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1. WELCOME TO NEW READERS AND THANK YOU

Welcome {o new subscribers! We hope you enjoy participating in this mesns of journal
distribution. Instructiong for downloading the typeseiting have been repeated m this issue,
near the end. They arc speaific to the TEX installation at The Umiversity of Michigan, but
apparently they have been helpful in suggesting to others the sorts of communds that might
be used on their own particular mainframe installation of TpX. New subscribers might wish
e note that the electronie Tiles are typeset files—the mathematical notation will pont oul
as typesel notabion. For example,

Y
=1

when properly downloaded, will print oot a typeset summation as § goss from one to n,
ak a centered display on the page. Complex netation is no barrier 1o this form of joumal
production

Thanks much to subseribers who have offered input. Helpful suggestions are important
m trying to kesp abreast. at least somewhat, of the constantly changing electromic world
Some suggestions from readers have already been implemented, others are being worked on
Indeed, it is particularly helpful when the reader making the sugpestion becomes actively
mvalved in carrving il out. We hope von continue to enjoy Solstice.

2. PRESS CLIPPINGS—SUMMARY

Volume 72, Number 4, October 1993 issue of Papers in Regional Science: The Journal of the
Regional Svience Association carried an article by Gunther Maier and Andrear Wildberges
entitled “Wide Area Computer Networks and Scholarly Commumieation in Regional Science.”
Maiter and Wildberger noted that “Only one journal in this directory can be considered to be
related 1o Regional Science, Solstice; An Electronic Journal of Geography and Mathematics.”

Beyond that, baef wnte-ups about Solstice have appeared in the following publications:
L. Science, “Online Journals”™ Briefings. by Joseph Paleal 26 November 1981, Vol. 254.
; Science INews, “Math for all seasons” by Ivars Petersom, January 25, 1992, Vol 141,
ey, .
4. Newsletter of the Association of American Geographers, June. 1992,
4. American Mathematical Monthly, “Telegraphic Reviews” — mentioned as “one of
the World's firel eleciromic journals using TEX," September, 1002
2. Harvard Technology Window 1303
. Graduating Engineering Magazine, 1993,
7. Earth Surface Processes and Landforms, 18(9), 1993, p. 874,
. On Internet, 1994

Il you have read mhout Solstice elsewhers, please let us know the correct dtations (and

add to those above). Thanks. We are happy to share information with all and are delighted
when others share with us, as well,
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Publications of the Institute of Mathematical Geography have, in addition, been reviewed
or moted in

1. The Professional Geographer published by the Association of American Geographers;
2, The Urban Specialty Group Newsletter of the Assoaaton of Amencay Geographers,
3. Mathematical Reviews published by the Amencan Mathematical Sooety;

4. The Amencan Mathematical Monthly published by the Mathematical Association of
America;

Zentralblatt fur Mathematik, Springer-Verlag, Betlin

o

Mathematics Magazine, published by the Mathematical Asseomtion of America

Newsletter of the Association of American Geographer.

o]

Journal of The Remional Scrence Assocation,

A=

Jdearnad of the Amepean Statistical Association
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3. REPRINTS
Getting Infrastructure Built

Virginia Ainshe
Technieal Liaison to Congress
Jack Licate (Ph.D., Geography)
Director, Build Up Greater Cleveland Program and
Director of Federal Programs for the Greater Cleveland Growth Assoctation

Reprinted with permigsion from Land Development/Spring-Summer 1904,

The profitability and success of a development project often hinge on the timely comple-
tion of improvements to adjacent Inghways; bridges, sewers; and transit services. In recent
vears, complex environmental and construction reguirements have mereased the lead time
and costs required for many mfrastructure improvemenis, At the same time, the public
funding needed to finance road widening, imterchange and bridge construction, sewer im-
provements, and transit development has come under severe budgetary constrainis at zll
levels of government.

In northeast Ohio, public and private sector leaders have entered into a successiul part-
nership to solve infrastructure development problems. The lessons learned from Cleveland's
partnership can be readily translated 1o other communities.

Cleveland Infrastructure Team Shares the Secrets of Success

Founded in 1983 and commonly referred Lo as “BUGC". Build Up Greater Cleveland is
a nnigque partnership that consists of elected and appeointed officials from local. state, and
federal governments as well as dedicated private sector executive volunteers from engineenng,
banking, investment, manufscturing, otility, sccounting, and law firms. The development
community has actively partidpated in all aspects of BUGC's activities sinee the program
wae Tounded. A team effort that was borm of crisis' but matured over a decade of wrenching
economic upheaval, BUGC hag earned national recogmition for its ability to attraect public
financing needed for the improvement, repair, and construction of roads, bridges, and sewer,
waler, and transit facilities,

The first secret of BUGC s success 15 1ts systematic strategy for gaining the commisment
of pubhc funding through coordinated and simultanecus adveeacy efforts at the local, state
and federal levels. The strategy calls for the aggressive and persistent pursuit of a fair and
equitable share of siate and federal infrastiructure investment, Central o the strategy 15 the
mvolvement of elected officials. Spedfically, these officials enacted lepslation thal maximizes
the return of tex dollars to northeast Ohio.

Al the federal level, the lormula used to divide highway and bridge funding hes been
amended 1 favor of Ohio and certam other states in each mece of major surface transporta-
tion legislation since 1987, The (Odno Congressional delegation's leadership for this effort was
based, in large parl, on technical assistance and networking support {rom BUGC

For their part, private sector volunteers help develop the data that form the basis for
BUGC's "air share" advocacy efforls, Corporatle experfise has been particularly useful in
quantifying the public benefits of infrastructure investment; Private sector executives also
play an active role in varous task forces charged with solving problems and coordinating
road and bridge repair work with utilities. In addition, both public and private gsecior

[~}
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members of BUGC are involved in long-term efforte o educate the public on the importance
of infrasirocture to the community and its economy

The second secret of BUGC's: euccess is its focus on improving the process by which
projects move from identified need to construction. Between 1988 and 1993, the greater
Cleveland area posted a 166 percent mcrease in the number of completed road and bodge
projects.. This surge resulted largely from the adeption of new procedures that redueed
project completion time by 44 percent. BUGC's approach to achieving performance to
achieving petformance has helped reshape Cleveland's skyline and, at the same time, con-
tributed o o major renaissance in regiomal economic development
What Difference Has the Partnership Approach Made?

