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SUMMARY OF CONTENT

Note: in this first 1ssue. there 15 one of each type of article-this need not be the case in
the future.

I, HEPRINT

Wilham Kingdon Clifford, Postulates of the Secience of Space.

Thiz reprint of a portion of Clifford’s lectures to the Royal Institution in the 1870s
suggests many geographic topics of concern in the last hall of the iwentieth century. Look
for connections to boundary issues; {o scale problems, to self- similanty and fractals, and
to non-Fuclidean geometnes (from those based on demal of Euclid's parallel postulate to
those based on a sort of mechanical “polishing” ). What else did, or might, this classic essay
foreshadow?

2. FULL-LENGTH ARTICLE.

Sandra L. Arlinghaus, Bevond the Fractal Figures are transmitied in this e-file only for
the half of the article described in the first pategraph below.

An erginal arlicle  The fractal nelion of self- simoalanty i3 wseful for characierizing
change in scale; the reason fractals are effective in the geometry of central place theory s
hecause that geometry 18 lierarchical i nature. Thus, a natural place to look for other
connections of this sort 18 to other geographlical coneepis thal are also erarchical Within
this fractal context, this article examines the case of spatial diffusion.

When the idea of diffusion is extended to see “adoplers™ of an mnovaton as “atirac-
tors” of new adopters, & Julin set 15 introduced as a possible axis against which to measure
one class of geograplie phenomena. Bevond the fractal context, fractal concepts, such as
“eompression” and “space-filling” are considered 1 a broades graph-thearstic context.

& SHURT ARTICULE.

William C. Adinghaus, Groops, graphz, and God

An original article based on a talk given before a Midwest GrapH TheorY (MIGHTY)
meeting. The author, an algeberaic graph theorist, ties hig research interesis to o hroader
philosophical realm, suggesting the breadih of range to which algebraic structure might be
applied

The fact that almost &ll graphs are Agid (have trvial antomorphism groups) is exploited
to-argue probabibstically for the existence of God. This s presented in the context that
applications of mathematics need not be Limited to saentific ones.

Note: In this first issue, there 12 one of each type of article—this need not be the case in
the future.

4. REGULAR FEATURES

i. Theorem Museum — Desargues’s Two Trangle Theorem of projective geometry,

in. Construction Zone — a ceptrally symmetnc hexagon is denived from an arbitrary
CONnVEL ]II.E'R-';Lg'i'.Il'I.

iii. Reference Corner — Point set theory and topology.

1V, GHI]’EE‘ﬁ J-J.II{J. llt]lﬂl’ Educﬂflllllﬂ-_.l fl:-i-lT-Ul'L’E == Cl’-iJ-ES\'I.'l’.'II[i Fu;ﬂﬁit IUI'.'UE-'I:.'LE Ol & PECES:
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v. Coming attractions — Indication of topics for the "REGULAR FEATURES" section
in fortheoming issues.

vi. Solntion to puzzle
5. SAMPLE OF HOW TO DOWNLOAD THE ELECTRONIC FILE

Thie section ghows the exact sel of commands that work to download this file on The
University of Michigan's Xerox 8700, Becanse different universities will have different instal-
latione of TEX, this is only 2 rough puideline which might be of use to the reader or to the
reader’s computing cenler
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L. REPRINT
THE POSTULATES OF THE SCIENCE OF SPACE
William RKingdon Chifford

From a sel of lectures given before the Rowal Institution, 1873 — “The Philosophy of the
Fure Sciences " Reprinted exeerpt longer than this one appears in The Warld of Mathematics,
edited by James H. Newman, New York: Simon and Schuster, 1936,

ln iy first leeture 1 sard thatl, out of the pictures which are all that we can really see, we
mmagine & world of solid things; and that this world is constructed o as to fulhl a certam
eode of rules, some called axioms, and some called definitions, and some called postulates,
and some assumed in the course of demonstration, but all laid down in one form or anether
in Euwclid’s Elements of Geometryv. It 15 thiz code of rules that we have to consider to-
day, | do net, however, propose to take this book that T have mentioned, and to exanmuzne
ome after another the rules as Euchid has laid them down or unconsciously assumed them;
notwithstanding that many things might be sasd m favour of such a course. This book
has been for nearly fwenty—iwo centunies the esncouragement and puide of thal soientific
thought which 12 one thing with the progress of man from a worse to a betier state. The
encouragement; for it contrined a body of knowledge that was really known and could be
relied on, and that moreover was growing 1o extent and application: For even at the time
this book was written—shortly after the foundation of the Alexandrian Museumn-Mathematic
was no longer the merely ideal science of the Platonic school, but had starled on her career
of conquest over the whale world of Phenomena. The guide; for the aim of every scientific
student of every subject was to bong his knowledge of that subject mto a form as perfect
as that which geometry had attamed. Far up on the great mountain of Truth, which all the
sciences hope to scale, the foremost of that sacred sisterhood was seen, beckoning to the rest
to follow her. Apd hence ghe was called, i the dialect of Lhe Pylhagoreans, 'the purifier
of the reasonable soul! Being thus in itsell at once the inspization and the aspiration of
saientific thought, this Book of Euchd’s has had a lustory as chequered s that of human
progress ntsell  |Deleted text., The geometer of to-day knows nothing about the nature of
actually existing zpace at an infinite distance; he knows nothing about the properties of this
present space in a pasl or a future efersity. He knows, indeed, that the laws assumed by
Enchd are true with an accuracy that no direct experiment can approach, not only in this
place where we are, but i places at a distance from us that no astronomer has conceived:
but he knows this as of Here and Now; bevond his range 15 a There and Then of which
he knows nothing at present, bul may ulfimately come o know more. 5o, you sce, there
15 a real parallel between Lhe work of Copernicus and his successors on the one hand, and
the work of Lobatchewsky and his suceessors on the other. In both of these the knowledge
of lmmensity and Etermity 1s replaced by knowledge of Here and Now, And in virtue of
these two revolutions the idea of the Universe, the Macrocosm, the All, as subjeci of hnman
knowledgs, and therefore of human interest, has fallen to pieces.

It will now, I think, be clear 1o vou why 1t will not do to take for our present consideration
the postulates of geometry as Euclid has laid them down, While they were all certamly true,
there might be substituted for them gome other group of equivilent propositions; and the
choice of the particular set of statements that should be used as the groundwork of the
science was to a cerfain extent arbitrary, being onlv guided by convenience of exposition.

&
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But from the moment thai the actual truth of these nssumptions becomes doubtful, they
EE'I.]] l_'l{ L].'H'_'!'lI.E-\'_'}i'ﬂ:h :i!l!l.l_'l el ]]ECE‘EEE[I}' L"Flilt'f Elll(] EEH.EE-i.ﬁEH.-LiE:I]l: .rf.'I]' we lh:i:['. .L'lt"g'i.li Loy = 'r'|']li|:1'|
of them may be true independentily of the others. And lor the purpose of enticizing the
evidence for them, it is essential thal this natural order should be taken; for | think you will
see presentily that any other order would brng hopeless confusion mto the discussion.

Space iz divided into parts in many ways. If we consider any material thing, space is al
once divided mto the part where that thing 1s and the part where 1t 13 not. The water in this
glass, for example, makes a distinction between the space where it 1= and the space where 3t
it not. Now, in order to el from one of these Lo the other vou musl éross the surface of the
waler; this surface is the boundary of the space where the watler 35 which separates it from
the space where il 13 not. Everv thing, considered as occupying a portion of space, has a
surface which geparates that space where 1t 15 from the space whers il s not. But, agam, a
surface may be divided into paris mn varions ways. Part of the suriace of this water 1s against
the air, and pari 12 against the glass. If you travel over the surface from one of these parts
to Lhe other, vou have to cross the line which divides them; it is this droular edge where
water, air, and glass meet, Every part of a surface is separated from the other parts by a line
which bounds it. Bul now suppose, Turther, that this glass had been so constructed that the
part towards vou was blue and the part towards me was white, as it 18 now. Then this line,
dividing iwo parts of the surface of the water, would itsell be divided into two paris; there
would be a part where it was against the blue glass, and s pari where it was against the
white glass. If vou travel in thought along that line, so as to gel from one of these iwo paris
to the other, you have to cross a point which scparates them, and is the boundary betwesn
them. Ewverv part of a line 15 geparated from the other paris by points which bound it. So
We may sayv aJt.ugl:L]H::r —

The boundary of a solid (i.¢, of a part of space) is a surface
The boundary of a parl of & surface 12 2 line,

The boundaries of a part of a line are points.

And we are only settling Lthe meanings in which words are 1o be used. But here we may
make an observation which i= true of all space thal we are acquainted with: it iz that the
process ends here. There are no parts of a point which are separated from one another by
the next hnk m the senes. This 15 also indicated by the reverse process.

For [ shall now suppose this point — the last thing that we gol 1o — bo move round the
tumbler so as to trece out the line;, or edge. where air, water, and glass meet. In this way
| get a semes of points; one after ancther; a series of such a nature that, starting from any
one of them, only two changes are possible that will keep it within the senes: it nmst go
forwards or it must go backwards, and each of these if perfectly definite. The line may then
be regarded as an aggregate of points. Now let us imagine, further, a change to take place
in this hine, which 12 nearlv a circle. Let us suppose it to contract towards the centre of the
arcle, unial it becomes mdelmitely small, and disappears, In so doing it will trace out the
upper surface of the waler, the part of the surface where il 1510 contact with the air. In this
WAy W shall get a senes of circles one after another — a senes of such a nature that, starting
from any one of them, only two change: are possible that will keep it within the seres: it
must expand or it must contract. This senes, therefore, of circles, 18 just similar to the senes
of points that make one arcle; and just as the hne = regarded as an aggregate of pomnts, so

[T}
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we may regard this surlace as an aggregate of lines. But this surface 15 also in another sense
an aggregaie of point, i being an aggregate of agererales of points. But. starting from a
point m the surface, more than two changes are possible thal will keep it within the surface,
for it may move in any direction. The surfacs, then, 15 an aggregate of points of a different
kind from the hne. We speak of the line as a point-aggregate of one dimengion, becanse,
starting from one point, there are only two possible directions of change: so that the line can
be traced out in one motion. In the same way, & surface is a line-aggregate of one dimension,
because it can be traced out by one molion of the line; bul it 15 2 point-aggregate of two
dimensions, becawse, in order to build it up of points, we have first 1o aggregaile pointe inle
& hing, and then lines into & surface, It requires two motion: of a pomnt 1o trace i out.

Lastly, let us suppose this upper surface of the water to move downwards, remaining
always honzontal till it becomes the under surface. In so deing il will trace ont the part
of space occupied by the water. We shall thus get a series of surfaces one after ancther,
precisely analogous to the series of points which make o hne, and the senes of hnes which
make a surface. The piece of solid space is an aggregate of surfaces, and an aggregate of the
same kind as the line is of points; it is & surface-aggregate of one dimension, Bul al the same
time it is a ine-aggregate of two dimensions, and a point-aggregate of three dimensions. For
if you consider a particnlar line which has gone to make this solid, a cirele partly contracted
and part of the way down, there are more than two opposite changss which it can undergo.
For il can ascend or descend, or expand or contract, or do both together in any proportion.
It has just as greal a variety of changes as a point in a surface. And the piece of space is
called a point-aggregate of three dimensions, because il takes three distinct motions to get
il from a pommt. We must first aggregate points imto a line, then lLines into a surfuce, then
surfaces into & solid, At tlus step it 13 clear, agmn, that the process must stop in all the space
we know of For it 15 not possible to move that piece of space in such a way as {o changs
every point in it, When we moved our line or our surlace, the new line or surface contained
no pomt whatever that was in the old one; we started with one aggregate of points, and
by moving 1t we got an entirely new aggregate, all the pomts of which were new. But this
canmot be done with the solid: go that the process 15 al an end. We ammve, then, at the result
that space is of three dimensions.

Is this, then, one of the postulates of the scence of space? No; it 15 not. The science
of space, as we have it, deals with relations of distance existing in a eertain space of three
dimensions, but it does not ail all require us lo assume that no relations of distance are
possible in aggregates of more than three dimensions. The fast that there are only thres
dimensions does regulate the number of books that we wote, and the parts of the subject
that we study: but it 15 not itself a postulate of the science. We investigate a ceriain space
of three dimensions, on the hypothesis that it has certain elementary properties; and it is
the assumplions of these elementary properties that are the real postulates of the science of
space. To these | now proceed.

The first of them iz concerned with points, and with the relation of space to them. We
spoke of a line as an ageregate of points. Now lhere are Lwo kinds of aggregates, which are
called respectively continuous and discrete. If vou consider this line, the boundary of part
of the surface of the water, you will find vourself hl:]i-::v'mg that beotween any two points of
14 you can put more points of division, and betwesn any two of these more agamm; and so
on; and you do nol believe there can be any end o the process. We mayv express that by
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saving vou believe that between any twe pomts of the line there 35 an infinite number of
other pointe. But now here is an aggregate of marbles, which, regarded as an agerepale
has many characters of resemblance with the aggrepate of points, It is a series of marbles,
one afler another; and if we take into account the relations of nextness or contiguity which
‘t.h{'::i.' POERESS, then there are -:m't:.-' L cha:ug_::s pﬁah':ih]: from one of them as we travel ﬂlmig_
the series: we must go to the next i front, or to the next behind. But yet 1t is not true
that between any two of them here 15 an infimle number of other machles; between these
two, for example, thers are only three. There, then, is a distinction at once between the two
kinds of aggregates. Bul there is another, which was pointed out by Arnsiotls in his Physics
and made the basis of & definition of continuity. | have here a row of two different kinds of
marbles, some white and some black. This aggregate is divided inte two parts, as we formerly
supposed the line to be. In the case of the line the boundary between the two parts 15 a point
which is the element of which the ine 15 an aggregate. In this case belore us, a marble 15 the
element: but here we cannot say that the boundary belween the two parts is a marble. The
boundary of the white parts s a white marble, and the boundary of the black parts 15 a hlack
marble; these two adjacent parts have different boundanes. Similarly, of 1nstead of arranging
my marbles in a series; 1 spread them out on & surface, T may have thiz aggregate divided
into two portions — a white portion and a black portion: but the boundary of the white
portion is & row of white marbles, and the boundary of the black portion isa row of black
marbles. And lasily, i I made a heap of white marbles, and put black marbles on the top
of them. I should have a discrete aggregate of three dimensions divided mnto two parts: the
boundary of the white part would be a layer of white marbles, and the boundary of the black
part would be a layer of black marbles. In all Lhese cases of discrete aggregates, when they
are divided inte two parts, the two adjacent parts have different boundaries. But if vou come
to consider zn agegregate thal you believe 1o be conlinuous, vou will see thal vou think of
twe adjacent parts as having the same boundary. What 15 the boundary between water and
air here? le it water? Nog for there would still have to be n boundary {o divide that water
from the air. For the same reason 1l cannol be air. [ de not want vou at present to think
af the actual phvsical facts by the aid of any molecular theores; | want vou only to think of
what appears io be, In order Lo undersiand clearly a coneeplion that we all have. Suppose
the things actual in contact. If, however mmch we magnified them, they still appeared to be
thoroughly homogeneous, the water filling up a certain space, the air an adjacent space; i
this held good indefinitely through all degrees of conceivable magmfying, then we could not
say that the surface of the water was a layer of water and the surlace of air a layer of air;
we should have to say thal the same surface was Lhe surface of both of them, and was itself
neither one nor the other—that this surface occupied no space at all. Accordingly, Aristotle
defined the continnons as that of which twe adjacent parts have the same boundary; and the
discontinuoos or discrete as that of which two adjacent parts have direct boundanes.

Now the first postulate of the science of space 15 that space in a contmuous aggregate of
points, and not a discrete agrrepate. And this postulate—which [ shall call the postnlate of
continuity—is really involved in those three of the six postulates of Euchd for which Baobert
Simson has retained Lhe name of postulate You will see, on a hitile reflection, that a discrete
ageregate of points could not be so arranged that any two of Lhem should be relatively
gituated to one another in m.'ar.ﬂjr' the same mammer, so that any two points ]]].'lght te joined
by a straight hne which should always bear the same definite relation to them. And the same

4 |
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difficulty occurs in regard to the other two postulates, But perhaps the maost conclusive way
of showimng that this postulate 1 really assumed by Euclid 15 to adduce the proposition he
probes, that every finite straight line may be hisected. Now this could not be the case if it
consisled of an odd number of separate points. As the first of the postulates of the science
of space, the, we must reckon this postulate of Continuity; acccrding to wlich two adjacent
portions of space, or of a surface, or of a line, have the same houndary, viz.— a sarface,
& line, or a point; and belwesn evervy two points on a line there iz an mfimte number of
intermediate points.

The next postulate 1 that of Elementary Flainess, You know that if vou Bt hold of a
small piece of a very large drcle, it seems to you nearly straight. So, if you were to take
any curved hine, and magnify it very much, confining vour attention to a small pece of i,
thati piece would seem gtraighter Lo you than the curve did before it was magnified, At
least, you can emsily conceive a curve possessing this property, that the more vou magnify
it, the straighter it gets, Such a curve would possess the property of clementary flatness
In the same way, if you perceive a portion of the surface of a very large sphere, such as the
earth, it appears to yvou to be flat. H, then, you fale a sphere of say a foot diameter, and
magnify it more and more, you will find that Lhe more vou magnify it the flatter it gets.
And you may easily suppose thal thiz process would go on indelinitelv; that the curvature
would become less and less the more the surface was magmified. Any curved surface which
18 such that the more you magmfy it the flatter it gets, is said o possess the property of
elementary flalness. Bul if every suceesding power of our tmaginary microscope disclosed
new wrinkles and inequalities withoul end, then we should say that the surface did not
possess the property of elementary flatness,

But how am | to explain how sclid space can have this property of elementary flatness?
Shall I leave it as a mere analogy, and say that it 15 the same kind of property as tlhes of the
curve and surface, only m three dimensions mstead of one or vwo? | think [ can get a little
nearer to 1t than that; at all events [ will try.

If we start 10 go oul from a point on a surface, there 15 2 cortain choiee of directions
which we may go. These directions make certain angles with ome another. We may suppose
a certain direction to start with, and then gradually alier that by turning it round Lhe point:
we find thus a single series of directions in which we may start from the point, According to
our first postulate, it 15 a continuous series of directions. Now when [ speak of a direction
fram the p-:n'm; | mean a direction of starting; I EAV nnthing ahout the 5L:|;u.=,eq11ﬂut path.
Two different paths may have the same direction at starting; in this case they will touch at
the peint; and thers & an obvious difference betwesn lwo paths which touch and two paths
which meet and form an angle. Here, then, 15 an aggregate of directions, and they can be
changed into one another. Moreover, Lhe changes by which they pass into one another have
magnitude, they constitute distance-relations; and the amount of change necessary to tuen
one of them mto another 15 called the angle betwesn them. It 15 mvolved i this postulate
that we are considering, that angles ean be compared in respect of magnitude. Bul this is not
all. If we go on changing a direction of start, it will, after a certain amount of turning, come
round into itself again, and be the same direction. On every surface which has the properiy
of elementary flatness, the amount of tuming necessary lo take a direction all round mio its
first position 15 the same for all pomnts of the surface. 1 will now show you a surface whach
at ome point of 1t has not this property. 1 take this circle of paper from which o sector has

11
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been cut out; and bend 1t round so ag to join the ﬂdg{:s; in thie way | form o surface whach 15
called & come. Now on sll points of this surface but one, the law of clementary flatness holds
good. At the vertex of the cone, however, notwithstanding that there s an aggrepate of
directions in which you may start, such that by comtinuomaly changing one of them vou may
get 1t rownd indo iis ornginal pesition, yet the whole amount of change necessary to effect
this 15 not the same at the vertex as it 15 at any other pomt of the surface. And this you can
see atl once when [ unraoll 115 for only part of the directions in the plane have been ncluded
in the eone. At this point of the cone, then, it does not possess the property of elementary
flatness: and no amount of mugmf_wng would ever make a cone seem flat at its vertex.

To apply this to solid space, we must notice thalt here also there is a choiee of directions
im which vou may go oul from any peint; but it i 8 mueh greater choles than a surfoce
gives vou, YWhereas in a surface the aggregate of directions 15 n11||1,' of one dimension. 1m salid
space it 15 of two dimensions, But here also there are distance-relations, and the aggregate
of directions may be divided mio parts which have quarntity: For cr:-.'.ump]i:: the directions
which start from the vertex of this cone are divided into those which go inside the cone,
and Lhose which po outside the cone. The part of the aggregate which i= inside the cons i
called a solid angle. Now in those spaces of three dimensions which have the property of
elementary flatness, the whole amount of solid angle round one point 15 equal to the whole
amount round another point, Althouwgh the space need not be exactly similar to itself m all
parts. vet the ageregate of directions round one point 15 exactly similar te the ageregate of
directions round another point, if the space has the propecty of elementary flatness.

How doeg Euclid assume this postulate of Elementazy Flatness? In his fourth postulate
he has expressed i so simply and dearly that you will wonder how anvbedy could make all
thig fuss. He says, "All right angles are equal.’

Why could | not have adopted this al once, and saved a greal deal of trouble” Because
it assumes the knowledge of & surface possessing the property of elementary Hatness in all
s pomts. Unless such a surface 1 first made out 1o exst, and the definition of & ngh
angle is testricted to lines drawn upon it—for there is no necessity for the word slraiph! in
that definition—the postulate in Euclid's form 18 obwviously not true. | can make two lines
cross at the vertex of & cone so that the four adjacentl angles shall be equal, and yel not one
of them equal to o right angle. I pass on 1o the third postulate of the science of space—
the postulate of Superposition. According to this postulate a body can be moved about m
space withont aliering its size or shape. This seems obvious enough, but it 18 worth while
Lo examine a hitle more closely wmbe the e g of 1. We must define what we mean by
size and by shape. When we say that a body can be moved about without altering its =ize,
we mean Lhat il can be so moved as Lo I".ﬂ::]} unaltered Lhe EEILgﬂL ol all the hnes in 1. This
postulate therefore mvolves thet lines can be compared in respect of magnitude, or that they
have a length indepesdent of position; precisely as the former one invelved the comparison
of angular magniiudes. And when we say that a body can be moved about without altenng
its shape, we mean thal it can be so moved as (o keep unaliersd all the angles 1n o3t Tt s
nol necessary to make mention of the motion of a body, although that is the epsiest way
of expressing and of conceiving this postulate; but we may, il we like, express it enticely in
terms which beleng to space, and that we should do i this way. Suppose a figure to have
been constucted in some portion of space; say that a toangle has been drawn whose sides
are the shostest distances betwesn ils angular points. Then if i any other portion of space
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two points are taken whose shortest distance s equal to o side of the tnangle, and at one
of them an angle is mads egual to one of the angles adjacent to that side; and a lne of
shortest distance drawn equal to the corresponding side of the onginal triangle, the distance
from the extremity of thiz to the other of the two points will be equal to the third side of
the onginal triangle, and the two will be egual m all respects; or generally, if a figure has
been constructed anywhere, another figure, with all its lines and all 1ts angles equal to the
corresponding hines and angles of the first, can be constructed anywhere else. Near this is
exactly what 12 meant by the pnnaple of superposition emploved by Euclid to prove the
proposibion that | have just mentioned. And we may stale it again in this shori form—All
parts of space are exactly alike.

