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Computing Areas of Regions With Discretely Defined Boundaries

Harry L. Stern
Polar Science Center
1013 M.E. 40th Street

Seattle. WA 98195

1. Introduction

It is well known that the area of a region in the plane can be computed by an appropriate
miegration around the boundary of the region leg. Hildebrand, page 306]. If the boundary
15 defined by a sequence of points connected by straight lines (& pelygon), the parametric
representation of the boundary 15 particularly simple, and an explicit formula for the arca
can be denved. Using Stokes' Theorem, this idea can be extended to derive area formulas
for regions on non-planar surfeces whose boundarnes are defined by o sequence of points
connected by appropoate curves. In this note we present exact ares formmlas for regions in
the plane and regions on the sphere whose boundaries are defined by such discrete sets of
poanls

An application of these formulas arses in computing the ares of o region on a map
Suppose that the boundary of the regon of wnterest 15 traced by an encoding desnce that
records its coordinates, relative to some user-defined {2, %) system, in & computer file. Such
a file may contain hundreds or thousands of coordinate pairs. I the map covers a zelatively
small region. the surdace of the earth can be approsimated locally by a plane, and the aren
computed directly from the (z,y) coordinate pairs. I the map covers a large region, the
earth can be approxamated by a sphere. The {r, %) coordinate pairs are then converted to
latitude and longitude using the appropriate map projection equations, and the ares on the
apher= is computed.

The vsual method for computing area 15 to divide ap the two dimensional surface into &
large number of small cells, and to add up the areas of those cells that lie inside the boundary
of the region. This method iz computationally slow. because every cell must be tested Ffor
inclusion in the region, and because high accuracy requires & small cell size. In contrast, the
formulas derived here, besides being exact, are gquickly evaluatled on a computer because the
computation is proportional to the number of boundary points. The two dimensional area
caleulation 15 reduced to a one dimensional boundary calculation.

The next section outhines the general mathematical formulation. Sections 3 and 4 give
explicit results for the plane and sphere A numerical example and concluding remarks are
presented 1n the last section.

2. General Formulation
atokes’ theorem says

f/(‘i’:-e:]“]-ﬁd.-% =% IRy (1)
5 C {Ef- !

where 5 iz the region of a surface bounded by the curve O, fi 15 the unit ontward normal

on the surface, R(t) is a parametric representation of O, and F is an arbitrary vector field.
We suppose thal the surface i specified in some way (eg. 22 4 y¥ 4 2% = 1 for the unit

z
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sphere), so that the unit outward normal @ can be determimed (e.g. fi = 2i —yj+ 2k for the
unit $phere). We then choose any vector field F such that the integrand on the lefi hand
side of [1) 15 unity in 5:

(VxF)a=1 (2)
With F determined {though not uniquely) by eguation {2), the left hand side of (1) simply

reduces to the area of 5, giving
d4lt
A= P TFa (3)

In order to evaluate the integrand on the nght hand side of (3), we need a descaption of
. Suppose that N pomnts on the surface are given, Py, Ps, ..., Py, and that ' is
defined by connecting these points in sequence, returming to Py (define Py, = Py ). On
each segment, from Py to Pyoy . let B(t] be a parametnic representation of the connecting
curve. There are many possible connecting curves o choose from, but the most natural
chaoice is the geodesic, the curve of minimum length (e.g. a siraight line in the plane, a
great crele on the sphere). The geodesics can be found in princple from & description of
the suriace (for example, Wenstock pages 61-82), The collection of the N geodesies R (1]
connectmg the N points Py, Pa, . ., Py, constitutes the parametric description Rt} of
' on the right hand side of {3)

Now that we have speafied how 1o construet Lhe integeal 1 (3) as a sum of integrals
along the N comnecting geodesics, the area formula can be written more explicitly as

N piy 4R
:u‘ifu F(s)- St ds ()
k=1

where s is the are length parameter along the geodesic Rg(s), and L 15 the total arc length
of the k-th segment. The geodesics need not necessanly be parameterized by are length,
but this 15 what we have used in the sections that follow.

The determination m prindple of all quantities is now complete. To summarize the steps:
Given a surface and a set of points P, k= 1.2, ..., N that defines the boundary of a region
on the surface;

{1} Find the unit outward normal on the surface, fi;

{2) Find a vector field F that satisfies equation (2} (V=2 F)-fi=1;

{3) Find a parametenzation Ri(s) of the geodesic from point Py 1o Py
{4) Form the integrand mn equation (4) and do the integration;

{3) Sum the contributions in (4) to get the area of the region.

Some specific cases follow.

3. The Plane
In the plane z = (1, the unit outward normal is 1 = (0,0, 1) and the condition (2) on
the components [Fy, Fy, F3) of F is
aFy  8F

ﬁ—r-azl_ [5]’

G
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We choose Fy = —y/2 and Fz = /2. The goodesics Ris) = [zis),y(2),0) are straight
lines, and the integral in equation (4) becomes

Loyl ¢ dy  de :

Let the boundary points Pp have coordinates (z3,y5) The parametric equations for the
boundary segment connecting Py and Py.; (of length L)) are

z{s) =2+ Tk = 2} y(s)=ye+ ihm-z — i) (7)

Substituting these expressions into equation (§) with Az =z, — 2y and Ay = Ve — ¥4

Eives
;_1f"‘{,, Sy oy 2y) (A,
O W ekl T P ST

=1fL*{="ki:# —“_h}ds
2 Jo Lo Ly i8]

(zapdy —yris)

!
i
=

fl

1
= SlER b — VK]
It follows that the area of the polygan in the plane whose veriexes are the points (24,45 15

N
1« \
A=z Z[l' B+l — ¥t i) {9)
= k=l
where 2n.11 = o1, ¥N+1 = 71, and the points {25, 4,]) trace the boundary in a counter-
clockwise sense. If the order of the points is reversed, the negative of the area will result

4. The Sphere

Withoul loss of geperality we consider the unit sphere. It will be convenient to use both
rectangular and sphencal coordinates. The longitude &, measured positive eastward, and
latitude ¢, measured positive northward, are relaled to =, 9, z via

r=cosd cosfl y=cosgeinf z=smg (10

and the vnit vectors in the 8, ¢, and radial direclions are related to the rectangular onit
vectors 1,7, k via

_y r =

T .
B

V1—2 4] = s

g = (sing cosd i 4 (sing simd 1§ + (~eosd )k

Tr ¥r - 116
BT s BT e il W

g = (—smf i + (cost )] = (1le)
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0, = (cosd cosf i + (cosg sind)j + (sind )k = 21 + yj + =k (1)

The unit outward normal on the sphere is just the unit radial vector i, With the vector
F written in terms of its spherical components F = Fyiip + Fyiiy + Frii,, the condition (2]
becomes [Hildebrand|

1 a8 ¥
) oy, = - —_—— — ¥ 12
(¥ xF)-i, i EEI:F'#'J 5¢{cas¢ F.-;]] 1 {12)
This 15 mosl naturally satisfied if we take
a : a .
H—[.b[-::m:,.‘k Fa) = —cosd E?_E"Jr ¢ =10 {13)
ar o
Fo= g+ 0L  peonm (14)
S0

where g 15 an arbitrary function of #, and & s an arbitrary function of . No radial
dependence has been introduced into g and f becaunse we are only interested in the values of
F on the surface » = constan?, Also, the radial component of F, F,, is ol no conseguence:
any tangeni vector Lo the sphere; dR/di, has no radial component, so the dot product
F.dR/dl anmbilates any radial contribution from F. Therefore we take F. =0

Now that F 13 determined (up to two arbitrary functions}, we tum to the parameter
iation of the boundary, We suppose that N paire of longitude/latitude coordinates are
give, namely Vi, o for k= 1,2,... N (with dxy =8y and ¢y = 1), that form the
boundary of the regon when the points are connected in the given order. The boundary
points will also be denoted by P, and by their rectangular coordinates (24, y5, 25). We can
use equation (10} to go from spherical to rectangular cocrdinates.

To simplify the notation a bit, let & = 1 and consider the great cireular are frem Pj te
Pa. Let A represent the angle subtended at the center of the sphere by P; and Py, Then
4 satisfies cos A = P1-P3 since all the Py are umit vectors: Note that A is also the length
of the arc from Py to Py. Let o be the arc length parameter along the great circle from
Py to Py, and let K(a) be the position vector along the great circle. Since Ria) liss in the
plane spanned by Py and P, we can write

Ria)=AlalP; + Bla)P; [15)
where A{a) and B(a) are determined from the following two conditions:

(1) R{a) lLes on the unit sphere: R-R = 1;

(2] The angle between P; and Ria) 5 a: PR = cosa. Using eguation (15) for R and
the fact that PPy = cos &, these conditions translate mto

A'+ B 4 24BcosA =1 A+ BeosA = cosa (16)
respectively. Solving for A and B, we find

_anA —a) i sin {a ) .
e iy &l
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Thas 15 the arc length parameterization for the great circle through Py and P.

Witk R{a) determined, the next step is to compute dR/do and then F-dR/do . Com-
putation of dR/da is simple, but we wani to express the result in terms of the unit vectors
g and 04, to fachiate taking the dot product with F. Toward this end, write

dR
— = (Fahip= Hia)iy (18)
da
where (Ga) and H{e) are determined as follows. Let ' denote d/da and write Ria) =
(e{a ), y(a) z(a)) where the lunchions =, y, z are given explicitly by the components of
equation (17). Then the dot product of equation (18) with Gy and iy mives, respectively,

Gla) and H{a). Using eguations (1lab) to express g and fiy in terms of i3,k we have

f{a) = R'4y
= (= == E|— .E'II'-E -l i i— il j]
E . ) BV s A (19}
_ 3y —ya!
T W=
and
Hia)=R"a,
= is T &z o n= - f —
=|:|"1+ —tk-—]- — _th:_:-J
WS e
I )
et oo $EE o)
V1 —z22 1 —37 {20}

L lwle 4 y'y 42l =2

-2

where the last step follows because (z'z + 3"y + 2'2) is the derivative of the constant (z° —
y! g 2:|_.'r2
Using equations (14) for the components of F and converting from 6,6 1o 2,5,5 gives

[ e 1t AR

F=|= + ,
V1—z4 o1 =27]

fig + (e )i g. (21)

lising the components of dR/do from equations (19) and (20), we have

i o -z 'k
piR _ [Ty ¥ ] [ 1L {‘”. (29)
dey Vi—=z2] [1—2?  1—27 W1 —z?

Thie 15 the integrand for the segment of the boundary mtegral from Py to Py, Integration
15 with respect to o, from a =0 to a = A, The variables #,u, 2 and their denvatives (with
respect to o | @',y 2! are all functions of &, as given by the components of equation (17),

o
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We can choose the functions g and & to simplify equation (22), Nothing is gained by
retaiming the last lerm, so we take h = 0. Ths simplifies the integrand to

dRt. (o9’ —we'Jald) —2)
da 1-2z?

Notice the potential singularities at = = 21, i.e. the North Pole and the South Pole Writing
the denommator as 1 —2® = (1 —z)(1 + 2}, we see that il g = | we remave the singularity
at z =1, and if g = ~1 we remove the singulanty at 2 = —1. We must not put g = 0,
since then F would vanish everywhere on the equator, violating equation (2} there. This
would lead o a value of zere for the areas of the northern and southern hemispheres. In the
following development we take ¢ = 1. In case one of the P is the South Pole, g should he
replaced by —1

F-

(23)

We can now wate the first term in the area summation of equation (4) as
i ] I
Ty’ —pr
Iy = [ <L 0 i (24)
ol I =
Notice the similarity to the expression for the plane, equation (§). We have explicit expres.

sions for =y z.x’,y' from the components of equation (17) and its derivatives, namely

. slu[ﬂ—u]x sim ()
= —— iy + —r
sindA 0 sinA

(252

p o=cos (A —a) cos | o)
xS e ———y e ey
sim A s A
and similer equations for y,%' and z,2'. Substituting these expressions mto equetion (24)
end using standard trigonometric identities Jeads to
i do
o SINA+zsin(A —a)Lzssina

(258)

L= (zw2 —xs) (26)

Recalling that this is the contdbution to the area summation from the segment k& = 1
between P; and P, we can write tli= tota]l grea as

i)

A=) (ewiss —1zra )i (27)
hm= ]

where the terms Jy are the integrals

s do
Jg-= , _ — 28}
: j; sin (Ay) + zpsin (Ap —a) = 25, 5ina (28)

and Ay comes from cos{A,) = PyPy;, The integral can be put into a standard form
and explicitly integrated with the substitution w = £ Under this transformation, da =
dw/(tw], sing = (w —w™')/% and the integral becomes

5 2 dw
= q
I j; aw? + 2 + ¢ i)

10
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where

2= Exp] = E-J,E'm' b=tsind E::I[.Em'—:k_;]. {E-I:I.}

The subscript k& on A has been dropped to reduce notational clutter.
The value of J; depends on the sign of the discriminant [ = 2% — ac_ or

D=zl + :i_,_] — 223284 cos A — sin?A (31)

The three cases are [Marsden, Appendix A

n.?lfl In [E*ﬂ'—h_"'@] (L =10

| ﬁl— I
Je= 0 L rctan I‘}'"i'ba] (D <) (32)
o (£ = 0]

where the expressions must be evaluated between the upper and lower limits of w = ¢ and
w = 1. The imaginary parts of the resulting complex expressions are zero, as they must be
since: the original integrand and bmits are real, Algebraic simplification leads us to define

Q=zp-+zi15 414 cosA [33)

m terms of which the expressions for J; become

1 LR '-'T;-'- 1
2 ln [Q——_Jﬁ_ (D = 1)
Jp= ;l,i_ﬂarr.t.nn %] (D < 0] [34]

(1435 1+2451 1008 4] (£ =10]

This completes the determination of the terms in the ares formula (27). We will now sum-
marige the steps and put them in an algorithmie format.

Problem:

Given & sequence of (longitudelatitude) coordinates on the unit sphere, (B dp), k =
1,24,..., N, find the area of the region that is enclosed when the points are connected in
sequence by ares of great circles.

Solution:

(1] Set the running sum 1o 0 and set k to 1.

(2) Compute cos & = PPy either from @424, + YaVke1 + 2iZhe oF fTom cosd
easgpiy cos (Hyy —#8y) + sindy singy.y . Notice that we won't ever need A by itgelf, just
ks cosime,

(3) Compute @ from (33) @ =zp 43441+ 1+cosh or Q =singg +sindhpy; + 1+ cos A,
(4) Compute the discrimimant D from (31): D = 2} + 2}, - 2224 1008 A — sin?A o7
D= (singy +smngpq) —(1+cos ANT —cos A + 2sin dysin gy ),

11
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(5} Compute the integral contnbution Ji in the area formula (27), using the appropriate
form of equation (34).