Over the last decade, BUGC's advocacy program has vielded more than one billion
dollars in unprogrammed funds that the greater Cleveland area would not have ctherwise
received, Much of the credit for the funds goes 10 northeast Ohio's congressional delegation.
The delegation orchestrated a multistate/multivear coalition elfort that has increased the
return of Ohio's share of the federal gas tax from 61 cents on the dollar mn 1881 o 00
cents on the dollar in 1993, Changes in the formulas used to distnbute federal highway
and bridge dollars have also brought more than 1.5 billion dellars in new fands 10 Oloe and
more than two milhon dollars in new funds to greater Cleveland. Al the state level, BUGT
nlayed a pivotal role in establishing the Olno Public Works Commission and its program of
needs-based funding for local capital assets. Tlis effort has resulted m an estimated annnal
mmerease of 14.5 million dollars for county roads, bridges, and sewers. BUGT worked locally
for legislation thatl mereased motor velicle lieense tag I=es, which now generate more than
13 million dollars per year in road and bridge repair funds.

BUGC has lobbied successfully al the federal and state levels for project-specific funding
for infrastructure improvements essential to Tower City Center. a new baseball stadinm and
arena projecl, the Rock and Roll Hall of Fame. and many other major development projects,
BUGC has also besn a key player in the cleanup of the Cuyahoga River, the overhaul and
rehabilitation of Cleveland’s transit system; and the completion of the Interstate haghway
network i northeast Oluo, BUGC's eflorts have generated 296 million dollees. for road
and brdge improvements, 260.7 million dollars for transit developmend, 396 million dollars
for waler projects, and 341 million dollars for sewer needs. BUGC Chairmen James M
Delaney of Deloitte and Touche pomnts out, “We now are witnessing a shift in investment
from rehabilitation of existing wfrasiructure to increased expenditures for new facilities,
which support high impact ecomomic development projects.”

With the imerease 1 funding for necessary infrastructure repairs and 1mprovemenis; 1
became clear to city and county engineers, the Ohic Department of Transportation, the
Greater Cleveland Regional Transit Authonty, and the Northeast Ohio Regional Sewer Dis
trict that projects were moving too slowly from design to construclion, The various agenaes
shared many problems, particularly the burden of meeting new and complex environmental
requirements while processing more and larger projects with a hmated number of professional
staff. To meet this challenge, Lhe several agencies worked with privaie sector executives 1o
develop, test, and mmplement perférmance improvement measures. The payoll has been a
dramatic increase m the agendes’ ability to complete road and bridge projecis al & much
faster pace.
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Whenever possible, snvironmental impact and engineering tasks are performed simulta-
neously rather than sequentinlly. Seoping meelings that include public and prvale sector
participants are conducted early i the project planning process. The meetings sort ot
which agency or entity will assume pnmary responsibility for each task and institute co-
operative mechamesms to ensure that projects remman on schedule and that problems are
addressed quickly. The application of value engineering technigues lielps make certain that
the nght project 1s initiated for the right reazons within a time frame thal makes sense for
all invalved, BUGC's recommendations for fast tracking highway projects lhave worked so
well the Governor George Vommovich has encouraged the Ohio Department of Transportation
and the Ohio Environmental Protection Ageucy to mmplement similar action on a statewide
basis,

How Process Affects Products — Moving Projects Faster Means Getting More
Public Investment

The fast-track approach has reduced costs, improved completion tmes, and helped fi-
nanee infrastruciure projects. Given that a great deal of federal and state financing for
highway, bridge, sewer, and transil project s is distributed on a “first come, first served”
basis, it is hustle — and the abibty to keep the bureaucratic pipelines full of ready-to-go
projects — that determines where public money 18 spent.

Meast of the federal funding for highways and bridges is disbursed with time constraints:
that 15, @ junediction must spend federal funds within a certain number of vears or lose its
innding aliotmemt 1o other states. Therefors, a state department of transportation mmust, for
example, meet wll federal and state planping and programming requirements while spending
its allotment of federal funds within the stated time limit. Accordingly, cities and counties
with ready-to-go projects consistently receive funding, On the other hand, communities that
fml to put together ready-to-go projects are unable to attreet anything close to their fair
share of public investment
How Can Local Communities Translate These Successes to Their Own Settings?

1. Develop a public/private nfrastructure partmership team. BUS-C will be pleased to
provide you with advice and wnitten matenal on creating a partnership and, in return,
asks only for ieedback on what actions you take and what works in your commumiy.

In the meantime, even if you have a partnership in place, consider the actions outlined
below,

2 Visit your metropolitan planning organization {MPO) {o find out about the availahiiity

and requirements for state and federal funding. If vou do not live in an urban ares, visit
the nearest field office of vour state department of transportation. Planners and engpineers
at this and other agencies can assist vou in determining whether federal participation is
appropnate for a given project, If participation 1s appropnate, staff will tell vou whai
steps are necessary to ensure federal financing.
It 15 amportant to recogmize that projects can usually be completed more quickly in
the absence of assistance  The federal government conditions the receipt of funds on
complinnce with federal standarde for planning, environmental, public participation, and
programming actions. For large, expensive public works improvements, however, federal
linancing is typically sssential,
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If wour project can be successlully undertaken with only state and local financing; your
MPQ will advise you accordingly. Your MPO can also greatly asdst in gmiding vou
through the federal and state lunding processes and introducing you to the kev players.

