmonic conjugacy to perspective map projection, was proved 


to show the following (Harmonic Map Projection Theorem): 


●     centers of projection that are inverses in relation to the poles of a sphere are 
harmonic conjugates in the projection plane in relation to the projected images of 
the poles of the sphere.


●     as a special case of the observation above, it follows that gnomonic and 
orthographic projections, with inverse centers of projection in the sphere, are 
composed of points that are harmonic conjugates of each other in the plane 
[Arlinghaus, 1986].  


The animation in Figure 4 illustrates both of these points and it does so more clearly 
than did the original text which used notation and static grayscale images only.   


 


 


Figure 5.  Animation displaying content of Harmonic Map Projection Theorem (1986).  Link to a 
Quicktime movie (works better in some browsers than others--try Firefox if Internet Explorer is a 
problem;  Music [Mozart, The Magic Flute].  


 
Naturally, it also follows that all the theorems of projective geometry that apply 
to harmonic conjugates also apply to all projections that satisfy the conditions of 
this theorem.  Thus, for example, the entire set of perspective projections may be 
derived in the projective plane, alone, from the subset of projections with centers 
of projection contained within the sphere of projection.  The unbounded problem 
of looking at an infinity of projection centers spread along an unbounded ray is 
thus converted to one of looking at an infinity of projection centers spread along 
a bounded line segment.   
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Further, the language of duality of projective geometry then applies to the geometry of 
all perspective map projections.  At the broader level of identifying future research 
topics, this geo/metric/graphic unity of harmonic conjugacy and perspective 
projection suggests possible advantages in employing this highly symmetric 
geometry, that does not distinguish the ordinary from the infinite, to understand and 
to analyze other geographical problems that exhibit symmetry in underlying relations 
and that also embrace the concept of infinity. 
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Notes 
 


●     The globe in Figures 1, 2, and 4 is derived from a screen capture from Google Earth, http://earth.
google.com/


●     Figures 3a and 3b also appear in http://www.YouTube.com 
Construction of Harmonic Conjugates--1 


Construction of Harmonic Conjugates--2


 


●     Solstice was a Pirelli INTERNETional Award Semi-Finalist, 2001 (top 80 out of over 1000 entries worldwide)
●     One article in Solstice was a Pirelli INTERNETional Award Semi-Finalist, 2003 (Spatial Synthesis Sampler).
●     Solstice is listed in the Directory of Open Access Journals maintained by the University of Lund where it 


is maintained as a "searchable" journal.
●     Solstice is listed on the journals section of the website of the American Mathematical Society, http://www.ams.org/


●     Solstice is listed in Geoscience e-Journals 
●     Solstice is listed in the EBSCO database.
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Congratulations to all Solstice contributors.
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