(6} Compute the first factor in the area formala (27), Ty — WS i) or cosgdy cosdis
sin (fp.; — @)

(T) Multiply together the results of steps 5 and 6 to get the k-th term m the summation of
(27), and add this to the running sum

(B If & i5 less than N then increment & and go to step 2.

A computer program that implemenis the above algorithm is given in the appendix

5. Wumerical Example and Remarks

It is of interest in Arctic oceanography io calenlate the areas of the watersheds that drain
mto the Arctic Ocean. The boundary of the Asian watershed that drains into the Arciic
Ocean was digitized from a Mercator map of the world by tracing its creumference with an
encoding device. This produced a computer file with 672 (z,p) coordinate patrs, in which
the = axs coincded with the eguator; the ¥ axis coincided with the Greemwich Meridian,
and the unit of length was chosen to be one degres of longitude on the eguator. These (z.p)
map coordmates are related to longitude § and latitude & by [Suyder]

180 80, | I
] T.Iﬁ. g = 4 in |arctan (E - 1)] |:_35_|

where # and ¢ are in radians. Inverting these relations and substituting the (z,y) map
coordinates gives a sequence (84, @), k = | to 672, of points on the sphere that defines the
boundary of the watershed

Al first a simple mtegration program was wntten in which the region lying between the
minimum and maximum latitudes and longitudes of the watershed was divided into differen-
tial elements of size Ad by A8, The area of the walershed was calculated as 3 cos ¢ Ag Al
where the summation was taken over all elements inside the watershed boundary. With each
degree of latitude and longitude divided into 32 parts, this amounted 1o 5,918 720 elements,
of which 2 516,738 were found to lie within the watershed. The program required more than
51 hours of elapsed time on a Sun workstation to arrive at the area, 1.424 = 107 km? .

This dismal performance led to the denvation of the formulas in this work, Using the
same 672 coordinates for input, the program in the appendix armived at the same answer
in abont two seconds, The 5.9 millon complicated compansons in the first program were
replaced by 672 iterations of simple calculations,

OFf course in any real physical problem such as the one described here, there are sources
of error such as uncertainty in the exaci location of the boundary, inadequate representation
of the boundary by too few points, and the non-sphericity of the earth. These problems
can be deall with by acquining better maps, digitizing the boundary with more points, and
modifying the formulas here to take into account the flattening of the earth at the poles,
which introduces 2 correction on the order of three parts per thousand.

12
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Appendix — Fortran Program

Prﬂ‘gl'ﬂm arei
implicit undefined (a-z)

D oDon O n DD N DN

non o

o]

Read a sequence of (lengitude,latitude) coordinates.
Compute the area on the unit sphere that is enclosed by connecting
these pointe in sequence with arcs of great circles.

Fefer to '‘Computing Arems of Regions with Discretely Defined
Boundaries".

Constantsa,

real pl, prlverlEl
parameter (pi = 3.14159266368079, pilveri80 = pa /[ i80.0)

Parameters.

integer maxPoints
parametor (maxPoints = 1000)

Mean radius of earth in ¥Kilematers,

real Hearth
parameter (Rearth = 6371.2)

Veriables,

integer n, k

real sum, first, integral, cosDelta, T, 0, K
real cosPhiK, cosPhikl, =inPhik, =sinFhikKl
real phi{maxPeints), theta({maxPoints)

character*1l4 filename

Read number of lenflat coordinate pairs, and
the name of the file comtaining those coordinates.

roead(6,*) n, filename

Read the coordipates. Lomgitude is first. Both in degrees,

14
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[ T e B 5 1 i I I

o &N

2 4 B

i

open(l, file=filename)
read(1,*) (theta(k),phi(k), k=1.,n)
close(l)

Convert to radians.
do 10 k=1,n
phi(k} = phi{k) =* pilverigo
theta(k) = theta(k) =* pillveriB(
continue

Make the sequence of coordinates cyclic.

phi(n+1) = phi(1)
thetai{n+t) = thetali)

Initialize for the summation.
Bum = 1.0

cosPhiK! = cea(phi(1))}
$inPhiKl = sin(phi(1))

de 20 k=1,n

Freviouz "k+1" wvalues become new "k values.

cosPhik
s51nPhik

cosPhikl
ginPhiKi1

Get new "E+1" valuesz.

casPhikl
=inFhikK1

cos(phi(k=1})
sin(phi(k+1) )

Compute first factor im k-th term of summation.
first = cosPhik = co=zPhiRl ¢ sin(theta(k+1)-theta(k}}

Compute integral in k-th term of summation.
First get cosine of delta, then discriminant, then .

cosDelta = cogPhik = cosPhiKl = cos(theta(k+l)=theta(k))

+ sinPhik = ginPhiKi
D = {5inPhik + sinPhiKi)==2

= (1.04+cosDelta)=(1.0-coslelta +2, O=zinPhik=ginPhikl)
§ = s1nPhiK + =inPhiXl + 1.0 4+ cosDelta

15
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<
if (D .gt. 0.0) tshen
R = sgqrt (D)
integral = alog ( (OQ+K)/(Q-R) ) / R
else if (D .1t. 0.0) then
R = sqrt (-D)
integral = 2.0 = atan ( R/0 ) / R
else
integral
endif

§ / ({1.0+21nPhi¥) ={1.0+=inPhik1)=(1, 0+coslelta))

fccummlate sum amd go on To next segment.
gsum = sum + Iirst = integral
20 comtinue
[~ Write resultz and stop.
write(6,903 sum, sum/(4.0spi), sum+Rearth=Hearth
stop
90 format{(lx, ’‘area (om unit sphere) = ', el4.6,
flx, 'area / (4%pi) = ', eld:6,

f1x, ?area (dm=*2 on earth) = ', el£.B)
end
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The Quadratic World of Kinematic Waves

Sandra L. Arlinghaus, John . Nystuen, Michael J. Woldenberg *

Kinematic waves differ from “ordinary” waves insofar as it is the kinematics—the dvnamic
aspects of motion other than mass and force-that are the focus. Thus, Langbein and Leopold
1968, p. 1| define a kmematic wave as “a grouping of moving ohjects in zones along a flow
path and through which the objects pass. These concentrations may be characterized by
a simple relation between the speed of the moving objects and their spacing as a result of
mteraction between them " Flow in a channel is characteristically expressed as a function of
concentration, be that as cars per hour as 8 function of cars per mile or as transport in cubic
feet per minute of sand in a one inch tube as & function of linear coneentration of sand in
pounds per square fool |Langben and Leopold 1968; Haught 1963; Lighthill and Whitham
l and 11 1953], Examples of kinemalic waves are abundant in physical and urban settings
alike—in realms as disparate as sand transport in a flume or car movement on an Intergtats
Highway [Langbein and Leopold, 1988). When empirical data are graphed, they often trace
out a parabola {or a curve close to a parabola); thus, the relationship between concentration
and flow 1= often & guadratic one [Langbein and Leopold, 1968

The classical analysis of the parabolic graphs of these waves rests on considering what
nappens o fow as a result of minor perturbations 1n Jocal concentranions—techmgues are
based in notioms from the caleulus [Langhbein and Leopold 1968]. Consider & concave down
parabola with its maximum in the first quadrant that pasees through the origin, Flow iz a
function of concentration: thus, concentration appears on the z-nxis and flow on the y-axs.
Choose two peints on the curve, one with coordinates (2,,p) and the other with coordinates
|3, p j-the r-coordinates are different and lead t¢ the same y-coordinate. They are placed
symmettically on the r-axis about a vertical line through the curve’s maximum (Figure |; for
electronic readers only, please draw this curve and subsequent ones as per text), Assuming
that =y 15 to the left of the maximum, the traditional analysis notes thal al zy, o slight
merease 1n coneentration results in a slight increase i flow; a shight decrease in concentration
st 27 results in a slight decrease in flow, The channel 1= relatively sparsely congested-shight
changes in concentration result in directly parallel changes in flow. Further, the closer one is
to the z-coordmate of the maximum, the less difference these slight changes cause. On the
other hand, a1 25 (to the right of the maximum) a slight increase in concentration results
mn & decrease in flow, suggesting & channel which cannot easily assimilate any extra traffic.
Further, a shght decrense in concentration at zo results in an increase in flow, again reflecting
a relatively congested condition of this channel When the homzontal line suggested by =,
and zy is tangent to the parabela, at its maximum, the kinematic wave is stationary relative
to the channel; thus, as the distance of horizontal lines increases away from this tangent line,
there is 2 corresponding increase in the amount of change caused by local perturbations. The
origin, as & location for #1, represents a completely unecrowded condition, while the second
mtergection of the curve with the 2-axis represents the most crowded position within this
interval [Langhbein and Leopold 1968]

The traditional analysis, based merely on considering whai slight changes m =z, and
zy might suggest, fits well with real-world travel expenence. Consider the concentration
on the z-axis 10 be density of automohiles as vehicles per mile: on the y-sxis, consider
fiow to be vehicles per hour. Practical evidence does suggest that an improvement i the
maximum capacity of the road does result in improved transmission of flow, but only up to a
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point. Thus, highway systems are widened around’ aties and endowed with limited access to
increase the number of vehicles per hour that can move from origin to destination. Beyond
rbout 1800 vehicles per hour, thos “improvement” 15 no longer wseful [Nysteen 1992]: indeed,
congestion increases and flow per hour decreases toward the pomt of gridiock—the ultimate
disaster that can affect millions of individuals. This sort of ceaseless “improvement." to
the point of disaster, of what worked well in a less congested arena, appears in & variety of
contexts: when an optical cable with the capacty to serve millions is cut, disaster comes

to many rather than to few, and chaos m commumeation becomes a real possibility [Aunstin
1991

The traditional analysis also allows for computation of vanous other features associated
with the kinematics of the phenomenon it describes. For example, the average speed of
particles 1 the channel, or wave celerity, can be measured at any point on the curve, stmply
oy finding the slope of the chord joining that point to the ongin [Langbein and Leopold 1968
However, when a given density leads to & certrin flow, which is then used to determine the
next mput to create a new density level, feedback occurs, Feedback iz not messured in
the traditional analysis. It also fits with travel expenence and mndeed i the sort of process
that can get chaotic. Thus, it seems plavsible 10 congider graphical analysis of kinematic
eurves, based in Feigenbaum'’s Graphical Analysis from the mathematics of Chaoe Theory
as a supplement to Lhe traditionsl analvsis.

Consider the following set of parabolas as Figures 2 through 7: § = 13z(l —2), y =
2efl—a):y=32z(l-2).y =3Taz(l =z): y =4z({l —=z); and, v = Sa(l —z) The e-reader
should draw each of these eurves, noting that sach parabela is of the sort described above—
consider the wnits on the axes, ranging from 0 to less than 1.5, as percentages, Thus, 0.5
on the o-axis represents a concentration of 50%. Also include in each graph the line y = =
Each parabola intersects this 45-degree line in two poinis—one at the origin and one that s
either to the lefl or to the right of the curve’s maximum, As the coefficdent of the curve
mereases from 1.5 to 5, the curves become successively less flat, have a higher maxmum
and have a second intersection with the line y = = farther to the right.

1o represent geometrnic feedback wisually on Figures 2 to 7, proceed as follows |based on
matenal from Fegenbaum 1980; Gleick 1987; Devaney and Keen 1988] Locate the poim
(b1 on the x-a:35 of each figure. Draw a vertical line from thal point {as a “seed” wvaluc
for the graphical analysis) to the parabola. Now draw a horizemtal line from the curvs Lo
the bne y = =; next read vertically from this location to the parabola. The effect here is
to use output as mnpat; for, 0.1 was the imtial input. When that value was mapped to the
parabola, an output resulted— when that oviput was mapped honzontally 1oy = =, 1t was
then used as input wlhen it was next sent 1o the corve. Successive iteration of this process
ehould result in the following paths from the iteration (“orbits” ) Figure 2—a gtaircase with
shallow rises; Figure 3— a staircase with sharper rises than in Figure 2; Figure 4— a tightly
bounded cycheal orbit closing in on the second intersection of the line with the paraboela;
Figure i—an unpredictable, bounded orbit; Figure 6—& chaotic, bounded orbit; Figure
T—an orhit that escapes to negative infinity (from a eurve whose maxmum 15 beyond the
100% concentration level), Geometrically, contrel over the dymamics of the orbit becomes
less stable s one proceeds from Figures 2 to 7, It makes little difference which initizl seed
16 chosen; Lhe dynamice of the orbit are invariant with respect to these curves (parabolas).
Unlike the traditional analysis, in which there is considerzble variation in the measures used,
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with respect to a single curve, the patiern of the orbit 15 constant throughout sach fipure—as
a sort of a shape-invariant. Indeed, any of these curves might be employed equally for the
traditional, but not for the graphical, analysis.

What determines the extent of stability in the geometric dynamics noted in these figures
are the height of the parabola and the position of the second intersection of y = = with
that parabola. Higher parabolas have infersection peint with y = ¢ farther to the right
of the curve's maximum. producing more uncontrolled feedback. This fits well with traffic
observations; mcrease of a road's maximum capaciy bevond some criticel level leads to
disastrous congestion. The tool of graphical analysis looks pronusing as 2 tool in analymng
real-world phenomena |Feigenbaum 1980, Gleick 1987 that follow kinematic waves ag well
as those that follow more complicated curves [Arlinghaus, Nystuen, and Weldenberg 1992].

* Author Woldenberg wishes to acknowledge input from M. Scnis regarding the analysis
of kinematic waves—1451
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REVIEW of RangeMapper ™ {version 1.4bk).

A utility for biclogical species range mapping, and similar mapping tasks in other fields.
Prce: $350

Frogram and manual written by Kenelm W. Philip. Tundrs Vole Software 1500 Nosth
Becker Hidge Road Farbanks, Alasks 99700 [(907) 479.2680

Reviewed by Yung-Jaan Lee, PL.D, Candidate Urban; Technological, and Environ-
mental Planmug, The University of Michigan, Ann Arbor, MI 48109

Irom the auther’s flyer.

“HangeMapper 15 a Macintosh mapmng and data plotting utility. It allows rapid and
accurate digplay of lat/long data on the user's choice of maps.”
P
‘RangeMapper Features”

“Range Mapper cen bring up low-resolution maps of the world, or partions thereof, in
north polar azimuthal, simple cvlindrical, Mercator, orthographuc, stereographic, or Lambert
azimuthal egual-area projections

Data may be plotted 1o maps from ASCII files of latitude, longitude; and site name
several different formats, in several sizes of open/filled circles and squares, Program-readable
data files can be dumped directly from & database or spreadsheet. Lat/long coords may be
read directly from the maps, and plotied points may be 'verified’ by clicking on them. The
Alaska map is based on the CIA World Data Bank file, and is usable dewn to 20-30 mile
regions,

The warld niep 15 derived from the Micro World Data Bank I file, It 12 vsable down ta
regions of the order of 500 miles or so in extent, which is adequate for species range mapping
on small-scale maps.