. Identify the most appropriate public agency or governmenl sponsor for your project

and secure that party's agreement to fund your project. Early on, talk to the head of
Lhe appropniate agency about what you need, when you need it, and the rationale for
the project, Ask for and follow the agency heed’s advice on how 1o “feed the agency.”
Identify the staff members who will be assigned to your project and get to know those
individuals. In other words, find out who is responsible for your project, what they need
from you, and when you need to complete key steps to ensure adberence to 5 mutnally
workable and realistic project schedule

Be sure Lhat elected officials are familiar with and support vour project. Find eut which
public bodies must sign off on vour project and what specific actions are necessary, Visit
the appropriate elected officials and desenbe how your project will contnbute to their
wvimion of and priorities for the commumly. ls= a consent ordinance needed from citv
council? Musi the MPO board of directors include your project in ite shorl- and |ong-
term plans and project lists? Doee the state nesd 1o file project-related documents with
the U. 5. Department of Transportation or 1J. 8. Environmental Protection Agency?
Does the state legslature assign funds for projects such as vours? Elected officalz can
be of immense assistance in spurmng timely action by public agencies, espeaially if the
officials are mvolved in the process eariy and consider themselves stakeholders in the
progect, =

Assume 100 percent proactive respomsibiiity for keeping your project moving. I a delay
oecurs, identify the reason. To the greatest extent possible, help the person who must
resolve the problem get whatever he or she needs to move the project forward Keep
all mvolved parties informed of project progress, and alert key public agency staff 10
changes as soon as possible.

Say thank you often and keep your word; deliver on your promuses. Most staffl at public
works agencies labor under hiring freeges and have not seen a significant pey incresse in
years, At the same time they are responsible for large numbers of projects and must
comply with new and confusing regulations, They are answerable o a diverse set of
interests. Let them know that vou appreciate their efforts

Encourage public agency staff to let yvou know if a problem atises or if you ean do
something to help keep vour project on track. If staffl members ask vou for information,
drawings, or legal or other information, tell them when vou will submit the requested
materials to them  Make sure that you deliver whal you promised when you pronused:
Make certain that any material is deliversd in a form that mest readily serves agency
purposes, Confirm that the nght person has in Tact received vour information

If the vanous steps: look like 8 Iot of work — and for some projects they represent o
full-time job— femember that the Cleveland experience has proven to be well worth the
efiort. The actions described here have led to considerable success; but the process can
be expanded and improved. We look forward 1o liearing from you about vour experiences
in bwilding public/private parinerships
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To make commente or to request further information write or phone;

Jack Licate, [hrector; Build Up Greater Cleveland; 200 Tower City Center; 50 Public
Square; Cleveland, Ohio 44114; 216/621-3300)
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Center Here; Center There; Center, Center Everywhere!

The Geographic Center of Wiscongin and the 17.5.4.:
Coneepts, Comments, and Misconceptions

Frank E. Barmore
Department of Physics
University of Wisconsin — La Crosse

Reprinted with permission from the Wisconsin Geographical Society: The Wisconsin Geog-
rapher, Volume 9, 1993, pp. 8-21.

Abstract

Published locations of gecgraphic centers are found to be inaccurate, mcansistently de-
termined and in senous need of revision. The definition of prographic center is clarified.
Methads of computation of two-dimenstonal distributions on curved surfaces are given. An
nceurate location for the cenler of Wisconsin is determined to be at latitude of 449387047
N., longitude of 88%42°35" W, The uncertainty in the geographic center of the United States
1= discussed, Recommendations for future further work are given.

Introduction

For more than two thirds of o ceniury fhe 17.5, |:_1'-E:{:-'|_|_‘;._g_icﬂ|_ Survev has published nfor-
mation about the area and geographic center of the varous states and the United Stales
(Douglas, 1023, 1930; Van Zandi, 1968, 1976, and pamphiets of the 1.8, Gealogical Survey,
L1867, 1881). These publications are careful to point oul the uncertainty and limitation of
the data and results. For example, Douglas (1923, p. 221 states that “That exact position
of the center of each Stale can not be determined from the data available, ..."” and Van
Zandl (1966, p. 265] states that "There being no generally accepted definition of ‘geagraphic
cenfer’ and no completely satisfactory method for determining it, a State or country may
hiave as many geograplic centers as there are definitions of the term.” and, “Becsuse many
factors, such as the curvatnre of the earth, large bodics of water, and irregular surfaces, affect
the determination of gecgraphic centers, the locality of the centers should he considered as
approximations only.” Since first published, the information [with minor exceptions) has not
been revised.

Seme things are getiing better, Adequale data are now available. There are satisfactary
definitions. Computers and powerful software are now widely available. There are analytical
means of taking inte account the Earth's surface curvature. Large bodies of water are just
as much a part of the whole as 15 the land and should be meluded. Ae a result. it is now
possible to determine “geographic centers” to high accuracy. This paper will discuse these
poimts and their impact on the determination of the geographic centers of Wisconsin and the
United States.

Definition of Geographic Center

The lack of ngreement on a definition of geographic center (eenter of area) is unfortu-
nately true. Opinions range from despair of any suitable solution existing, sxpressed by
Adams (1832), 1o enthusiasm over the exsience of an infinity of centers, all equally valid
(if not equally popular), outlimed by Neft (1966, p. 21). I suggest thai a reading of the
literature will show that an intermediate view is widely held and a single definition of “cen.
ter” 15 agreed on: The center of any distribution of things is the average location

12
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of those things. Il corresponds to the “center of gravity” or “balance point® of the dis-
tribution. In Euclidean spaces the average location is most easily caleulated by taking the
weighted vector sum of the location vectors [vectors whose magnitude and direction are the
distance and dirsction of the vanous things m the distribunion} and dinding by the total
weight or tolal population of the things, Such a center has the additional property that the
sum of the squares of the distaness between the center and the location of the varicus things
. Lhe distribution is minimom. This definition 1= equally suitable for distnibutions 1 one-,
two- three, or lughes-dimensional Euclidean spaces.