But this postulate carries with it o most important consequence. In enehles us to make
& pair of most fundamental defimtions—those of the plane and of the straight line. In order
to explin how these come out of it when 1t 15 granted, and how they cannot be made when
it 15 not granted, T must here say somelhing more about the nature of the postulate itself,
which might otherwise have been left until we come to criticize il

We have stated the postulate as referning to solid space, But a similar property may exs)
in surfaces. Here, for instance, is part of the surface of a sphere. If 1 draw any figure 1 like
upon this, I cen suppose it to be moved aboul 1 any way upon the sphere, without alteration
of 1ts size or shape. I a figure has been drawn on any part of the surface of & sphere, a
figure equal to 1t in all respects may be drawn on any other part of the surface. Now [ say
that this property belongs to the surface iself, 15 a parl of its own internal economy, and
does not depend in any way upon its relation to space of thres dimensions. For | can pull i
about and bend it in all manner of ways, 5o as allogether 1o alter its relation fo sclid space:
and vet, if [ do not stretch it or tear it, T make no difference whatever in the length of any
bines wpon it, or i the size of any angles upon it 1 do not in any way alter the figures drawn
upaon it, or the possibility of drawimg figures upon it, se far as therr relations with the surface
itself ere concerned. This property of the surface, then, could be aseertained by people who
lved entirely in it, and were absclutely ignorant of a third dimension. As a point-aggregate
of two dimensions, it has in itsell propertics determining the distance—relations of the points
upon it, which are absolutely mdependent of the existence of any points which are nat upen
it

Now here is a surface which has not that property. You observe that it is not of the
same shape all over, and that some parts of it are more curved than other parts. I yon
drew a figure upon this surface, and then tried to move il aboul, vou would find that it was
impossible to do so without allenng the size and shape of the figure. Some parts of it would
have to expand, some to contract, the lengthe of the hnes could not all be kept the seme,
the angles would net lui ofl together. And this property of the surface—that its paris are
different from one another—is a property of the surface itsell, a part of its internal economy,
absalutely mdependent of any relations it may have with space outside of it. For, as with
the other one, | can pull it about in all sorts of ways, and, so long as | do not stretch it or
tear if, I make no alteration in the length of lines drawp upon it or in the size of the angles,

Here, then, is an intrinsic difference between these two surfaces, as surfaces, Thev are
both polnt-aggregates of two dimensions; but the points in them have certain relations of
distance (distance measured alwavs on the surface), and these relations of distance are not
the same in one case as they are in the other.
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The supposed people bving m the surlace and having no idea of & third dimenson might,
without suspecting that third dimension at all, make & very accurate determination of the
nature of their locus o guo. 1 the people whe lived on the surlace of the sphere were to
measure the angles of & trangle, they would find them to exceed two right angles by =
quantily proportional o the area of the triangle. Thie excess of the angles above two night
angles, being divided by the area of the tnangle, would be found to give exactly the same
quottent at all parts of the sphere. That guotient i= called the curvature of the surface;
and we say that a sphere 15 a surface of uniform curvature, But if the people living on ths
irregular surface were to do the same thing, they would not find quite the same result, The
sum of the angles would, indeed, differ from two might angles, but sometimes in excess, and
sometimes in defect, according to the part of the surface where they were. And though for
small tmangles 1 any on neighbourhood the excess or defect would be nearly proportional
o the area of the triangle, yet the quotient obtamed by dividing this excess or defect by
the area of the triangle would vary from one part of the surface to another. In other words,
the eurvature of this surface vanes from peint to point; I is sometimes positive, sometimes
negative, sometimes nothing at all.

Fut now comes the important difference. When 1 speak of & tnangle, what do | suppose
the sides of that tnangle to be?

If 1 take two points near encugh together wpon & surface, and stretch a string between
them, that stnng will take up a certain definite position upon the surface; marking the bme
of shortest distance from one point to the other. Such a hne is called & geodssic hine. It
15 8 line determined by the intrinsic properiies of the surface, and not by its relations with
external space. The line would still be the shortest line, however the surface wers pulled
about without stretching or tearing. A geodesic line may be produced, when a plece of it 1=
given; for we may take one of the points, and, keeping the siong stretched, make it go round
in & sort of circle antil the other end has turned through two right angles. The new position
will then be s prelongation of the same geodesic hne

In speaking of a tnangle, then, [ meant a tnangle whose sides are geodesic lines. But in
the case of a sphencal surface—or, more generally, of a surface of constant curvature —these
peodesic lines have another and most important property, They are strogght, so far as the
surface is concerned. On Lhis surface a figure may be moved about without altering its size
or shape. It ie possible, therefore, to draw & line which shall be of the same shape all along
and on both zides. That 15 to say, if you take a piece of the surfece on one side of such a line,
vou may shide it all along the line and it will fit; and you may tuzn it cound and apply it o
the other side, and it will filt there also. This is Leibniz's definition of a straaght bne, and,
vou ses, it has no meaning except in the case of a surlace of constant curvature, a suriace
all parts of which are alike

Now let us consider the corresponding Lhings i solid space. In this alse we may have
geodesic hnes; namely, hines formed by stretching a string between two points. But we may
also have geodesic surfaces; and they are produced m this manner. Suppose we have a pomt
on a surface, and this surface possesses the property of elementary flatness, Then among all
the directions of starting from the point, there are some which start m the surface, and do
not make an angle with it. Let all these be prolonged inlo geodesics; then we may imagine
one of these gendesics to travel round and eoincide with all the others in tum. In go doing it
will trace ont a surface which 15 called a geodesic surface. Now in the particular case where
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a space of three dimensions has the property of superpositoin, or is all over alike, these
geodesic surfaces are planes. That 1= to say, simce the space 1= all over alike, these surfaces
are also of the same shape all over and on bath sides; which is Leibniz's definition of a plane
If you take a piece of space on one side of such & pilane, partly bounded by the plane, wou
may shide il all over the plane, and it will fit; and you may turn it round and apply 1t Lo
the other side, and it will fit there also. Now it is clear that this defimition will have no
MEeRMINE unless the thard ]}r_'u:-;tulal& bree gra:ul-:r_!i. S0 we may sy that when the puELulaie ol
Superposition 1s true, then there are planes and straight lines; and they are defined as being
of the same shape throughout and on both sides.

It 15 found that the whele geometry of a space of three dimensions 15 known when we
know the curvature of three geodesic sutfaces at every point. The thied postulate requires
that the curvature of all geodesic surfaces should be everywhere equal to the same quantity.

| pass to the fourth postwlate, which 1 call the postulate of Similasity. According to
this postulate any figure may be magnified or dimanished in any degree without altering its
shape. IT any figure has been consiructed m one parl of space, 1l may be reconstructed 1o
any scale whatever in any other part of space, so that no one of the angles shall be altered
through all the lengths of lines will of course be altered. This seems to be 2 sufficiently
ohvious induction from expenence; for we have all frequently seen different sixes of the same
shape; and it has the advaniage of embodying the fifth and sixth of Fueclid’s postulates in a
single principle, which bears a great resemblance i form o that of Supsrpesition, and may
be used in the same manner. It is easy o show that it mvolves the two postulates of Euchd:
"T'wo straght lines cannot enclose a space,’ and 'Lines 1o one plane which never mest make
equal angles with every other line.’

This fourth postulate 15 equivalent to the assumption that the constant curvature of the
gecdesic surfaces is zero; or the third and fourth may be pul together, and we shall then say
that the three curvatures of space are all of them zerc at every point.

The supposition made by Lobatchewsky was, that the three first postulates wers true,
but not the fourth, Of the two Euclidean postulates included in this, he admitted one, viz.,
Lhal two straight lines cannol enclose a space, or that two lines which onee diverge go on
diverging for ever. But he left out the postulate about parallels, which may be stated m
this form. If through a pont outside of a siraight line there be drawn another, indefinitely
produced both ways: and if we turm this second ome round so as to make the point of
intersection travel along the first line, then at the very instant that this point of intersection
disappears at one end it will reappear at the nt.]:ucr? and there 15 -:m]y one position m which
the lines do not intersect. Lobatchewsky supposed, instead, that there was a finite angle
through which the second hne must be turned after the pont of intersection had disappeared
at one end, before it reappeared &t the other, For all positions of the second line within this
angle there iz then no intersection. In the two limiling positions, when the lines have just
done meeting at one end, and when they are just going to meet at the other, they are called
parallel: so thal two hiuss cen be drawn through a fixed point parallel to a given straght
line. The angle between these two depends in a cestamn way upon the distance of the point
from the line. The sum of the angles of a triangle is less than two right angles by a quantity
proportional io the area of the irlangle. The whole of this geometry 15 worked out in the
style of Euclid, and the mast interesting conclisions are armived at; particularly in the theory
of solid space, in which a surface tums up which iz not plane relatively te that space, but
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which, for purposes of drawing figeres upon it is identical with the Fuclidean plans

It was Riemann, however, who first ﬂECU][i].‘.":IE]H‘.d the task of analvsing all the AISUTNR-
tions of geometry, and showing which of them were independent. This very disentangling
and separation of them is sufficient {o deprive them far the geometer of their exactness and
necessaly; for the process by which it 35 effected comsists in showing the possibility of con-
ceiving these suppositions one by one {o be unirne; whereby it 1s cleagly made ont how much
15 supposed. But it may be worth while to state formally the case for and aganst them.

When it iz maintamed that we know thess postulates to be nmiversallv tre, in virtue of
certain deliverances of our consciousness, it 15 imphed that these deliverances could not exist,
except upon the supposition that the postolates are troe I 3t can be shown, then, from
experience thal our conscionsness wonld tell ue exactly the same things if the postulates are
not true, the ground of their validity will be taken away. Bul this 15 a very easy thing io
show

That same faculty which tells vou thal space iz continuous tells you thal this water is
continuous, and thal the molion perceived m a wheel of life is continnous. Now we happen
to know that if we could magnify this water as much agmn as the best microscopes can
magnify it, we should perceive ils granular steucture. And what happens in a wheel of life
15 discovered by stopping the machine. Even apart, then, from ocur knowledge of the way
nerves act in carrving messages, il appears that we have no means of knowing anything more
aboul an aggregate than that it is too fine-grained for us to perceive its discontinaity, if it
has any.

Nor can we, in general, receive a conception as positive knowledge which is itself founded
merely upon inaction, For the conception of a continuous thing 15 of that which looks just
the same however much you magnify it. We may conceive the magnifving to go on to a
cerfain extent without change, and then, as it were, leave it gomng on, without taking the
trouble to doubt about the Cilﬂjlgﬂ'& thal may ensue.

In regard Lo the second postulate, we have merely to point o the example of polished
surfaces. The smoothest surface that can be made is the one most completely covered with
the minuiest ruis and furrows. Yel geometrical constroctions can be made with extreme
accuracy upon such a surface, on the supposition that it is an exact plane. I, therefore,
the sharp points, edges, and furrows of space are only small enough, there will be nothing
to hinder owr conviction of its elementary flatness. It has even been remarked by Hicmann
that we must not shrink from this supposition if it is found useful in explaining physical
phenomena.

The first two postulates may therefore be doubled om the side of the very small. We
may pul the third and fourth together, and doubt them on the side of the very sreat. For if
the property of elementary flatness exist on the average, the deviations from it being, as we
have supposed, too small to be perceived, then, whatever were the true nature of space, we
should have exactly the conceplions of it which we now have, if only the regions we can get
al were small in comparson with the areas of curvature, If we suppose the curvalure to vary
in an irregular manner, the effect of it might be very considerable in a triangle formed by
the nearest fixed stars: but if we SUppOsE it upprﬂxjnmtrﬂy nniform to the hmit of telescopic
reach, it will be restncted to very much narrower limits. 1 cannot perhaps do better than
conclude by deseribing to vou as well as | can what 15 the nature of things on the supposition
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that ihe curvature of all space 15 nearly unilonm and positive.

In this case the Umiverse, as known, becomes agam a vabd conception; for the extent
of space is a finite mumber of cubic miles. And this comes about in a curious way. I yvou
were to start in any direction whatever, and meve i thatl direetion in a perfect straighl line
according Lo the definition of Leibniz; after travelling a most prodigious distance, to which the
paraliactic umit—200.000 times the diameier of the carih’s orbit—would be only a fow steps,
vou would armve at—ilos place. Only, f you had started npwards, vou would appear from
below, Now, one of two things would be tree. FEither, when you had gol hall-way on your
Jjourney, vou came to a place that is opposite 1o this, and which you mugt have gone through,
whatever direction vou started in; or else all paths vou sould have taken diverge entirely from
each other till they meel again at this place. In the former case, every two straight lines in
a plane meet in two points, in the latter they meet only in one. Upon this supposition of 2
positive eurvature, the whele of gecmetry 1= far more complete and interesting; the principle
of duality, insiead of hall breaking down over metric relations, applies to all propositions
without exception. In fact, I do no mind confeszsing that I personally have often found reliel
{rom the dreary infinities of homaloidal space in the consoling hope thai, after all, this other
may be the true state of things,
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2. FULL-LENGTH ARTICLE

BEYOND THE FRACTAL
SEIIJI'.’!J.'FJ. LHEJ.J J‘!LJ'.rJ:HE'.IIIr'J.IJE

“I never saw & moor,
I never saw the sea:
Yet know 1 how the heather looks,
And what a wave muost be”

Emly Dickinson, “Chartless.”

Abstract.

The fractal notion el sell~gimilarity {2 usefil for characterizing change in scale; the reasan factals are =feciive
in the geometry af central place theasy is becneee that geamezry = hiernrelical in pature. Thus, a natuen] place to
look for other conneetions of this soct is Lo slher peopraphical concepiz that zce hieraschical in natece, Within this

fractul context, this chapter examines the cose of spatial diffusion.

Wlen the idea of dilfaaton s extesded to see “adeplers” of an innavaiion o= “attraciars” of new adapters, a Julin
sel iy introduced as = ponsille axis against which 10 mensnre one clss of geageaphic phenomena. Bevond the frooel
cantext, fractnl concepts, suck ae "eompression™ and "spaces flling™ wre coneidered o ow broader prapi-tbeoretic
cupbexl

Imtroduction.

Because a fractal may be considered as a randomly generaled statistical image [Man-
delbrotl, 1981), one place to look for geometric fractals tailored to fit geographic concepis is
within the set of ideas belund spatial configurations traditionally characlenzed using ran-
dominess. The spatial diffusion of an innevation s one such case; Hagerstrand characterized
it using probambstic simulation techmgques |Hagerstrand, 1967), This chapter builds directly
on Hagerstrand’s work in order 1o demonstrate, in some detail, how fractals mmght anse in
spatial diffusion. From there, and with a view of an adopter of an innovation as an “atirac-
tor” of other adopters, the connecied Julin set = = 2% — 1 is examined, only broadly, for its
potential to serve as an axis from which to measure spatial “attraction.”

More generally, it 15 not necessary to consider fractal- like coneepts such as "attraction.”
Yspace-filling,” or “compression” relative to any metric, as in the diffusion example, or
relative to any axs, as i the Juba sel case. These broad fractal nolions are examined.
in some detail, in a graph-theoretic realm, free from metric/axis encumbrance, as one siep
beyond the fractal An effort has been made to explain key geograplical and mathematical
concepts so that much of the matenial, and the flow of ideas, i= self- contained and accessible
to readers from various disciplines.

A fractal connection Lo spatial diffusion

The diffusion of the knowledge of an innovation across geographic space may be simulated
numenically using Monte Carlo techniques based in probability theory (Hagerstrand, 1967).
A simple sxample illustrates the basic mechames of Hagerstrand's procedure

Consider a geograplue region and cover it with a grid of uniform eell size suited to the
scitle of the available empirical information about the innovation. Enter the number of initial
adopters of the innovation in the grid: an entry of “17 means cne person (household, or other
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set of people] knows of the innovation. Ower tine, this person will tell others. Assume thai
the epread of the news, from this person to others, decays with distance: 'To simulate this
spread, probabilities of the hkelihood of contact will be assigned o sach eell surrounding each
imitizl adopter. A table of random numbers is used in conjunction with the probahilities, as
followrs.

Given a grdded geographic region and a distribution of three initial adopters of an
innovation [Figure 1}, Assume that an initial telling occurs no more than two cells away from
the initial adepters’ cells. This assumplion ereates a five-by—five gnd in which mterchange
can occur between an initial adopier in the central cell and others. Assign probalbibties of
contact 1o each of these twenty—five cells as a percentage likelihood that a randomly chosen
four digit number falls within a given interval of numbers assigned Lo each cell [Figure 2
Because the intervals in Figure 2 partition the set of four digit numbers, the percentage
probabilities assigned to each cell add te 100%. Pick up the five-by—five grid and center i
on the original adopter in cell H3 (Figure 1). Choose the first number, §248, i the Lst of
random numbers {(Figure 23 1§ falls in the intesval of numbers in the central cell. Enter »
=17 in the associpted cell, 13, to represent this new adopter. Move the five-by— five gnd
acrass Lhe distobution of onginal adoplers, stopping it and repeating this procedure with
the next random number in the list erch time a new original adopter iz encountersd. Center
the five—by—five gnd on Hd; the nexi random number is 0925 which fells in the mterval m
the cell immediately northwest of center (Figure 2). Enter a "+1% n cell G3 {Figare 1),
the cell immediately northwest of H4. Finally, center the moving gnd on H3. The next
random number, 4997, falls in the center cell; thersfore, enter a “+17 in cell H5. Cneoe this
procedure has been applied to all original adopters, the population of adopters doubles and a
“first generation” of adopters, comprising original adopters and newer adopters represented
as “4+1'%", emerges {Figure 1). Any number of additional generations of adopiers of the
mnovalion may be simulated by iteration of this procedure

There arc numerous side 1ssues, which are important, thal may eomplicate this basic
pracedure [Higersirand, 1967; Haggett <t al, 1977), How are the pereentages for Uhe fve—
by-five grid chosen? Indeed, how is the dimension of “five” chosen for a side of this grd?
Should the choices of percentages and of dimension be based on empincal data, on other
abstract considerations, or on a mix of the two? What sorts of criteria should there be
in judging suitability of empitical data? What if a random entry falls cutude the given
grid; what sorts of boundary /barrier considerations, both in terms of the position of new
adopiers relative to the regional boundary and of the synuneiry of the probabilities within
the five=by-five gnd. should be taken into account?

Independent of how many generations are caleulated wzing Lhis procedure, the patiern of
“filling 1in" of new adopters is heavily influenced by the shape of the set of original adopters.
inda&ﬂ, over trme, an-nw!ﬁrlgc of the mnovation diffuses slewly mitially, picks up in speed of
transmession, tapers ofl, and eventually the population becomes satnrated with the knowl-
edge. Typically this is characterized as a continuons phenomenon using 2 differential equation
af inhibited growth that has as an initial supposition that the population may not exceed M,
an upper bound, and that F(f}. the population P at time { grows al a rate proportional
to the size of itsell and proportional to the fraction lefi to grow [Haggett ef al., 1977; Boyce

18



SOLETIVE
Figure 1.

Thres onmnal adoplers, represented as l's.  Posmions are simulated for three new
adopters, represented as —1"s The two sets taken together form a first generation of adoplers
of an innovation {gnd after Hagerstrand),

North at the 1op.
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and [HFPrima, 1977). An equation such as

dPit)
di

=k P{t)(1 — (Ft)/M))

serves as A maethematical medel for this sort of growth in which & > [} 15 a growth constant
and the fraction (L= [(P{E)/M] acte as a damper on the rate of growil [Boyee and DiFPnims,
1977). The graph of the equation is an S-shaped (sigmoid) logistic curve with honzontal
asymplote at P{t] = M and inflection poant at P{) = M/2. When dP/di > [ the
population shows growth; when d°P/di? = 0 (below P{t) = M/2) the rate of growth is
increasing; when d*P/dt? < 0 (above FP(t] = M/2) the rate of growth is decreasing.

The differential equation mode] thus vields information concerning the rate of change of
the tolal populaiion and in the rale of change in growth of the tolal population. 1t does not
show how to determine A ; the choice of M is given a priore.

Iteration of the Higerstrand procedure gives a position for Af omece the procedure has
been run for all the generations desired.

For, it is a relatively easy matter to accumulate the distributions of adopiers and stack
them next to each other, creating an empincal sigmoid logistic carve based on the simulation
(Haggett el al., 1877), Finding the position for the asymptote [or for en upper bound close
to the asymptotic position] is then straightforward.

Meoither the Hﬁ.gerstran& p:n:h:l:t]:nc nor the inhibated Er{m‘lh ol el prn:-v'sdts an estimate
of saturation level (horizonta] asymptote position) (Haggett, ef al., 1977) that can be calen-
lated carly in the measurement of the growth. The fractal approach suggested below offers
a means for making such a ealeulation when seli-similar hierarchical data are involved; al-
lometry is a special case of this procedure (Mandelbrot, 1983). The teasons for wanting Lo
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Figure 2

Five-by-five gnd overlay. Numerical entries in eells show the percentage of four digit
numbers assocaated with each eell. The given bsting of cells shows which cell 15 associated
with which range of four digit numbers.

Naorth at the top.
1 2 i q

(L96 1.4 168 14n 0.Be
1.40 4. hat ing 140
1.8 hat 423 .47 162
1.40 .01 547 1.0 k4D
.88 1.4 1.68 LAb ot

e = S B —

A random sel of numbers I:smir-::-:: RO Handbook of Standard Mathemationl Tab}es}:
G248, 0925, 4097, 0024, 7V54
717 2854, 2077, DAGZ, 2841
SO0, 9647,

and so forth.

landom number assignment to matrix cells, with cell number given as an ordered pair
whose first entry refers to the reference number on the leflt of the matnx m this figure and
whose second entry refers Lo the reference number al the top of that matrix.

(1,1): 0000-0085; (1,2): 0096-0235; (1.3): 0286-0403
(14) 0404-0543; (1,5): 0544-0639
(2,1): 0640-0779; (2,2): OT80-1080; (2.3): 1081-1627
(2,4): 1628-1928; (2,3); 1929-2068
(3,1): 2060-2235; (3.2): 2237-2783; (3.3): 2784-7214
(3.4): 7215-7761; (3,5) 7762-7929
(4,1): T930-B0BD; (4,2): BOTO-83T0; (4,3): B3T1-8917
(4,4): 8018-9218; (4,5); 9219-9358
(5,1): 9359-0454; (5.2): 0455-0594; (5,3): 9595-0762
(5,4): 9763-0902; (5.5); GO03-9959

make such a caloulation might be to determine where to position adopter “seeds™ in order
to produce varous levels of mnovation saturation.

As 15 well-known, not all innovations diffuse i a uniform manner; Paris fashions read-
il!l" ﬂm&lﬁb]'ﬂ j.i.i i.'l.L"d.j'iJ‘].' U S. L]L.i.l"_"E B iH.I.d Li'i.'l-'-'.']i EElI'.'I:.'[ coast [I]]El’lt !-iClI:tD]TI. I:lE SCCT1 'i'l.'l 'I."I:I|.'E|J
midwestern towns, To determine how the ideas of fractal “space—filling” and this sorl of
dilfusion—relate:d “space- ﬁ]]ing" mighl be ajign-:d, consider the fallowing example.

Given & distribution of three onginal adopters occupyving cells H3, H4, and H5 in a lincar
paltern (Figure 3.A). The probahbilities for positions for new adopters are encoded within
each cell surrounding each of these (as delermined from Lhe five-by-five gnd of Figure 2).
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SOLSTICE
Figure 3.A.

The simulation is o on three orginal adopters with positions given below. Numerical
entnes show Lhe likehhood, out of 300, that a new adopter will fall into a given cell. Zones of
interaction between overlapping five-by-five grids are outlined by a heavy line (begin at the
upper lelt-hand comer {ulhe) of cell F2; move horizontally 1o the upper righli-hand cormer
(urhc) of cell F; vertically to lower nght-hand corner (Irhe} of cell J6; honzontally to lower
lefi-hand comer (lThe) of cell J2; vertically to ulhe of F2 — should be a rectangular enclosure
that you have added to this ligure}. Original adopters are in cells H3, H4, Hs.

Morth at the top.