Designed onigimally for biological species range mapping, the program has many other
uses wherever date files need to be accurately plotted to maps. In conjunction with the word
processor ‘Nisus', RangeMapper may also be used as a visual interface to a text datshase.
s0 you can open a text file on a site by clicking on that site on the displaved map.

The ‘veniy' feature permits rapid checking of your ASCII data filss for errors. In con-
Junction with a DA text editor;, vour data files may be edited mteractively from within the
program—making error correction a rapid and easy job.

Points may also be placed on the maps by hand, either by eve or by reading coordimates
ofi the map and dropping a dot at the correct coordinates.

RangeMapper ean save maps to disk, print them directly to an IMageWriter or Laser-
Writer, or export them as PICT files to be imported into a drawing program (as MacDraw
or Canvas] for enhancement and annclation.

Maps produced by RangeMapper may have a user-designed latitude/longitude grid over-
laid, and a title and caption may be added. Data plotted to RangsMapper may be overlaid
in up to 14 separate layers, each of which may be toggled on and off independently. Data
may be plotted as dots or as connected lines.”
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The processing speed of this software is, {0 some extent, slow, especially for 2 small-scale
map or a map with filled area. This may be due to the fact Lhat this software involves a vast
namber of pixels,

Users accustomed to working with Geographic Information Svstems should be aware
that this software 15, as it says, a mapping utility only. The spiral-bound documentation 15

adequate and conlams samples of mapz apparently made uwsing RangeMapper; a couple of
improvements seem in ¢rder.

1. Un page 2, the author describes RangeMapper as needing at least 1500KB of free mem-
ory, and that the "MultiFinder partition” should be set to that value in the Get Info
dialog box. This = confusing, as the user will probably select the MulliFinder icon
and try to change the partilion in Gel Info. In facl, the user should highlight the

Rangeldapper icon, rather than the MultiFinder icon. and then go to Gel Info dialog
box 1o change the partition.

On page £, the wser is instructed to select the file "*MWDEB3 A" under the File menu.
However, there 15 no such file i this sofiware. Instead, the uwser should select the file
"MWDEB2 AN and then check the show state/provs under the Mappmg menu 1o order
to dosplay the circumpolar map demomstration

B

3. The printing reguirements should appear early in the first part of the manual
4. An Index at the end of the manual would be helpful.
some other suggestions for improvement of the software are:

1. It would help to employ more of the standard Macintosh environment conventions, such
i,

a Close selection under the File menu;
a Window sub-menu in the pull-down menu;
the filename displayed at the top of the screen {different from the title of the map);

i close box, zoom box, size box, and scroll bars displayed on the screen, as a2
standard Macmtosh window,
2. The "Menus" section could be moved to the beginning of the manual rather than in

the muddle. I not, the author should desenbe the difference betwesn Map and Open
function in the File menu ail the beginning,.

3. After displaymg a map, a selsction box will automatically show up on the screen, The
author should explain why this box comes up. It only later becomes apparent that it ie
used to link & map to adjacent regions, if available,

It may be more efficient to run this software using a Macintosh I or higher, or better,
with a math co-processer because of very slow printing limes. If not, users musi carefully
follow the recommended pronting procedure to reduce the size of the output file, such as turn-
mg off “Graphics Smoothing” and checking “Precision Bitmap Alignment” (in the “Moving
HangeMapper Chatput to Word Processors”™ section and the “Printing: RangeMapper” sec-
tion )

In addition to the two drawing programs (Canvas 3.0 and SuperPaint 2.0), MacDraw
I 1.1 and MacPaint 2 are capable of image size reduction. After exporting a map 1o
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MacDraw or MacPaini, one can still copy the map o any word processor

Those needing only 2 mapping progeam will find this sortware useful, especially if working
on high latitude areas.

Note: Canvas is a trtademark of Deneha Systems;
SuperPaint 15 a trademark of Aldus Corporation;
NISUS 15 a trademark of Paragon Concepts, Inc,;

Apple and LaserWriter are registered trademarks of Apple Computer, Inc:

Macimtosh 15 & trademark licensed to Apple Computer, Inc.; MacDiraw is a trademark of
Apple Computer, lne
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Press Clippings
FROM SCIENCE, AAAS

Science, November 24, 1901, Vol 254, No. 5036, copynght, the American Association
for the Advancement of Scence. Many thanks to Joseph Palca at Science for hie continuing
mierest in online journals. The citation appeared in “Brichngs” and 15 entitled "Online
Journals." by Joseph Palca.

NOTE: Readers wishing to contact Richard Zander, Editor of Flore Online, can do so
al bitmel address:

VISBMSHUBVMS
FROM SCIENCE NEWS

Math for all seasons
by Ivars Peterson
January 25, 1992, Vel. 141, No. 4. Page 61 Hepnnted with permussion of Scence News.

When the American Association for the Advancement of Saence announced with con
siderable fanfare last year the 1092 debut of The Online Journal of Current Climecal Trrals,
it was billed as the world’s first peer-reviewed science journal available to subscnbers slec-
tronically. What the organizers of this effort didn't know was thal several such electronic
journals already existed. One of these concerns the application of mathematics to geography.

Salstice: An Electronie Journal of Geography and Mathematics — published by Sandra
Lach Arlinghaus of the Institute of Mathematical Geography, a small, independent research
orgamization m Ann Arbor, Mich, — first appeared in 1850, Its two issues per year, published
appropriately on the dates of the summer and winter solstices, go to about 50 individuals,
wwho recetve the journal free. Transmission costs for distabuting the journal electronically
over p computer network to all subsenbers amount to less than 35 per issue, with the cost
of panting passed on to the user. Libraries and other institutions that prefer printed copies
pay for each 1ssue, and those copies are generated from computer files only when needed.

*It’s all very cheap, all environmentally sound,” Arlinghaus says.

But getting the journal going wasn't easy, she remarks. The biggest production problem
mvolved photographs and figures, which can’t be transmmtied electronically in the same,
compact way as leiters, numbers or even mathematical notation. At present, mdividuals
wishing to see particular illustrations must obtain photocopies directly from the Institute
of Mathematical Geography. Aringhaus also admits that she has had trouble obtaining
manuscrpls for publication in this stillunconventional medium. Bul individuals who might
mitially have been skeptics "become more receptive when they see the actual product,” ghe
EAVE.

LETTER AND RESPONSE IN SCIENCE NEWS

Cne from AAAS in reply to Peterson; one from IMaGe in reply fo AAAS, during period
from January through May, 1992
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AAG NEWSLETTER

Volume 27, Number 6, June 1802,
“Omnline Geographical Journals,” page 10
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Founding Editor-in-Chief: Sandra Lach Arlinghaus.
EDITORIAL BOARD

Geographyv
Michael Goodchild, University of California. Santa Barbara.
Daniel A. Griffith, Syracuse University.
Jonathan D. Mayer, University of Washington; joint appointment in School of Medicine
John D. Nystuen, Umversity of Michigan (College of Architecturs and Urhan Planning).
Mathematics
William C. Arlinghaus, Lawrence Technologizal University,
Neal Brand, Unjversity of North Texas.
Kenneth H. Rosen, A. T. & T. Bell Laboratories
Engineering Applications
William D. Drake, University of Michigan,
Business
Robert F. Austin, Ph.D.
President, Austin Communications Education Services

——

The purpose of Solstice 15 to promote interaction between geography and mathematics.
Articles in which elements of one discipline are used to shed light on the other are particularly
sought.  Also welcome, are original eontributions that are purely geographical or purely
mathematical. These may be prefaced (by editor or aunthor) with commentary suggesting
directions that might lead toward the desired interaction. Individusls wishing to submif
articles, either short or full- length. as well as contributions for regular {eatures. should send
them, in triplicate, directly to the Editor-u—Chief,. Contributed articles will be referesd by
geographers and /or mathematicians. Invited articles will be screened by suitable members
of the editorial board. IMaGe 15 open to having authors suggest, and furnish material for.
new regular features.

The opinions expressed are those of the authore, alone, and the anthors alone are e
gponsible for the acensacy of the facts in the articles

Send all correspondence to: Institute of Mathematical Geography, 2790 Bri-
arcliff, Ann Arbor, MI 48105-1429. (313) 761-1231, IMaGe@UMICHUM, Sol-
stice@TTMICHUM

Suggested form for atation. If standard referencing to the hardeopy in the IMaGe
Meonograph Series is not used (although we suggest that reference to that hardeapy be
included along with reference to the esmailed copy from which the hard copy 15 produced),
then we suggest the following format for citation of the electronic copy, -Article, anthor,
publisher (IMaGe) - all the usual-plus a notation as to the time marked electronically, by
the provess of transnussion, at the top of the recipients copy. Note when it was sent from Ann
Arhor (date and time to the second) and when you received it (date and time to the second )
and the field characters covered by the article (for example FC=21345 to FC=37462).
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This docoment is produced using the typesetting program, TgX, of Donald Knuth and
the Amenican Mathematical Society, Notation in the electrome file is in accordance with that
of Knuth's The TpXbook The program is downloaded for hard copy for on The Umiversity
of Michigan's Xerox 9700 laser— printing Xerox machine, using IMaGe's commermal account
with that Umversity

Unless otherwise noted, all regular “features” are written by the Editor-in-Chief.

Upon final occeptance; authors will work with IMatGe 1o ge1 menuscripts. inte; s forma well-suited fo the
requiremente of Sofatice. Typueally, thie would mean that anthers woald submit & clean ASCH fike-of the manuscript,
a well as hard copy, figures, and 30 forth {in camesn-ready form), Depending on the nature of the document and o6
the changing technalogy nsed 1o produce Solstice, there may be other reguirements as well, Currently, the text is
typract using TER: in that way, mathematical formules can be transmitted ns ASCII files poe downloaded faithiuily
and printed out. The reader mexperienced in the nse of TEX should note that this is nor 2 *what=you-se—ii-waat-
wom-ges™ display; however, we hope that such coodves find TpX eager $o beaen alles exposure to Solstice's «files
wrikten nsing TEX]

Capyrighs will be taken out in the name of the Institite of Mathematical Geography, anil anthors aze tequised
to trangict copyrght to MaGe as o condition of publication, Thete are vo page charges; suthors will be given
perminsion Lo make reprints from the elecironic file, or to have IMaGe make & single master r=print for ' notninal fee
dopendent on manusecipl length, Hard copy of Selstics bs available at 2 cost of §15.95 per yenr (plus snipping and
haniling: herd copy is issued once yearly, in the Menograph seres of 1he Institute of Mathematical Geography. Order
directly from MaGe. It is the desite of IMaGe 1o offer electronic copies to ifileresied patties for izee Wihether or
ot it will be Semeible to continue distribating complimentary electranic files remaina b be poei. Fresently Selstics
i fanided bv IMeGe nid by o generons dopstion of computer \ime from o member of the Editorisl Board, Thank
woi for participating m this project focusing on environmentally-sensitive publishing.

©Copvright, December, 1992 by the Institute of Mathematical Geography. All nghts
reserved,

ISEN: 1-B77751-54-5 IS5N: 1059-5325
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1. A WORD OF WELCOME-FROM A TO 1!

Welcome Lo new subscobers from Alice Springs: Ausiralia, to Ulm, Germany and to
all those in between (alphabetically or otherwise)! We hope vou enjov participating in
this means of journal distobution. Instructions for downloading the typesetting have been
repeated in thisissue, at the end. They are speaific to the TEX installation at The University
of Michigan, but apparently they have been helpful in sugpesting o others the sorts of
commande that might be used on their own particular mainframe installation of TEX. New
subscribers might wish to note that the electromic files are typeset files—the mathematical
notition will print out as typeset notation. For example,

T

1=]
when properly downloaded, will print cut a typesel summation as i goes from one to o
symbol, as a centered display on the page. Complex notation is no barrier 1o this form of
Journal production.

Many thanks to the members of the Editonial Board of Solstice; with the publication of
tms 1ssue we welcome the addition 1o thet Board of William D. Dirake, Ph.D. Engineering
{(Cperations Hesearch), and Professor in vamous departments of The University of Michigan.
Hill hus a bnef note later in this issue of Solstice in which he mtroduces himself, some of fus
recenl mierests. and some of his students’ interests
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2. PRESS CLIPPINGS—SUMMARY
Briel write-ups about Sclstice have appeared in the following publications:
I. Science, “Online Journals®™ Briefings. [by Joseph Palea] 20 November 1681, Vol 254

2, Science News, “Math for all seasons” by Ivars Peterson, January 25, 1982, Vol 141,
No. 4

3. American Mathematical Monthly, “Telegraphic Reviews” — mentioned as “one of
the World's first electronic journals using TEX." September, 1092,
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3A. WHAT ARE MATHEMATICAL MODELS AND WHAT SHOULD THEY BE?
Frank Harary
Distingnished Professor of Computer Science
New Mexico State University
Professor Emeritus of Mathematics
University of Michigan
Reprinted with permission from
Biometrie- Praximetrie
Vol. XII, 1-4; 1971, pp. 3-18
Published by Societé Adolphe Quetele:
Belgian Hegion of Biometric Society
Av. de la Facults, 22
B-5030 Gembloux, Belgium
At the time this paper was wrilten,
Frank Harary
was also & member of the
Research Center for Group Dynamies
[nstitute for Social Research
The University of Michigan

No matier whal the aren of scientific ressarch, whether sodial or physical, mathematical
thinking is involved, explicitly or implicitly. At the least. the precise formulation of a problem
entails some aspect of set theory and logic. Generally speaking, the working scientist uses
the term ‘mathematical model’ for whatever branch of mathematice he mayv be applying to
his present problem. On the sther hand, the purst mathemalican-logician insists stnctly
on the nse of ‘model’ to mean a certain interpretation of an abstract axiom svsiem 1 Lhe
real world,

We begin with a self-contained development of the concepts needed for the discussion of
research processes. This leads Lo the distinction between the real and abstract world, and
the interaction between them by interpretation and abstraction, A similat, but concepiually
different bifurcation is proposed for the twe levels of research: digging into the foundations
versus exiending the homzons of knowledge. These considerations are assembled into &
comprehensive Research Schema which enables a concize analysis of scientific discovery.
Classical illustrations are provided, mecluding true stones about Newton, Darwin, Freud.
and Einstein. We conclude with some subjective evaluations of acceplability of mathematical
models

1. What Are They?

We have just noted that the word ‘model’ has different meanmgs for the mathematician
and the scientist. When a mathematician uses the word, he is refernng to the physical or
social reabization of lus theory, On the other hand, when & scientist speaks of a mathematical
model, he means the aren of mathematics which applies to his work. Thus one (following
Abraham Kaplan, oral communication) could sav as a mnemonic aid that a model i always
the other fellow’s system. Contrariwise it also appears to be cuslomary by usage to refer to
“research” as whal poes on in your own domain,

In order to define a model rigorously, it is convenieni to develop (as in Wilder [4] or
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in a more elementary presentation, Richardson [3]) several notions in the foundations of
mathematics. Hecall from high sehool geometry that Euelid’s axioms are about as follows
(depending on wlieh book you read). The words “point” and “line” are nndefined terms.