Almost a century ago, Hayford (1902) convincingly argued that the average location was
the most appropnate center. D L Mendeleey [1907 and before) used fermules which may be
derived from the “balance point” concepl {demived by his son 1. [D. Mendeleev) for finding
the geographic center and population center of Russia, Deetz {1918, p. 57) states that the
“Geograplue center of the United States' is here considersd as a poinl analogous to the
center of gravity of & spherical surface equally weighted (per unit area) and of the outline of
the country, and henee 11 mayv be found by means similar (e Lhoese emploved to find the center
of gravity.” All six Geological Survey publications, cted in the Introduction, appeal to the
“balance point”™ concept, For more than o century the U, 5. Burean of the Census has used
the concept of a “center of gravity” or “balance point” as defining the US:A population
center {Barmore, 1991)

In spite of this long tradition, there are still dissenters. Kumler and Goodehild (1992,
p. 278) recommend that the point of minimum aggregate travel (M.A.T.) is the hest measure
of center of population. [ find it hard to accepl some of their reasone for this recommendation.
First. they say that when calculating the mean or average location, “the points, or people,
are effectively weighted proportionally to ther distanes from the center — more distant
people have greater mfluznce on the location of the mean center than people nearby.” But,
it is location that is being averaged (weighted by population), not people bemng averaged
[weighted by distance). Each individual has exactly the same weght in inding the average
location. Second, they hebeve the M.A.T. “point does have one flaw — it 15 insensitive to
redial movement: If a person moves 1,000 kilometers directly toward or away from the mat
IM.A T, the point will not move; if that same person, however moves only a few kilometers
in any other direction the [M.A.T,| point will move accordingly.” And this shorteoming “is
the least severe” shortcoming of the vanous measures of center of population they discuss. |
disagree. Are we to have preferred or elite directions? Shouldn’t the center of a distribution
be equally sensitive to the motion of its component parts m any direction”

| euggest thet the term, center, should be reserved for the average [arithmetic mean)
location. Ciher statistical concepts that are found to be usefnl shonld be labeled with names
(other than cenier) that are descriptive of what they represent. For example, “the point of
minimum aggregate travel ® is just that; it should not be called the center. To do otherwise
15 Lo mvite a return to the confusion that exisied earlier in this century when the point of
minimum ageregate travel, the center [or average) location and the median latitude (and/or
longitude] of an area were often and incorrectly thought te be the same (Eells, 19301
Geographic Center of a Curved Surface

As mentioned in the Introduction, one difficulty that must be dealt witl is the curvature
of the Earth's surface. If the Earth's surface were flat, or if there exisied a flat map projection
whach left area, distance, and direction undistorted, the determination of geographic center

13



Summer, 1994

of portions of the Earth’s surface would be much simplified. However, distributions em the
Earth’s curved surfuce are spread over a two-dimensional non-Euclidean space. Traditionally
there have been two different wavs of responding Lo this problem.

Clne response 15 to find & lugher dimension space that 12 Euclidean in which to embed
the non-Euclidean space. Then the necessary caloulations can be carried out using the
fammliar Euclidean geometry. Thus, one can embed the two-dimensional Earth's susface n
a three-dimensional Earth's surface in a three-dimensional Euclidean space and caleulate
the three-cimensional avernge location, balance point, or “center of grevity™  This thres
dimensional approach is equivalent 1o the one sentence definition given by Deetz [1918) and
results in the formule gven and used by Mendeleev (1807) for population and geographic
centers on a spherical Earth, The method can casily be extended for distmbutions on the
surface of an elipsoid of revolution representing the Earth, though the formuls are more
complex. The resulting centers are below the surface and | find this distasteful.

The second response is Lo adapt and restrict the caleulations to the two-dimensional
non-Euclidean space. As I have previously desenbed in some detail (Barmore, 1991 1902)
this second solution is preferable. The result is a method that restricts the computations
of average location and the outcome to the surface of a sphere or an ellipsoid of revolution
which very closely approximeates the Earth's surface.

Geographic Center of Wisconsin

There exasts, several hundred feet south of the geometric center of the City of Pittsville,
Wood Co., Wisconsin, & monument with the following text

Center of the State of Wisconsin

In the early 1830 Governor Walter J. Kohler, Jr,
frequently visited the Prttsville area
On one such tnip he Proclaimed Pitisville 1o be
the exaci center of the State by Official Proclamation
on the 27th of June, 1832,
Professional Land Survevors established the corner
Iving 250 leet North of where you are now standing.

This menunvent donated by the Centzal Chapie:
of the Wisconsin Seciety of Lend Survevars
Greeted July 1957

Wayside constroction donnted by Cedar Cozporation, Marshfield,
[kole Dhecker Surveying: Esser Trucking, Arping
Mid Beate Associates; Peeple’s State Bank, Pitdsville

The text of the proclamation (Kohler, 1852) gives no hint of how or when it was de-
termined that the center of Wisconsin was at Pittsville. The Geological Survey places the
Wisconsin geographic center at "8 males southeast of Marshfield.” This point is 16 km from
the Pitteville monument

The geographic centers of Lthe varions states were first published by the U8, Geological
survey {Douglas, 1923, p. 221-222). Sinee then, and until as recently as 1991, the centers for
most of the States and particularly for Wisconsin have remained unrevised, Thus, the most
recently published center of Wisconsin reflects the boundaries and geographic data quality
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as of 1923 or carher. Also, according io the very brel definition accompanying the list of
centers and Adams’ (1932) lament that no analytical process was available, the outcome
is only approxmate. Thus, the results are of low accuracy. Third, the Great Lakes and
some 1slands were nol mcluded when determining the centers. Thus, sygnificant portions of
Wisconsin were not included. Clearly, these centers are npe for revising.