H 2 1 4 a i T & Totals
A
B
C
e
E . —
F o096 [236 404 448 40¢ 236[ 096 18,20
& 1.40 |4.41 588 11.43 983 4.4] 40 4287
H LG |16 a5l46 53325 oL46 T.15) 1.68 175.83
/ L40 | 441 D88 1149 9.ER 441 L4l 2387
o 096 | 236 404 448 404 2.36) 0946 18.20
K e = - —

6.40 2060 79.30 8718 79.31 20.70 6.41 300

Thus, for example, when the gnd of Figure 2 is superimposed and centered on the onginal
adopter in cell H3, a probability of 3.01% 1= assigned to the bhkelihood for contact from 13
to (G4 when it 18 supenmposed and centered on the original adopter 1n H4, there 15 2 5.47%
likelihood for contact from H4 to G4, and, when it is supenmposed and centered on the
original adopter in HS, there 35 a 3.01% hikehhood for contact from H35 te G4, Therefore,
the percentage likelihood of a new first-generation adopter in cell G4, given this initial
configuration of adopters, 15 Lhe sum of the percentages divided by the number of initial
adopters, or 11.49/3. For case in inserting fractions into the grid, enly the numerator, 11,48,
15 shown as the entry (Figure 3.A ). IL would be uselul, for purposes of comparison of this
disicibution Lo those with sets of initial adopters of sizes other than 3, to divide by the
number of initial adopters in order to derive a percentage that is independent of the size of
the 1mtial distnbution [z'.f-, to normalize the numerical entries f.

[t is easy to see that the values in the cells of Figure 3.4 must add o a total of 300 if one
views them as derived from each of three five—by—five gride centered on each original adopter.
A "zone of mteraction” of entnies from two or more five-by—five grids is outlined by & heavy
line; 25 cells are enclosed in it in Figure 3.A. The pattern of numbers exhibits bilateral
symuetry, insofar ag is possible (allowing for the “appendix” of .01 required to make Lhe
mumerical partition associated with Figure 2 complete] with respect to both North-South
and Bast—West axes (with the onigin in cell H4). Sum and column totals are caleulated: as
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Figure 3.B.

The gunulation 15 run on three onginal adopters with posttions given below. Numerical
entries show the likelihood, out of 300, that a new adopter will fall into & mven cell. Zones of
interaction between overlapping five-by-five gnds are outlined by a heavy line (begin ulhe
of F2; horizontally to urhe of Fé; vertically to Ithe of I6; honzontally to Irhe of 15; vertically
te Irhe of J5; honzontally Lo Hhe of J3; vertically to [lhe of 13; horizontally to llhe of 12;
vertically to ulhe of F2 — should be a "fat" T-shaped enclosure that vou have added to this
figure). Original adopters are in cells H3, G4, Hb.

North at the top.

1 2 T 4 5 ] T R Tamﬂs
A
E
&
D
E 0.96 140 168 1.40  0.96 5.40
F D98 | 280 35.65 827 565 280 0.0 27.04
x 1.40 | 469 1234 3033 1234 489 1.40 57.10
H 1.68 | 6.87 49.00 1641 4000 6.87 ) 1.6% 131.51
1 1.40 \ 387 827 770 827 3.98) 140 34.90
J 096 |.r1L*T]L2.ﬁe1 280 265 140 0.7 12 89
e =" =t S

G.40 2069 T9.30 ET.19 79.31 20.70 G.41 3060

the shape of the distribution of mitial adopters is altered (below). these totals will tag sete
of cells 1o demonstirale how -;Jm:tgr.:u m the zone of 1nterection are CCOUTTINE.

Next consider a distribution of three initial adopters derived from the linear one by
moving the middle adopter one umt to the North (Figure 3.B). When interaction velees are
calculated as they were for the initial distmbution in Figure 3.A, a eomparable, but different
numernical pattern emergss {Figure E.B}. Here, the column folals are the same as thaose in
Figure 3.A. but the row totals are different. The zone of interaction contains 23 cells; the
highesi individual cell value of 50.33 12 legs than thatl of the ]1iE]11:5[ cell wvalue, 53.25, i
Figure 3.A. Beeause both sets of values are partitions of the number 300, and because there
are more cells with potential for eontact in Figure 3B than i Figure 3.A, the concentration
of entnes in Figure 3.B 15 nol as compressed as in Figure 3.A, This is reflected 1o the row
totals; a visnal device useful for tracking this compression iz to think of the five-by-five grid
centered on the maddle adopler being gradually pulled, to the North, from under the sel of
entries in Figure 3.A. In Figure 3.B the top of this muddle grid slips out from under, failing
te imtersect the boltom row, J, of the grid. With this view, it is easy to understand why
only the row totals, and not the column tetals, change.

Naturally, as the muddle mitial adopter 13 pulled successively one unit to the north in

the configuration of onginal adoplers, the maddle five-by-five grid is also pulled one umit
to the north (Figures 3.C, 3.0, 3.E, and 3 F). The numerical consequence s to reduce the

g
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SOLSTICE
Figure 3.C.

The simulation ts run on three onginal adopters with positions given below. Numerical
entries show the likelithood, out of 300, that a new adopler will fall 1nto a given cell. Zones of
ideraction between overlapping five—by—five grids are outlined by a heavy line [begin ulhe of
F2. horizontelly to urhe of F6; vertically to Iche of HE; honzontally to lehe of HS; vertically
to lehe of J5; horizontally to llhe of J3; vertically to llhe of 03; horizontally to llhc of HZ;
vertically to ulhe of F2 — should be a “less-fat” T-shaped enclosure that vou have added
to this figure). Original adopters are in cells H3, F4d, H5.

North at the top

| 1 3 i § 6 T & T-:'.Itﬂfﬁ
A
B
iy
D 1,68  1.40 0.96 6.4
E 547 301 140 14,29
F 098 A7 11 3.:‘1"‘"@203\ 0.06 71.41
G 140 11.49 0.88 441| 140 42.87
H 168 1262 47.30 G644l 188 123.63
I 140 602 687[ 301 140 9558
J 096 280  2.65| 140 0.87 12,42
i

640 20.69 79.30 87.19 T9.31 20.70 6.4l 300

size of the zone of interaction ATNONE thie 1mitzal a-:lr}]JL-:rE and 1o spread the range of cells
over which the value of 300 is partitioned. This implies less concentration near the orginal
adopters and less “filling in" around them as one proceeds from Figure 3.A to Figure 3.F,
Thus, in Figure 3.C the zone of interaction shrinks to 21 cells with a largest individual cell
entry of 47.39. At the stage shown in Figure 3.D, the largest cell entry is 45.99; because
the cells associated with this value are not D'.-'r:rla]:rpr:rj b}r the five-by- five gri-.’l conterad on
the middle adopter, this largest value will not change as the middle adopter is pulled more
to the north, Table 1 shows the sizes of the zones of interaction of the largest mdividual
cell entry for each of Figures 3.A to 3.F. No new information anses from moving the middle
cell to the north beyond the position in Figure 3.F; the five— by—five grd is revealed and no
longer intersects the two overlapping grids rssociated with the other two initial adopters.

The example depicied in Figure 3 shows that even as early as Lthe firsl generation, the pat-
tern of the positions of the nutial adopters affects significantly the configuration of the later
adepters. Figure 3.A with the heaviest possible filling of space using thres mutial adopters
represents a most saturated case, which, laken together with an underlying symmetry that
15 bilateral relative to mutnally perpendicular axes, suggests that an associated space-filling
curve should have dimension 2, should have o rectilinear appearance, and should be formed
from a generator whose shape is related to the pattern of placement of the onginal adopters.
One space-filling curve that mests these requirements is the reciihnear curve of Figure 4.A.
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Figure 3.1

II.:I.-\I]ZI'E E.llllu]-il-l-lcl]: 15 TUIE 43EE L]]ﬂ:l: Uflg]li.E'J udupl‘.:rs 1".'|1.|:| !.'Il_'l.‘ili'lﬂ-ll.!i E]"-'l'.'.tl 1JI:']C|-".".'. NL'I]'I'I[!TiCH.L
entrigs show the likelihood, out of 300, that a new adopter will fall into & given cell. Zones of
mteraction between overlapping five—by—five grids ar= outlined by a heavy line (begin ulhe of
F2: horizontally 1o urhe of F8; vertically to Irhe of G6; honzontally to Ithe of G5; vertically
to Irhe of )5; horizontally to lthe of J3: veruically to llhe of G3; horizontally to Hhe of G2;
vertically to ulhe of F2 — should be & "less—fat" T-shaped enclosure that you have added
to this hgure). Ornginal adopters are in cells H3, E4, HS.

Notth at the top,

1 3 3 4 5 & i & Tobals
A
B
(9 0O6 140 1.68 Labd 0.96 .40
D 1.40 301 547 301 140 14.29
B .68 547 44.31 D47 |68 aR.Gl
F (.96 ] 0,403 27.09
o 1.40 1.40 34.00
H [.68 547 1.6% 117.22
I 140 301 1,41} JH5E
i .86 140 0,487 12,82
K

G40 200689 7930 BT.1% TO.31 20070 6.41 300

I'he generator 15 composed of three nodes hocked together by two edges in a straight path.
Thiz 15 scaled-down, by a factor of 172, and hooked to the endpomnis of the onginal gener-
ator. lteration of this procedure leads to & rectilinear tree with the desired properties. The
approach of looking for a geometrie form to fit o given sel of conditions i3 like the caleulus
approach of looking for a differential equation Lo 0t a given set of conditions. The difference
here 15 that the shape of the generator and other information from early stages may be used
to estimate the relative saturation or space—filling level

The spatial position of the original adopters in Figure 3.8 sugpesis a fracial generator
m the shape af a "V with an mterbranch '.mg]r:, E'; af 90 c]cgr&:&a, while the ¥V on Figure 3.0
suggests a generator with & = 33%, that of Figure 3.D one with # = 377, that of Figure 3.1
one with # = 28° and that of Figure 3.F one with # = 23°. Figures 4.8, 4.C 4D 4 E, and
4.F suggest trees that can be generated uwsing these velues for 2,

A rough measure of how much space each onz "Alls" may be caleulaled uzing Mandel-
brot's formuls for fractal dimension, D, as,

in IV
D=
In{Lfr)

where N represents the number of sides in the generator, which m all cases here is the value
2, and where 7 is some sort of scaling value that remains constant independeni of scale
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Figure 3.E.

The simulstion 15 run on three ongmal adopters with positions given below. Numencal
entries show the likelihood, out of 300, that a new adopter will fall mto a given cell. Zones of
interaction between overlapping five-by-five gride are outlined by » heavy line (begin ulhe of
F'Z, horizontally to wrhe of Fé, vertically to Ithe of FG; horzontally to Iche of F3; vertically
te Irhe of 15 honzontally o lhe of J3; vertically to llhe of F3; horizontally to llhe of F2:
vertically to ulhc of F2 — should be a “less—{a1" T-ghaped enclosure that you have added
to this figure). Original adopters are 1in cells H3, D4, HE.

North al the top.

2 3 ] i = I B T{}!I'-ll!ﬂ
A
B 0,06 140 168 140 0.08 6.4
O 140 301 5AT 301 140 14.25
D 1868 547 4431 547 168 58,61
E 140 301 547 301 140 14.29
F 006 V236 404 448 404 E__ﬂj (.08 19.21
G 140 6.87 6.02 68T 301 1.40 28 58
H .68 547 |45.99 1094 4599 347 LG8 117.22
7 140 301 | 687 602 G87T| 301 140 28 58
J 0.66 140 | 264 280 2.85] Ld40 007 1282
K =

GAD 20,64 T9.30 8715 TO31 2070 G.41 300

(Mandelbrot, 187T7)

The difficulty in the case of trees, denving from the complication of

inlersecting branches, g to seleet a smitable descnption for . One angle, ¢, that remains
conslant throughoutl the iteration, and that produces the desired effect for the case in which
the diffusion is the most saturated, is the base angle of the isoceles triangle with apex angle
#/2 whose equal sides have the length of the equal sides of the two branches of the generator
(Figure 5). When v 13 taken as the cosine of ¢, then ! = 2 in the case of Figure 4. 4 and
it decreases dramatieally as the trees generated by the distribution of onginal adopters §ll
legs space [Table 2).

This decreasing sequence of D-values corresponds only loosely 10 Mandelbrot's mea-
surements of fractal dimensions of trees (Mandelbrot, 1883); here, however, when [ = | the
corresponding tres 15 one with an interbranch angle of 120%. This has some appeal if one
notes that then the tree associated with [ = | might therefore represent a Steiner neiwork
{tree of shortest total length under cerlain creumstances) or part of & central place net.
The aumencal umit 2-value would thus correspond to optimal forms for transport networks
or for urban arrangements in abstract geographic space (in which Higerstrand’s diffusion
procedure also exists)

Ohe uge for these U -values, which measure the relative space—filling by trees, nught be as
units fundamental to developing an algebraic structure for planning the eventual saturation
level 1o arise in communities into which an innovation is introduged to selecied adopters. By
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Figure 3.F,

The simulation 1 run on three ongnal adopters with positions given below., Numencal
entries show the likelibood, out of 300, that a new adopter will fall mto a givr_'n cell, Fones
of imteraction betwesn overlapping five-by-five grids are gutlined by a heavy line (begin at
ulhe of T3, horzontally $o urthe of F3, vertically to lrthe of J5; honzontally to llhe of J3;
verlically to ulhe of F3 — should be a rectangular enclosure that you have added to this
figure]. Original adopters are in cells H3, C4, H5.

North &t the top.

] 4 &5 4 i & ¥ o Tabals
A 0.0 140 LG8 L40 0.96 .40
B 1.400 3.01 547 301 140 14,29
4 1.68 547 44.31 547 168 3861
e .40 301 547 301 140 14.29
E 0.0 140 168 140 09T G.41
F 096 140 ) 264 280 264 | 140 D96 12.80
& 40 301 | G887 602 687 | 301 140 2858
H 168  5.47 |45.90 10.94 4599 | 547 1.68 LN
I 140 301 6.87 602 68T | 301 L.40 28.08
J 0.96: 1.400( 264 2,80 265 | L4000 0.97 |2 82
K e ——d

6.40 2069 7030 8719 79.31 2070 641 S00

TABLE 1

Size: of zones of interaction and of largest individual cell value for each of the distributions
of initial adoplers in Figure 3,

Figure number: Number of cells Largest value
Position of three i Interaction (out of 300) mm
omgmal adopters. zOME, urdividual e=ll,
Figurs 3 A: Lnear arrangement 25 55.25

Figure 3.B: nuddle cell 1 unit north 23 5.33

Figure 3.C: middle eell 2 units north 21 47.38

IFigure 3.12; middle cell 3 units north 2] 45.99

Figure 3. E: middle cell 4 units north L7 45.99

Figure 3.F: middle cell 5 units north ) £5.00

choosing judiciously the patiern of initial adopiers, the relative space-hlliing of assocated
trees might be guided by local municipal authonties so as not to conflict with, or to interfere
with, other issues of local concern. The [?—values associated with triads of oniginal adopters
{E_s. in Tahble '2::I migiﬂ sorve as jrreducible elements of Lhas EI.]"j"'EllJIiJ., wmte which La:ger e
could be decomposed (much as positive integers (= 1) can be decomposed into a product of
powers of prime numbers). The manner in which the decomposition is to take place would
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Figure 4.

Fractal trees derived from the diffusion grids of Figure 3; labels A through F corre
spond 1 the two Figures. The position of the distribution of onginal adopters in Fizure 3
determines the positions for generators for fractal trees. The interbranch angle, &, iz con-
stant within a tree; values of £ decrease from AL o P as does the [factal dimension, 0.
A @=180%; [¥=272,

B. 8=90°, D =072,

O, 8 = 53.13%, D = 0.47.
D. & = 36,877, D = {(.358.
E. 8=28.07°, D = 0.33.
0 22 620, = 030

ltkely be an issue of considerable algebraic difficully, no doubt requiring the use of geographic
constraints to limit it. {For, uulike the parallel with integer decomposition, this ene would
seemn not to be unique.) An initial direction for such a diffusion-algebra might therefore be
to exploil the parallel with the Pundamental Theorem of Anthmetic.

Ancther use might invelve a seli-study by the National Center for Geographic Infor-
mation and Analvsis (NCGIA) in order to monitor the diffusion of Geographic Information
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)

Figure 5. The consiruction of the angle ¢ used m the caleulation of the fractal dimension,

[, of the trees in Figure 4.

TABLE 2

[} —values, which suggest extent of spacefilling, for the trees (Figure 4) representing the

patterns of mitial adopters i Figure

Figure number:

Position of three

original adopters.

Figure 3.A: linear arrangement
Figure 3.B: middle cell 1 unit north
Figure 3.C: middle cell 2 units north
Figure 3.10: middle cell 3 units north
Figure 3.E: middle cell 4 units north
Figure 3.F: muddle cell 5 units north

3.

Sizge of interbranch
angle, # in

assooated iree

Figure 4.A: & = 180°
Figure 4.8: § = 90"
Figure 4.0: 8 = 53.13°
Figure 4.10: 8 = 36.87°
Figure 4. F: # = 28.07°
Figure 4.F: 8 == 22.62°

Size
of &
= (180 — (8/2))

o0

2l

67.5°
TE.TH
BLTE
2298
BL 35

[ —value.
L=
(in{1/cos))
9

0.721617
(.4T1288
(L.3T847T1
0.32671
0.252116

System (GI13) technology through the various programs designed to promote this technology
1 the acadenme arena. T..'-ni'i.'::rs'it}' tesi—siles for the matenals of Lthe NGG[.&.; for :xa.mpl::_m
might be selected as “seeds™ with deliberste plans for using a diffusion structure based on
these eeeds 1o bang later adopters up lo date.

Another use might mnvelve the determmnation of sites for locally unwanted land vses such
as waste sites, prisons, and so forth. Regions expected to expenence high concentrations of
population coming from the totality of maovations already introduced, o to be introduced,
might be overburdened by such a landuse. When relative fractal saturation estimates are
run on a computer in conjunclion with a GIS, local mumapal avthonities might examine

issues such as thiz for themselves.
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Attraction: the Julia set z = 2% —1

A different way o view the space-filhng charactenstics of the diffusion example 15 to
consider each imiial adopter as an “atiractior” of other adopiers, once again suggesting a
fractal connection. Viewed br-:mdi:..', the diffuzion {!."[-i.'l.'l'.l'lill-'.': sors at]-:nptr:rﬁ attracten o points
within an abstract geographic space. The fractal connection is to describe space—filling rather
than 1o describe the patleen or the direction of the attraction. The material below suggests
a means of viewing the broad class of spiral geographic phenomena as repelled away from
a Julia set toward points of attraction within and beyond the “fractal”: hence, pattesn and
direction of attraction.

The familiar Mandelbrot set, COMPTIEING & Jargf: central cardicid and orcles tangent to
the cardioid, along with points interior and exterior to this boundary, & assocated with
2 — =% + ¢ where "s7 is a complex vasable and “c® 52 complex constant (Mandelbrot,
1977; Peitgen and Saupe, 19838). When constant values for ¢ are chosen, Juliz sets fall out
of the Mandelbrot set (Peitgen and Saupe, 1988).

When ¢ = [}, the corresponding Julia set is the unif circle centered at the ongin, The
boundary iteell is fixed, as a whole, under the transformation = — z%, aithongh only the
mdividual pomnt (1,0) is itself fixed. Points interior to the boundary are attracted to the
origin: for them, iteration of the translormabion leads eventually to a valwe of 0, Points
oulside the arcle are altracted toward infinity; the boundary repels points not on it {Peitgen
and Saupe, 1988). Various natural associations might be made between this simple Julia set
and astronomical phenomena such as orbals or compression within black holes.

When ¢ = —1, the corresponding Julia set is described by = = 2? —1 (Figure 6}, The
attraclive fixed points are 0, —1, and mfinity. The repulsive fixed points on the Julia set,
found using the “guadratic” formnla om 22 —2 —1 =0, are at distances of (1 -+ +/3)/2 and
kL i— v"E}I."? umts from the ongin along the zeal axs (distinguizhed on Figure 8} Ponls
within the Julia set are atlracted alternately to 0 and to —1 as attractive “two—cycle” fixed
points; points outside it are attracted to infinity, To see the “two—cyele” effect, iterate the
transformation using z = 1.539 {located witlun the Jubia et} as the mitial valoe

|98 +— 1.5281 — 1.3330896 — (.T824643 — 3877497
s =[LB49650 = <0.2780846 — —0).9226634 — —. 1486022
— —0.9778906 +— —0.0437200 — —0.998087T — —0.003821
w4 —.9009854 — —0.0000282 — —1 = -0.00000000016
— —1 =

This value of = is attracted to —1 faster than it i Lo 0. In this case, iteration sinngs close
down on points of at traction; this 1= not the case for all Juliz sets. The choice of the valus
of ¢ determines whether or not such strings can escape (Peitgen and Saupe, 1988)

‘The movement of an imitial point toward an attractor, and away from a fixed boundary
fas above) sugpests a view of this Julia get as an axis: lines from which the movement
of points are measured are “axes.” Indeed, the repulsive fixed pomnts on this sei, located
at ({1 4 w,ﬂ'g']fi':il:l and ([1 - 1.:"3],."3,'!1}, might serve as “"nnits.” They are the non- zero
terms of the coefhicients in the generating function for the Fibonaca numbers {thanks to
W. Achnghaus for suggesting Lhis conuection 1o the Fibonacci generating function; Kosen,
1988). For, the nth Fibonacci mumber, 8, = a4p_1 +8p-3 ag=0 a;=1, iz generated
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Figure 6.

The Juliasel z = 2% —1_ Fixed points ({1 15}2 ) are distinguished on the boundasy

by
I I -
- = T "rfl}l-'lr.'.-' b} J. g .'2 1|.
an = —=l(1+ VB2 - (L - 5)12)

Becanse the Fibonaco sequence can be expressed using the loganthmic spiral, this particular
Julia set with these values 83 “units” might therefore serve as an aas from which to measure
spiral phenomena al vanous scales ranging from Lhe global o the local: from, for example,
the elimatological to the meteorological

The mechanics of using this curve as an axis might involve an approach different from
that customarily emploved. The curve mught, for example, be mounted as an equator on
the globe partitioning the earth into two pieces in much the way that a seam serves as an
uquuluriaﬂ hne to partifion the lude on a baseball, In tlu: arcumstanee, thers would be
freedom to choose how the equator partitions the earth’s landmass. It might be located in
such a way that exactly hall of the saril’s water and half of the earth’s land lie on either side
of the Julia sei {using thecrems from algsbraic {opology (Lefschetz, 1949; Dugundj, 1966;
Spanier, 1966]).
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Beyvond the fractal: a graph theoretic connection.

The notions of “attraction” and “repulsion” have also heen expressed in the physical
world, using graph theory (Harary, 1969; Ullenbeck, 1960), Fractals eely on distance, angle,
ar some other gquantifier; graphs do net, and in that respect, are more general than are
[ractals. Fractal-hke concepts, such asz space—filling and the associated unage compression
{Barnsley, 1988) may be characterized using graphs, as below [Arlinghans, 1977 1883).

This strategy will be expressed in terms of cubic trees {all nodes are of degree three,
unless thev are at the tip of a branch) of shortest total Jength (Stemer trees) of maximal
branching. It could be expressed n terms of graphs of vancus hnkage patterns; what s
important is to begin with some systematic process for forming graphs.

Given a geographic region whose penphery s oulhned by landmark positions at Py, P,
Fs, Py, and FPg [Fignm T.A) View the landmarks as the nodes of 2 graph and the penpheral
outline as the edges inking these nodes (Figure 7.4} A “global” network within the entire
pentagonal region might he along bimes of a Steiner |shortest Lotal Histam:l:::l tres [Figurl."
T.A) [Aclinghaws, 1977; 1985} atiached to the pentagonal hull joining neighboring branch
tips {Balaban, ef al., 1970).