Ay (Axiom 1) Every line is 2 collection of points.

Ay There east at least two points.

As If u and v are points, then there exists one and only one line containing v and v
Ag Il L 15 a line, then there exists & point not on L.

Ag If L 12 a hne, and v is a pomnt net on L, then there exists one and only one line L'
contaaning v which 15 parallel o L, 1e, LOL' =0,

Axiom 5 1s the celsbrated “Parallel Postulate” of Tuclid

An axiom system L = [P, A) consists of two sete: 2 set P of primitives and a set 4
of mxaoms. FPrimitives are the deliberately undefined terms npon which all definitions in the
system are based. Axioms are slatemenis which are assumed to be true. and from which
other statements called theorems, can be derived. Primitives and axioms serve to avoid so-
called circular definitions and cireular reasoming. Each axiom in the system is an assertion
aboul Lhe primitives.

Buclid’s axiom system consiste of two primitives, ‘point’ and ‘line’, and five axioms.
When Euchd developed geometry, he made 3 distinclion betwesn axioms and postulates
Hoth were statements whose truth was assumed, bul axioms were considered self-evident
while postulates were not! Ths distinction eventually proved unnecessarv and even unde-
sitable. and today axiom and postulate are synonyms.

We shall denote by T or T(E) the set of all theorems denvable from an axiom system
. Then a mathematical system (P, A, T) is an axiom system together with all theorems
denivable from it

An independent axiom A of ¥ is one which cannot be derived from the remaming axioms
An axion system is independent if every axiom is independent. In is called consistent if there
are 1o two contradictory statements in 7'(I},

One of the classical problems in 19th Century mathematics was to determine whether
or not Euclid’s Parallel Postulate, A5, was independent. The consensus of opinion was that
As was dependent, that is, 1t could be denved from 4y — A, Unsuccessful attempts lo
derive Az led to the discovery mstead of non-euclidean geometry. The two types of non.
euclidean geometry are now respectively called hyperbalic geemelry | Bolyai-Lobachewsk
mdependently} in which there can be many parallels to a line through a point, and elliptic
geometry (Hiemann) in which there can be no such parallel.

An interpretation of an axiom system is an assignment of meanmings te its primitives

which makes the axioms become true statements. The results of an interpretation of T is
called & model for ¥, This is the strict use of ‘model' mentioned earlier.

An axiom system is called satisfiable if it has at least one model. Two models, M; and
My of ¥ are isomorphic if there 5= & 1-1 correspondence between the elementz of M and
those of My which preserves every E-statement. In a categorical axiom system, any twe
madels are isomorphic.

To illustrate, consider an axiom system with primitives P = {5 o}, where 5 iz a set
of integers, and c, 18 chosen as an undefined term for a binary operation dencted a ob, in
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order to avoid preconceived notions that a familiar symbol ke o +b would bring to mind.
The following statements 4; — Ay are called group axioms, and any set § on which they
hold under the eperation o = called a group.

Ay [(Closure Law) & ie closed under o, that 15, if @ and b arein 5, aob iz in 5.

Az (Associative Law) Operation ¢ is associative, that is, a o (hoc) = (aob) oe for all
a, b,and ¢'in §.

As (Identity Law) There is a unique element i in 5, called the identity element, such
that got=1pa=ad forall a in §

Ay [Inverse Law) For every o in 5 there is a unique element, written o~ and called the
inverse of ¢, such that a ¢ a™? Y2a =1{. Each of the four group axioms i independent,

and go this 15 an independent wxom system. To verify that this axiom system is satisfiable,
we now display a model.

=¢T_

One model for this system 15 the set 53 = {1, —1} under multiplication ». Thus this
15 called & group of erder 2, 1., having jusi two elements. The identity element is 1. each
element has itself a= an inverse, and S ie obviously closed and associative, as can be seen
from the following multiplication table:

x{l—l

EI 1 -1
—1]-1 1

Another model for this axiom system is the set 85 = {'I:I! 1} under addition maodula 2.
We define the sum of o and b mod 2 to be the remainder of a + & after division by 2. Under
this operation, we ses at once from the next table that 59 15 closed and assocative, 0 iz the
identity, and each element is agam its own inverse. Thus Sy & also a group of order 2,

+ moad 2 Iﬂ 1

{1 ‘H |
111 1}
Mere generally, one can take S 1o be the set {0,1,2,.. . n - 1} and a cb to mean

¢ +bmodn. Then for each positive integer n, we get a distinel group of order » . Thus the
above axicm system for groups 1= not categorical, since it has many non-somorphie models.

These twe groups, &) and 53, are isomorphic since we can let operation % correspond
with + mod 2 and set {1, —1} to correspond with {0, 1}, All statements derivable from the
axioms still hold. That the two models are isomorphic is also shown in the fact that their
tables both have the following form:

o ‘n b
ala b
P

In fact, any par of groups with two elements are isomorphic, so il is custamary to speak
of “the group of order two.”

The study of group theory was onginally motivated by properties which are possessed by
the symmetries of a configuration, whether it be geometric, algebraic, architectural, physical,
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or chemical. Tt is readily verified that symmetries satisfy the four group axioms. For example,
the imverse of a symmetry of a configuration is the corresponding symmetry mapping done
I reverse.

2. Two Worlds: Abstract and Empirical

The realm of research activity is naturally divided into two worlds: the abstract and the
empincal. The abstract world is generally regarded as the domain of the mathematiozn, lo-
gician, or purely theoretical physicist, while the empirical world is inhabited by experimental
scientists of many vaneties: physical, social, and others. (It has been established empirically
that the less scientific & subject, the more Likely it is that its practitioners call it a sclence,
Uutstandimg examples mclude (in alphabetical order|: divinity science, library seience, mili-
tary sciemce, political science, and secretarial science.| There is a growing tendency, however,
for people to live in both worlds in these mterdiseiplinary times

These whe work entirely in the ahstract world are engaged in deriving new theorems
either from axioms or from an existing theory or coherent body of theorems. Such results
are usually expressed m symbols rather than numbers, and rarely touch upon the real world

On the other hand, the inhabitants of the empirical world “work for & living." Some
bve m laboratones and perform experiments in order to collect meaningful data leading to
 sarentific’ theory

The two worlds are shown in Figure 1. The two loops, called theory building and
sxperimentation, represent purcly theorstical and purely sxperimental research.

Figure | exhibits a symmetric pair of directed links between the worlds, the first of
which can be called interpretation m accordance with the use of this word in the preceding
section, In a confroniation between these two worlds, the mathematician's theorems hecome
predictions aboul the real world, which can be tested by the scientist, If a prediction 1s

verified by an appropriate experiment, the scientist feels that the theorem really works. and
the mathematician has found a realization.

thaoyy
bullding

inrerarstariss

Aperi=
AR tATLIOMN

khstrection

Figure 1 — Two worlds. [Twe rectangles, representing the two worlds, are linked by a
left arrow and a right arrow. The lefl rectangle is labelled *Abstract™: the right rectangle
1t labelled “Empincal” The nght arrow, from the abstract world to the empirical world is
labelled “interpretation.” The left arrow, from the emmrcal world to the abstract world is
labelled abstraction. A loop, labelled “thecry building” is atlached to the upper left of the
abstract world, A loop, labelled “experimentation,” is attached 1o the upper right of the
empirical world. Inserted by Ed.]
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If the predictions are entirely incorrect, the model cannot be used. However, in cases
where the predictions are not verified, vet are “rather close” to correct, furither abstraction
18 In order to construct a working model. This abstraction in the light of the experiment
may suggest alternate hypotheses wlich should tesult 1 new theorems. These theorems
hopefully will lead to better predictions than previously, snd to a working model.

3. Two Worlds: Two Levels

Each of our two worlds may be divided imto two levels. A= we have indicated, the
upper level of the abstract world deals with the development of mathematical svstems by
the denivation of theorems. We have discussed imteraction between worlds st this level by
means of interpretation and abstraction. In this section we shall ohserve that this same type
of interaction can oceur ai the lower level,

The lower level of the abstract world deals with the foundations of mathematics. axioms,
and logic, The research activities might involve trving to prove consistency or independence
of an asmiom svstem.

A rather esoteric and dramatic recent example of an important discovery at this level
15 given by the defimitive work of Paul Cohen [1]. It is knmown (see Wilder [4] for example)
that n 1 —1 correspondence can be constructed between the natural nembers 1, 2, ... &nd
all the mtegers, ... -3, =2, —1, 0, 1, 2, ..., and between the imtegers and the rational
numbers.. These three sets of numbers are all said to have the same {infinite) cardinality
which is conventionally denoted Ry,

It 15 also known that there are more real numbers than integers. The real line is sometimes
called the continuem, and so ¢ 1= written for the number of reale. The continwum hypothesis
states that there is no infimite set with cardinality between Ky and ¢

Cohen proved that the continunm hypothesis (as well ag ite negation) is consistent with
the usual axioms of set theory, As & conseguencs, it i= imdependent and can neither be proved
nor disproved in that axiom system. Analogous to the development of non-euclhidean geome-
try, two enlirely different axiom systems have been created; one by assuming the contineum
hypothesis, and the other by taking its negation. Cohen also proved the independence of the
“axiom of choiee.”

On the other hand, the lower level of the empirical world also deals with foundations,
but in the form of the basic laws of science. Kepler's Laws of Planetary Motion, Darwin's
Law of Natural Selection, Newion’s Laws of Motion, Kirchhoff's Laws of Electricity, and
Einstein's Law of Specal Relativity are all there.

The link between the two worlde at this lower level is guite analogous to that at the
upper level, Thus mmterpretation of an axiom leads 1o a basic law about the real world, while
an abstraction, a coherent set of scentific laws becomes an axiom system. The schematie
represenfation of interaction between the two worlds is shown in Figure 2.

4. Two Levels: Derivation and Selection

Having discussed interaction between the two worlds, we shall now establish links be-
tween their upper and lower levels. The process of chimbing from the lower level Lo the
upper it the absiract world can be regarded as derivation. For we begin with an axiom
gysiem and then, sometimes painfully, derive progressively complicated theorems o obtain
a mathematical sysiem.

11



Winter, 1992

Abstrant Empirical
E“—I interprotation I_‘j
THeECTamS " Data

abstraction

interpretation
Axioms 3 Laws
| | abatpaation | |
Figure 2 — Interaction between the two worlds. |There are four rectangles in this

figure, arranged at the upper left. upper nght, lower lefl, and lower nght.. The twe uppers
have a left arrow and nght arrow linking Lthem, as do the two lowers. The upper left rectangle
1 labelled “Theorems”™; the upper right, “Data”; the lower left, “Axioms”; and, the lower
right "Laws.” The right arrow it each case 1s labelled “interpretation.” The lefi arrow in
each case iz labelled “abstraction.” The left hand side of the figure iz labelled “Abstract™;
the nght, “Empincal.” There 15 2 loop attached to each of the four rectangles. Ed.|

Now consider how one goes from the upper level to the lower. From an existing bodv of
theorems, an axiom system 15 to be built. To accomplish this, we select a body of particularly
approprate and fruitful theorems to use as axioms. This process of selecuon velds a small,
more manageahle and often more powerful svstem, which 1= conducive to the derivation of
new theorems.

Selection in the empirical world invelves collecting and studying vast amounts of data,
and ohserving a pattern which may suggest a general law. Thuos 1t is actually the mduction

DrOLess.

There appears o be no direct link in the empincal world from the lower level to the
upper. Dervation does ocour, and in fact uses the deduction process, but again and again
we find that 1t takes the "long way around,” as shown in Figure 3. One begins with several
soientific laws {lower nght), and abstracts them to formulas (lower left) from which theorems
can be derived (upper left) which make predictions about the teal world (upper nght). It is
convenient, however, Lo draw the link representing denvation direcily as well, as we do later.

In general, innovative research is initiated in the upper level, and particularly in the upper
nght guadrant. This 1= due to the fact that the great majority of natural and fundamental
questions anse from an atiempi to obgerve or explain empirical phenomena. In fact, most
research 1z dome at the upper level, both right and lefi, while almost no one continuously
remains at the lower level

For example, in ancient Egypt, the discovery of geometnc formulas was necessitated by
the search for improved technigues in messuring and surveving. Problems w geometry were
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Theoreans L Data
P
Axioms % Laws
Figure 3 — Denvation in the empirical world The four rectangles of Figure 2, are

imked with three arrows from Laws to Awome to Theorems to Data, Ed. |

solved long before Euclid orgamized the subject in an axiomatic formulation.
3. Research Schema

We contend that the above Research Schema represents all the types of interaction
between the absiract and empircal worlds duning the processes of research and discovery
Its two disgonal hoks are shorlcuts which represent research processes that po directly to
“opposite’ quadrants, There do not seem to be any directly ascending diagonal links.

It is rarely but definitely possible to predict sciemtific laws from a body of theosems
without actually working with experimental data. This is represented by the diagonal from
upper left to lower nght in the Research Schema We shall see that Einstein took this route
i lus formulation of the theory of special relatively

The shortent from experimental data to axioms, skipping the formulation of laws, ocea-
sionally ocours in the social sciences when a careful analvsis of data patterns produces & set
of formulas that can be taken as axioms. These are then interpreted, and hopefully suggest
an empirical law, without the selection process.

When considering routes between the two worlds, one must also allow for traversing loops
al any guadrant one or more times. The upper right loop, for example, when traversed several
times, indicates repeated efforts in observation and collection of date, before attempting to
select corresponding laws.