It 1 now possible to calenlate the geographic center of Wisconsin to much lugher accu-
racy. | have determined the geographic center of Wisconsin with an uncertainty of less than
U1 km. The determination was done for the center of all land and water areas meluding
those portions of the Great Lakes within Wisconsin. The center is in the east central portion
of Sec. 19, R T E, T 23 N, m the Town of Eau Pleme, Fortage Co. A second determination
was done for the center of the land area and “mland waters” for comparison with the previ-
ous determination given by the Geological Survey. This “center” is near the center of Sec
23, R4 E, T 25 N, a little northeast of the northeasi corner of the ity of Auburndale in
Waod Co. and is about 8 km from the point published by the Geclogical Surver. Based on
these results, i would be reasonable to assume that one could expect similar errors in the
existing published locations of the other state centers and they are alse i need of revision
These and previous resulis for Wisconsin are given in Table 1 and displaved on o map in
Figure 1. [The computational details and assumplions are given in Appendiz A)

Geographic Center of the Conterminons United States

The geographic center of the "Conterminous” United States (48 States and the Distriet
of Columbia) 1= widely pubhshed on maps; i atlases and in government documents, as being
near Lebanon, Smith County, Kansas, at latitude of 30°50° N and at longitude of 987357 W

All sources for thas and similar statements that can be traced, wltimately refer 1o a one
sentence statement with a bniel footnole published by Deetz (1918, p. 57) that reads:

“The Geographic eenter [ ") of the United States is approdmately in latitude 39%50'
and longitude 98735,

{*) ‘Geographic center of the United States' is here considered 2= a pomnt analo-
gous Lo the center of gravity of a spherical surface equally weighted (per unit area)
and of the ontline of the country, and hence il may be found by means simmlar to
those employed to find the center of gravity™
There 15 a hint as to how this might have been determined in the melancholy paper by

Adams (1932} which states

“A method that was used i the Coast and Geodetic Survey a number of vears ago
was the followmg: An equal-area map of the United States was constructed on thin
esrdboard and then the outline map was cut oul along the varions boundanes. The
center of gravity of this outline map was then determined.”

As this was done mn an analogue way (on what must have been a map of modest scale)
rather than ealeulated n a prease way, the result g probably of modest accuracy. Note that;
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Table 1. Wisconsin Geographic Center According to Various Sources

Description of Computation Source M. lat. W, i;:mg.
Center of all of Wisconzin tlus work 44 63445 RBO.TDOR®
Center of land and “inland waters®  this work 44.6351% 80.0023°
9 miles southeast of Marshfield, WI TSGS 1823 44 5728% 90.0441°
On the Pittsville, W1 monument Gov, 1932 44.4%34° 0013010

Table 2. Geographic Center of the Conterminous United States

Description of Computation Source N.lat. W, long.
On Clarke's (1866) ellipsaid surface
a] land & inland waters only this work — 30.7RT27  GR G830°
by all land & water arsas this work 3000747 BE.GR43°
lu thres dimensions this work 30.90207  08.8908°

On a Lambert Azimuthal Equal Aren map  this work J8.8TRA®  BB.0503°
On Albers Equal Area Conic projection thas work 30.8352%  OR.GROG"
Analogue: Balancing flat map (77) Dectz 1918 39.8333° 08.5833°

(a) It 15 a flar (and therefore distorted) map not a sphencal map whose center was found.
(k) 1t ie not stated which map projection was used to produce the map. (¢) It is not stated
what boundanes were used.

in an attempt to reproduce Deetz's result, this geographic center was recomputed in a
variety of ways. If enly Lthe areas and centers of the land and "inland waters” of the various
stales were used the agreement was very poor. However, if the list of areas and centers used
was expanded to mclude the portions of the Great Lakes within the United States and o
mclude the various sounds, straits, bays and coastal waters that are not part of the “inland
waters” of the vanous stales. then modest agreement could be achieved (see Appendix B
for details of these calenlations), The results are summarnzed in Table 2 and displayed on
a map in Figure 2. Because of the low guality of the data used in the computation, these
results chould nol be considered accurate,

Geographic Center of the United States

Apparently, the geographic cemier of The United States (50 States and the Distnct of
Columbia) was determuned by the U5 Coast and Geodetic Survey (ca. 1859) in a manner
described | if nowhere else, in several news releases. The accuracy of this result 15 questionable
for reasons outlined below.

The center of all 50 states was apparently determined, piecemesl, as follows; The 48
states were represented as being 3,022,400 square mules in area al the previously determined
location given by Deetz (1918) at latitnde 359°50° N, longitude 98%33', Alaska’s land and
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Figure 1. Wisconsin Geograplic Centers according to verions sources. The point labeled
SCENTER OF WISCONSINT 1= the center caleulated for all the land and water area within
the boundaries of Wisconsin. The location uncertainty of the point 15 not noticeable on a
magp of thie scale. The point labeled “CENTER, LAND ONLY" ig the center calculated
for all the land and “inland waters” butl excluding the portions of the Great Lakes lying
within: Wisconsin. The location uncertainty of this point is not noticeable on a map of
this scale. The point labeled "CENTER, USGS, 1923" 15 the cemter published by the U5
Geological Survey smee 1823, The “error bars” indicate the probable uncertamty unplied
by the manner in which the various State center locations were stated. The point labeled
"CENTER, KOHLER, 1952" inside the houndaries of Pittsville is the resull of Governor
Kohler’s 1952 Official Proclamation. The location nncertainty and method of determination
of this point are unknown,
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Figure 2. Geographic Center of the Conterminous United States determined by vanous
computational methods. The point labeled “CENTER, 48 STATES, ALL AREAS” 15 the
average location of all the vanous areas that make up the conterminons United States calem-
lated on the surface of Clarke’s (1866) ellipsoid nsing the preferred method (Barmore, 1861
1992). The pomnt labeled "CENTER, LAND & INLAND WATERS ONLY™ is the average
location of the vanous areas (the Great Lakes and other “non-inland waters” being excluded)
that make up the conterminous United States caleulated in the same manner. Because of the
limited accuracy of the data used, neither of these locations nor the other center locations
displayed in this figure should be considered as accurate. The point labeled “3-D7 15 the
LUhree-dimensional average location, projected onio the surface, of all the areas that make up
he contermmnouns United States. The point labeled "DEETZ, TUSCGS, 1918 is the widely
quoted result. The points labeled "LY and “A" are the centers determined by an analyvtical
computation that 1 equivalent to finding the balance point of 8 Lambert Azmmuthal Equal