Figure T.B will be used as an initial figure from which io produece a network that pen
etrates tnangular geographic subregions (introducing edges PoFy and PPy mere deeply
than does the global network of Figure 7.A, yet retans the Steiner characteristic locally
within each geographie subregion. An iferative process using Steiner trees {as & "Sieiner
transformation™) will be applied to Figure 7.8 (Arlinghaus, 18977, 1953), as follows.

Introduee Steiner networks into each of the three triangular regions and remove the edges
FPaFP; and P:Fy so0 thal a new network, containing two quadrangular cells, is hocked into
the pentagon Py P;PiFyF: (Figure 7.C). Hepeat this procedure in the network of Figure
7.0, introducing Steiner networks o all cireuits that de not have an edge in common
with the pentagon Py PaP3FsFPys. Thus, the two four-sided cirenits, Ps® P8y PoS: P85,
in Figure 7.C are replaced wiih the lines of the network, P57, 51585, 5155, PaSa, 555y,
S28%, PaS%, S84, 5yPs, SiS3, shown in Figure 7.D. Repeat this process in Figure 7.0,
using a Steiner tree, §3S7, 5581, 818y, S5P, 535;, to replace the single four—sided cell,
Pg.ﬁ';.ﬁ'g.ﬂ: not shanng an edge with Py Py PPyPr. The regult, shown in Figure 7.E, 15 2
tree wlioch cannot be further reduced using the Stemner transformation. [t satisfies the imitial
conditions of generating a tree more local than the Stemner network of maximal branching
ot P1PyFPyPsFe (but with local Steiner characteristics), while retaining the global structure
of a graph—L!:mmlic tree hooked inla PyPsPsPyls mna patieri gimilar to that of the glubal
Stemer tree (with only local variation as along the edge 5‘25;!:] This process attempts to
wtegrate local with global concerns. In this case, the process terminates after a finite number
of steps, were it to continue, greater space-filling of the geographic region by lines of the
network would oceur (Adlinghaus, 1977; 1985).

A mnatural question to ask 1 whether or not this process necessarily terminates; do
successive applications generate & finate reduction sequence of the “eellular” structure into
a “tres” structure within Py PePsPyPe? Or, 1511 possible that this transformation, applied
iteratively, tmght fill enongh space to choke the entire TCELOM with an mfinite regeneralion of
cells and of lines bounding those cells [ Adhnghaus, 1977; 19857

In this vein, take Figure 7.8 and add one edge to it, creating four tnangnlar geographic
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Figure 7.

Network location within geographic regions. Pomis of the pentagonal hull have “P" as=
a notational base; Steiner points have “§% as a nolational base A A Steiner [slmrt-:-st total
distance) tree linking five locations. 1. Partition into three distincl, contignous geographic
regions. O Sieiner networks in each peographic region; boundaries separaiing regions are
removed. D Steiner networks m two quadrangular crewits; cirenit boundarnies removed.
E. Process repeated on remanmg guadrangular cell; the result i a tree with local Stemner
characteristics that provides global linkage following the basic pattern of the global Stoner
tree (Figure 7.A)).

regions {Figure 8.A), Apply the same process 1o it as above, producing the networks shown
in Figures B.B and 5.C. Clearly, further iteration would simply produce a greater number of
polygonal eells, tightly compressed around the node F;, Discovering & means to calculate
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A modification of Figure 7. An extra edge ig added to Figure T.A, creating a graph-
theoretic “wheel.” When the procedure displayed i Figure 7 is appbed to this initial con-
figuration, cells are added within the hull (B. and C.), rather than removed

the dimension of this compression 15 an open 1ssue. [t 158 not difficnlt, howewver, to understand
under whal conditions thas EEquUence I[:.:iE.'_'Il‘I.? O nug]ﬂl not, fermunate [Comments {bastd 11

matenal in Arlinghaus, 1977, 1983) below).
Definition (Harary, 1968, Tutte, 1966),

A wheel W, of oeder n, w = 3, 15 a graph obtained from an n-gon by inserting one
new vertex, the hub, and by joining the hub to at least two of the vertices of the n-gon by
a finite sequence of edges { Fr s the hub of a wheel formed in Figure B4

A
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Comment [

Hubs of wheels are invariant, as hubs of wheels, under a sequence of successive apphca-
lions of the Stemmer transformation described abowve,

Comment. 2

Suppose that there exists a finite set of contiguous triangles, T'. If T containg a whesl,
then a sequence of successive apphications of the Stener transformation to T fails to produce
an irreducible tree. The sequence faile to terminate [as long as the Steiner treee produced
al each stage are not degenerate).

Comment 3

Suppose that there exasts a fimte set of contiguous tnangles T' = {L1 o Lom } with vertex
set 1= {P;... Py}, = >m (as in Figure 7.B, m = 3, n = 5). Supposc that T does mot
contain & whesl The number of stepe M | in the sequence of successive applications of the
Stemer transformation to T reguired to reduce T to & troe is

M = (max{degree[ )]} — L

Gince T does not contain a wheel it follows from Comment 2 that the reduction spquence
iz finite. The actual size of M might be found wsing mathematical mduction on the number
of eells in T and on the graph-Lheoretic degree of F;.

The examples shown in Figures 7 and 8, together with the Comments above, suggest that
a sequence of successive applicatione of the Steiner transformation to such “geo— graphs”
resolves seale problems in the same manner as fractals. A natural next step beyend the
fractal might be to note that a graph 12 a simplicial complex of dimension 0 or 1 (Harary,
1969), Thus, similar strategy might be applied there: the triangles of Tigure 7.H might
represent simplexes of arbitrary dimension in a simplicial complex of lugher dimension
Theorems from algebraic topology might then be tutned back on the mapping of geographic
mformation using a computer, This notion s already 1 evidence: because “point,” “line”
and “area” translate mto the topological notions of “0-cell” “l-cell” and “Z-cell” in a
Geographic Information System, cells o the underlying computenzed “sim-pixel” complex
can then be colored as “inside” or “outside” a given data sel. This ollows from the Jordan
Curve Theorem [of algebraic topology].

Independent of choice of theoretical tool—from fractal to graph to simpheial complex—

the resolution of scale is achieved by uniting local and global mathematical structures: within
fractal peomeiry as well as bevond it

“In nature, parts clearly do it together mto real siruciures, and the parts are alfected
by their environment. The problem ig largely one of understanding, The mystery
that remaing lies largely in the nature of structural ]'lil::ﬂ.r-:].'l}'., for the human mind
cen examine nature on many different scales sequentially, but not simultaneously.”

(' 5. Smith, m Arthur L. Loeb, 1976
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3, SHORT ARTICLE
GROUPS, GRAPIS, AND GOD
William . Arlimghaus

Abstract

The fzct that almast all graphe are figid (have irivial anlemarphism grovpe) =exploited te argue probabilistically
for ke exisience of God, This fs presenied in the context that applicntions of mathematics need nol be lmited io

sctentific ones

Recently 1 was teaching some elementary graph theory to a class studying finite maths
matics when, inevitably, someone agked the question, "Bul what is all ths good for? This
gquestion i8 posed often, and the answer rarely satishes either the poser or the responder,

Usually the responder is a little annoyed at the guestion, for often a deeper look by the
poser would have yielded some msight into the guestion. But also the responder 15 irniated
on account of mmability to give a satisfactory answer. Two obvious choices present themselves:

1. Most mathematicians find the process of discovery in mathematics rewarding in itself
An elegantly concocted proof of a pleasingly stated theorem gives a sense of satisfaction and
s 10v in the appreciation of beanty that makes real—world application unnecessary. Bui the
guestioner usually lacks the mathematical maturity necessary to appreciate this answer

2, The most readily availuble sourees of application are in the physical sciences, although
there is an increasing use of mathematics in the social scences. But often the mathematician
lacks confidemce in the extent of his knowledge of the approprirte science. This makes
response somewhat tentative, and again the response fals (o satisly Lhe questioner

O this occasion, a tlurd alternative presented itself. Being human, all people have some
interest in philasophy, varving from formal study to informal discussion. What better place
io find a meeung ground to answer the sbove question?

Definition 1 Let & be a fimte graph. Then the antomorphism group of &, Aut & s
ihe set of all edge— preserving 1-1 maps of the vertex set 1{('] onto itself, with composition
the mnary operation.

Informally, cne can view the size of Aut @ as & measure of the amount of symmetry
that (7 possesses, the structure of Aut ¢ as & measure of the way m which the symmetry
ofcurs

Definition 2 Let g{n) be the number of n-point graphs which have non-identity au-
tomorphism group, k{n) the number of n-point graphs. Define f{n) = (g(n))/ (k)

[t 15 woll-known :2:_ 3,04 E:-] that
ﬂh-?-;ﬂ- _f[?e-]l = [

In other words, almost all graphe have wdenfity antomorphism group,

Viewed from a philosophical perspective, this says that the probability of symmetry
existing 1n a complex warld is wirtually zero. Yel symmetey abounds m our own complex
world. This provides plausibility for the view that the world did not evolve randomly, thal
same foree shaped it; 4.2., it may be taken as 2 “proof” for the existence of God

A
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Cne might pont out at this point that many other proofs for the ewistence of God
rely on mathematical foundations.  Causality depends on the belief that infinite regress
through snceessive canses mugt eventually reach an infinite First Cange. Anselm’s ontoiogical
argument mvolves the ides of heing able 1o abstract the iden of perfection and then st
its existence, Pascal’s view that ene should behave as if God exists an the hasis of expected
value of reward il He does is surely o probabilistic view,

Since there is a whole first-order class of logical sentences aboul graphs 1] each of which
15 either almost always true or almost never true, further examples of this nature should be
casy 1o find Indeed. to close with one, observe that ‘3] almost every tree hes non-trivial
automorphisms. Thus even a random tree has some symmetry, This mught lead one to
question Joyee Kilmer's stalement that “Only God can make o tree®
Keferences.

L. Blass, A. and F. Harary, Properites of almost all graphs and complexes. J. Graph Theory
3 [1979]) 225-241),

2. Erdos, P. and A, Renvi, Asvmmetric graphs Acta Math. Acad Sa. Hungar, 14 (1953)
293315,

4. lord, G W, and G. E Uhlenbeck, Combinatorial problems in the theory of graphs. Proc.
Nat, Acad. Sei. U/.S.A. 42 (1936) 122-128, 520.535; 43(1057) 163-167,

Harary, F., Graph Theorv. Addison-Wesley, Reading, Mass. {189068)
larary, F. and E. M. Falmer, Graphical Enumeration. Academic, New York [1473)

e b

Rigdell, K. J., Contributions to the theory of condensation. Disseriation, Univ. of
Michigan, Ann Arbor {1851).

The author 15 Associate Professor and Chairperson, Department of Mathematies and
Computer Science, Lawrence Technological University, 21000 Weet Ten Mile Hoad, South-
field, MI 480753, Tins material was presemted as & paper to the Mlchigan GrapH TheorY
(MIGHTY) meeting, Saturday, October 28 1988 at Oakland University, Hochester, Michi-
gan.
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4 REGULAR FEATURES

Theorem MMuseum —

Une purpose of a musenm 15 to display to the public concepiz of an endunng character
in some sort of hands—on maunner that will promote grasp and relention of that coneept,
When the display also pigues the interest of the observer, so much the Letter.

This particular leature 15 motivated by a vanely of sources. About ten vears ago, William
Iv. Arlmghaus and | submitted & proposal to The Mathematical Intelligencer for a museum
exhibit, based on constructing a giant Hobik's (trademarked name) Cube, to teach peaple
elements of group theory by carrying them physically [in Ferris wheel fasluon) through
group theorshic wotions while ading mside the cube Al the same time, T also submitied
another proposal to the same journal for another museum exhibit to be called "The Garden
of Shadows” This was to be an cutdoor display based on using the sun az a point sonree of
Lght et “mhmte” distance to physically demonstrate a number of theorems from projective
EeOMELTY.

A number of years later, I came to know fine artist Dawd Barr who specializes 1n large
ontdoor senlpture.  Bill Arlinghaons and Jeho Nystuen ars conbinumg parbicpanis at my
[MalGe mestings; over Lhe years others have joined us, and one of the most regular is David
Harr. Ofen, we have, rs a group, discussed various aspects of uging outdoor seulpture to
educate the public as well as colleagues. Jolhn Nysiuven suggesied that we build an actual,
physical Theorem Musenm, dedicated to Theorems that could be portrayed in sculpturs
[similar te the Intelligencer proposals). Bare informs us Lhal mtercst in this sort of idea 1=
well-established 10 the world of Art: Swiss artist Max [ill, and other Western European
pamiers mned sculptors, create arl determined by mathematical equations of various sorts.
Here, we are suggesting that il s the theorem, itself, that is art. This feature is therefore
the written groundwork for such a museum. If you have o favonte theorem, and can suggest
how to express 11 physically LELILE artistie media, you 1::|:|_:._r,|:u wani lo consider 51|.hn1:ll.in5 i
be Solsuee for this section. Theorems thal can be so envisioned may also he ones that are
eraiest 10 maold to fit other rerl- world phenomena, Projective peometry is o highly general
geametry that is perfectly symmetnic in ils stetements. The reason for this is that “paraliel”
lines meet 1 “ideal” pomis, lymg on an “ideal” line, at mfinity. Thug, in the projective
plane, 25 1o the Euclidean planc, two poinls determine a ling; however, in the projective
plane & dual statement (that is NOT true in the Evclidean plane) that tweo lines determine
i paint 15 also true Duality n l:u:l_guag_r: results m syminelry of form. Here is a remarkable
Lheorem from projective geometry (see reference for proof).

Desargnes’s Two Triangle Theorem.

Given two toangles, PQR and PR such that PP, OO, and RR' are concurrent
at point O, Tt follows that the intersection points of correspondimg sides of the two tnangles
are collinear. That 15, suppose that corresponding sides PG and P'Q' intersect at poind L,
that 'R and ¢'R' interseet at point M, and that PR and P'R’ intersect at point N. Then,
the points L, M, and N all bie along a single straight line {please draw your own figure from
these directions).

Irom a geographic viewpeint, this savs that if a rigid tetrabedron were buill of melal
reds with apex at point (), that any two tdangles that fit perfectly inside this structure
wonld have this property. One toangle "projects” from a point (as for example 0 gnomomc
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Figure to accompany Desargues’s Two Trnangle Theorem

or stereographic map projection) to the other. This might suggest 2 way to deform cells of
a loangulation of a regon of the earth into one ancther in such a way that this Desargues’s
line serves as some sort of an invarant of the deformation.

This observation might then make one wonder what sorts of geometries exist that do not
obey Desargues’s Thecrem, There iz a whole class of “Combinatorial geometries” or finite
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projective planes that do not
References

Coxcter, H. 5. M. Introdection to Geomeire, New York: Wilev, 1961,
Coxeter, H. 5. M. Projective Geomeiry, Toronto: University of Toronto Press, 1574,
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Figure to accompany construclion of centrally symmetne hexagon
Constroction Hone —

One possible direction {or application of Desargues’s Theorem is to deform one tesselation
of a region into another, leaving ﬂmmnthing invaranl. Another related izsue wilk fesselations
is Lo iry to regulanze o tesselation composed of irregularly shaped cells. The following
construction shows how to denve a centrally symmetrie hexagon [rom an arbailrary convex
hexagon, Given an arbitrary eonvex hexagon, ViVolaValils, Join aliernate verbices to
inscribe a six-pointed star within this hexagon—ihat ig, draw lines Vil5, Vel Vals, Vilg,
Vel , Vel (it is suggested that von do so on & separate sheet of paper, at this point |.

This produces six distinct trin.ng!tﬁ {L‘.‘E interest here—of course thers are I:Lur::}l.'
AVIVRVa  L15VVa  AVVUE  AVVEVy AV, Al b

To find the center of gravity of any tnangle, find the point at which the medians are con-
current {the median 15 the line jeining a vertex to the midpoint of the opposite side). Thas
point 15 the center of gravity, Find the centers of gravity

Gi. G5 B4 B 05 5
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of each of the tnangles dstinguished above {in the order suggesied]. The hexagon delermined
ny these centers of gravity will be centrally symmetric. That =, apposite sides will be equal
inn length and paralle! to each other:

I::-|GE_ I GqG_a: ;G]f_:-lzl — |'-':'.:Gl_. !

GEGE. -| EFTERT 'G'z'l?ﬂ — |ﬂﬁﬂa:_~
Gsldy || Gl a7 g| = |[(Feldy)-

Another way of visuahmng the symmetry 15 10 cbserve that the three lines joiming GG,
(Falss, G3Gs are concurrent at a single pomnt {call it 7). In this way, one might also
determine a “center” for this symmetric hexagon which might then serve as & point to which
a reference value nught be attached for the arbitrary hexapon from which it was derived. Tlus
centrally symmetnie hexagon is called the Dinichlet region of the arbitrary comvex hexagon.
This construction can be proved using Boclidean geometry (if requests come in, Tll put it in
a later 1ssue).

This f=ature iz based on discussions in

Kasner, Edward, and Newman, James K. “New names for old,” in The Weorld of Mathe
matics, edited by James B, Newman, Velume IT1 1896-2010. New York: Simen and
Schuster, 1956,

Coxeter, . §. M. Introduciion fo Jeometry, New York: Wiley, 1961,
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Reterence Corner —

Fout get theory and topology. A recent pleasant evenming spemt with Hal Meellering had
lnm gquestioning me and Bill Arlinghaus as to what omght be reasonable, or useful, references
from wiineh graduate students i geography could get some sorl of grasp of the elements of
point set topology. A few references are listed below; send in vour favontes and they will
be printed next time. Hope thal mathematicians as well as geographers will do so. Fulure
topics to melude graph thecry and number theory as well as othess suggesied by reader
mmput. Thanks Hal for the idea (generated by your guestions) of doing this feature!

Some long-time favorites and classics:

Dugnndji, James. Topolagy. Boston: Allyn and Bacon, 1960,

Hall, Dick Wick and Guilford L. Spencer 11, Elementary Topology, New York Wiley, 1955
Halmns, Panl K., Naive Set Theory, Princeton: I3, Van Nostrand, 1960

Hansdorfi, Felix, sl Mengenlehre, Berlin: Walter de Groyer, 1935.

Hocking, John (i. and Gail 8. Young, Topology, Reading: Addison-Wesley, 1961

kelley, John L., General Topology, Princeten: D Van Nesirand, 1855,

Landau, BEdmund, Grundlagen der Analvsis, New York: Chelsea, 1946, Third edition, 1960,
Mansfield, Maynard J. Introduction to Topology, Prucecton: D, Van Nostrand, 1963,
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Games and other educational features

Crossword puzzle.

The focus of this puszzle is on herbs and spices. Spice trade has helped to shape many
geagraphic ahgnments and spices such as pepper, known from 1ts preservaiive charactenstic,
helped make long voyages possible, Puzzles should be fun; they should alse stimulate thoughi
and offer some sorl of educational value. If vou think that this puzzle might be of use to
vour students in this capacity, feel free 1o copy it from this page Think of the astersks as
Lie blank squares, or as tiles wath letter on the other side. Each set of four bullets represents

a black sguare.
ACROSS
1. Plant of the Capsicum family, native 1o the Americas. Good source of vitamins A and
. Bome varneties are native 1o Tabasco i Mexico
Fruit native to the Amences 15 the prckly —
10, Powder made from voung sassafras leaves that is sssential i making ersole gumbe
13. The “royal” herb - often the dominant herb in Pesta.

14. Bush-bud often seen 1 Tarlare savce or with an anl:hnv:..' roaled around it

[~} ]

15. Hour — abbreviation
16, College of Liberal —.
17, A fundamental tool of the geographer and of the mathematician,

18, T.5. state - remove one letter from the spice in 47 across to form an anagram of this
slatle nafne,

20, Umited States — abbreviation.

21, Jumble of letters 1m0 “ancther.”

25, Black, sticky substance,

26, Eastern Uganda — abbreviation.

27. The bran of this gramm is mueh in vogue.

28, Umnit on a ruler.
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He, she,

Herl sometimes used m frut cup. Can cause severe allergic reactions. Alse: French for
street,

34, Along with conander or cumn, thes 15 a dommant mmgredient in many curries.
7. A plant extract from whicl candies can be made.
afl, In humans, the color blue, for this, is & recessive penstic trait.
4l Semor — abbreviation.
41, bpice with Havor elose to nutmeg.
43, Chronological or mental —.
44. Association of American Geographers: —G.
dfi- U A o should be pu]pahh: and mute; As a g]nhm:l fruit,” from Archibald MacLeish's
"— Poetica.”
47, Odten found in Malian sauces.
5. Fifth and sixth letters of the alphabet nsed in English.
52. bpice often ground freshly and sprinkled on egenog.
84, Eau de —
55, Noize a Bon might make.
87, First two letters of Spanish for United States.
58, Jumble of the letters in the neme of an herh with a licorics flavor,
61, Word that might describe the flavar of a julep {adjectival form),
2. This broadleal “hig omion™ is a key ingredient in Vichyssose,
48, MHerb used 1n many pickled cucumbers.
§4. “Spiced-up” multiplication tables might be called “—" talbles.
DOWN
L. This herh supposedly has the power to destrov the scent of garlic and onion
2. Emst, m French,
3. ltalian aty - home {o Fibonaca,
1, Postal letter (abbreviation)
5. I:}rangish powder often association with ungerian dishes.
6. East Prussiz (abbreviation).
7. Almost everywhere {mathematical term — abbreviation).
5. Ranlroad {abbreviation).
9. First mitial and last name of former Panamantan leader,
0. A complimentary copy is 8 — one,
11. Left hand opponent {duplicate bridge term, abbreviation).
12, Jumble of the word “neared.”
7. “—= and bounds.”
19. Spintual guide i Hindwism.
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22,
24,

24,

25

LR

24,

Poland China is a vanety of these.

Thas herl is often held m vinegar becanse its Jeaf veins stiffen when dred and do nat
resoften when cooked, “Estragon”™ in French

“— A Clear Day”
"Though” — some newspapers spell that word in this way.

Thiz bierh loses most of its flavor when dred: “Pluches de cerfeuil” refers o sprigs of
thiz herl:.

AE5=": typical manner in which & theorem is stated
3. Removes [rom pobitical office.
. Ome varety of this herb, often used in conjunction with fat fish and lentils, 15 known as

F]'i.lﬂ'.']J LE -

- Tidy:

. Paramedic vans are often marked with these three letters,

- Uncontrolled anger,

- Company {abbreviation )

5 Kunming — {Malay word). To be in a violently frenzied state.

. Fine German white wine made from grapes harvested after frost: —wein,

Uwster Hesearch Instituie of Michigan, might be abbreviated thus.
Popular desenplion of wok cookery: stir—,
imploy,

. Identity element of the integers under multiplication
. Anno Dommi {abbrewation)

Natienal mcome {abbreviation)

. Elevated train (abbreviation) — forms “Loop” in Chicago.
. Prefix meaning “musele.”
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Coming attractions —

Feigenbaum's number
Pascal's theorem {rom projective geomelry
Bratkennidge-MacLaunin construction for & conic in the projective plane.
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5, SAMPLE OF TIOW TO DOWNLOAD THE ELECTRONIC FILE

This section shows the exaet sel of commands that work to download this file on The
University of Michigan's Xerox 9700 Because different universities will have different instal-
lations of TEX, this is only & rough puideline which might be of uge Lo the reader

This document ponts oul to be aboul 50 pages; om UM equipment, there are varving
rates al varying times of day. At the minimum rate, the cost to print this out, using TEX |
15 about six dollars.