(e must also note that the most direct route 15 not often taken in research. This will
become evident mn the next section when we take a closer look at particular cases of discovery.
6. Sketches of Discovery

We ghall illustrate the Hesearch Schema with the work of geveral men wheo represent
vaned branches of scence and mathematics. We begin with Euclid, whose work in the ax-
wmatization and denvation of what we now call euclidean geometry 1s represented schemat-
ically in Figure 5. It has been gaid that the ultimate recognition of & man’s contribution is
conferred when his name is made an adjective and not capitalived |

Euclid: Although Euclid is the acknowledged father of peometry, his main contribution
was to 1ts organization rather than to its degvation. The early Egvptians already knew the
rudimentzs of geometry, including a form of the pythagorean theorem, and formulas for the
ares and volume of many geometne figures, Thus we attribute the upper night quadrant i
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AbgErast Be=triaal
Theory | I EnzemasreTabian I | waomci=
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Thasrema aTH
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[ S EERET
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archaealogy | I teaction l__‘j arphasalogy

Figure 4. Research schema. [Draw Figure 2. Label the loop on “Theorems” as “theory
building”; ihat on “Data” as “expenimentation”: that on "Axioms® as “axomatic archae
ology”; and, that on "Laws” as “empirical archaeology.™ Add up and down vertical arrows
Joining the rectangles; label the downward arrow in each case as “selection”; the upward as
“derivation.” Uraw the two disgonals — one with an arrow to suggest going from “Theorems”
to “Laws” and the other from "Data” to “Axioms” Ed.]

[ Thearams of ‘_ Egyptian

SHEATY 1 L
Gtﬂl?.ﬂ:!":f' . rvations on
TEaSUTE

il Axioms af
Bacmetry

]

Figure & — Euclid’s Research Schema. [Draw three rectangles: upper left, upper right,
lower left. Label them, respectivelv., "Theorems of Geometry,” “Egyptian observations on
measure,” “Axioms of Geometry” Add a loop to the two rectangles on the left. Join the
upper left and lower lefl rectangles by an up arrow and & down arrow. Draw an arrow from
the upper right to the upper lefi rectangle. Ed |

Figure § to the Egyptians. The emphasis on proof, however, was introduced by the early
Greeks and Euclid’s contemporanes developed many of the theorems of geometry, Euclid
selected the five axioms above from emsting results. He then proved from these all the
theorems of geometry then known and a few new ones, and presented a logical organization
of the material in an exhaustive text. By today’s standards, Eueclid’s axiomatic work is not
nigorous, but 11 was an outstanding accomplishment for its lime.

Newton: Unlike Euclid, Newton cccupied every guadrant of the Research Schema. His
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Figure 6§ — Newton'’s Hesearch Schema. |Draw four rectangles: upper left - “Theorems
of Calculus”; upper nght = left half labelled “Vertfication” nght half labelled “Collection of
Data”; lower lefi — Abstractiom of Laws of Motion; lower right - “Laws of Motion.” Join the
rectangles with arrows forming 2 rectangular cvcle oriemted in & cockwise direction. Add
a loop to the lower left rectangle; label the loop "Formalization of Caleulus by Cauchy.”
Add a loop to the upper nght rectangle; label the loop *Galileo.” Link the "Galilec” loop to
the down arrow as a dashed line separating “Verification” from “Collection of Data” in the
upper right hand box. Ed.|

first work waz on the upper level of the empirical world, where he experimented in chemistry
and optics while still a student, Newion's most tmportant results, however, were not derived
irom his own data, but from the work of those before him. His formulation of the Laws of
Moton was mduced from Galileo’s extensive experimentation. Hence we credit the upper
right Joop in Newton's Hesearch Schema 1o Galileo. Newton's Laws of Motion have been
stated as follows:

l. Every body will continue in it state of rest or uniform motion in a straight line unless

it is compelled to change thatl state by impressed foree,

2. The rate of change of momentum is proportional to the impressed force and takes place
in the line in which the force acts,

3. For every action, there 15 an equal and cpposite reaction.

Newton lell the empirical world and entered the abstract by expressing s laws sym-
nolically as equations. His work with these resulted in the discovery of both differential and
integral caleulus. Others independently discoversd these concepis, but it is belisved thal only

Newton and Leibmatz {(who discovered celeulus independently) realized that differentiation
and mtegration Were INVerse processes.

Calenlus did not become mathematically precise until the next century when Canchy
introduced the necessary concepts of limit and infinite sequence. We draw a loop 1 the
lower left guadrant of Figure 6 1o represent Cauchy's work in the foundations of caleulus,

Tl new branch of mathematics readily produced an abundant supply of theorems The
predictions which resulted were tested 1n the laboratory, and found to be entirely correct
within the range of current measuring instruments.

Emstein: Fventually, more accurate measuring deviees revealed that Newton’s Laws of
Motion could not explain the behavior of light on either the microscopic or astronomical
level. Furthermore, the Michelson-Morley expenment proved conclusively that “ether” did
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Figure 7 — Einstein’s Research Schema. |Draw four rectangles. Label upper left:
“Theorems for Special Relativity”; upper right - “Michelson-Morley ‘and others”; lower

left — "Formulas®; and, lower nght 15 split (by a dashed line) - top hali “Laws of Light
Motion,” bottom half "Special Relativity Thecry.” Arrows from upper left to upper night
“prediction”; from wpper nght 1o lower right - “selection”; from lower nght to lower left;

from lower left to upper left = “derivation.”™ Ed.

naol exigt, These dizcovenies led to a pessod of great activity i physics pioneersd by Albert
Finstem

Liks Newton, Finstein’s major work resulied from data collected by scientists before
him. Linstein was a purely theoretical physicist, and never worked in the upper right gquad-
rant of the Research Schema himself DBut he certainly stimulated an enormouns number
of expennments there. He proposed the following empirical axiom system as laws of light
mction

1. No physical object can travel faster than the speed of hght.

2. The speed of light depends not at all on the relative positions of the source of light and
the abserver, or their relative speeds.

3, The mass at a velocity v of a particle equals its mass at velocity 0 divided by /1 — v?/ef,
where e 15 the speed of light.

Einstein abstracted these three laws to an axiom system, from which he denved the
body of theorems interpreted as the theory of special relativity. He found that in particular,
his distance formulas for relativity theory were related to those of hyperbobe non-euchdean
geometry; thus relativity theory provides a physical medel for hyperbobe geometry, The
Research Schema for this discovery is shown in Figure 7. We begin in the upper night with
the Michelson-Morley experiment, and then go to the Laws of Motion of Light in the lowes
right, and their abstractions in the lower lefl. From there we go to the theorems of special
relativity in the upper leff, and finally to the experimental verification in the upper right
where this cycle started. Einstein then went around this cyele agan with his more refined
theory of general relativity, which led 1o more precise predictions of physical measurements,

Darwin; Charles Darwin spent most of his life doing research in only one quadrent
of the Hesearch Schema, the upper nght. His research career began when he became the
official naturalist on the good ship Beagle, and embarked upon 2 five-year voyage. He made
observations on all speaes of ammals he could find, and teck veluminous notes. Durnmg
the remainder of his life, Darwin analyveed and classified these notes and all other available
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Data
Theory of
Evalutlien
Figure 8 — Darwin’s Research Schema. |[Diraw two rectangles, one above and one
E t Bles,

pelow, The top one is labelled “Data”; the bottom one is labelled “Theory of Evolution ”
Lhere are three loops attached to the top one. There &= a line linking the two rectangles.

Ed.

information. The climax of his work was the formulation of his Law of Natural Selection
und his Theory of Evelution.

Darwin’s theory asserts that all animal species have descended from a common ongin
The variety of species results from “natural selection” in which those animals which are
best adapted te their environment suevive. Due to occasional mutations, certain animals
1 a species are betier able to survive than others. Thess mutations may be passed o Lo
their ofispring who an turn will tend to survive and reproduce, eventually resulting in a new
species which has been naturally selected,

Madical
Practice

Psychoanalytic
Theooy

Figure % — Freud’s Research Schema, |[Draw two rectangles, one above and ane below
Label the top one “Medical Practice.” Label the bottom one “Psychoanalytic Theory” Join

the two rectangles with an up arrow and a down arrow. There is a loop attached to the top
rectangle. Ed.|

Frend: Sigmund Frend, bike Darwin, stayed in the empincal world, In fact, their Research
Schemata are quite alike, as seen in Figures 8 and 9. He began with a medical degree
and turned from general practice to specialization. Freud (in collaboration with J. Breuer
uutially ] did research in the treatment of “hystencal” patients who had physical symptoms
for which no physical cause could be found. He inferred from the study of many cases
that the symptoms could be traced back o some repressed childhood tranma, and went on
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to develop the concept of the subconscious together with the id, ego, and superego. Fiest
through hypnosie, and later through “free assoaation,” Frend was able to induce himself and
his palientz to recall these forgotten expenences, and alleviate their symptoms.

Much of the psychoanalytic theory which Freud developed is still highly controversial
today, although it has made a lasting impact on the development of many modern theones
in psychology.

Thers has been a highly publicized report of the proaf of & deep and important theorem
by a mathematician while boarding a bus in Paris. It may be just as true as the anecdoie
about Newton's finding his Iaw of gravitational atiraction when an apple fell off its tree and
landed on his head This sort of phenomenon does occur, but fortunately is not an intrinsic
part of the discovery procedure. ln the words of Hans Zinsser,

It is an erroneous impression, fostered by sensational popular blography, that sci
entific discovery is often made by inspiration _.. . Ths is rarely the case. Ewven
Arclumedes' sudden mepiration in the bathtub; Descartes’ geometrical discoveries in
his bed; Darwin's flash of lucidity on reading a passage m Malthus: Kekule's vision of
the closed carhon ring eame to him ou top of a London bus: and Einstein's bolliant
solution of the Michelson puzzle in the patent offics in Bern, were not messages out
of the blue. They were the final co-ordinations, by minds of gemins, of innumerahble
accumulated facts and impressions which lesser men could grasp only im their un-
correlated isalstion, which — by them — were seen m entirety and integrated into
general principles. The scientist takes off from the manifald observations of pre
decessors, and shows his intelligence, if any, by his ability 1o discrimimate hetwesn
the mmportant and the negiigible, by selecting here and there the significant step-
pingstones that will lead seross the difficulties to new understanding. The one whe
places the last stone and steps across to the lerra firme of accomplished discovery
gete all the credil. Only the initiated know and honor those whose patient integoty
and devolion Lo exact observation have made the last step possible.

When & researcher has become sufficiently steeped in his problem, he has amassed enough
meamingiul data (mathematicians also accumulate data via “thought-experiments") 1o per-
ceive the proper pattern and conceive the correct conjecture. This is a necessary but not
sufficient step loward sstablishing a theorem. A proof, which is valid, must be supplied; ath-
erwise, the asserfion remains a conjecture. The two talentz of comjecture and proof appear
to be quite geparable

7. What Should They Be?

It 15 becoming more fashionable to use mathematical models as 2 powerful analytic device
for advancing scientifie research in a remarkable variety of disciplines. This usage is certainly
not anwarranied, since models, when nsed with care and discretion, can and should be of
great value m the clanfication of existing problems and the formulation of mporiani new
ones. Unfortunately, it seems that models are misused all too often. The word ‘model’ is
sometimes bandied aboul by people with Lttle conception of its real meamng simply because
it 15 au courant. They don't even define ‘model’, but nse the word to suit thetr own purposes

A model need not be impressively confusing in order to be valuable. In fact, one of the
main contributions of & model lies in its ability to simplify a problem, and so 1t should be
no more complicated than pecessary.
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Nesther should a model be symbol-rich but idea-poor. Medels whieh hide minizenle con-
tent behind 2 mass of symbolic formulas tend to look impressive, but add nothing. “Mystery
18 0o criterion of knowledge.” For example, a recent paper in a leading psychological journal
had only one abstract idea: the number of elements in the union of two sets is the sum of
the number of elements in each minus the number they have in common. Alas, the anthor
apparently did not recognize it as the simplest special case of the Principle of Inclusion and
Exclusion.

Another unfortunate use of mathematical models occurred in a published paper i so-
ciology an which there were ten axioms and zero theorems. However, an interpretation was
then given which resulted in ten “empinical theorems.” one for each axiom. This 1-1 corre-
spondence between axioms and empineal theorems simply involves the preparation of axioms
which will yield desired empirical assertions

Furthermors, an axiom system should not be constructed for the artificial purpose of
deriving just cne theorem which has already been verified statistically. Clearly such & model
only clutters the hterature and does not mvelve genume derivation.

We do not wish to lay all the blame for the misuse of mathematica] models on scholars
m the empineal werld: 11 occcurs in the abstracl world as well. The following passage by
the eminent hngnist Gustave Herdan (2] shows the dual roles ibe two world: can play in the
misuse of models.

Without going into details, T will only mention a certain quantitative relation known
to lnguists as the ‘Zipf law’. Mathematicians believe in it as a law, becanse they
think that lingwsts have established it as a relation of linguistic facts, and linguists
believe in it because they, on their past, think that mathematicians have established
il to be a mathematical law. As can be shown in five minutes, it 1= not a law at all
In the sense im which we speak of natural laws,

Loosely stated, this law of Zipf proposes a high correlation between the frequency of use
of words and their brevity

Another typical superficial use of mathematical models involves the bland assumption
that the most elementary parls of an existing branch of mathematics apply unchanged 1o a
problem in social science, Typical examples include high school algebra, coordinate geometry,
matrix manipulation, graph theory, and the probabilistic theorv of Markov chains. In such
models, the typical procedure is to assign empincal terms {o the mathematical vanables
by way of imterpretation at the lower level. Then the exsting theorems and methods of
calculation are translated at the npper level into statements which are claimed to be new
empitical findings.