Area map and an Albers Conical Equal map, respectively, of all areas of the conterminous
United States. 18
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“inland walers” area were represented as being 336,400 square miles at latitude G350 N,
longitude 152°00" W. The balance point of these two areas was found to be at Iatitude
44%58° N lomgitude 103°38" W. on the (presumed great circle) arc between them. Then
when Hawan joined the Unjon, the process was repeated. The 49 states were represented as
the sum of the previous two areas (3,608,800 square miles) located =t their balanes point.
Hawaii's land and “inland waters” area were represented as 6424 square miles al latitude
20713' N, longitnde 156°20' W. The balance point of these two areas was found to be at
latitude 44°58" X | longitude 1035467 W,

If the Earth’s surface were flat, this procedure would be as aceurate as the data nsed
would allow. However, the surface is not flat, but curved, When the distances are as large
ag those between the varous states of the United States, ignoring the survature can result n
a substantial error (Barmore, 1891, 1992} If the center is to be determined with distances

measured on the corved surface of the Earth, it must be redone from the bezinning with
each addition,

Another difficulty has to do with vsing data of mixed consistency. The 3,022 400 square
wmile figure for the 48 States is the land plus “inland waters” only. The location used for
Lhis area is apparently the center of a different arsa — the land, “inland waters” and a
substantial area of “non-inland waters.” [(These “non-inland waters” have an srea of
about 74,364 square mules, 2.4% of the 3,022 40 square mile figure [U.5, Bureau of the
Ceensus, 1840 )

In order to llustrate the differences that can result, the geographic center for the entire
United States was caleulated various wave. The resulte are summanzed in Table 2 and
digplayed on a map in Figure 3. the same methods and data were used that were used in
the preceding example with the exception thai the total of all land and all water areas for
Alaska and Hawali were those given most recently (U8, Burezu of the Census, 1992, table
340)). Becanse the centers and areas used have not been revised (with the exception of the
Alaskan and Hawaiian areas) the results should not be taken as accurate.

Summary and Recommendations

The geograplic ceniers and areas of the variousz States and The United States are in
serious need of revision for several reasone. In the seventy years that have passed since the
ceniers were determined, much has happened. Mapping of the United States is much im-
proved. Computational capability is now widely available —at should no longer be necessary
to make compromises for compuiational reasons. Dats om fland snd water area are much
improved, It zhould now be possible to compute the location of the various centers to an
aecutacy of ca. 10 m. The following recommendations aré made for this revision and any
sumilar sort of statistical analysis,

[. The term center of spatial diztributions should be reserved for the average (arithmetic
mean) location, Other statisucs of spatial distnibutions that are found to be useful
should be given other names o aveid confusion
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Table 3. Geographic Center of the United States [ All 50 States)

Diescription of Computation Source N lal. W, long.
On Clarke's [1866) ellipsoid surface this work 4543447 104.3524°
In three dimensions this work 45:2517"  104.1776°
On ellipsoid surface. Land and

“inland waters™ only. For companson.  this work 448482 104,1189°
U.5. Coast and Geodetic Survey news release 44906675 103.766TE

Table 4. Wisconsin Geographic Center Calculated Two Ways

Description of Computation N. lat. W. long, Hepﬂ:

In a three-dimensional FEuclidean volume 44 G473 80.7T007H44R 2 kin
Cnoa two-dimensiconal nop-Eunclidean surface  44.6343818%  89.70897066% 0.0 km

11.

III.

If the distribution covers enough of a curved surface for the curvature of the surface
to be noticeable, then special care must be taken. Unless appropriate compensation is
made for the Earth’s surface curvature, these calculations may not be properly done
uging any llat map projection. There 15 no flat map of the Earth's curved surface tha
leaves area, distance, and direction undistorted.. For distributions on the surface of
the earth, the computations of average lecation should be carned oul on the surface
and the results resideted Lo the surface. The method of doing this is outlined in some
detail elsewhere (Barmore, 1991, 1992) Alternately, the compuiations can be carmied
out in three dimensions using more famibar procedures, but the computation of two-
dimensional distribution statistics in two dimensions is preferable

If geographic centers of nerarchical sels of areas are presented, they should be done mn 2
comaistent way so that compansons are easy within a level and between levels, 1t should
be possible al any level to find the average of the larger sroup by averaging over its
component parts. In particular, if centers al one level for separate land and water areas
are miven, the centers for the subdivisions should be separated in the same manner. If
“non-inland waters” are excluded at one level they should be excluded at all levels.