ASSUME YOU HAVE SIGNED ON AND ARE AT THE SYSTEM PROMPT, #. &
create —ftex

# percent-sign t from pe cbackslash words backslash solsticetex to més —t.iex char
notab

[this command sends my fle, solsticetex, which [ did as a WordStar (subdirecicry,
“words") ASCIT fils 1o the mainframe

# tun *tex par=—i.tex

# run ¥dvixer par= —t.dvi

# comtrol *print® onesided

7 run “pagepr scards= —t.xer, par=paper=plain
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This document 15 produced nsing the typesetting program, TEX, of Donald Knuth snd
the American Mathematical Society, Notation in the electromie file 15 1 aceordance with that
of Knuth’s The TpXbook, The progrant iz downloaded for hard copy for on The University
of Michigan's Xerox 8700 laser— printing Xerox machine, using IMaGe's commercial acconnt
with that University.

Unless otherwise noted, &ll regnlar features are writiten by the Editor<in-Chief.

Upan final sccepiance. nuthors will work with IMaGe 1o gel manuaczipts inie o format well—suited. to the
requirements of Solstice . Typieally, this would menn that authors woubd sibesit o cesn ASCIT file of 1he munueeript,
ns well as hared copy, fipures, -and sa fortl |:5;:|| camerz—ready form), Depending on the nature of the document and on
the changing technology used 1w produce Solstice, there may be other requirements e well Currently, the texi i
typesst WRing 'IE.‘.'-'.: in-that way, mathematical formule can be transmitied 2n ASCI] files and downloaded f&ithfielly
aud prutted oul. The reader inexpeteneed in the nse of TEX should neote thoi this & net 5 “whai-you-gee-js=wlol
van-get” display; hawever, we hope that such renders find Te¥ easier to lexen afier exponure to Sofsiice's ediles
wriiten using TEX!

ﬂn:-p':,fr:lg;lu: will be taken o910 the panme of the Yostitote of Maihemotical G:ngraph:,', nnc zatbors eoe requiren
to transler eoprright lo IMalGe sk & conditlon ol pullication, Thesr are v page chnrges; anthos will be gives
permission to mabke reprintd frooml thie slectronic file. oo e liove IMale mike o sangle mnster teprnl for 4 nominel fes
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parties for {ree—an 2 kind of academic newssiond at which one mighi browse, prior to nmking purchesing decinans.

Whethes ar finl i.L will -be feasikle to eontinue distribating complimentary electrnnic files remning S0 be seen,
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SUMMARY OF CONTENT
Numbering given below corresponds to the number of the electronically transimtted file

l. Typesetting code; file of TEX commands that may be inserted: at the bheginning of each
file {or in fromt of the whole set run at onee) 10 order to typeset the document.

2. File of front matter, including this materiall

2 and 4. Reprint of John D0 Nystuen from 1874, A iy of strangers: Spatial aspecis of
alienation in the Detroit metropolitan region.

Examines wrban shiff from “people space” to “machine space” (s== R Horvallh, Geo-
graphical Review Apnl, 1874) 1n the context of the Detroit metropolitan region of 1974, As
with Chifford’s Postulates of the Science of Space, teprinted in the last 1ssue of Solstics, note
the Limely quality of many of the observations.

3. Sandra Lach Arlinghaus. Seale and dimensfon: Their logical harmony

Linkage between scale and dimension 1= made using the Fallecy of Divimon and the
Fallacy of Composition in & fractal setting.

i and 7. Sandra Lach Arthnghaus. Parallels between paraliels. A manuscript onginally
accepted by the now-defunct mterdisciplinary journal, Symmetry.

The sarth’s sun imtroduces a symmetry in the perception of its trajectory in the sky that
naturally partitions the earth’s surface into zones of affine and hyperholic geometry. The
affine zomes, with single geometric parallels, are located norll and south of the geographic
tropical parallels. The hyperbolic zone, with multiple geometnic parallels, 15 located between
the geographic tropical parallels. Ewvidence of this geometnc partition 15 suggested in the
geographic enviromment—in the design of houses and of gameboards.

B, Sandra L. Aslinghaus, Willam C. Arlinghaus, and John D. Nystuen. The Hedetniomi
matrix sum: A real-world application

11 31 peecemil paper, we [J-rt:ﬁt‘:u.itd an H_lgﬂriLhI:i for J"Lnr]iug the shortest distance between
any two nodes in a network of n nodes when given only distances betwesn adjacent nodes
|Arlinghaus, Ardinghaus. Nyvstuen, Geographical Analvses, 1990, In that previous research,
we applied the algonithm to the generalized road network graph surrounding San Francisco
Bay. Here, we examine consequent changes in matnx entries when the andeclying adja-

cency pattern of the road network was altered by the 1989 earthquake that closed the San
Francsco—Uakland Bay Brdge.

9. Sandra Lech Arlinghaus. Fractal geometry of infinite pixel sequences: “Super—definition™
J't'HLlIUIJIUI.[?

Comparison of spacefilling gqualities of square and hexagonal pixels.

10, Construction Zone. Feigenbaum's number; & triangular cocrdinatization of the Euclidean
I
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INDTUSTRIAL WASTELAND RIVER
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A CITY OF STRANGERS:
SPATIAL ASPECTS OF ALIENATION IN
THE DETROIT METROPOLITAN REGION,

John D, Nystuen
The University of Michigan, Ann Arbor

An invited address given i the conference:

Detroit Metropolitan Folitics: Decisions and Decinon Mabers
Conference held al Henry Ford Community College
Apnl 28, 1074
Dearborn, Michigan
Comments added, 199{

Suburbanization at the edge of the metropolitan region and the destrucuion of homes 1n
the inner ity through “urban renewal” or expressway construction are the results of 1mco-
ordinated and decentralized decisions made by people remote from those direcily affected
Unwanted transportation burdens are forced an ue by changes in the location of population
and jobs. There has been a shift, still continuing, from “people space” to “machine space” (3]
in our cities which we seem powerless to stem. “Machine spaces” are those spaces dedicated
10 machines or to inter-regional facilities which present larger than human, impersonal and
often hostile, aspects of society. We are alienated from our urban environment to the degres
1t hias become machine space  We are alienated from land controlled by strangers, These
strangers may be decision makers in institutions with metropolitan-wide junsdictions such
as traneportation planning authorities, mortgage and banking firms, and the regional power
company. 1he intereste of people of this type are at least focnsed on the metropolis  Uther
decision makers affecting local land use are outlanders whose concerns are not exclusively
local.  One type of cutlander is the decision maker at state and federal level, concerned
with and responsible for general policy of some aspect of urban kife bul whose vision cannot
be expected to distinguish variations i every neighborhood within lns/her broad junsdic-
tion: Other outlanders are decimon makers in multi-state or international corporations and
institutions whose structures extend homzontally across many communities or even conti-
nents, Their aspirations and understanding of urban life are often incommensurate with
local community objectives. Misunderstanding, alienation, and conflict easily result.

The Cost of Victory over the “Tyranny of Space”

From the geographical point of view these disturbing aspects or urban life today are the
result of our victory over the “tyranny of space (7| Much of the technological achievement
of our society has been mmprovement in transportation and communication. We made the
oceans toutes not barsders; achieved air and space flight; buwll power transmission hines to
move energy, and sewer lines to carry off wastes. Innovations in communication are equally
important, The invention of the alphabet was a great achievement in ancient times [history
begina); the prnting press followed in medieval times (information widely shared); today
we have mini-computers made of inexpensive printed circuits. Elecironic data processing
(embracng complexaty) is as revolutionary as the alphabet and the pnnting press. The
change which will be forthcomng can be only dimly perceived, These inventions affect
saciety by radically changing spatial and temporal limits within which we are confined.
This freedom over space and linear time, while clogely linked to the rize in our standard
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of hving, now threatens us i other ways. Proviously, loeal community organization wrred
contral processes developed relatively free of outside inteeference because of the friction of
distance. Decisions about lacal land uses and activities had to be made locally beeause
eontral at a distance was loo mellicient. Freedom from the tyranny of space has made us
subject to other tyranmies which may be worse. The opportunity to control at a distance
\'l-'lll.]'dl. llﬂ‘ﬁhﬂﬂlﬂgf Dﬂ'L"IE 1E ]II.H._:.' l:.'l‘: EEEE’EL‘ L":r l}l.DE-E ".'I-'jh:' 2T illdiﬂ‘:ft‘ﬂt Lo I'J-Lh\'.'iIH: ELEELI!E: EE‘].ﬁE-h
and unscrupulous 1n their guest for power. Too often one man's gain i1 ancother man’s loss.
Irht 'L'I.]'IE-E'L'I.]:I-H.]DI.EE lJ-l'.CClI[ll.' E]!ﬂll:‘.-']:[!'.'.l'llli EL'IlL.t 'I.I.!]l'l:-';Ld'IEl].l-I.E 'I:I.:I.' II‘E]TLE h;ddf]l II:I:I YELEL i.ngti.l-ul-\.iﬁil-il'_]
hierarchies. Traditional mechanisms of sccial control and the means to draw people to act
lor the good of the commumty are lost. The commumity e lost i the old geographical sense.
We are & aty of strangers. | do not advocate giving up our victory over space. Instcad we
must consider new means of assocation and controel that will bumanize the space around us
OTCE RERIT,

Alienated Space

Alienated land in the sense | am using it has two meanings. It is any place where humans
are not welcome or may be in real danger; lands dedicated o machines are of this type. But
it 1% also space controlled by strangers, perhaps pleasant places from which we are sxcluded
by fences and “no trespassing” signs, or places we may enjov but over which we have no
control as to how they are to be used or changed; state and federal parks are examples. We
may find ourselves exeluded from many places, subject to regulations in others and even in
that kingdom, our own home, denied the right to modify it as we see it Little wonder we
feel a certain detachment and alienation. Less of sense of commumty 1s the pnee for our
victory over the tyranny of space. Machine space and confral of community or neighborhood
by strangers are the consequences.

Machine space

Ron Horvath, in an article in the Geographicel Review entitled “Machine Space,” classified
land parcels as "machine space” rather than "people space” depending upon “wheo or what
15 given prionity of use in the event of a conflict” [Horvath, p, 169 He then pointed out how
much of our cities we have given up lo machines, especially the automobale. He characterized
this machine as the *sacred cow” m American culture. He said
In the minds of many Weslerners, Indis's sacred cow has come (o symbolize the
lengths to which people will go to preserve 2 nonfunctional cultural trait. Bul India's
gacred cow is downnghl rational in comparison to ours. Could an Indian imagine
devotmg T0 percent of downtown Delhi to cow trails and pasturage s we do for our
automobiles in Detroit and Los Angeles. Every year nationally we sacnfice more
than 50,000 Americans o our sacred cow in traffic accident fatalities (Figure 1) |2,
p. 168)
bomething like 20 percent of our gross national product 18 tied directly to manufacturing,
servicing and fueling the automobile—twice the amount we spend on war machines, another
more sinister genre of sacred cow machine fo which we seem addicted.
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AUTOMOBILE TERRITORY IN THE
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Figure 1. "Machine Space” in downtown Dietreat, ground level, 1971, by K. Horvath. Map
reprinted with permussion of The American Geographical Society, from “Machme Space,” K.

Horvath, The Geographical Review, Apnl, 1974, p. 171

Vertical Control or Scale Transforms,

There are signs of & reaction setting in. Ralph Nader effectively poinied cut that automobiles
are “ungafe at any speed " The solution called for 18 not crash proof cars. It is reduchion of
exposure by reducing passenger miles traveled by private antomobiles. We ean accomplish
this in two very genersl ways: by developing mass transit systems and by reduong the
number and length of inps taken. The latter calls for re— ordenng land use patterns or
changing our life style by giving up some of our trinmphs over space. Trends in the Detroit
Metropolitan Area suggest otherwise, We are gtill in the process of completing an expressway
svstem. The state has authorized one—half cent of the nine cent gasoline tax to be devoied
to mass fransit systems; a mgmificant step bul hardly a major re— allocation of priomities.
SEMTA, the state transportation authority for Southeast Michigan, has recently released its
mass transportation plan calling for o 1990 completion date: I the expenence of sysiems
such as the San Franciseo Bay Area’s BART can be taken as an example, significant delays
due to the operation of political processes will set that date further into the future, if indeed,
the system is ever built. [As of 1000 the Southeastern Michigan Transportation Authority
(SEMTA) i1s defunct, Their mass transit plan, released 1n 1975, called for a 1990 completion
date (Figure 2}, All that came of thie plan was the elevated downtown Detroit People
Mover, delayed, over budget, and out-of-control as the rest of the mase transportation plan
was never implemented and doomed 1o go out of business. Too massive to tear down withont
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great expense, it will remain s bizarre monument tomadequate planning dnd fragmented
action. On the other hand, the Detroit expressway system is largely completed. A final link
in the circumferential network, 1-696, opened in 1989, iwenly—five years abler it was proposed.
This stretch of expressway was met with determined opposition from an npper-middle class,
politically eflective neighborhood. The final links were modified to lessen unpact on adjacent
residents. Neighborhoods near downtown loeations sucenmbed 1o the huge conerete cormdors
years age. The expressways created huge barners and the livable spaces between them proved
too fragmented to sustaim and are now abandeoned.|

Multi-million. dollar transportation projecis greatly affect Iand use patierns and are
once—and-for-all investments. They come infrequently and permanently affect the geography
of the region. The massive water and interceptor plan of the Detroit Water Board is a sumilar
large scale project with more benign consequences. This brought water from Lake Huron via
tunnel and agqueduct to a large portion of the metropolitan region. |11 was also a planning
error. In retrospect we ses it was overbuilt due to the decline in heavy industry in the city
and the exodus of people to the suburhs |

Decisions associated with large scale projects are examples of factors which are cul of the
hands of the ordinary citizen or even the large land developers working in the region. They
impose important consiraints on land use possibilities. They are decizions made by strangers
and represent a loss of prvate or small community freedom of choice. Many gross forms in the
Detroit metropolitan region are the consequence of demsions made many decades ago, Some
individuals and communities try to resist the pressures of single large scale commitments. In
the case of water procurement, this can be done by using local ground water wells and septic
tanks or small municipal sewage plants. At low population densities these local devices may
work fine and a decentralized system 1s probably best: At high densities, however, local
environmental capacities are exeeeded, Other public agencies, such as the County Health
Departmeants, may then operale lo pressure communities into the larger system. 11 15 thas
hierarchical ordering of systems thal removes local control from one aspect after another
of urban hife. When the problem condition in the environment enlarges previously ecparate
preblems begin to merge, the best mstitutional response we have yet devised 15 to estabhish a
hierarchically ordered social process to address the larger problem. Thie change in scale may
tesult in qualitatively different situations. lnstitutions operating atl metropolitan levels may
appear very inflexible and arbitrary from the point of view of a local authority, municipality,
of private home owner. The need for standardization and routimzation 15 absolutely crucal
for such organizations. Alienation may develop between parties who view thinges at differsnt
scales without anyone being at {ault.

Politically, & metropolitan region 18 hierarchically organized by spatial junsdictions. Lo-
cal problems are most appropriately dealt with by local asthority and regional problems by
regional anthonties. We have vet to devise s means of graciously transferning junsdiction
up or down the hierarchy o correspond lo changes in seale in the nature of the problems.
(Or greatly mcreased capacity to overcome transportation and communication costs has led
to changes in population density and locations of job: which have often exacerbated local
problems and called forth a scale transfer. The local commumity, no longer able to perform
the service, loses jurisdiction over the problem to ligher authorities. At a higher level, much
of the loss of state power to the federal government has been a change of this sort. [To some
extent deregulation efforts of recent years prior to 1990 have shified responsibility back to

9
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Figure 2. Map from 1974 suggests & network that was never built (as of 1990).

local authorities, espedally from Federal {o Stale levels, Hierarchies need to be desipned that
set limits or levels of acceptable performance but remain tolerant of varation in local actions.
State rules regarding equalization of county property taxes and local school petformance are
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examples.|
Horizontal Control.

Some institutions and corporations are cross—threaded in the fabric of society. Their interesis
and actions are uncoupled from the local community because they are interested n a single
category of phenomena and not in the mix of all spatial categomes al oue location. The
decision makers in these organizations are very likely to be cutlanders: people who live in
entirely different communities or even other nations, yet whose decisions may be controlling
factors 1n a local situation. The ability of multi-plant firms to malke long distance decisions
15 closely tied to the effectiveness of channels of eontrol via communication and transporta.
tion facilities, As communication improves the management has the option o ceniralize
decizgion making, thereby reducing the autonomy of each plant manager. In times of poorer
communication major decisions regarding enlargement or closing of plants would have been
made at the headguarters of the central management. A local commumty finds its fortunes
very much in the hands of outlanders. Three subtle and disturbing aspects may charactenze
such 4 relationship. In the first place the central management may act in what it beleves to
be rational and moral purposes in closing least profitable facilities in javor of expansion in
areas which promise higher returns. The overall result may be permicious. A supermorket
chain operating under such rules may end up closing all its stores 1 the mner oty m favor
of suburban gtores, The internal firm reasone may make complete semse; close the oldest
facilities on lots too small to accommodate the latest technologies, i neighborhoods which
have declining populations and which do not yield high returns because of general low -
come levels. Tuner city neighborhoods with older zetired people and poverty sincken ethmc
groups, losmg population to urban renewal or expressway construction end up losing ther
local supermarket.. They are the least able to afford the logs. The decision may be made in
another eity by outlanders unresponsive to the local peoples’ problems and with no court of
ﬁ._ﬂPEHJ.E E".'iLﬂ-iS.b].f.

A second difficulty for the local community with a plant owned by an international cor-
poration is the policy of the corporation to keep its young and mosi falented management
moving from place to place in order that they can learn the business and eventually be able
to assume roles lugher uwp m the corporate hierarchy. It 15 a perfectly reasonable pobey with
respect to the mternal firm requirements. The consequence, however, 15 o cadre of talented
nomade whe show little or nointerest in the local welfare of the community i which they are
temporanly located. Nor would the community want to commit political resources to such
people if they expressed an interesi. They are simply removed from making a local commu.
nity contmbution which they might easily have pursued had they been permanently m the
community. The only loyalty that makes sense to them is company loyalty. Higher corporaie
management i certainly not going to discourage this. A third tendency of horizontal cross-
community control in society is the homogeneity of facilities and company policy. Hierarchies
work best under standard operating procedures. Economues of scale are possible. substitu-
tion of material and personnel from one locality 1o ancther are facilitated if the mstallatione
are all the same. If discplined siandardization and rovtimzation has been enforced top
management can make broad, basic decisions secure in the knowledge that countless Jocal
exceptions will net subvert their intent dunng the implementation phase. Bul what happens
when aceommodation to local situations is tequired. You may get & machine answer, “thal
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reguest will tiot compute!” or more likely the local manager will say, “1 sure would like to
help vou bul my hande are tied by company policy.” He may not be teling the truth, The
impersonal corporate presence is an easy way to solve & problem by defining oneself out of
any concern or responsibility. Of course, he may be telling the truth but be as powerless to
change corporate policy as the outsider seeking accommodation.

We Are-the Enemy

Pogo said, “We have met the enemy, and he is us” [Kelly, 1972], All metropolitay areas are
complex. The Detroit regon is no exception. There 15 no one to blame for the mess. We
are the enemy; we are the city of strangers. There 15 no single leader or group, either evil
or benign to blame, The land vse pattern grows from our decentralized decision processes.
The decisions which actually affect local land use extend over time and space well beyond
the here and now. It i true the channele of eontrol could be in the hands of evil doers and
we could improve our ot by exposing and removing them. But I think we are net generally
m the hands of the unserupulous: not even mn the hands of the stupid and msensitive. It just
appears that way. Each demision or action 1= contingent upon eonditions that are beyond the
comtrol of the individual or group making a particular choice. There is rarely an instance
where these constraints are not present. The outcome often sesme stupid or eallous. Most
deleterions outcomes are probably unanticipated. They are indirect eflects nol thought of
by the decision makers. We need to understand our urban processes well enough 10 take
action to avold effects which cause discomfort or inequity to others, Constraints on decisions
may be classed ito three groups  There are institutional and legal polices. There are
physical and natural environmental limitations whiel have to do with laws of natere and
the technological capaaties with which we may accommodate to those lawe. And finally,
there are limitations to our asprations and geals, the imagmed conditions that motivate our
actions. These aspirations are not hampered by any fimteness of imagmation o any smngle
pursuit, for we all know flights of imagination are boundiess. Hather limits appear becaunse
we harbor multiple needs which are often in conflict. We choose to restram our objectives
in one pursuil in erder to achieve goals in other pursuits. For example we find it hazrd to
liave large lots and big lawns which provide us with seclusion and status and at the same
tme have many close and fnendly neighbors which make available to us the pleasures and
security of sharing a close community. Under most cireumstances o gain one value 15 to lose
the other.

Scale Attributes of Value Svstems

A definition of values 15 that they are an mdividual's feelings about and identification with
things and people m his environment. Values have scale attributes. Another three fold
classification is convenient, There are individual/fomdial sdenlificalion, a commitment fo
proxemic space — the space within which one touches, tastes and smells things, Secondly
there 15 communaly sdentification, embracing the individual’s feelings and concern for those
with whom he or she lives and interacts, not in the same house, but in the viamty or
neighborhood. This 18 local space generally recognizable by sight and smell. Finally there
15 pohitcal-cultural identification which refers to ideals and concerns extending beyond the
people and community with which the person has daily contact. This realm must be dealt
with abstractly and through instruments, either mechanical or mmstitutional for it is too large
to be perceived by the sensee direetly. This is national or global space. Machine space and
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control by outlanders may be viewed as intrusions into our commumty space by organzanons
and facilities of thiz lasger domain, How they look, sound or smell has not been taken into
acoount i the design of such faclities. Examples include Edison power stations, the Lodge
and Ford expressways, and Detroit Metropolitan Airport. We give up local community
values [or the benefits of the glebal mobility and wnteraction. Metropolitan life pushes us to
scale extremes. We value individual rights and perogatives and mamnline connections with
the global culture over familial and community concerns. Inermediate spatial scale values
sufier and the community declines along with them The consequences are visual bhght,
necase pollution, reduced security, and injustice. Commuuity values include coneern for our
fellow man, & sense of equity and humaneness. The mechamisms for enforcing a community
code of ethics are ostracism, social pressure and the use of sense of humor to keep people
responding to others as human beings. These mechamesms do not work well i a aty of
strangers and are not followed. They are particularly ineffective in those large imperscmal
machine spaces, the streets and expressways, bus stations, termnals and warehouse and
factory districts, The vrban code of ethice carefully preserves the povacy of individuals
and tolerates eccentricz. A person has functional but fragmented value and s valued for
specific tasks he or she can do. A major problem with the dehumamzation and anonymuty
of urban life 15 that the unscrupulous are freed from socal control along with the rest of us.
We have distinct evidence that we are being “ripped off” at both ends of the spatial scale
of involvement. Corporations manipulate markete through advertisements thereby creating
artificial shortages and rapid obsclescence of their products without fear of being called to
accouni. Radical monopolies in the words of Ivan Illich. Ai the other extreme mdividuals
free of local control, satisfy their wanis by committing violent emimunal acts agamst others
and then disappearing into the crowd. Ostraciem and social pressure work between {nends.
They are meaningless to the corporate manipulator and strest criminal.

We are in & crisis of conflicling values when we attempt to reform the structure of sooety
to eliminate these problems. We tend to throw the baby out with the bath water. Action
against crime in the sireets and the home is moving toward hardemng our shelters, walling
up windows, barring doors, hining guards and goard dogs, and restricting access. Security
guards in Detroit are big business. Even entering the Federal Digtrict Court in downtown
Detroit now requires a personal search. These actions are destructive of community spirit.
They are a falling back to greater individual isclation. Burglar proof aparimenis are more
effective against neighbors than against burglars {Figure 3).