What, then, should mathematical models be? We have suggested that they should lead
te new Lheorems, but this is nol always necessary, The precise thinking involved in the
careful formulation of an axiom system will lead to an improved conceptualization of the
empirical phenomena at hand, This in turn can suggest the proper variables to measure,
and perhaps an approach to the measurement problem.

sometimes an sasting area of mathematics can be gquite useful as a mathematical modsl
provided it 1= augmented by one or more new axioms suggested by the real world, The most
productive models, however, have involved derivation. For it 15 only after the denvation of
new theorems that unexpected and far-reaching predictions can be made. From a math-
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ematician’s viewpomnt, it i best if derivation leads to nontrivial thecrems. which actually
qualify for publication in the mathematical literature. To summarize, it is our personal
anc perhaps controversial conlention that mathematical models will lead 10 significant and

natural growth in both the absiract and empinesl worlds
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1. Intraoduction

I was recently flabbergasied when I discovered how the Bureau of the Census caleulates the
location of the center of population of the United States following each decenmial census. |
found that:

The center of population is the point at which an imagimary. flat, weightless, and rigid
map of the United Sates would balance if weights of identical value were placed on it
so that each weight represented the location of one person on Aprl 1, 1880, Located
at latitnde 38 degrees, B minutes, 13 seconds nerth, and longitude 90 degrees, 34
minutes. 26 seconds west, ... Tlhs computation of the center of population in 1980
was based on the 1980 population counts and the 1570 centers of population for
counties. County population centers have not been determined fos 1980, The center
15 the point whose latitude (LAT) and longitude (LONG) satisfy the equations
AT — FL”':.K lat;

g

Zwy % long; » Cos(lat;)
NG =
Lg Sw; » Cosflat,)

where lat,, long;, w; are the latitude, longitude, and population, respectively, of the
counties. (U. 5, Bureau of the Census, 1083, Appendix A, p. A-5)

The statements were surprising for a number of reasons. Firsl. as every good introductory
physical geography text book points out, a flat map of the earth's curved surfnce is & distorted
map. Though distortions can be reduced by a careful chojce of projection, appropriately
centered, some distoriion always remains and canuot he elimmated.  Of course. one may
define something any way one wishes, but at |east it should be stated which methed of
projection is used to create this “flat map.” Second, the formule given suggest thal east-wes
distances are measuped (reascnably, though arbitrazily] along parallels of latitude, which are
emell cireles. But distances are usually measured along great circles and this would produce
different results. Third, the formuls vield results that differ from results of other accepted
defimitions of the center of population, Fourth, the fermulz can produce some rather pecaliar
results, These will be discussed below.

The purpose of this paper is to discuss some of the difficulties in the concept of the “center
of population” when applied to populations spread over enough of the earth’s surface thas
ite curvature 15 noticeable. A more tatisfactory definition of the center of population is
proposed.
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2. Preliminary Remarks

When considering the charactenstics of a large group of anything distributed over a
region it 18 often useful o concentrate on enly the most basic characteristics, the first three
moments of the distribution: 1) the population, 2) the location, and 3) the spatial dispersion
of the group. This paper concentrates on the second moment, the location, There are many
ways location could be specified. Almost a century age Havford [1902) convinangly argued
that the most appropnate measure of location of an area or population is & statistic called
the average (arithmetic mean). Abler, ef al. (1871) agree: “When we ask where questions
about distributions we almost always desire an average location which represenis the entire
set,” When averaging the location, each location is “weighted” according 1o the specific
charactenstic of mierest and the result is the average location of the weighting character,
The result 15 a “center of mass” if the weighting character 15 mass. o “center of area” [or
geographic center) if the weighting character 1s area, a “center of population” if the weighting
character is population, efe. Sviatlovsky and Eells {1937) have discussed in some detail the
nse and significance of the concept of the “center” in geographical regional analysis,

Locations can be described as vectors whose magnitudes and direclions are taken as
the distances and directions of the items whose center 15 to be ealeulated. Then the power
and convenience of vector algebra can be used to caleulate the center in one. twe, thres or
even higher dimensional spaces, If the space is "flat” (Euclidean) then the process 15 guite
straightiorward, though tedious. Also, by using vectors in a Euelidean space to represent
the distances and directions of individuals in 2 population. there exist sevesal interesting
and useful concepts. First. when the center of the coordinate system used is at the center
of population then the vector sum of the distances of all the people is zero and the sum
of the squares of the distances of all the individuals is at a minimum. The minimum sum
of the distances squared when messured from the average i= not an accident, but rather,
the resull of 2 jundamental mathematical relation between the two quantities Sufficiently
fundamental is this relation that Warntz and Nefi (1960), for exampls, define the mean as
the place from which the sum of squares of the distances to each member of the population
15 minimum. Second, when the center of the coordinate system used is not at the center of
population then the vector sum of the distances of all the individuals provides the distance
and direction of the center of population from the center of the coordinate system. 1 will use
these characteristics later.

However, the surface of the earth is not “flas,” but “curved * and though finite, is without
a boundary. On such a surface one can get into difficalty with the concepl of average location.
Where, for example, is the “center of area” (geographic center) of the earth's entire surface?
If one chooses to preserve an carth surface provingalism it 18 not clear how one can modify
the “vecior representation” of distance and direction for the locations of individuzls in a
population. Some criteria are nesded.

| suggest that any reascmable definition of “center of population” should meet at least
the fl:l”:'.‘.lWiH_g standards; “} population distributions which are symmetric about some cen-
tral point should lave their center of population al this central point and {2) distances
should be measured as true distances, either on the surface along great circles or in three
dimensions along straight lines. It would also be desirable to have any definition satisfy
additional restrictions: a) it should correspond to one's commen understanding of “center of
population.” b) it should reduce to the usual definition of “center of population” when there
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15 no curvature and cf it should be easily extended to nonspherical surfaces — for example,
the International Ellipsoid or the geoid,

In the examples and discussions which follow, all angles and great circle arc lengths are
given in degrees and decimal degrees. Ammuths of places fram any point are measured from
North toward East. Latitudes and longitudes are designated as North or South and Easi
or Weet respectively. | have ignored the differences between the shape of the sarth and 2
sphere, 25 does the Bureau of the Census, when caleulating centers of populatien (U, 5,
Bureau of the Census, 1973). When caleulating the 1980 center of population of the United
States in the vanous examples, 1 have used Lhe original published 1980 populations (U, 5,
Bureau of the Census, 1983) and the unpublished 1980 centers of population for the fifty
states and the District of Columbia (see Appendix A When caleulating the 1910 and 1880
centers of population of the United States 1 have used the pubhshed populations and centers
of population of the various states and the Distriel of Columbia (U.5. Bureau of the Census,
1813 and 1014),

3. Census Burean Center of Population Formula

Imagine a circumpolar population uniformiy distributed along, say, the T0th parallel of
latitude north (see Fig. 1) If longitude is measured from 120° W through 07 1o 180° E then
the Bureau of the Census formula put the center of population at 70° N on the Greenwich
meridian. Yet, surely the center of this population is at the North Pole. The Burean of the
Census formule fail to meet the suggested standard.

This fadlure is not due to the choice of a creumpolar population. Even at mid-latitudes
the formmiz fail to meet the suggested standard. Consider = second example, a collection
of eight equally populated places located on & circle of 15 degrees of arc radius. Center the
circle at 38° N and 90° W. Choose (he position of the first place so that ite azimuth from
the center point is 15 degrees and each succeeding place has its azimuth 45 degrees greater
than the preceding place (see Fig. 1), The latitude and longitude of each of the eight places
can be caleulated with spherical trigonometry. The results are shown in Table 1. When
the Burean of the Census formule are used to calculate the center of population of the odd
numbersd places, then of the even numbered places and finally for all eight places the resulis
differ. Specifically, for the odd numbered places one finds:

LAT = 37.2331 N, LONG = 90,0146 W,
For the even numbered places one finde:

LAT = 37.2155 N, LONG = BG.9855 W,
While for all eight places one finds:

LAT = 37.2252 N LONG = 50.0000 W

Yet, surely the different symmetric distnbutions centered on the same point should have
their center of population at the same place and surely that place (in this example)] should
be 38° N and 90° W ! Once more, the Bureay of the Censns formule do not mest the
suggested standard.

For a third example, consider the simplest possible case: two equally populated places
equidistant and in opposite directions from a central place. Specifically, place the center as
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Figure 1. Example population centers and distributions used in Parl 3 of the text, Figure
available in hard copy only; content should be clear from text and from caption. A sphere 1=
drawn containing parallels and meridians, Theee figures are highlighted on this sphers. I a
arcumpolar population distnbuted along the T0th parallel of latitude nerth, 11 2 symmetric
population distribution centered at latitude 38° N and longitude S0° W. This population i
spaced &t eight locations around the perimeter of a circle. T11 & simple symmetrie population
distribution centered at 38° N and longitude 30° W, This population is spaced at either end
of a line segment centered at I The precise Jocations of places in distobutions [T and 11
are listed in Tables 1 and 2, respectively.

Table 1. Locations of places, Example TI
Flace N. Latitude W Ln:-n_gitude

| 52.3434 837050
o 44,1396 71.7938
3 32,8128 72 6948
4 24,7119 81.8100
5 23,4353 44,1868
6 29,5187 1049264
i 40.3511 102 1501
- 50.4718 01,7316

487 K oand 30° W and the two places 15 degrees of arc from the center to the northeast {Az
= 45} and to the southwest (Az = 225). (See Fig. 1). The latitude and longitude of the
two places can be calculated and are shown in Table 2. When the center of population is
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calculated for this very simple population distribution of twa places using the Bureau of the
Census formule the result s

LAT = 37.205T N, LONG = 20,0626 W

Yet, surely the true center is at the central point: 38° N, 30° W ! And vet again. the Burean
of the Census formule do not mest the suggested standard

Table 2. Locations of places, Example 111
Place N. Latitude W, Longitude
g 47,6377 14,2401
10 26.7737 41.8289
What the Bureau of the Census formulze caleulate is nat the latitude and longitude of the
center of population, but rather, two different and separate stalistics: 1) the average latitude
of the populetion and 2) the longitude of the average east-west distance of the population on
a specific map projection. This longitude 1= neither the average longitude nor the longitude
of the center of population. The formule caleulate the location of a place that differs from
other common measures of the center, such as the median or mean location {as defined by
Warntz and Neft, 1960, and used by Haggett, el al, 1977). The result of the Bureau of the
Census formule is the latitude and longitude of a place that cannot justifiably be named the
‘eenter of population” as the examples above clearly demonstrate,

For comparison with later examples and further discussion, | have caleulated the 1080
center of population of the United States with the Burean of tle Census formulae, The resuld
18

LAT = 381376 IV, LONG = 80,5737 W,

This differs from the location published by the Bureau of the Cegsns {latitude of 38°08'13"
or J8.136% N and longitude of 90°34'26" or 90,5739 W) by one to three seconds of are,
This very small difference results frem my using the populations and centers of the fifty
states and the Distriet of Columbia rather than the much larger full list of populations and
centers of all the mdividual counties ar enumeration distncts used by the Census Bureay.
As the discussion and all the examples that follow are based on the same set of data this
small difference 12 unimportant — the =xamples approximate and represent more extensive
computations and their outcome well enough. The concerns in this papér are the methods
used rather than the data on which they operate.

4. Census Burean Center of Population Description

The Burean of the Census description of the center of population does not give the
map projection used. If the center of population (the “balance point” mentionsd in the
description ] s calculated on a flat map constructed USINE Various map projections the results
vary. In order lo demonstrate this | have caleulated the 1680 centers of population (the
balance point of the population distribution) for the U.S. using several different fla map
projections.  The projections usged are all well known, having been developed in the 18th
century, the 16th century and much earlier. For the projections chosen, descriptions given in
humerous texts were sufficient for the derivation of the relevant formule for laying out the
projections.  Alternately; one may refer to detailed monographs, such as the one by Snyvder
(1987}, for the appropriate formule. The results for each of the selected projections are
listed in Table 3 and displayed in Fig. 2.
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* Table 3. The 1980 center of population of the Uniied States
when using the Burean of the Census prose definition
and various different map projections

Center of Population

No. Projection and Comments N. Latitude W. Longitude
| Cylindrical Equal-Area JT.081R 90,4237
2  Egudistant Cylindrical (Plate Carreel 38.1376 a90.4237
4 Smuscidal (centered at O W) 38,1376 B0.2532
4 Smusoidal (centered at 60 W) 38.1376 U 4655
3 Sinusoidal (centered at 120 W) A8 13T BO.BTTE
G Sinusoidal (centered at 180 W) 38.1378 G, 8o
7 Bquatorial Mercator a8.2045 004237
& Transverse Mercator (centered at 90 W) S8 2544 f0.6732
& Azimuthal Equal-Area (centersd at ON,0W) 30,2583 B9.0197
1l Stereographic (centered at N. Pole) 30. 7137 a0l 1885

Note that the calculated eenters depend not only on the projeciion chosen but also an
the center and the orientation selected for the projection. The resulis differ as little as they
de from one another because the projections chosen leave the United Siates in those POTLIONE
of the resulting maps where the distortions ate not sxireme. Indeed, using the Bureau of
the Census descuptive definition of the center of population, 1 bebeve, that, given sufficient
time and muschievonsness, one could choose projections of varions orientations and center
that would place the center of population any place one wished |

4. Agreement between Description and Formuls

Ag it heppens, the description and the formulae currently given by the Bureau of the
Census agree for one map projection — & normal Sinnsoidal (Sanson-Flamsteed ) with the
central meridian of the map the same as the mendian of the center of population. Indeed,
the Bureau of the Census formula for the longitude of the cemter of population can be
derived by answering the following gquestion: What must the central meridian for a normal
Sinuseadal projection be in order for the center of population (ihal is the balance poini of
the population distribution) to lie on the central meridian?

But, why 15 the Sinuscidal projection (and associated formulee) preferred? If ihis pro-
Jection lolds special appeal, why isn’t the latitude of the center of population determined in
a simlar way? One could determine the lomgitude and latitude by answering the following
question: What must the eenter for a Sinusoidal projection be in order for the center of
population (the balanes point of the population distribution) to lie al the center of the map
prajection” The resuli, for 1980, 15

LAT = 391825 N, LONG = 90,4934 W.