. What s meluded {or excluded) should be clearly stated. The absence of any discussion

of what 15 meant by the term “North Amenca” makes meaningless the statements con-
cerming the center of North Amenea published by the 115, Geological Survey [Douglas,
1930; and pamphlets by the U. 5. Geological Survey, 1907 and 1991). Is Greeniand
meluded? Are “non-inland waters® included? Are off-shore islands included?
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Figure 3. Geographic Center of the United States (all land and water areas of all 50 States
and the Distnet of Columbia) determimed vanows ways. The pomnt labeled "CENTER,
ALL AREAS OF USA" iz the average location of all the various land and water areas
that make up the United States calculated on the surface of Clacke's (1866 ellipsoid using
the preferred methed [Barmore, 1991 1992}, Because of the hmited accuracy and linmited
miernal consistency of the data used. neither thiz location nor the other center locations
displayed in this figure should be considered as accurate. The poimt labeled “3-D7 15 the
three-dimensional average location, projected onto the surface, of the same areas, that make
up the Uniled States. The poini labeled "USCGS, 1958" is the widely quoted result, The
poirl labeled "CENTER, LAND & INLAND WATERS ONLY™ is the center of all land aren
combined with only the "inland waters” area, Lhe Greatl Lakes and "non-inland waters” being
excluded. This center, calculated on the Earth’s curved surface, corresponds most clossly to
the TI.5, Coast and Geodetic Survey procedure for determaming the geographic center. If 13
presented here for comparison
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Appendix A: Calculation of Wisconsin’s Geographic Center

All areas and centers were determined assuming Lhey lay on the surface of Clarke's (1866)
ellipscid (o = 6378.2064 km and & = 0.08227185 ).

The State’s surface and adjacent areas wers divided into 30 = 60 minute quadrangles
For 30 x 60 minuie gquadrangles that lay completely inside the State boundaries (or had
more than half their srea within the boundanes) the areas and centers were caleulated using
the ellipsoid geometry found m Bomford (1977) These resulis are very accurate. Wherever
the boundary cul & quadrangle, the arsas and centers were determined from the 1100000,
3 = G minute quadrangle maps published by the Geological Survey, If less than half the
quadrangle’s area was within Wisconsin, only the portion within the State was considered. If
more than half the quadrangle’s area was within the State, the area and center of the portion
10 be excluded were determined and subtracted from the previously ealculated values for the
entire quadrangle. This process mimmizes the areas that had to be measured rather than
caleulated.

The areas and centers that had 10 be measured were done as follows: a) [ the areas
were composed of quadrilaterals or triangles, the areas and centers were caleulated from
measurements taken directly from the map. b) If the areas were irregular, they were carefully
traced ¢nito a uniform sheet whose areal density had been previously determined with the
aid of an electromic “balance,” cut out, reweighed to determine their area and suspended
irom several points 1o determine their centers, ¢) The latitude and longitude of the centers
were then determined directly from the geographic grid on the map. d) The areas were then
corrected for scale changes. The scale changes have two causes: First, very small variations iy
scile resulting {rom the Umversal Transverse Mercator projection (Sayder, 1987, p. 58-fi4)
Second. scale changes due to expansion or shrinkage of the map paper caused by humidity
changes (determined from measurements of the 10000 m grid on the map]

Tlug process created a collection of 111 area elements representing the State. Over 87% of
the area (represented by the 37 full 30 x G0 minute guadrangles} in the ealeulations of center
nave calculated areas and centers for which the accuracy iz very high. For the remaming
13% of the area (represented hy 74 fractional areas averaging 325 sq. km) the accuracy of
the areas is probably limited by how well the areas were corrected for scale changes caused
by humdity changes. As a check, the total area of land and *inland waters” was found
o be 145435.1060 sg. km = 561528 sq. miless This compares favorably with the 56153
5. miles listed as the area of Wisconsin i the 1980 Census (1.5, Bureau of the Census,
1983). Also, the total area of Wisconsin (including the portion of the Great Lakes falling
within Wisconsm) was found to be 169609.8 sq, km. The Bureau of the Census (1992)
reporis Lhe total ares of Wiseonsin to be 169653 sq. km. The difference of 43 sq. km may
be due to disagresment about the boundanes of the State in Lake Michigan. [ have nsed
the boundanes shown on the 1:100000 scale, 30 = 60 minute series maps published by the
Geological Survey. These boundaries, in turn, are in agreement with those miven in Van
Zamdt (1976) and further elanfied in the 1948 Compact beiween Michigan, Wisconsin, and
Minnesota which finally settled the boundary {U.5. Statutes at Large, 1048). Other sources
show a different boundary — The National Atlas (U5, Geclogical Survey, 1970, o 17, 19,
313} or the Geological Survey map, State of Wisconsin, 1:5300.000 scale, 1966 comp., 1968
ed., for example. In the worst possible case an error of this magnitude would slaft the center
of Wisconsin two or three seconds of arc or albout 30 m on the surface.
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The State centes was then calculated by finding the average location of the 111 area
elements. This caleulation was done two ways: firet as a three-dimensional velume distribu-
tion and second as a two-dimensional surface distnbution [Barmore, 1081, 1992}, For areas
the size of Wisconsin, there 15 little difference between the two results except for depth
For example, see Table 4. The difference is only & few hundredths of a second of are, and
corresponds to a distanee of ane or two melers on the surface.

In order to provide a comparison for the Center of Wisconsin given by Douglas {1923,
that included the land and “inland waless" only, this center was also redetermined. There-
fore, the process, outlined ebove, was repeated for a somewhal different collection of 111
area elements (30 full 30 = 60 minute quadrangles and Bl fractional areas averaging 197 =q.
kmn; representing 82% and 18%, respectively, of the areas used in the calculation]), These
arca clements represent the area of the land and “mland waters", but not the Great Lakes,
within the boundarnes of Wisconsin

Appendix B: Caleulation of the Geographical Center of the Conterminous United
States

The geographic center of the conterminous United States was calculated usmg methods
previonsly described. The centers ealeulated on the curved surface in two dimensions or
when treating the areas as & three-dimensional volume distnbution assumed Clarke’s {1866)
eliipsotd (though the data quality hazdly justifies such accuracy). The centers calculated by
distributing the arsas on the surface of vanous flat maps used equations for the projections
given by Snyder (1987, p. 100-101, 185-187) for a sphencal earth, The Lambert Azimuthal
Equal Area map was centered at 38° 'N. latitnde, 95° W, longitude, following Dects (1918,
p. 87} and the Albers Equal Area map used two standard parallels at 29930 and 45°30" N,
latitude as suggesied by Deetz and Adams (1945, p. 94).