We have barely recognized the assault on our well bemng through manipulation by na-
tional corporations. let alone having devised counter messures. The major instrumenis of
global firme are standardization and rontimzation: And Detroit i a symbal of pant multma-
tional corporations and the Henry Ford-perfected mssembly line. A defensive action of sorts
15 uncoupling part of one’s life from the national distribution system, Making and using
homemade products are countermeasures. The great rise in home crafts, community garden
projects, poiters’ puilde, art fairs and galleries and counter-culture craft shops provide some
vehieles for humanizing citv space and reestablishing a sense of community. College youth
are showing the way. Weanng old work clothes everywhere. worn and paiched (whether
needed or not) 15 & symbol of & society moving beyond mass consumption. Of course, as
soom as old work clothes become de rigueur the agents of mass production can reassert ihem-
selves by sélling pre-patched garments. Community values benefit most by seeking simple
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TRESPASSING

Fig.;u:rv. 3. Photographs of Detroit scenes by John D). Nystuen, c. 1974
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handmade products. The craft shop and modern erafi guilds should be valued for ther loeal
community effect and should be supporied becawse of their communiiy value (Table 1),

TABLE 1.
HUMAN VALUES CLASSED BY SPATIAL SCALE
Value Space How Sensed
individual-familial PrOXEmIC see, hear, tonch, smell
cormmunal lozal see, hear
political-cultuzal global (national) abstract via instruments

and nstitutions

Human values are an individual’s feclings and sense of identification with people and things
in the surrounding environment.

Card Carrying Americans

My standard smzed dictionary has & dozen meanings listed for the word frust. The first
meaning of trust is that it is a confident reliance on the integrity, honesty, veraoty or justics
of ancther. [1 used to he that credit was a local community relationship. When you moved
to a mew town or new neighborhood yon could gain eredit by managing to buy some clothes
or furniture on time and then making sure that you payed up m a timely fashion according
lo the agreed—upon temms, 1t was a way to establish trust with local merchants. Today large
financial institutions and other multinational corporations such as petroleum companies have
taken advantage of innovations in communication and information handling to make a space
adjustment in extending credit which better fits their seale of operations. Credit cards make
trust an abstract, formal relationship which cperates nationwide or globally and wnch can
be entrusted to machines for monitoring. But as with other abstractions, not all the original
meaning of the word transfers to the new use. Justice fades. The new scale of operation
provides a marvelons [resdom for those who carry cards, Unfortunately it 15 easier for some
pecple to get credit cards than it is for others. The poor and the young are often preventied
from obtammng them at all We have created two classes of Amencans — card carrymg
Amencans and second class citizens who mmst pay cash. There 1 every reason to believe
that in the fulure consumer exchanges will be increasingly handled by some type of credit
transaction. The cffect 15 POTIIGIONS 10 PAOT ul:tighbﬂrh-:r&ds. Iui the past the local grocer or
merchani often provided credit o local people whom they had come to trust. This service
has become less common and the range of goods obtamable through local eredit 1s shrinking
as large corporations capture greater and greater share of the market. They deal m cash
only or with credit cards. They do not maintain personal charge accounts,

Typically i an urban renewal process a poor; ghettoed family 1z forced to move becanse
their house 15 condemned by the “improvement.” They move Lo a new neighborhood where
likely as not they must pay more for housing than they did previously and simultaneously
they lose the credit relationship they had built with local merchants in the old neighborhood.

Credit cards are typical of space adjusting developments which accomplish their purpose
through abstracting and depersonalizing relations. Accounting for the full circumstances
of an individual and making a judgment about ns or her trustworthiness 15 not possible
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Justics 15 lost 10 the transform and the woard Lrust br:gms Lo mean 51.:-1111:111'111[3' elge,
Mainlining Fantasy with the Television Tube

Just as surely as the automobale 18 the dominant anu— neghborhood transporiation device,
television is the dominant anti-community communication device. Think of the products sald
on ielevision: standardized balms and salves for our bodies, stomachs and minds; automobiles
ic speed us into exotic landscapes; miracle maierials to clean our homes without effort; and
corporate 1mages 1o make us all like the firms which deliver Lhese products. Television iz a
device Tor mainlining messages directly from national and global organizations to individuals:
to mithons of mdividuals. The messages must necessarily be sbstract, standardized and
unreal, Thers 15 a certain lack of trust 1 the transmission. Yelus priotities and the mesming
of common English words used in ads do not resemble the values and common usage used in
face to face communications. The verbiage is exaggerated; hyperbole emploved to describe
mundane products. Chches are strung together one after another, If one of these advertising
mmages came alive in our living room and we tried to have a conversation we would find the
person indesd odd

From the point of view of community values television messages have several bad features.
First and foremost there is no way to clarify or challenge a point hecaunse the communication
1= one way. Secondly it s difficull Lo compets with the siren songs of the national product
distributors. A message meant for millions i1s worth purchasing the best possible creative
tatent to debver 1t Corporations that ean afford national TV Gime are selling standardiza-
tion and routimization nationwide. They gain economics of scale m dammg so. This often
means they have a price advantage over local competition or worse, they convince peaple the
nationzl product 15 a supenor albeil more expensive 1bem than a local one’ Countermeasures
for this assault are to substitute handmade items for mass produced ones. Another step is
to consume lezs. Seeling satislaction m other than matenmahstic purswais will often mean
turuing to local, community-level activities.

It hardly need be smd that the images projected by telewision are fantasies that muoeror
reality through very strange glasses. They glonfy individnalism and vilify commumity forces
Nature i also often depicted as mplacable, hostile and competitive, This view requires
that the individual seck some muer eirength in order to prevail when threalened by the
environment. Other wews in which nature and soclety are more benign and cooperative
are possible but they do not provide the excitement which seem to attract viewers. This
hostile approach to the fantasy environment apparently affects people’s evaluation of the
real environment. There is evidence that people who watch television extensively are more

fearful of crime than people who seldom watch it

Large communication systems affecl perception apart [rom the fantasy content. In re-
porting news in a metropolitan area the size of Detroit with nearly five million people
the “commmunity” many bizarre crimes are avidly reporied by telecasters snd other media
sources. Upon heaning such reports people think, "What a fecnble thing right here in our
city.” The populace of metropolitan eareas of half & mallion will not hear such stones abont
their town with nearly the same freguency because there 15 an order of magnitude difference
in the base population, This is not to make light of the crime rate in Detroil which is large
on a per capita basie or by almost any measure. Bul Lhe scale effect is pregent 1 addition
to the hard facts of the high crime rates in Detroit
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Further technological inrovation may deliver ns from some of the worsl eflecis of the
current revolution in transportation and communications devices. I 15 becoming more fea-
sible to handle great complexity in large systems through information contrel. The likely
consequence 15 greater individual freedom of choles while still permitting participstion n
a large system, The automobile assembly line 15 agam an example. Henry Ford provided
Model T and Model A Fords in the eolors of your choice — $0 long as that cholce was black.
Modern aute manufacturers now deliver autos of many styles, in scores of colors, streaming
from assembly lines 1n & complex seguence wlhich maiches the week by week flow of customer
orders coming in from throughout the country. This is achieved through computer control
of parts scheduling on the assembly line. Cable TV pronuses multiple channels, possible
two way communication, and tapes and hbranes of pasl broadeasts, and sarrow L'as-lillg
in which programs and exchanges are limited to specified andiences. These developments
might provide such a great range of cholees fo the viewer that the current monopolizing of
television by outlander interest, as with major news networks, could be weakened. Capanty
to handle &n order of magnitude greater complexaty through effective information processing
could serve a broader range of values. But, as with credit cards, who will be served by the
greater freedom? Freedom will go to Lhose with the knowledge and money to use the services
Justice nesd not be served. Community values could regain some lost ground under such
developments but only i concested and careful efforts in support of local values 15 brought
to bear on decisions as to how the new technology 15 to be used.

Strategics lor Local Control

Chur message 15 that the decline 1n guabiy of urban bife 15 due 10 part to loss of commumity
values 1n competition with individual and outlander values which were hetter sorved by
advances in transportation and communication. Cur goal should be io restore balance in
our lives by restoring seme community commitments, In general, as temporal and spaial
constrainle are Liffed mstitutional and legal parameters need to be erected to avoid abuse
and pathologies 1 our social processes. This 12 casier sand than done

The first problem is Lo recopnize a problem when we see 1t. We have been slow to see
that the automobile is actually taking over the spaces of our cities as if 1t were becoming a
biologmeally deminant species. Bunge and Bordessa smggest that we concenirate on mmprov-
mg and enlarging the spaces devoted to children in our aties as a ficst prionty in ordering
city space. Thev show that much benefit flows to the entire socety through such strategies.
People space pains al the expense of machine space. If the long distance transportation
facilities and other sinews of the large metropolitan systems are channehzed and confined
to: corndors and special locations the spatial cells created will be awailable for local uses.
But priotities must be correct. We live in the local cells. We only temporanly exast in Lhe
transportation channels at which times we suspend normal cvilities and common couriesy,
The kife cells (neighberhoods) should be the objects, nol the residuals, of the urban form.
Bunge and Bordessa |3 suggest mapping local and nen-local fand use 1 urban neighbor.
hoods. The simple facts of that divisson will reveal the extent of outlander control of a
community. I repeat, you have to sec a problem before you can deal with il Professional
planners, academies and citizen groups sheuld develop the concepis and generate the data
which highlight the areas that are directly and humanly used rather than those spaces that
are indirectly, abstractly used throwgh machines.
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Hierarchies are necessary for the operation of large systems but the tendeney for imposing
standardization and routimization in control hierarchies should be resisted. This can be done
by incorporating the rapidly increasing capacity 1o handle complex information flows. Greai
metropolitan—wide hierarchies to deal with water supply, traffic control and crime suppression
are possible if these large structures are robust enough to allow local variation and still retain
an overall integrity. The goals should be always to allow maximum freedom of chicice af local
levels but with that choice constramned by considerations of equity relative to other elements
in the syslem. Promoting local iitiative, self-respect and autonomy would tend 1o create a
heterogeneous urban landseape Bul freedom and equity can he conflicting values.

We must strive to make the heterogeneity healthy, We would do well to give first consid-
eration to local people space rather than to machine space. Once our attention 1= so directed
we should make certain that no living space in the city is mere residual left from the pre-
cess of carving the urban landscape into macline space and space for the outlander and the
powerful, T wager that the reader is probably viewing the metropolis at full regionzl scales
1 will eloge with a word of adwice. If you are active in trying to make Detroit a better place
in which to live you may well be viewed as an outlander by most of those with whom you
interact. There may be a conflict of interest between local community and regional views. |
believe your sirategy should be Lo encourage local mitiative to enlarge and Lo improve the
quality of neighborhood people-space while at the same time being careful that suel actions
are nol at the expense of other neighborhoods. The achieving of equity 1s the responsibality
of those with regionwide vision. Value, understand, and encourage heterogeneity in living
spaces bul stnve {o prevent any living ares from falling toc far behind in the quest for quality
IIL‘.IE]'I'IJDThDﬂl']E- That will imsure inLl:grii:r' of the whole while ﬂ.ﬂl_‘l]‘djug maximmm freedom o
the parts.
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SCALE AND DIMENSION: THEIR LOGICAL HARMONY
Sandra Lach Arlinghaus

“Large streams from Hitle fountams flow,
Tall paks frowm Little acorns grow.”

David Everett, Lines Writien for & School Declamation.

Introduction.

Until recently, the comcept of “dimension” was one that brought “mntegers” to mind to
all but & handful of mathematicians |i|'|'iEI..I'!-EIl'_"]I'_'ITI:|-L.I 1983]; a point has dimension 0, & line
dimension 1, an area dimension 2, and a volume dimension 3 [Nystuen, 1983 When a
fourth dimension is added 1o these usual spatial dimensions, tme can be included, as well
Indeed, much “pure” mathematics takes place in abstract n-dimensional hypercubes, where
n ie an integer. Geographic maps, globes {and other representations of part or of all of
the earth), are traditionally bounded by these integral dimensions, as well; map scale 1
expressed in discrete, inlegral nmte. OHien, bowever, il is the case in geography as it 35 1
mathematics, that a change in scale, or in dimension, runs across @ conlinuum of possible
values, In either case, dizcrete regular steps are usual as benchmarks at which to consider
what the continuing process locks like al varving stages of evolution. As fracial geometry
suggests, however, 1his need not be the case.

Within an integral view of scale or dimensgion, 1here are 1ug'=-:a.] and parceptual difficulties
in Jumping from one mtegral vantage pomnt to another: Edwin Abbott [1855] has commented
on this in his classic abstract essey on “Flatland " and more recently, Edward Tufte has done
o in the real-world context of “envisioming information™ 1988

Methods for dealing with thess dimensional-jump difficulties abound, particularly in the
arts [Banaﬂ., ]_'EIZEI:II In o musical comtext Charles Wiaoninen sees composiiion as @ Process
of fitting "large” musical forms with scaled—down, self-similar, equivalents of these larger
components in order to introduce richness of detail to the theme (NY Times, 1990 Maurnts
Eecher, in his "Circle Limit" series of tilings of the non- Euclidean hyperbolic plane, uses tiles
of successively smaller size to suggest a direction of movemeni—that of falling off an edge
ot of being engulfed in & central vortex. A gastronomic leap sees a Savann as self—sumilar 1o
a Baba au Rhum [Lach, 1974]; indeed, even more broadly, Savarin himself is purported o
have said, "You are whai you £ai.” Rupert Brocke [in “The Soldier" ) captured Lhis notion
poetically, in commenting on the possible fate of a soldier in 2 distant land:

“H 1 sheuld die, think caly this of me;
that thers 15 some corner of a foreign fiela
that 1= forever Engtanrj.""

In the r:m']_m Brooke's “Soldier” become: rplac&'.

The fractal concept of self-similanty can be employed to suggest one way to resolve
difficulties in scale changes as one moves from dimension to dimension, At the theorefical
lovel symbolic logic classifies logical fallacies that may, or may not, emerge from scale
shifis. When self-similarity i5 viewed in this sort of logic context, the outeome 18 a "Scale
Shift Law.” What iz presented here are the abstract arguments; it remains to test empincal
content against these arguments.
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Logical fallacies.

A guestion of enduring interest 1n geography, and in other social sciences. 15 to consider what
can be said about information concernmg individuals of a group when given information only
about characteristics of the group as a whole, When an attribute of the whole 15 erroneously
assigned Lo one or more of its parts, the logic of this assignment falters. In the social scientifie
literature, this is generally referred fo as commission of the so—called “ecological” fallacy,
because the symphony played poorly does not necessarily mean that each, or mdeed that
any, individual musician did so. ln this circumstance, it 1s simply not possible to assign any
vruth value, derived from principles of symbolic lome, Lo the quality of the performance of
any subset of musicians (based only on the guality of the performance of the whole orchestra)
|Engsl, 1882],

It is natural, however, to look for o cause for the poor performance, and indecd o
consider some "middle” position that asks lo what exteni the performance of the orchestra
is related to the performance of its individual members. It is this sort of search for finding
and measuring the extent of relationship that is the hallmaek of guantitative social soentific
effort, much of which appears to have heen gnided [Upton, 1990, mm varymg degree, by an
eatly effort 1o determine the extent 1o which race and literacy are related Hobinson, 1950],

A fallaey, in a lexicographic sense might be “a false idea” or it might be of “erronecus
character” or “an argument failing to satisfy the conditions of valid or correct nference”
Webster, 19650 In & formal logic sense, a fallacy 18 “a ‘natural’ mistake in reasoning” [Copi,
1986, p. 4] or it is an argument that fails becanse its premisses do not imply it conclusion:
it 1z an argument whose conclusion could be (but 1s not necessarily} false even if all of 1ts
premisses are true |Copr, 1986, p. 90

Viewed in this manner. the so-called “ecological” fallacy 15 nothing different; it i1s merely
a restatement of the *allacy of division”™ of classical elementary symbolic logic. The fallacy
of division is commitled by assigning, erroneously, the attributes of the whole to one or
more of its parts (Copi|. Thus, it may or may not be valid lo make an inference about the
nature of a part based on the nature of the whole That is, sometimes the assignment of
truth value from whole to part, in jumping across the dimensional scale from whele to part,
is & Teasonable practice, and sometimes 1t is not, The key i5 to determine when this practice
18 reasonable, when it is not, and when it simply does not apply, Commission of this fallacy is
irequently the resull of confusing terminology which refers to the whole {"collective®™ terms)
with those which refer only to the parls (“distributive” terms) [Copi, 1986].

The fallacy of division exists within an abstract human system of reasoning based on the
Law of the Excluded Middle: in this Law, a statement is true or false—not some of ench.
There 1= “black” and "white,” but no “gray” in this system. Statistical work that stems
from this fallacy seeks, when it rests on finding correlations, relations that blend *black”
and “white"—the foundation m *logic” is thus ignored. This fallacy 15 examined, here, with
an eve to understanding the logical circumstaness under which such assignment might, or
might not, be erroneons (when 1t apphes).
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Seale and dimension.

To understand when the assignment of characteristics from whole to part (division), or
from part to whole {the fallacy of compesition—the string sections plaved well, therefore the
symphony played well), might be erroneous, it is useful to consider what are the lundamental
components composing these fallacies. The notion of scale 15 invalved n the eonsideration
of “whole™ and "parl,” When is the individual a “scaled-down” orchestri;: or, when iz the
orchestra a “scaled-up” mdividual? The notion of dimension is alse involved. When does
the zero-dimensional musician— peoint spread ont to fill the two-dimensional (or three—or
more-cimensional ) orchestra; or, when does the ligher dimensional orchestra collapse, black-
hole—like, muo the single performer. The performing soloist can dominate the orchestra; the
conductor perhaps does domanate the orchesiza; wvel, the orchestra itself is composed of
numerous single performers who do nol dominate.

Self-similarity and scale shift.

Integral dimensions. with diecrete spacing separating them, ought be viewed as simply 2
set of positions marking intervals along a continuum of fractional dimensions |Mandelbrot,
1983].. When the diserete set of integral dimensions is replaced by the "dense” set of fractional
dimensions [between any two [ractional dimensions there 15 another ons), whal happens to
pur varous relative vantage points and to scele problems associated with them?

Abstractly, the relationship is not difficult 1o Lie to logie, under the following fundamental
assumption
Fundamental Assumption,

When two views of the same phesomenon at different seales are self-similar one can
properly divide of compose these views to shift scale.

The whole can be divided “continuously”™ through a “dense” stream of fractional dimensions
until the pari 1= reached (and in reverse)], Self-similanty suggests a sort of dimensional sta-
hility of the characterietic or phenomenon in guestion. One commits the Fallacy of Division
{(*Eeological® Fallacy) when the attributes [terminological or otherwise) of the whole are
assigned to the parts that are not self—simular o the whole One commits the Fallacy of
Composition when the attributes of the parts are assigned to a whole that 1= not sell-simlar
to these parts. This notion = evident 1n the many ammated graphic displays of the Man.
delbrot (and other) sets in which zooming in on some detail presents some sort of repetitive
sequence of views (in the case of self-similarity, this sequence has length 1), More formally,
this idea may be cast as a “Law.”

Scale Shift Law

Suppose that the attnbutes of the whols (part] are asnigned to the par (whale),

b=t

. If the whole and the part are not seli~ similar, then that assignment is erroneous; and,
c;u;un'.rq'.rse;l}' {invcrﬂ:lg.', a.-::LuallI‘.'],

3

If the whaole and the parl are sell-sirmular, then that asggnment 15 not ersaneans.

This 15 one way to look al the “parl—whols” dichotomy; physicists wonder about splitting the
latest “fundamental” particle; philosophers search for fuandamental units of the self [Leibniz,
monadaology, in Thompson, 1956; Nicod, 1969); {opologisis worzy about what properiies a
topelogical subspace can inherit from its containing topeological space [Kelley, 1935
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PARALLELS BETWEEN PARALLELS
Sandra Lach .ﬂ.rfrnghaus

U have a little shadow thal goes v and out with me
And what can be the use of him is mors than | con see.”

Robert Loms Stevenson
“My Shadow™ in A Child’s Garder of Verses

Abstract:

The earth’s sun introduces a symmetry in the perception of its trajectory in the
sky that naturally partitions the eartl’s surface inlo zones of affine and hyperbolie
geometry. The affine zenes, with single geometric parallels, are located north and
south of the geographic tropical parallels. The hyperbolic zone, with multiple ge-
ometnc parallels, 5 located between the geographic tropical parallels. Evidence of
this geometric partilion iz suggested in the geographic environment—in the design
of homses and of gameboards.

1. Introduction.

Subtle influences shape our perceptions of the world, The breadih of a world-view 1= a
function not only of “real”~warld experience, but also of the “abstract” -world context within
which that experience can be sirgetured. As Willlam Kingdon Clifford asked in his Postulates
of the Saence of Space (3], how can one recognize flatness when magnification of the landscape
merely reveals new wrinkles to traverse?

Geometry 15 a “source of form™ not only in mathematies [10], but alsa in the “real” world
|2]. Street patterns are geometne; architectural designs are geometne; and, diffusion patterns
are geometric In ths ELLI:d.P_‘l': Lhe geomettic notion of parallelism 15 examined in relation to the
manner m which the sun’s trajectory in the earth's sky is observed by inhabitants ai vanous
latitudmal positions: from. north and south of the tropics to between the tropical patallels of
latiude, A fundamental geometrical notion is thus aligned with fundamental geographical
and estronomucel relationships; this alignment 1= interpreted in cultural contexts ranging
from the design of rooflines to the design of board games.

2. Basic Geometric Background.

To understand how geometry might guide the perception of form, it is therefore important to
understand what “geometsy” mught be. Projective geometry is totally symmetne and oS-
sesses i completely “dual” vocabulary: "peoints” and “lines,” *collinear” and “comcurrent,”
and a host of others, are interchangeable terms [6]. Indeed, a Principle of Duality serves as
a lingwstic axs, or murror, halving the difficulty of proving theorems. Thus, hecanse “two
pomts determine a line” is true, it follows, dually, that “twe ines determine o pomt” 15 also
trug. The corresponding situation does not held in the Euclidean plane: two lines do net
necessarily determine a point because parallel lines do not determine a point 6.

Coxeter classifies other geometries as speaalizations of projective geometry based on the
notion of parallehism, depending on-whether a geometry admits zero, one, or ore than one
lings parallel to a given line, through a point nol on the given line (6] In the “elliptic”
geometry of Hiemann, there are no parallel lines, much as there are none in the geometry
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Figure 1. The hyperbolic plane,
a. Two limes m and m’ (passing through P ) are divergently parallel to line £.
b Two lmes m and m' [pagsing through P ) are asymptotically parallel to line .

of the sphere that includes great cireles as the only lines, any two of which interseci at
antipodal points. In “affine” geometry, there is exacily one line parallel 1o a given line,
through & point not on thail line. Affine geometry 1s further subdivided into Euclidean and
Minkowskian geometries. Finally, in the “hyperbolic” geometry of Lobachevsky, there are
at least two lines parallel to a given line through a point not on that line.

To wisuahze, intwitively, the possibility of more than one line parallel to & given line it is
nelpful to bend the lines, sacofiong “strajghtness” in order to retain the non— intersecting
character of parallel lines. Thus, two upward- bending lines m and m' passing throngh a
point P not on a given hne £ never intersect £; thev are divergently parallel to £ {Figure
La). Or, one might imagine lines m and m' that are asymptotically parallel to £ (Figure
1.b) [8].
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Elbptic geometry, with no parallels, and associated great—circle charts and maps have
long been used ag the bagis for finding routes to traverse the surface of the earth. The sug-
gestion here is that affine geometry, with single geometnc parallels, capiures fundamental
slements of the earth-sun svstem ouiside the tropical parallels of latitude, and that hyper-
bolic geometry, with multiple geomeinc paraJI-::lE. does so between the tropical parallels of
latiiude.