The Bureau of the Census first calculated the “center of population” of the United States
following the census of 1870 (Walker, 1874). Then, as now, the concept of a balanee point
was slated as underlving the compuiation of the center of population. The description of the
calculation method (the formuli are not displayed) indicates the method was very similar to
that currently used. East-west locations were taken as the distance from the 871k meridian
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Figure 2. The “Centers of population” for 1980 for the United States caleulated nccording
te various definitions. The center shown by an asterisk () and labeled COP was determined
by the method proposed in thie paper which takes the curvature of the earth's surface into
account m an appropriate manner, The place shown as an open drcle (2) and labelled BC
is that publbshed by the Bureau of the Censvs as the location of the center of population.
As discussed in the text, this location should net be called the center of population. Places
shown as solid circles and numbered are those which result when the center of population
is calculated on vamous map projections using the Burean of the Census prose definition
of the center, The prose definition does not specify which projection should be used. The
numbers refer to the list of projections given in Table 3. The Tlinois-Missouri boundary,
shown dashed, was taken from The National Atlas {U. 5. Geological Survey, 1970). This
figure 1= available in hard copy only; its content should he clear from Table 3 when one also
notes that the Census caleulated “Center” lies in Missouni as do centers 1, 2, 4, 5, 6, and
T (from Table 3); the COP Center lies in Minois as do centers 8, 9, and 10 (from Table 3);
Center 3 appears to lie on the border hetween lllinois and Missour,

west, measured along parallels of latitude. North-south locations were taken as the latitude
above the 24th parallel north, Thus, the caleulations of the center of population for the
1ETY census are equivalent 1o caleulating the balance peint on a Sinnsoidal projection with
1ts central mendian at 67° W. Since 1870, east-west distances were measnred from other
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meridians, chosen Lo be near the estimated center of population. In 1910 for example, the
Biith meridian was chosen (U. 8. Bureau of the Census, 1913} and thus the calculations of
the center of population for the 1910 census are equivalent to caleulating the balance point
on a Sinusoidal projection with its central meridian at 86° W,

6. Proposed Definition of the Center of Population

One could avoid some of the problems discussed above by avouding the use of the “statis-
tic,” the average. There are other measures of the “center.” such as the median, But as
Hayford (1902} pomnted out long ago, there are fundamental difficulties with the comcepd
of the median for two dimensional distributions. There is no unigue poinl that “divides”
two dimensional distributions in half. Another possible mersure is the “point of minimum
aggregate travel” — the point for which the sum of all the distances to the varions individ-
uals would be minimum. But, as Eells (18930 demonstrates, this point has some peculbiar
characlenstics Also, as Court (1964) makes clear, the point of minimum ageregate travel is
very difficult to find There are now elsgant, very powerful and very general technigues for
solving such problems [Kirkpatrick, «f of, 1983), But, this iz beside the point. The statistic
that we want is one that reflects where people are, not where they might congregate with
the least total travel The appropriate statistic is the mean

Whether caleulating the mean location or the point of mimmum aggregate travel, an
arbitrary decision must be made: are the calculations 1o he done on the corved two dimen-
sicnal surface of the globe (or approprirte flat map) or are they to be carded out in thres
dimensions? If the point of minimum aggregate travel were calculated in three dimensions
the paths to be traveled and the resulting point would lie below the earth’s surface. What
value would there be in finding a point of least cumulative travel when the place 1o congre-
gate and the paths to be traveled are inaccessible? I conclude that if one is interscted n the
point of mimimum aggregate travel, it should be calculated on the earth’s surface.

I the mean (average) location of a population is caleulated in three dimensions. the
resulting point 1s located below the surface Iu the case of the United States in 1980, 1 find
this mean location at;

LAT = 38.1823 N,

LONG = 90.3477 W and Depth = 0.0259 x R

Where / is the radius of the sphere representing the earth Taking /& = 6371 km, the depth
is about 165 k. But caleulating the average location of simple surface distributions i three
dimensions can yield some peculiar results. Consider three different equatorial population
distributions, sach consisting of four equally populated places with longitudes as follows

Example [V: places at 50.00 W, 15.00 W, 1500 E, 50,00 E
Example V: places at 50.00 W, 15.00 W, 15.00 E 130.00 E.
Example VI: places a1 62.23 W, 60.00 W, 60.00 E. 62.23 £
In all three examples the center of population {average lacation) ends up at the same
place — om the equator at the Greenwich meridian — and differ only in their depth below
the surface, if at all. (Examples V and V] have centers at the same depth.) Bui, we are
largely confined 1o the surface of the earth and from this provingal paoint of view the center
of population in example V should be far to the east of the centers in examples IV and
VI Ifind it unsatisfactory for populations of such different East-West distribution 1o have
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“centers” which differ only in depth or not at all I conclude that average locations should
be calculated om the earth's surface,

T insist that caleulation of the average location or point of minimum aggregate travel
must be done m three dimensions is no more (o1 less) reasonable than 1o insist thai Lhe
only proper map projection 1= on a globe. T leave to others the task of champloning the
computations of two dimensional population distribution statistics in tlree dimensions. [
believe it 1= legitimate to consider e population distribution a two dimensiogal distribution
and display 1ts characteristics oo the twe dimensional surface of a globe or appropriate flat
map

[ suggest that the appropriate definition af Lhe center of population is one similar to the
descriptive definition given by the Burean of the Cenzus but with ene addition. Specifically,
the center of population is the pount at which an imaginary, flat, weightless, and rigid map of
the Umited States constrocted by a speafic method of projection would balanee if weights of
wdentical value were placed an it so that each weight represented the location of one DErson

It only remains for one to choose the epecific type of projection. It s distance and
direction which are central 1o any caleulation of the center of any population distabution.
Therefore, I suggest that the only map projection fon which to find the balance pomt of
the population distribution) is one where distances and directions of the individuals in the
population are undistorted. If one chooses to measure the distaness and directions from
the center of an Azimuthal Equidistant map, or on the surface of a globe, they will he
undistorted. Then one can ereate vectors whose magnitudes and directions are (he friLe
distances and directions of the various populated places. A vector sum can be done and the
result is an estimate of the distance and direction of the center of population. It is onhy an
estimate because, although a map 35 flat; the earth’s surface is not. However, it is a very
good estimate, and the coser the map projection’s center is to the cenfer of population the
better is the estimate. Whether one chooses to carry out the computation on an Azimuthal
Equidistant map or on the surfaes of & sphere is immaterial, since the process 18 algebrascally
identical and the results are numerically identical

Because the calculating of the center only produces an esstimate, the procedure must he
Al ilerative ome, with the center of the Projection in each iteration being the estimate of the
center of population from the previous iteration. But the estimate is an excellent estimate,
5o Lhe process converges rapidly. The rteration continues until the ceniler of population is as
close to the center of the map as one wishes. When caleulating the U, §. center of population
m this manner | find:

Latitude of the 1980 U. §. cenler of population = 39,1980 N
Longitude of the 1980 U. §. center of population=00.4078 W,

This peint lies about 125 km from the center given by the Bureau of the Census and is
m Greene County, Nlincis, about 14 ko southwest by south of Carrollton, the county seat
(see Figs. 2 and 3).

The iterative calculation is not the computational nightmare that ope might imagine (ses
Appendix B). Even when choosing Lhe initial starting point at latitude zero and longitude
zero or at latitude 20° S and longitude 20° E, the process rapidly converges to within
0.000001 degrees of the answer in four or five iterations. But one knows that the 1.5, center
of population is not in or near Africa — there is ne peint in beginning the computatione
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there. As the approximate center of population can be guessed, only two or three jterations
are necessary Lo caleulate the center of population to ample BOCUTACY.

I have also tested this procednre on the thres example distributions used in Part 3 above
and find that in all thres cases the process rapidly converges on the expected central point.

Therefore, I suggest that the proper definition of the center of population of the United
States {or for any population distributed over a substantial portion of the earth’s surface)

18

The center of population is the point al which an imeginary, Har, weightless, and
ngid map of the United States would balanee if weights of identical value were placed
on it 30 that each weizht represented the location of one person on a specific date
The map m question is an azmuthal equidistant map whese center is at the sentor
of pepulation which must be caleulated by successive approxmation.

This suggested definition of the center of population has the following advantages: (1)
The center of populations symmetric about some central point 18 at thal central point. (2)
The true distance of each place is used in the computation. [Thus, this definition satisfies the
two suggested stendards given m Part 2 above.) (3) The suggested definition of the center of
papulation also satisfies two of the three additional restrictions desired and stated in Parl 2
above: (a) it corresponds to one’s common understanding of center of population in that it
does find the balance point of & distribution — though one must he very specific about how
the distribution is displayed, and (b} mathematically there is a correspondence to the usual
definition of the center in the sense of the average — the vector sum of the “distances” is zero
when measured from the center and the sum of the squares of the “distances” is minimum
when the distances are measured from the center. In addition;, when the center of the map
15 not at the penter of population the vector sum of the “distances” points approximasely
to tne center of population. Finally, our definition would reduce to the usual mathemalical
definition when there 1= no curvature

t 15 not clear that the definition suggested can be extended to non-spherical curved
surfaces and thus satisfy the additional desired resiriction (¢) mentioned in Part I ahove.
i believe it would work for the center of population of the United States on an ellipsoid of
revolution but there could be difficulties for non-spherical surfaces in general — the shortest
distance between two points may not be uniguely defined and one may end up with severs|
centers of population, all equally legitimate.

A widely known use of the decennial centers of population determined by the Bureay of
the Census 15 their display on & map of the United States depicting the historic westward shift
of the population. In addition to this westward shift, these centers have slowly moved south
since the turn of the century, By 1880, the center determined by the Bureaw of the Censns
was more than a degree of latitude (ca. 110 km) south of where it was located in 1790, In
contrast, the center of population caleulated by the proposed method has followed a different
path, diverging from the other patl, and in 1980 was located at about the same latitude as
the 1790 center. [The smaller the east-west dispersion of the population, the smaller will be
the difference between the center of population caleulated by the proposed method and the
center the Bureau of the Census calenlates. Thus. ene would expect the locations caloulated

by either method to be about the same in 1750, hejore extensive westward national expansion
occurred. )
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In order to show the increasing divergence of the two paths [ have caleulated the centers
of population for 1810 and 1880 using the proposed method. The results are shown in Fig. 3
and labeled COP. Also shown (and labeled BC) are the location: determined and published
by the Burean of the Census for the same vears. One can see that the average latitude of
Lhe population (which 15 what the Bureau of the Census calculates) has moved farther south
than has the cemter of population.
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Figure 3. "Centers of population” for 1880, 1910 and 1980 for the United States calenlated
according to vanons definitions, Centers shown by astensks (*) and labeled COP were deter-
mined by the method proposed m this paper which takes the curvature of the earih’s surface
into account 1 an appropnate manner. Places shown as open circles (o) and labeled BC are
those published by the Bureau of the Census as the location of the center of population, As
discussed in the text, these locations should not be called the ecenters of population. State
boundanes, shown dashed, were taken from The National Atlas (U, 8, Geclogical Survey,
1970). This map is available in hard copy only; it does not transmit electromically. [ts
content should be clear from the combimation of the text and this caption

7. Summary

For more than & century the Bureau of the Census has been calewlating and displayimg
on maps a place designated as the “center of population™ of the United States. The method
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used in this computation 15 eqnivalent 1o caleulafing the average location of the population
on & Sinuscidal map projection. As indicated in the previous discussion, such a method does
not adeguately take into account the curvature of the earth's surface. As a result, what
the Bureau of the Census calenlates should not be called the “center of population.® Tt is.
rather, the loeation of & point that has the population’s average latitude and the population’s
average distance (measured east-west along parallels of latitude) from an arbitrarily chosen
meridian.

A different method of calculating the center of population has been proposed in this
paper. Like the Bureau of the Census method of caleulation. the praposed method is based
on the concept of the balance point of the population distribution and thus corresponds
0 one’s common undersianding of the cenler, In contrast to the Bureau of the Census
method, the proposed method takes into account the curvature of the earth's surface and
map projection distortions in an appropriate manner and i based on measuring distances
along greal circles.

When calculated as proposed. the eenter of population’s location differs substantially
from that calenlated by the Burean of the Census. Not only is this true for 1980, but also for
other census years, and the greater the enst-wes: dispersion of the population. the ETeater
will be the difference

a4



Winter, 1892

8. Appendix A

The unpublished 1980 population centers of the fifty states and the District of Columbia
used 1 the varions examples were obtained from the Burean of the Census, As they are
unpublished, a complete list of the center latitudes and longitudes that were used in the
computations discussed in this paper is supplied below.

This 15 the dats used as the representative example data set in “Where are we? Comie
ments on the concept of the ‘center of population’ ™ by Frank E. Barmore, published m The

Wisconsin Geographer, Vol T, pp. 40-50. (1991}, a publication of tle Wisconsin Geograph-
ical Society.

The table below shows the o
tion supplied by the Bureay
18 measured in degrees of longitude west of
measured in degress of latitude nort

nginal state populations and also, State Centers of Popula-
of the Census. The first coordinate for the center of papulation
the prime meridian; the zecond coordinate is
h of the equator.

Place FPopulation Center of Center of
1984 population population
LU&() 1980
Alabama 3,803 BRR BG.TTA0 02,9923
Alaska 401,851 148 40464 61.3650
Atizona 2718215  111.7186 13.3245
Arkansas 2 286, 425 82,4340 34.9718
California 23,867,902 1194380 33.4746
Colorada 2,880 064 1051808 40 48E8
Caonnecticut 3,107,576 T2.8760 4144808
Delaware 504,338 T0.50636 39.4450
D. G 638,333 TT.0088 38.9074
Flonida 9,746,324 81.6735 27,7048
Georgia 5,463,105 B3.8100 331866
Hawain 964 641 1a7.6124 212008
ldaha 043,935 114.0358 44.2072
Miines 11,426,518 8584070 £1.2073
Indiana 8,490 224 BB.2835 10,1759
lowa 2,913,808 93.0582 41 0858
Kansas 2,363,670 96.6370 8. 4544
Kentucky 2,660 777 85.2928 37.7018
Louvisiana 4 205,900 B1.4656 I0.717T
Maine 1,124,660 69.6408 14.4125
Maryland 4,216,975 76.7004 30,1508
Massachusetts 5,737,037 TL.aR44 422702
Michigan 9,262,078 B4.1083 428410
Minnesota 4,075,970 H3.6485 45.2543
Massisgippi 2,520,638 80,6224 32,5778
Migsour 4,916,686 92.0794 38.4815
Montana TEEG GA0 1106158 468610
Nebraska 1,569 825 g7.5647 £1.1591
Nevada B0, 493 116.7563 47.5535
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New Hampshire
New Jergey
New Mexies
New York
North Carolina
North Dakota
Oluo
Oklahoma
Oregon
Pennsylvania
Rhode Island
South Carolina
south Dakota
Tennesses
Texas

Utah

Vermont
Virginia
Washington
West Virginia
Wisconsin
Wyoming

920,610
7,364,823
L.302,894

17,558,072
2,881,766
632,717
10,797 630
3,025,200
2,633,105
11,863 RG5

047,154
3,121,820

GO, TR
4,691,120

14,229,191
1,461,037

511,458
GoadE BLR
4.132.158
1,040 644
4,705,767

469 557

L4735
74,4172
106.2301
74.718]
THETEG
80.5101
82. 7006
06.8576
122 5648
Tr.2024
T1.4419
B1.0355
85,0562
36,4217
474571
111.8261
T2.8055
78.0021
121.5325
809407
BR.9756
106.9348

43.1783
40,4640
44,6202
41.5458
35.5676
474277
405188
KE R
44 (042
401.46909
41.7595
40472
44,1116
357703
30.9925
4015165
44.0566
JT.633]
27.3363
a8, 7202
43.7192
42 G368
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9. Appendix B

All the computations reported here were dene on an A pple Tigs computer using the spread
sheet in AppleWorks 3.0, Computation time for the problems varied When caleulating the
center of population using the proposed method, each iteration took sboui &5 seconds,
Computations using a more detailed list of populated places would take longer in direct
proportion to the number of places used, Computers and software with emormously greater
speed and capability are widely available. Thers is no computational reason for not using
the proposed method.
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standing. These were corrected in the reprints of the article. The Solstice copy was prepared
from the corrected reprint. The errors in guestion in the enginal include: 1 the longitudes
of places in Examples IV, V and V1 were incorrect and ii. near the end of part § of the text
a date of 1790 was incorrectly given as 1970, Also. the location, about 14 km southwest by

a7



Winter, 1092

south of Carrollion. was incotrectly given as about T km southeast of Carrollion.
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4, THE PELT OF THE EARTH:
AN ESSAY ON REACTIVE DIFFUSION

Sandra L. Arlinghaus, John D). Nystuen

Founding Dhrector, Institute of Mathematical Geography
Ann Arbor, MI

Professor of Geography and Urban Planning
The University of Michigan

Reactive diffusion (see the many references to Murray) is an idea that draws on the concept
that boundary shape can influenee the spatial patters of the developing forms and processes
mterior to that boundary. A secomd idea is invelved. Onee a natural diffusive process has
been at work, there is reaction to il, altering the shape of the underlyving diffusion, Reactive
difinsion is thus a dynamuc process that s, to some extent, sell-adjusting to change

This sort of idea is one that has mel with many expressions in the past — in the
mioiogical as well az 1 the geographical landscape (Achnghans, Nystuen, and Woldenberg,
1882). Boundary shape can determine how matter and energy travel within a closed E¥SLETI.
Standing waves can be created in this manner, be they standing waves of translation of
pigment on ammal coats, producing striped animals; or standing waves of oscillation of
waler. producing seiches as water-stripes in teaction to lnke depth and coastline shape of
ihe contaiming vessel (eg., Lake Michigan or Lake Geneva). One might even be tempted to
speculate on a possible role for seiche-like stripes in the “parting of the Red Sea.”