3. Geographic and Geometric “Parallels™.

As the Poraple of Duality 15 2 “meta” concept abomt symmetry 1n relation to projectire
geometry, sotoo s the earth-sun system in relation to terrestnal epace. The changing seasons
and the passing from daylight into darkness are sirmghtforward facts of hie on earth, often
taken for granted. Some individuals appear to be more sensitive lo observing this broad
relationship, and to denving nformation from it, than do others. Shadows may serve as
markers of orientation as well as of the passing of time.

3.1 North and south of the tropical parallels.

Individuals north of 23.5% M. latitude and those south of 23.5° 5. latitude always ook in
the same direction for the path of the sun: either to the south, or lo the north (not both)
Shadows give them hnear information only, as lo whether 11 is before or after noon; shadows
never lie on the south side of an object north of the Tropic of Cancer. The perceived path of
the sun i the sky does not intersect the expanse of the observer’s habitat, from honzon to
hommom. -|'|n:.-1| 1l 1= "parzl.'l|:l"' to that habitat. Nerth and South of the tropics there is but
one such parallel, corresponding to the one basic direction an individnal must look to fellow
bhe sun’s Lrajectory across Lhe sky

3.2 Between the tropical parallels.

Between the tropies, however, the situation s entizely different, OUn the equator, for example,
one must look half the vear to the north and half the year to the south to follow the path
of the sun. Thus, there are two distinct (asympiotic) parallels for the path of the sun
through the cbserver’s pomtl of perception. Shadows can lie in any direction, providing a
full compass—rose of straightforward information as to time of day as well asg o time of yoar
epparently a broader “use” of shadow than Sievenson envisioned!

This population is thus surrounded, in its perception of the external environment of

earth=sun relations, by the multiple parallel nction. (Thoze accustomed itoc primanly =n
Euclidean earth—sun trajectory might find this disconcerting.) This hyperbobic "vizion” of
the earth-sun system, suggests a consislency, for tropical mmhbabitants only, sstablished in
a natural correspendence of the perception of the exiernal environmenl and the internal
environment of the bramn. For. it 18 the contention of BH. K. Luneberg that hyperholic
geometry 13 the natural geometry of the mapping of visual images onto the brain [9],

4. The Poincaré Model of the Hyperbolic Plane.

Ta eee how this vanation i pereeption of the earth-sun system nught be refiected m real-
world settings, and to compare such settings between and outside the tropical parallels, 1 1=
necessary to understand one of these geometnies in terms of the other. Both Euclidean and
hyperbolic geametsies are single, complete mathematical svstems, They are not, themselves,

26



SOLSTICE

camposed ol multiple subgeometnes, nor can one of them be dedoeed from the ather: they
have the mathematical attribuies of being categorical and consistent [6], A mathematical
evstem is categoncal if all possible (mathematical) models of Lhe system are structurally
equivalent 1o one another (1isomorphic) |13} these models are, by defimtion, Euclidean and
are therefore useful as tools of visuahzation. Because the hyperbobic plane 15 a categoneal
system, all models of it are isomorphic, Therefore, it will suffice to understand bul a single
one, and that one will then serve as an Euchidean model of the hyperbolic plane

Henri Poinearé’s conformal disk model (in the Euclidean plane) of the hyperbolic plane
i8], was inspired by comsidering the path of a light ray {in a crcle) whose velocity at an
arbitrary point in the arce is equal to the distance of the point from the arcular perimeter
i4]. To understand how the model works, a "dictionary” thal aligns basic shapes in the
nyperbolic plane with corresponding Euclidean objects is useful {Table 1, Figere 2) |8

The hyperbolic plane 12 repressnted as the disk, D, ntenior to an Euclidean circle O
Because the bounding circle, €', 1s not included, the notion of infinity 15 suggested by choosing
pointe of [} closer and cloger to this unreachable boundary. Peoints in the hyperbolic plane
coreespond to points in [} Lines in the hyperbolic plane correspond to diameters of D) or to
arcs of arcles orthogonal to © . These arcs and diameters are referred Lo as "Pomncaré” lines.
Becanse 7 12 not included 1 the model, the endpoints of the Poincaré lines are not includad,
suggesting the notion of two peints at infinity. Two Pomncare lines ¢ and m are parallel i
and . only if they have no common point. Thus, the disk diameter £ and the arcuolar arc,
m , orthogonal to ' are parallel because they do not intersect; however, the disk diameter ¢
and the croular are, m', orthoponal Lo © are not parallel becanse they do miersect (Figure

N
i. Hyperbolic Triangles and Quadrilaterals.

Any tnangle in the hyperbolic plane 15 such thal the sum of its angles 15 less than 180°,
When & tmangle is drawn in the Poincare model this becomes quite bebievalile; draw Poincare
bines £ and wm as digk diameters and draw Pomecaré line noas an are of a arcle orthogonal
to the disk boundary (Figure 2b} [8]. The tnangle formed in this manner has one side that
has “eaved-in” suggesting how it happens that the angle sum can be less than 180° (note
thal three dimmeters cannol inlersect 1o a triangle because all diamelers are concurrent at
the center of the disk). Trnangles formed from more than one Poincare hine that is an arc of
a arcle wounld become even more concave.

Because all frangles have angle sum less than 180°, there can be no rectangles |guadsi-
laterals with four night angles) in the hyperbolic plane. The idea that corresponds to that of
a rectangle 1s & quadrilateral with three night angles, one acute angle, and pairs of opposite
sides parallel (mn the hyperbolic sense). The sides, OF, 00, PR, and RO, of this quadri-
lateral are drawn on Poincaré lines that are segmenis of disk diameters or arce of circles
orthogoneal to the outer crcle [:]"igum e f}Q 15 ]'}ara.“r:t tee K and HQ 15 paralle] to F{}]
This guadnlateral is called a Lambert quadrlateral afier Johann Heinreh Lambert [B], cre-
ator of the “Lambert”™ azmmuthal equal area map projection [among others) [12] When such
a quadrilateral 15 drawn 1o the Poncaré model, the acute angle al & can be drawn to suggest
that its sides are divergent, asvmptotic, or intersecting, Here, these sides have hean drawn
to wntersect (Figure 2¢) and {o evidently compress the angle al R as a suggestion of the
angular compression [12] present in aszimuthal map projeciions (including those of Lambert)
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Tahle 1:
The Poincare conformal model of the hyperbolic plane
(referenced to Figure 2—after Greenberg)

Term in hyperbolic Corresponding term

geametry in the Poincaré model
i the Euclidean
plans

H;.-purhc-l-':_é p;!.:uu& Adisk, I, intenor foa
Fuchdean arcle, O

Pomd Pomnt, P, im the disk, [0:

Lin= 1. Ihsk diameter. £ not
including endpoints on 7 ); or
9. Arcs, m, m' . in [} of circles
orthogomal to £ (tangent lines
at points of intersection are
mutually perpendicular),
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around the projection center.

6. Tiling the Hyvperbohe Plane.

If ome wisws a map grd as a liling by guadrilaterals of a portion of the Euclidean plane,
then 1t might be instructive to consider a tiling of the “map” of the Pomncare disk model

Figure 2, The Pomcard Disk Model of ihe hyperbolie plane.

1. The diameter, £, i¢ a Poinecaré line of the model, as are arcs wm and m' which are or-
thogonal to the boundary €. The Poincaré lines { and m are parallel (do nol inlersect)
the lines £ and m' are not parallel [do intersect).

b. The sum of the angles of AQPC iz lese than 180%, The tnangle is formed by sides [,
m , 1| the Poincaré lines £ and m are diameters, and the Poincaré line n 15 an arc of a
circle orthogonal to C.

c. A Lambert quadrilateral with three right angles and one acute angle (PRE ). Pairs of
opposite sides are parallel.

by Lambert and other quadrilaterals (3], Gluing guadrilaterals together along Poincaré lines
produces a vanety of guadrilalerals (Figure 3). All have pairs of opposite sides parallel;
Poincaré lines represented as arcs are orthogonal to the outer arcle. Naturally, the tiling
CELT TLEVET r_'-:II::upir_*Et]F cover Lhe digk, because the digk boundary 12 aot included. Thue, Li]itlg_s
of this map have gquadrilaterals of shrinking dimensions as the outer circle 13 approached
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This permits hyperbolic “filings" to suggest the infinite; mdeed, they have served as artistic
mspiration for the "Lmitless” art of M. U, Escher |7)
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Figure 3. A partial iiling of the Poincaré Disk Model by quadnlaterals bounded by
Poinearé lines. Quadnlateral [GPQKR) 13 a Lambert guadrilateral with two sides drawn

HE:'.-':'Ilj'I:..I.'.Ii'iIZ' Lo t'.‘ilEll IZZI'|.|II'_‘T.

7. Triangles, Quadrilaterals, and Tilings Between the Tropies.

Ceoncern with home and family are universal humau values Typical American houses ex-
hitit Euclidean cross sections: r rectangular one from a side view and a pentagonal one, as
a toangular roofline atop a square base, from a head—on view, Western Sumatran Minangk-
abau house- types fit more naturally mto a non-Euchdean framework than they do into the
Euclidean ons, exhibiting hyperbolic cross sections as a Sacchen quadrilateral (two Lambert
quadrilaterals glued together along a “straight” edge (Figure 4a) 8]) when viewed from the
side, and as a concave, hyperbolic, triangle atop a (possibly Euclidean) quadnlateral when
viewed from the front (Figure 4b).
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Figure 4.

a. A Sacchen quadrilateral, formed from two Lambert quadnlaterals, Tf kas two nght angles
and two acule angles. Pairs of opposite sides are parallel, as drawn in the Poincare Disk
Maodel

West Sumatran Minangkabau house. Roofline iz suggestive of a Saccheri quadnlateral
Photograph by Jokn [} Nystuen

Games children play often reveal deeper traditions of an entire society. Az the sun

moves through its entire range of possible positions, shadows dance across the full range of
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Figure 5.

a Sodokan game board in Euclidean space. Markers travel along lines separating repions
of contrasting color and along arcular loops at the comers.

compass positions on Indonesian scil and come alive, as “shadow puppets.” in Indonesian
theatrical productions. Eleganl cut-ouls traced on goat skins and other hides are mounted
on siicks and dance in a plane of light between a single point-source and & screen, casting
their filigreed, shadowy cuthmes lugh encugh for all to see. The mouon: of the Indonesian
puppettesr are regulated by the world of projective geometry, with shadows stretching out
diffuse arms toward Lhe mfinite.

A commonly played Indonesian board game is "Sodokan,” a vanant of checkers [1. Two
people play until all of an opponent’s ten pieces, arranged nitzally on the inlersection points
of the last two lines of a § x 5 board [(Figure 5a), have been captured. Pieces move across
the board honzontally, vertically, or diagonally, one sguare al 2 time. What 15 unusual iz
the method of capture; to take an opponent's marker requires a “surpnse” attack along the
loops outside Lhe apparent natural gnd of the gameboard.

For example, with just two pleces remaning (3o that there are no intervening pieces |,
black mey capture white (Figure 5h). To do so, black must traverse al least one loop; m
the act of capiure, black can slide across as many open grid intersections as required to gain
entrv to & loop. Then, still in the same turn, black shides around the loop, re-enters the
game board, and continues to shde across gnd mtersections and loops antil an opponent's
marker is reached, and therefore captured.

The name, “Sodokan," means "push oul” [ts pame sesms to apply only loosely Lo Lhe
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Figure 5.
b. Sample of capture. Black captures white—a smgle move.

5 x 3 Euclidean game hoard (Figure 5a) because the loops are not, themselves, “pushed
cut” from the natural gameboard grid I they were, the corners of the Euclidean gnd would
disappear, However, when the game board is drawn on a grid in the Poincaré disk model of
the hyperbolic plane (Figure 5¢), the loops appear naturally from grid intersections outside
the circular boundary. A marker engaged m a capture on this nen-Euclhidean (hyperbolic)
board traverses the entire hyperbolic plane {“universe”), passes across the infimte and 1=
provided a natural avenue within the svslem for return 1o the universe. The loops are
naturally “pushed out™ of the underlying gnd, tiled partially by Lambert quadrilaterals;
they might suggest paths along which pods (11|, skipping across space, interrupt (sacrifice]
elements within the predictable universe of the life-space in the disk However, mmdependent
of speculation as to what such pathe might mean, the fact remams that it is within the
hyperbolic geometric framework, only, that this game board emerges as a parl of a nalural
grid svstem. Thus, capture 15 no longer a mystenous event from “outside” the system; the
change in theoretical framework, from an Euclidean to an hyperbolic wiewpoint, made it a
logical occurence:

A change in the underying symmetsy introduced order. The “meta” earth—sun system,
when viewed as that whizh introduces a symmetric partition of the earth according to bands
of sun-delivered affine and hyperbolhic geometry, offered order in understanding roofiine and
gamebcard shape where none had been apparent,

Scurces of evidence for other similar 1mterpretations are plentiful: from Indonesian calen-
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Figure 5.

¢ Sodokan game board drawn on the Poineard Disk Model of the hyvperbolie plane, The four
central quadrilaterals are Lambert guadnlaterals—the mtersecting versions of quadrilat
eral (OPQR) in Figure 3. When their sides are extended, the gameboard loops are

formed naturally by thesc gnd lines and their intersection pointe
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dars based an o nested hierarchy of cyeles; to the loops within loops creating the syneopated
forms charactenistic of Indonesian gamelan music. Perhaps Indonesians and other between-
the—parallels dwellers have escaped the asymmetne confines of Euchidean thought. enabling

them to include a comfortable vision of inhimty as part of the underlving symmetry of ther
daily crele of life.
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THE HEDETNIEMI MATRHRIX SUM:; A REAL-WORLD APPLICATION
Sandra L. Arknghans, Willlam . Arlinghans, John L. Nystven

In a recent paper, we presented an algonthm for finding the shortest distance between
any two nodes m a network of n nodes when given only distances between adjacent nodes
|Acinghaus, Aclinghaus, Nystuen, 1990(b)|. In that previous research, we applied the algo.
rithm to the generalized road network graph surrounding San Francizeo Bay. The resulting
matrices are repeated here [Figure 1), i order to examine consequent changes in matrix
entries when the underlying adjacency patiern of the road neiwork was altered by the 1889
earthquake that closed the San Francisco-Oakland Bay Brndge. Thus, we test the algorithm
against a changed adjacency configuration and mlerprel the results with the benefit of lund-
sight from an actual evenl. Figure 1 shows & graph, with edges weighted with time—distances,
representing the peneral expressway bnkage pattern jouming selecied cties surrounding San
Francisco Bay, The matrix A displays these time-distances in tabnlar form; an asterisk
indieates thai there e no direet linkage between corresponding entmes. Thus, an astensk
entty a13 indicates that there is no single edge of the graph linking San Franosco and San
Jogs [(all paths have 2 or more edges). Higher powers of the matrix A count numbers of
paths of longer length— A? counts paths of 2 edges as well as those of one adge. Thus, one
expects in A7 to see a number measuring time-distance between San Francisco and San Jose;
indeed, there are iwo such paths, one of length 304-50=80, and one of length 30+25=55.
The Hedetniemd matrix operator always selects the shortest. Headers wishing to understand
the mechames of this algorithm should refer to the other references related to this topic
the st at the end |Arlimghaus, Ariinghaux: and I"-I:r'stuen; W, Arlinghmm‘.. It 15 sufficieint

here simply Lo understand generally how the procedure works, as described above

When a recent earthquake caused a disastrous collapse of a span on the San Francisco-
Cakland Bay Bridge, forcing the closing of the bridge, municipal authorities managed to keep
the city moving using a well-balanced comlnnation of added ferry boats, mediza messages
urging people to stay off the roads, and dispersal of information concernming alternate rouie
stratepies.  National telecasts showed a ity on the move, albeil slowly, alithough outside
{orecasters of doom were predicting & massive grid-lock that never occured. What would
the Hedetmiemi algorithm have forecast in this situation?

To find out, we compare the matrices of Figure 1 to those of Figure 2, denved from the
graph of Figure 1 with the link between San Franeiseo and Qakland removed; that is, the edge
hnking vertex 4 to vertex | 15 removed — the results show 1n the matnx entnes @14 and ay)
Thus in Figure 2, the adjscency mainx A, descmbing 1-step edge linkages differs from that
of Figure | only in the ag [a4;) position. The value of * replaces the ime-distance of 30
munutes in that graph because the bridge connection was destroved. When 2-edge paths are
counted, there 1s spread of increased Lime—histances across these paths as well. Whal wsed
to take 30 minutes, under conditions of normal traffic, to go from San Francisco to Oakiand
now takes 70O minuies, under conditions of normal traffic, EDINE h}r way of San Maieo. The
top from Sas Francsceo to Walnut Cresk had been possible along o 2—edge path passing
through Cakland (and taking & total of 60 munutes); the asterisk in 42 in the a5 entry
mcdicates thal that path no longer existe, The journev from San Franeisee to Richmond,
along a 2-edge path, increased in fime-distance from 5 to G0 minutes—going around the
“longer” @mde of Lhe rectangle. Note that what 15 being evaluated hers 1: change in tnp-
time under "mormal” circumstances, according io whether or not routing ensis; congestion
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fluctuates but actnal road lengths do not {(once in place). These values therefors form a set
of benchmarks against which to measure time—distance changes resulling [rom moere vanable
quantities, such as increased congestion.

n

When three—edged paths are browght into the system, in 4% (Figure 2}, the trip from
San Francsco to Walnut Creek now becomes possible, but takes 100 rather than 60 minutes.
Also, the top from San Francisco te Vallejo now becomes possible (in both pre- and post
earthguake systems) although it takes 10 monutes longer with removal of the bridge When
piths of length four are introduced, no changes occur in these entnies; the system 15 stable and
the effects are confined fo locations "close™ to the bridge that was removed. The relatively
small number of changes in the basic underlying roule choices, forced by the removal of
the Bay Bridge, suggest why it was possible, with swift actien by municipal authornties and
cilizens to contral congestion, lo avert a situation that appeared destined to lead to gndlock.

What if the Golden Gate Bridge had been removed rather than the San Francisco-
Oakland Bay Bndge? Figure 3 shows that the same sort of clustered, localized results
follow, When both bndges are removed (Figure 4}, the position of affected matrix entries 1s
identical to the union of the positions of entries 1y Figures | and 2, but the magnitude of
time—distances has been magnified by the combined removal.

With hindsight, the test seems 1o be reasonable. One direction for a larger apphication
might therefore be to consider historical evidence in which bridge bombing (or some such } was
critical 1o associated circulation patierns. When large data sets are entered into a computer,
anc mampulated usmg the Hedetmems matnx algosthm, previously unnoticed histoncal
pasociations nught emerge and maps showing alternate possibilities could be produced. In
short, Lhis mighl serve as a (ool useful o stoncal discovery. Other important directions
for application of the Hedetniemi algorithm invelve those in & discreie mathematical setting
that focus on tracing actual paths [W. Arlinghaus, 1990—includes program for algorithm],
and those using the Hedetmwemm algonthm in the computer architesture of parallel processing
[Romeijn and Smith]
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SAN FRANCISCO BAY AREA; GRAPH OF TIME-DISTANCES
{in manutes |
LEGEND: numeral attached to aty is its node number in
the corregponding, underlying, graph
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POST-EARTHQUAKE SAN FRANCISCO BAY AREA
SAN FRANCISCO-OAKLAND BAY BRIDGE IS REMOVED.
GRAPH OF TIME-DISTANCES (in minutes)
Adjustment 15 made for change in {ime=distance
m a “normal” situation-not for resultant fluctuation i congestion
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/0 30 55 70 100 60 B0 60 40
a0 25 40 70 60 B0 80 70
55 25 0 G50 B0 T0 90 1310 90
70 40 S50 0 30 20 40 60 40
A'=|100 70 80 30 0 45 25 B0 6B
60 B0 70 20 45 0 20 40 20
B0 B0 90 40 25 20 0 25 40
600 9D 110 60 50 40 25 0 20
40 70 90 40 65 20 40 20 0/

_.-"|_'E=_,-':'_|_II - __=_-l:!|B

Figure 2. Matox sequence with San Franeiseo-Oakland Bay Briage removed
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POST-EARTHQUAKE 5AN FRANCISCO BAY AREA
GOLDEN GATE BRIDGE 15 REMOVEL,
GRAFH OF TIME-DISTANCES (i1 minutes)
Adjustment 15 made for change in fime—distance
m a “normal” situation—not for resultant finctuabion m congestion
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POST-EARTHQUAKE SAN FRANCISCO BAY ARFA
BAY BRIDGE AND GOLDEN GATE BRIDGE ARE BEQOTH REMOVED.
GRAFH OF TIME-DISTANCES [in minutes)
Adjusiment 12 made for change m time—distance
moa "normal” situation—not for resuliant fluctuation in congestion
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{mly |

/0 80 55 70 100 90 110 130 110Y
a0 0 25 40 70 60 B0 100 80
55 25 0 50 8G 70 80 110 90
40 0 0 30 20 40 B0 40
1000 70 80 S0 0 45 95 50 85
B0 60 0 20 45 0 W 4D 20
110 80 60 40 25 20 0 25 40
180 100 110 60 a0 40 25 (i 20

\110. 80 90 40 65 2 40 2w 0 /)

A4°

A= gf = _ = A"

Figure 4. Matrix sequence with both the Golden Gate and the Bay bridges removed,
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FRACTAL GEOMETRY OF INFINITE PIXKEL SEQUENCES;
“SUPER-DEFINITION" RESOLUTIONTY
Sandra Lach Arlinghaus

Introduciion

The fractal approach to the geometry of central place theory is particularly powerful becauss
among other things, it provides numencal proofl that the subjective labels of “marketing ™
“transgportation.” and “admimstration” for the K = 3, K = 4, and & = 7 luerarchiss
are indeed correct | Arlinghaus, 1985] and because 1t enables solution of all open geometric
guestions identified by Dacey, Marshall, and others in earlier research |Ddacey; Marshall;
Arlinghaus and Arlinghaus]. When the problem i wrapped back on itself and the nature of
the onginal, underlying environment is altered—from urhan to electronic—the same results,
recast m & different light, suggest the degree of improvement in picture resolution Lhat can
come from decreasing mxel size.

Curves on calhode ray fubes are formed from a sequence of pixels hooked togetlier at
their corners; font designers 1 word processors ofler an easy opportunity to observe these
pixel formations (Horstmann, 198G), The pixel sequence merely suggests the curve; it doses
not actually produee a "ecorrzel" curve Reducing the size of the pixel can improve the
resofution of the image representing the curve, The matenal below uszes established results
from fractal geometry to evaluate the degree of sucesss, in 1mproving resolution in a raster
environment, that resolis from decreasing poxel size.

Manhattan pixel arrangement

When a square pixel is the fundamental umi, a sequence of pixels has boundanes separating
pixels in Manhatian, "city— block” space. When smaller square pixele are introdnced, more
lin1es separating ]::-i}:-:r|5 are also miroduced. The intenor of the pixel 13 what carnes the
content—not the boundary of the pixel. Thus, it is sigmficant to know what proportion of
the space filled with pixels is filled with pixel boundary.

Suppose that, in an effort to produce "high— definition” regolution, the number of square
pixels used to cover a fixed area (2 cathode ray tube) is substantizlly increased. One might
be tempted o use even more pixels to produce even better resclution and even more beyond
that. If the PrOCEss 15 carried out infinttely, using a Manhattan gnd, the pixel mesh has
arbitrarily small cell size and the entire plane region is “filled” with pixel boundary, only;
the scale transformation of superimposing finer and finer square mesh on a2 fixed area has
dimension ) = 2 (Mandelbrot, p. 63, 1983). In this situation, all pixel content is therefore
lost, Clearly then, improvement in resclution does not continue, ad infinitum; thers is some
point at which the lradeofl between finencss mm resolution and loss of information content is
at its peak. Determuining this point 1 an 1ssue of difficulty and significance. Is this dilemma
a umversal sifnation thet exists mdependent of the shape of the fundamental pixel unit?