A, Vest, and Murray (1883) created mock ammal outlines on laminar plates shaped like
two-dimensional pelts — as “maps” of three-dimensional animals; when small adjustments
in the outlines were made, vibrational patterne formed m a2 surface dust placed within these
outlines crealed various spotted and striped patterns as a reaction to the boundary shape.
indeed. & circular drum head boundary offers one way for the rell of the drum wave of noise
to interact with the boundary; using a fractal boundary for the drum head can produce a
vastly different pattern of resonating pockets of drum roll (Science, 1991} The continuing
work of Batty and Longley (1885 and later) in using fractal concepts to track the pattemn
of the urban fringe might also be (but has not vet been, to our knowledge) cast in the
framework of reactive diffusion. Three-dimensional solids, covered with a coat of spots,
mught also have their spot patterns determined by some underlying vibrational process that
ceuses the substance of the spols on the surirce to react with the three-dimensional volume
aver which the surface is streiched. Thus, the calico cat and the earth might have a great
deal in common when land masses, driven by tectonic rather than by biological rhythms, are
seen as the calice spots on the pelt of the earth

For example, the burn pattern created by tandom lightning strikes in a forest, and
the reaction of firefighters to these sirikes, displays a clear case of reactive diffusion and
pattern formation on the earth. For, in the absence of firefighters, the random strikes start
fires which coalesce to form an advancing front that may uitimately burn the entire refgion.
When firefighters enter the scene. they work to confine the random strikes; the fire may leap
the barriers they create, and when it does, the firefighters talk about it and react by moving
‘o control the new hotspotl. Ullimately, the spread of communication among firefighters, in
response 1o the leapirogging character of forest fires, produces a forest spotted with burnt
dark patches. The reaction of firefighters to the diffusion of information about the location
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of fires produces characteristic, and vredictable, patierns on the earth.

1. Pattern Formation: Glohal Views

Nystuen noted (1866) that “spatial processes depend upon the shape of the partitions
created by their boundary patterns. [f the soundary shape is changed the process ifsalf is
changed In fact, the very eustence of the process may depend on the boundary shape "
The biclogist Joseph Birdsell noted that coastlis shape has affected genetic diversity in the
Australian abongime papulation (1850 ); migration patterns forced away from the concave-up
portions of the northern coastline were dispersed, while these foreed away from the concave.
down portions were focused. With dispersal of hunting and gathering came genstic com-
plexity: with focusing came genshic inbreeding, Arhnghaus (1077, 1986} drew on ideas from
Birdsell and Nystuen in using boundary shape of 5 limited access srlenal to suggest where
new pockets of population concentzation and dispersion will appear relative to the concavity
of the arterial. In all of these, as with reactive diffusion, there is an adjustment of process
(geographical or bialogical) to boundary, with implications for the spatinl orgamzation of
associated human activity coming as a reaction 1o that adjustment

Indeed, even in medizval guilds, retail services clustered in pockets across the geograph-
tcal landscape, as “stripes” or “spots” of commercial RCUVILY, 1 reaction to the diffusion of
miormation as 1o type of service available (Vance, 19807 Sinular urban patierns are svident
i modern developing countries; and this context thus suggests, very generally, an mteresting
buman dimension in exploring global urban change (Drake, 1993; Meadows ef af 1992},

In a classical wrban context, one might imagine Harris and Ullman’s “multiple nucles*
model recast within the replicable theoretical framework of reactive diffusion. As diffusion
causes change surrounding and withan the neclel, there is a reaction, and the nuclei shift,
or new nuclel spring up. The spatial evidence of reactive diffusion might be substituted for
the historical evidence an which Harns and Ullman (1843) based their observational mode]
pulling the multiple nuclei model more in line will the earlier spatial models of Burgess
and Hoyl. The muitiple nucle; Patiern appears as a reaction to incompatible land uses;
it anses from an allernative tesistance to residential and commercial land uses in whick
further emploviment centers leaplrog over existing urhan neighborhoods. leading to extensive
additional urban growth.

Within the Detroit metropolitan region, for example, the complex changing nature of
the local political scene coupled with the wmcreasing crime rates associated with dewntown
Detroit, often encapsulated quite simply in the minds of many Detroiters by the closing of
the downtown Detroit Hudson's store. led to the consequent reaction of many businesses o
move to the suburbs. Thus, suburban Southfield became an early hub of urban reaction
n the Detroit metropolitan tegion — here, a new nucleus emerged. Efforts to resiore the
prominence of the downtown on the Detroil River are ivpified by the Renaissancs Center —
here, the old nuclens shifts toward the River banks,

Indeed, the characterization of the callapse of the central city in termes of the failure of the
downtown headquarters of Hudson's department store may not be a stoeily simple-rmnded
view. Like the stars, the life of the city may take different paths — at one fime a center may
be a viable unit, and at another time the relative eize and density of the urban area Ty
cause inner city collapse. In a central place context, i which the “threshold” of a firm refers
to the minimum number of sales which allows the firm to succesd and give an adequate
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FELUID 1o its owners, the situation with Hudson s was simply 2 matter that the buying
Population at the center was too small to meet the threshold number. Related central place
termunology involves the notions of the maxamum range of a good and the minimum range
of & good, The maximum range e the absolute limit on the demand of o good — bevond
this limit, transpartation costs reduce demand for the good t6 zero, The minimum range is
the distance over which the firm must ship its goods to include the threshold populations.
A logical consequence, all efse being equal, is that the minimum range of a good is less in g
densely settled region than it is in B sparsaly settled ope.

Thus, the common sense notion of “haw can a big store like Hudson's fail in downtown
Detroit™ can be translated as follows. Migration of the affluen: population to the suburhs
reduced the number of potential customers in the center. The mimmum range therefore
needed to be extended outward from dewntown in order to include the threshald number of
custamers. But, suburban Hudson stores were already in place and also worked 1o atiract
those customers that the downtown branch now required 1o succesd. The thres large sub-
urban stores competed with the downtown store for these customers, won them over, and
the downtown store failed. Stability in competition (Hotelling, 1929) was restored when the
‘empty” center was divided among the penpheral eompetitors, in a sort of central place
{two-dimensional) Hotelling model. This sort of geometric view is & minimalist approach —
R best-case scenario: when additional social (and other) issyes are superimposed, focelers.
tion along the path 1o collapse iz more likely, When one next considers that this pattemn
will repeat on the periphery of these suburbas stores and within the maximum ranges of
the vanous goods, a sort of leaplroggng of arcular/hexagonal trade npeas oeeurs and sug-
gests, once agan, & coneceptual context of reactive diffusion as an alternative, and addition
to traditional spatial analyvsis.

Unlike earlier models of urban ecologists (Burgess, 1525; Hovt, 1939). this sort of urban
view of the world is not a generalization of a particular example — that is why it is important
1o see reactive diffusion cast in the geographical as well as the bislogical {or other) realims.
The pattern of clusters of urbag Aclivity on a regional part of the earth’s surface is one that
s produced in reaction to the diffusion of urban process.

2. Pattern Formation- Local Views

Some current urban rtesearch strives to develop indices that affer an easy means for
replication of experiments and that are sensitive Lo the rale of boundary, Thus, Marnll (1001
proposed an index of sesregation. modified by boundary comsiderniions, Lo quantify urban
spatial sesrepation Wong (1992} modifies Morrill’s indices by arguing that the length of the
boundary separating adjacent urbay areal units, as well s the shape of these adjacent units,
15 significant in determining segregation. Indices such ae these, that already are sensitive to
some boundary considerations, may offer cne means to tighten the foeus of application of
the concept of reactive diffusion in vanous specific urban situations.

(Mten reactions to incompatible urban land uses are arcumscribed by the boundary of
the system of local jutisprudence. When these reactions fit reasonzbly well within the laws,
competing commercial and residential land uses are in relatjve harmony. Laws, such as ihe
apocryphal ‘it is illegal to tie an alligator to a parking meter” suggest a remction to an
unuseal situation. When that reaction is passed as law, it diffuses to the population of the
surrounding area and may disturb the sensitive halance between incompatible land wses.
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Ferhaps the most difficult situation of this sort 15 in establishing rules {legal, ethical, or
otherwise] to position locally unwanted land uses (“lulus”). Human laws permit or forbid
mstitutional boundanes that can influence how process works, Typicallv. a lulu, such as an
adult bookstore or a toxic waste site, causes a strong local reaction around this “hotspot.”
Thie reaction 15 confined and suppressed by municipal authosites using the local legal system
as their "hose” or "barrier” to confine the eflectz of the unwanted activity, As with the forest
fire example, the lulu leapfroges, and vet another hotepot of locally unwanted activity ocours.

Heactive diffusion offers an attractive conceptual contexi in which to examine pattern
formation on the pelt of the earth: from local scenanios that mimic the forest fire example
to global scenanos that examine entire closed and bounded surfaces. Bewvond this sssay, the
next slep 15 Lo use tne context i specihc urban or physical settings.
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Wolpert, L. 18981, "Positional information and patiern formation." FPhilosophical Transac-
tions Hoyal Society of London, Senes B 295, pp. 441-450, 1981,
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5. FEATURE

Meel New Solstice Board Member
Williarn ID. Drake
The University of Michigan

Professor of Resource Policy and Planmng
sehool of Natural Resources and the Environment

Professor of Population Planming and International Health
School of Public Health, The Umiversity of Michigan

Professor of Urban, Technologica! and Environmental Planning
College of Architecture and Urban Flanmng

Bill Drake teaches courses on the Global Environmeni and on Population-Envirenment
Diynamics. Much of his research porifolio is drawn from ongoing projecis in the developing
world,  Many of these projects have been underway for several vears and have focused
on the problems of rural community development particularly relating to reducing child
malnutrition.

Recently, he has authored articles and was co-editor for a book on population - environ-
ment dynamics. Durng the fall of 1992 Drake and S Arlinghaus offered & course on the
same subject which has resulted in a monograph. The focus of thie oourse 18 capiured in
s name Population- Environment Dynamics: Toward Building a Lheory. The effort drawe
upon recent work carried out as part of the Umversity of Michigan's Population - Envi-
ronment Dynamics Project, Ten graduate students and two facully participated formally,
and several other students aned faculty sat in from lime-to-tame, with one visitor attending
eVery session. Semunar participants came from many disciplinary backgrounds rangmg from
vopulation planning, economics, engineering, biclogy, remote sensing, gecgraphy, natural re-
sources, sociology, international health, business administration io mathematics. In addition
to U.5. students, the course was enriched by colleagues from Mexico, Nepal, Taiwan, and
Nigeria.

The monograph serves as a kind of a “time capsule”-what do students in 1992 think
will be 1ssues of great significance in the cutrent, recently identified, need to study "global
change"? Here are the sectors of that “eapsule”;

Dawn M. Anderson

The Historical Transition of Forest Stock Depletion in Costa Riea
Katharine A. Duderstadt

The Energy Sector of PopulationEnvironment Dynamics in China
Eugene A. Fosnight

Population Transition and Changing Land Cover and Land Use in Senegal
Katharine Hornbarger

The Energy Crisis i India: Options for a Sound Envizonment
Deepak Khatry

An Analysie of the Major Sectoral Transitions in Nepal's Middle Hills
and their Relationship with Forest Degradation

Catherine MacFarlane
The Interrelationship Between the Forestry Sector
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and Population-Environment Dynamics in Haiti

Gary Stahl

Transition to Pegge:

Environmental Impacts of Downsizing the U.S. Nuclear Weapons Complex

Stephen Uche

Population and Forestry Dynamics: At the Crossroads in Nigeria

Hurng-jyuhn Wang

The Cultivated Land-Hural Indusiri;nliimtinn-U:-buuim’rinn-Pnpu]Mim: Dhynamics in Taiwan



Winter, 1892

6. SAMPLE OF HOW TO DOWNLOAD THE ELECTRONIC FILE

This section shows the exact set of commands that work to downlead Solstice op The Univer-
sity of Michigan's Xerox 9700 Because different universities will have different installations
of TgX, this is only a rough guideline which might be of use to the reader.

First step is Lo concatenate the files you received wvia bitnet/internet. Simply piece them

together in your computer, one after another, in the order in which they ace numbered,
starting with the number, "1.7

The files you have received are ASCH files; the concatenated file is used to form the tex
file from which the dvi file {device independent) file is formed. The words “percent-sign” and
“backslash” are written out in the example below; the user should type them symbalically

ASSUME YOU HAVE SIGNED ON AND ARE AT THE SYSTEM PROMPT, &
7 create -totex
# percent-sign t from pe e:backslash words backslash solstice.tex to mits -t.tex char notah

ithis command sends my file, solsticetex, which 1 did as a WordStar [subdirectory,
“words” ) ASCII file to the mainframe]

3¢ tun “tex par=-t.lex

[there may be some underfull boxes that generally cause no problem; there should be no
other “error” messages m the typesetting—the files you receive were already tested.

# mun Ydvixer par=-t.dw

7 control *print® onesided

# Tun "pagepr scards=-{.xer, par=paper=plain
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