Hexagonal pixel arrangement

Consider instead an electrome envitenment in which the fundamental picture element is
hexagonal in shape [Hosenfeld; Gibson and Lueas). Such a gecmetric environment has a
number of well-documented advantages, centering on close-packing characterisiics [Gibson
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and Lucas). This environment is examined here along the hnes sugpested above—ito see if
improvement in resolution can be carmed out infinitely through pixel subdimsion.

When s bounded lattice of regilar hexagons of uniform eell dimmeter [on & G!?.T:I 15 redined
ag a srmular lattice of smaller uniform cell dipmeter, nprovement in resolation results, There
are an infinite number of ways i which the lattice of smaller cell-size might be supenmposed
on the lattice of larger cell size; The geometry of central place theory describes thess relative
positions of layvers. Independent of the onentation selected, when this translormation from
larger to smaller eell laitice 15 tlerated infinitely, the bounded space is onee again filled
|::|.s in the rectangular pixel case) with hexagonal pixel boundary. Thus, in both the casze
of the rectangular pixel and the hexagonal pixel environments, iufinite “improvement” In
resolution, brought about by decreasing pixel size, causes a black-hole-like collapse of the
onginal, entire image. However, 15 this charactenstic of the whole necessanly inberited by
each of its parts? Any part that does nol mhent this collapsing, spacefilling charactenstic
iz capable of infinite, “super-definition” resolution, Such a part is invarant (Lo some extent)
under scale transformation.

The feactal approach to central place theory shows that there do exist shapes in the
hexagonal pixel environmenl which, when refined mfipitely, de not fill a bounded piece
of two dimensional space. Figure 1 shows a hexagon to which a fractal generator has been
applied to producs a & = 4 hierarchy. [nfimte iteration of this self-similanty transformation
produces & highly crenulated replacement which does not fill a bounded two—dimensional
space; in fact, it fills only 1.585 of a two-dimensional space. When the corrresponding self
similarity transformation is applied to a square pixel a haghly crenulated shape s again the
result of infinite iteration; this shape does fill a bounded two- dimensional space (Figure 2).
The two fractal generators selected are parallel o structure: sach i half of the boundary of
the fundamental pixel shape

If both geometric environments are then viewed as composed of these highly—crenulated
elements (which do fit {ogether to cover the plane), then the hexagonal environment 15 the one
that permits infinite iteration without loss of all pixel content., This approach = akin to that
of Barnsley, which stores sets of transformations thal are used to drive image production.
What is suggested here i= a possible way to vastly improve image resolution corresponding,
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X B

Figure 2. K=4 type of hierarchy generated [raclally [rom square imitistors.

to some exient, o Bamslev's successful strategy to improve data compression |Barnsley).

This approach is also similar, in general strategy o that emploved by Hall and Gokmen;
botl gsek transformations, applied in an electronic environment, under which some properties
are preserved. Hall and Gékmen locus on transiormations hnking hexagonal and rectangular
pixel space whereas the transformations employed here function entirely withan a simgle type
of geometric environmenl (using one on the other appears Lo be of interest), Additionally,
this approach offers & systematic characterization, in the infinite, for the aggrepate T-kernels
of hexagons, al various levels of aggregation, sugpesied only as finite sequences in Gibson and
Lucas. Finally, Tobler's maps of Cwiss migralion pallerns al Lhree levels of spatial resolunion
suggest a methodological handle of an attractivity function to implement ideas involving
spatial resolution in an elecironic environment. Deeper analysis, of the sort represented m
ihe works mentioned here, is beyond the scope of this particular shorl plece,

Table | shows a sel of fractal dimensions for selected Loschian numbers,

Table 1
(derived from a Table in Arlinghans and Arlinghaus, 198%)
=3 D=1.7§2: K=12, D=1.118; K=27. D=1.087: K=48, D=1.074;
K=7, D=1.120: K=19, D=1.093; K=37. D=1.078; K=61, D=1.060:
(=4 D=1.585; K=1d D=1.0hh: E=28, D=1.188; K=45, D=1.129;

The line of Laschian numbers that beging with i = 4, those that are orgamzed according
to an “transportation” principle, are the ones that fill iwoe dimensional space most thickly.
Thug, when introducing smaller and smaller hexagonal cells to improve resolution in the
gualty of curve representation, or when “zoomung in” il would appear appropriate to let
the onentation of successive layers of smaller and smaller cells correspond to the i = 4 type
of hierarchy. Clutter would not enter as fast as in the Manhattan environment, even o ths
densest arrangement. “Super.” rather than "high” definition of resolution could therefore
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fall naturally from an underlying hexagonal pixel geometry with measures of cluiler and
wformation content determined using fractal dimensions.

Shortest paths

At an even broader secale, one might also look for this sort of application in hooking com-
puters together as parallel processing umts. When “central places” are thought of as central
processing units, not of urban information, bul rather of electronic mformation, then an
underlving geometry for finding “shortest” paths through networks hnking multiple points
might emerge. For in an electronic environment with the hexagonal pixel as the fundamental
anit, the 1207 mtersection pomts wonld correspond exactly to the requirements for finding
Stemner networks, as “shortest”™ networks linking multiple locations. Steiner points in an
electronic configuration might then correspond o locations at which to “jump” from one
hexagonal latbice of fixed vell-size to mnother of different cell size (from one machine to an-
other), where cell size is prescribed by “lengthe” (in whatever metric) between “transmission
tmes” between adjacent Sieiner points.
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CONSTRUCTION ZONE
FIRST CONSTRUCTION;
readers mught wish to construct figures to accompany
the electronic text as they read

Feijpenbauwm’s number: exposition of one case
Motivated by quernies from Michael Weldenberg,
|}::pz|.rlm-r:n‘l of ﬂtugruphj': SUNY Buffalo,
during his visit 10 Ann Arbor, Swmmer, |880.

Here 15 a description of how Feigenbaum's number arises from a graphical analysis of a
simple geomelric system |1 Feigenbaum’s original paper is clear and straightforward [1]; this
ponstruction 15 presenled Lo serve as exposure prior to reading Feigenbaum's longer paper
\1]. The construction is complicated althongh mdividual steps are not generally difficult
Following the construction, a suggestion will be offered az to how to select mathematical
constraints within which 1o choose geographical systems for Feigenhaum-1ype analysis,

l. Consider the famly of parabolas y = =

+ ¢, where ¢ 15 an mtegral constant. Thes 18
just the set of parabolas that are like y = 27, slid up or down the y-axis. The smaller
the value of ¢, the more the parabola opens up {otherwise & lower one would mterzect a
higher one, creating an algebraie impossibility such as —1 = 0) (Figure 1}.

2

2. To begin, conmder the particular parabola, y = 2° — 1, obtained by setting ¢ = 1.
Graph this (Figure 2). Also draw the line ¥y = o on this graph, Now we're going to look
at the “orbit” of the value ® = 1/2 with respecl to this parabola (function). By “orbit”
is meant simply the ileration string obtained by using 2 = 1/2 as input into y = g2 —1,
then using thai cutpul as a new input mmio gy = r? — 1, then using that oulput as a
new mput _.. and so forth. In this case, the orbit of 2 = 1/2 15 represented as follows,
numerically. {Use .5 — —0.75 to mean thal Lhe mput of .5 15 mapped to the output
value of —0.75 by the function y =27 —1.)

0.8 — —0.75F — —0.4375 — —[.B085038
— —0.3461761 — —0.8801621 +— (2253147
= —(.9492333 — —0.0989562 — —(9002077
= —0, 019488 — —.9996202 — 00007595

— —0,9999994 — —0.0000012 — —1
=+ () = =1 =¥} —

Clearly the values bounce arcund for awhile, and then eventually settle down to the
values, —1 and [}

3. Let’s see what this particular iteration stnng means EE-&]III:LEitiJ.].i:r' {Figure 3]. Locate
r = 0.5 on the z-axs. Drop down fo the parabola to read off the corresponding ¥ -value
[in the wsual manner] —0.75. Now it is this y—value that 15 to be used as the next input
in the iteration siong. We could go back up to the z-axs and find it and drop back 1o
the parabola, but we won'’t. Instead execute the following, eguivalent transformation—
THIS 1S THE KEY POINT. Assuwme your penpoint is on the y-value —0.75; now slide
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honzontally over to the line ¥ = z—vou want 1o use the y-value in the role of the
r-value. Thus, treail this point as the new imput and drop to the parabola from it as
you did inomoving from the z-axis to the parabola. Then, with your penpoinl on the
parabols, shide honzontally back to the line = o and use this as the mmput; drop o
the parabola and keep going. A glance at Figure 2 suggesis why economists call this a
“eabweb” diagram |presumably locking at fluctuating supply and demand). Follow this
diagram long enough, and you will see that evenlually values for o luctnate belween
0 and —1, around a stationary square cycle. Looling ai the ®dynamies™ of o value,
with respect fo a funclion, in this geometncal manneer 15 relerred (o as [Fegenbaum's)
*graphical analysis” |1
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1

(0,1}

Figure 1. Parabolas of the form y = #? + . Figure 2. The parabola y = z* — 1 and

y =z Figure 3. Graphical analyzs ol y = * = 1.

4. 8o, we have the numerical orbit and the graphical analysis for the value z = 0.5 with
respect to the function y = 2% — 1. What abeut r_'zL]-;:LL]uL':ILg these values for starting

values of ¢ other than # = 0.5. Consider # = 1.6, Its orhit is as below, and the

o
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eorresponding graphical analysis 15 given in Figure 4,
1.6 +— 1.56 +— 1.4336 — 1.0a5204
= L 154658 — —(,DBT]1255 — =0.02555833
=4 = BID3455 e =001 3080 — =0 99098854
et =—(L0000034 = =1 =D v— =1 =0 —

The dvnamies of @ = LG are really vary much the same as for » = 0.5 with respect to
the miven function. Let’s lock at 7 = 1.7

LT =+ 1LBY = 25721 »—-3.6156084

— 30.536006% — 931.45149 — BETE00.8T — .. o oo

Graphical analysis shows this clearly, geometrically, too (Figure 51 This shooting off
to mmfinity 15 not “interesting” in Lhe way that the cobweb dynamics are. So, for whai
values of 2 do you gel “interesting” dynamics”

erity o | interval

(-¢% o) ! Le ]{Pr,ﬂ‘)

TN
=1
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5
|
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I
[ I
I |Ji
1 1
— ! i F L}
.
c=-1

Figure 4. Orbit of ¢ = L6, Figure 5. Orbiil of 2 = 1.7.

. No doubt you will have noted from the graphical analvses in Figures 4 and & that the
reason one ileration closes down into o cobweb and the other goes Lo infimtly = thal one
initial value of & lies to the left of the intersection point of the parsbola and the line
vy = =, and the other hes to the nghl of that miersection poinl. You maghl therefore be
tempted to guess that all mnitial values of # that Lie betwesn the right hand intersection
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point (call it p™ ) of the parabola and the line and the left hand intersection point {call
it p7 ) of the parabola and the line ¥y = «, produce interesting dynamics. (The =-

coordinates for p~ and p~ are found by solving ¥y =2 and y =27 — | simultaneonsiy—
that 12 by solving 2 — 2 — | = O—the quadratic formula yields =z = (1 % v5)020r
r = |.618034, = = —0.018034}. Indeed, if you try a number of values intermediate

betwesn these you will find that to be the case. However, consider a value of z to the
lefi of ¢ = —0.62, Try = = —1.6.

—1.6 — L0 v L4330 s | (155200

=+ 0,1134659 — —L98T1255 s ~0.0255833
= ={L 0003455 — —L0013086 — —(0.9955983
— —0.000003 — =1 eea l} 42 =] =0 —

There is obvious bilateral (about the y—axis) symmetry in the ileration string, produced
by squaring inputs, Clearly, the mitial value of —1.7 will g0 to positive infinity, as
above. Se, the interval of values of z that will produce mterssting dvnamies is NOT
07|, but rather |—p?, p™], You might want to draw graphical analyses for & = —1.6
and ¢ = —1.7 with respect to this function. Call the interval, |—p™, p™| the “critical”
mterval for any given system of parabola and y = z. In the case of the sysitem y = =
and y = 1% — 1 the entical mterval has l-::ngth 1036068,

So. now we know something gensral about the dvnamics of inpul values with respect to
the fanction y = »¥ — 1. Recall that we got this function by picking one value, ¢ = -1,

from the famaly of parabolas y = 2% + ¢, Let's see what happens for different values of ¢

6. Consider ¢ = (0,25, For thie value of ¢, the line ¥y = = and the parabola y = 2% 4 0,25
are langeni Lo each other. Valnes of 2 to the left of the poinl of tangency (st (0.5,
.25]) have orbits that converge to 0.5 {Figure 6) while values of o to the right of the
point of tangeney have orbilz that go to positive infinity, Initial inputs 1o the left of the
point of tangency have orbits that are “attracted” o the point of tangency, while initial
inpuis to the aght of the point of tangency have orhits that are “repelled” from the point
of tangency. Here, you might view it that p* = p~, When ¢ > 0,25, the line y =
and the corresponding parabola do not intersect, and so all orbits go to infinity—the
dynames are not interesting {Figure 7}, 5o, we should be locking at parrbolas with ¢
less than or equal 1o 0.25. Lel’s look at some, in regard to the notions of “attracting”
and "repelling.”



Winder. 19900

1

Figure 6. The case for ¢ = 1/4, Figure 7. The caze for £ > 1/4.

7. Consider ¢ = 0.24—system: y =z, 9y = 2 +0.24 {Figure 8). Use graphical analysis to
study the dynamics (Figure 8). An orbit of 0.5 is

0.5 = 3025 — 3315063 — 3498964
— 362427 = 3T1303T — 37TH05E

60
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SOLSTICE
— 3828111 — 3865443 — JRO4165
vt (AOG452 0 303086 — 3WTHIG — L =04

The orbil converges to the = -value of p= which is found rs U4 by solving the svsiem

asing the guadratic formula, Here, p~ 12 an atiracting fixed point of the systenm, and

p s a repelling fixed pomt of the system. There is convergence of orbits 1o a single

value within the zonme [—p™, p* | Notice a kind of doubling effect as one moves from
the systein with ¢ = .25 to the one with & = 0,26 [penod-doubling)

Consider ¢ = —(0.74. The syilem 1z gy =2, gy = rd — (174, Graphical analysis (Figure
) shows that this system behaves similarly to the one for ¢ = (L24; p~ s attracting
and p~ s repelling for all # in |—p?, p7] The values of p~ and pT are respectively
—0. 4949874 and 1.4949574. Look at the ochil of 0.5, for example.

0.5 s —(1.40 bme =D 4G e <[} 4901

— —0, 499802 — —0. 400198 r— . .. = —{L2040RT4

'F:Jr#pi!lliua

(1
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Figura 8. The case for ¢ = 0.24. Figure 8. The case for ¢ = —{.74.

0 Consider ¢ = —0.75. The syetem is: y =, ¥ =2 — 0.75, This is not at all the same
sorl of eysiem as those in 7 and 8 above. Here, p~ and p™ are respectively

—[.5 and
1.5. Consider the orhat of (.5.

0.5 = —0.5— —05 = =05 ...

G2



SOLSTICE

Constder the oelit of 0.1
01 — —0.74 — —0.2024 — —0. 7000342

— —0. 2472704 — —.GRABHTI — — 2754756
vt = (741132 — — 2055714 — —6E26ITE — — 3109115 — . ..

here, one mig]]h see Lhis -;:]usmg i, from above and below, very slowly on —0.5; O,
there might be two points the orbit 15 Hluctualing toward getbing close 1o, Consider the
orbit of 1.4:

1.4 = 1.21 — . T141 — — 2400612 — —GU2ITNE6 —.. ..

_-‘Lga:iu. the same sorf of thing as above. The behavior of this svstem 15 suggestive of that
af the tangenl case when = (.25

10). So, we mighi suspect some sort of shift in the dynamics for values of ¢ less than —0.75.
Indesd, we have already looked al the case ¢ = 1. In that case, the peinl p~ iz repelling,
rather than atiracting (as it was for (.25 < ¢ < —0.753). Also, the length of the penod
over which an orbit stabilizes has doubled — lands on two values. mstead of convermng

to one. Again, there 15 a sort of hifurcation of dynamical process al ¢ = —0.75, much as
there was al ¢ = .25, The next value of ¢ at which there 15 bifurcation of process 15 at
e = —I.25 (analysis nol shown). Values of ¢ shghtly lese than —1.25 produce sysfems

with orbits for matial x—values in the critical mterval that settle down to fiuctuating
among four values; the pomnt p~, wlich had been sepelling for —0.75 < ¢ < —1.25 now
becomes attracting. And so this continues— another bifurcation near 137, and znother
somnewhere near 4. The values for ¢ al wlich successive bilercations ccour come faster
and faster

11, A summary of this material appears below,

Bafureation values, b:

e=025———b=1

e=—075———b=2
e=-125———b=3
c==137===b=4

derived from empirical evidence of examining the orbit dynamics of the corresponding sys
terns of parabolas and vy = ». Lengths of critical intervals, Ty, [—p~, p7 |, associated with
the system corresponding to each bifurcation value, b

e= .25 Solve: y =2, vy =%+ 25 use quadratic formula—
r=(1+ {1 —4x0.:25))/2=0.5. Thus, p™ = 0.5 s0

Ii=2=x05=1.0

—0.75. Sclve; gy =2, p=r*=.Th, z=(1= ‘._,-'"[l +4 x 0.78))/2 = 1.5 or —(.5. Thus,

o=
pT = 1.5 so
fz=2=x13=4dl

G
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=

~1.25, Solve: y =,y =2 —1.25. 2 = (L /(1 + 4 x 1.25))/2 = 1.724744D or

~{.7247440. So,

Is = 3.4494808

e= —137, Solve: p =z, 9y =g —1.37. o= (1+ 1.-"{[-1 Fdox 1.37))/2 = 17727922 or
~{. 7727922, So,

fq = 3.5455844

Now, suppose we find the successive differences between these interval lengths:

.D1=J|5~—J'1'—3—|=2

De= T3 — Iy = 3.4404B08 — 3 = L.44%4808
g =1y — Iy = 55455844 — 34404508 = (L.0DG0DD4G

Then, form suceessive ratiog of Lhese differences, larger over smaller

D/ D = 2/0.4404808 = 4 4404807

Do Dy = 4494898 /0960946 = 4.6T7TATE]

This set of ratios converges to Feigenbaum’s number, 46692016 ..

12,

13.

14.

Apparently, empirical evidenee suggesis that any parabola-like system exhibits the same
sorts of dynanuce and the corresponding sets of ratics converge to Feigenbaum's number.
For example, this appears to be the case, from literature, for the system y = = and
¥ = ¢lanz ) and [or the system involving the lomstic curve, y = z and y = ezl —z}
|1].

However, when Lhe curved piece of the system is not parabela-like, different constants
may oceur. (A different curve might be a paralola with the vertex sonared off — smgue.
larities are miroduced—whers the denvative is nndefined) [1

Obviously, many geographical systems can be charactenzed by a curve with fluctuations
that are somewhat parabolic. Of course, we often do not know the equation of the curve.
But, Sunpson's rule from caleulus, that pieces together parabolic slabs to approsimate
the area under a curve, generally gives a good approximation to the area of such curves.
Thus, geographic systems that give rise to eurves for which Simpeon’s rule provides o
good areal approximation are ones that mighl be ressonable to explore in connection
with Felgenbaum’s number,

. oteps 1 to 11 shew how Faigenbaum's “universal” number can be generated. Steps 12 to

14 pive a systematic way to select geographical svsiems 1o examine with respect to this
constant,

REFERENCE

Feigenbaum, Mitchell J. "Universal behavior in non-linear systems.” Los Alsmos Seience,

summer, 1980, pp. 4-27.
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SOLSTICHE

SECOND CONSTRUCTION
A thres—axs coordinatization of the plane
Mativated by a guestion from Richard Wemand
Department of Computer Science, Warne State University
1. Trinngulate the plane using equilateral tnangles. Then, choose any tnangle as & tnmangle
of reference—this triangle is to serve as an “ongin” for a coordinate system (an area—
ofgin rather than a conventional peint—srigin—this 1= like homogeneous coordinates in
projective geometry e.p. H. 5. M. Coxeler, The Real Projective Flane). Each eide of the
iriangle is an axis—z =10, y = 0, £ = (| (Figure 10-draw to match texi).

2. Each vertex of a triangle has unique representation as an ordered iriple with reference
to the orgin—tnangle (but, not every ordered triple of integers corresponds to a latlice
point— there is no pomnt (2,2, 2)) (Figure 10).

3. Assign an orientation {clockwize or counterclockwise) to the origin-triangle, and mark
the edges of the triangle with arrowheads to correspond to this onentation. This then

determines the onentation of all the remaining triangles.

4, Now suppose that a triangle is picked out at random. Suppose it has onentation - the
same as the reference triangle (clockwise, sav), The coordinates of ifs vertices, in general,
will be (choosing (x4, 2] to be the lower lefi-hand corner):

(ey,zhlz+ Ly 2 —1){zu+1z—1)

and those of triangles sharing & common edge with it (and of opposite onentation to it)
will have coordimates:

lefL: (=42 )iz + Lz —1)(=+ Ly —1,2)
right : [z £ 1.z =1){e.y +1,2—1){= 4 Ly + 1.z —2)
bottom : [z, y + 1,2 — 1) (2y 2}z — 1y +1.z2)

Suppose the arbitrarily selected triangle has orientation opposile that of the reference
triangle (counterclockwise). The coordinates of its vertices, in general, will be {choosing
[n:,y_..:l'l to be the upper lefi-hand corner);

eyl fa=1y+Lakiz+l s ~1)

and those of tnangles sharing n common edge with it {and of oppesite orientation to if
(clockwise)) will have coordinates

left = (z, 9, 2 )ile — 14 + L, 2)ile — Ly, 2+ 1)

right 1 (z — Ly +Lz)iley+ 1z —1)ilz— L+ 2.2 = 1)
top: (=, 2)i {2+ 192 — 1)z, 4 1,2 =1)
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Figure 10. Three-axis coordinate system for the plane



SOLSTICE

. Coordinates of trangles sharing & pomt-boundary (and of the same onentation as the
arbitrarily selected triangle) mught also be read off in a similar fashion,

. Naturally, six of these triangles form a hexagon. 5o, this could be considered from the
viewpoint of an hexagonal tesselation, as well Choose an arbitrary hexagon and read
off coordinates of adjacent hexagomal regions i a siular manner,

In a eurrent Collere Mathematics Journal, Vol 21, No. 4, September, 1880, there is
an article by David Singmaster {of Hubik’s Cube fame) which also employs triangular
coordinates of the sort mentioned sbove (pages 278-285— "Tnangles with integer sides
and sharing bareels” ).

This strategy would seem to work for any developable surface (cyhmder, torue, Mdbius
strip, Klein bottle—all can be cul apart mio a plane), Triangles were chosen because
procedure involving them might be extended to simplicial complexes (triangle=smplex).

. Upe way to Loangulate a sphere is to project an icosahedron, mecribed in the sphere, onto

the surface of the sphere {conversation with Jerrold Grossman, Dep’t. of Mathematics,
Cakland University). This procedure will produce 20 trangular regicns of equal size
(under suitable transformation). But, more triangles may be desirable. Alternately, one
might subdivide the tnangular faces of the icosahedron into, say, three toangles of equal
ared, and project the pomnt that produces this subdivision (a barycentric subdivision,
for example] onto the sphere (nsing gnomonic projection (from the sphere's center)].
(Subdividing all of them 2 second {ime wonld produce |80 triengles of equal area and
shape covering the sphere] Subdivision ceniers on apposite sides of the cosahedran
appear 1o hie on a single diameter of the sphere; therefore, when their images are projecied
onto the sphere they will be antipodal otz In that event, o coordinate svstem similar
to the one desenbed for developable surfaces might work
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