The data used consisted of two parts, The first part was the areas of land and "inland
waters” and centers as given by Douglas (1923, p. 219, 222) for Lhe 48 States and the Distrct
of Columbna, I the example of Wisconsin 15 typical, the accurrcy of this data is not high.
More recent and probably better data were mot used because the 1923 data for area are
nearly 1dentical to that given by Gannet (1906, p. 7, 8} and thus more charactenistic of the
data available to Destiz than more modern meterial. The second part of the dats was for
the “non-mland waters”, The areas included are those delineated earhier (1.5, Burean of the
Census, 1842, Map 1, and Table IV)., The approsamate centers for these "non-inland water”
areas were determined from maps in The National Atlas (U.S. Geological Survey, 1970)

Because of the uncertamnty m the areas and centers of the area elements whose locations
were averaged 1o get these results; thev should net be considered accurale
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General Problem

We are concerned with populations whose members have two discreie charactenistics; that
15, characteristics which are either present or absent in each member. In popalations having
twa charactenstics, the populations ecan be desenbed by the proporuon of the population
that has both characienistics present, one or the other (but not both) characteristics present,
ar both charactenstics absenl. Cne well-known way to present this dats = with a two carcle
Yenn Dingram in which each circle represents one of the characteristics, the intersection of the
cireles represenis the members with both charactensiies, and the region cutside both ciecles
but within the nvmverse of discourse (depicted as a bounded figure surrounding the orcles
often o rectangle| representis the members with neither charactemstic. Appropriate remons
might then be labelled with suitable pescentages, whether or not the grometric intersection
pattern is suggestive of the numeric partition of the sample. At this point, it may be useful
to the reader to draw a two-circle Venn diagram,

For example, consider a population of countries with national child vaccination pro-
grams. home of the countnies in the population use a campaign strategy, some a chinie-based
strategy, some use both strateges, and a few usze nether strategy. Construct a Venn dia-
gram to represent this grouping of mixed strategies. Draw Circle o on the left and draw an
imtersecting Circle 2 on the righl. Draw a rectangle that is large enough o easily contain
all of the intersecting circle configuration. In this Venn diagram, Circle & could represent
eounicies using a campaign strategy and Circle 8 could represent countres with a elime-
based strategy. Partition each of these circles according to their intersection patiern using
the {following notation.

Naotation

Let the syrmubol A denote the area of Cirele & that dees NOT also lie within the Circle 3.
Let the svmbol 8 denote the area of Circle 3 that does NOT also lie within the Circle @
Let the symbol AR denote the ares of the intersection of Circles a and &,

In the vaccination program interpretation of the two circle Venn diagram, Area 4 iz
proporiional to the countoies using only a campaign strategy, Area B Lo the countrnies using
only a climc-based strategy, and Area AB to the countries using both a campaign and a
chnic-based stralegy. Countries using neither stralegy are not represented; indeed, only
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participant populations will be considered for the remainder of this analysis, although we do
note the existence of the logical category of the “neither” class.

Date such as this is sometimes illustrated with bar or pie charts. Such illustrations
are inadequate because thev do not allow easy portrayal on a single diagram of both the
mmtersecting areas and the total percentage of each charactenstic. The advantage of using a
diagram of wlersecting circles 35 that 1t portrays all the data clearly in & single diagram,

The objective here 15 to draw the mtersecting circles so thal the different areas are exacily
proportional to the data, in much the way thal an equal area map is drawn so that diflerent
areas are exactly proporhional to the size of the landmass. Equal area graphic displays, be
they maps or diagrams, are critical in making aceurate visual comparisons of mapped or
plotted data.

The remainder of this paper is devoted to displaying the detail of the calculations re-
quired to consirucl equal-area Venn diagrams from real-world data. Pundamentally, these
celenlavions rest on the problem of finding the radii of the arcles and the location of thetr
centers, miven the vanows commen [intersecting) and mon-common areas.

Defimition of the two-cirele problem

Given two mtersecting aircles; o and 4. and given their common and non-commeon areas,
AB, A and B, respectively. Find the radii of both crcles, vy and rg, and the distance
between the centers of the 4wo circles d 45 such that the centers can be located and the cireles
drawn. It is clear that if the center of Circle o 15 al the origin, the Cartesiay coordinates of
the center of Circle 3 are (dapg, 0).

We can transform the three areas into percentages of the total area covered by the two
mtersecting circles by noting 1liat the total area covered is 4 + B + AB.

(1) A% =100 % (4/{A = B+ AB))
gives the A-only area percent;

(2) B

100 % (B{(A + B + AB))
gives the B-only area percent;

(3) AR%

100 % (AB/{A + 8 +AB))

gives the A8 area percent;

No generality 1s lost by requimng Circle o 10 be the larger circls and by standardizng the
size of Circle a by setting iis radius equal to 1 ry = §. [Naturally, this assumes that o = 3
and that the bigger real-world characteristic 15 assigned to Circle o)) As o resull, the area
A+ AR of Circle & 12 #, The problens can now be restated, more simply, as follows.

Given: A%, B%, and AB%, where A% + B% + ABY% = 100.
Find: v g, the radios of Circle 3, and d 45, the distance between the centers

Analytic Strategy

In order to solve the two-circle problem, define the chord of the intersection o be the
straight Iine joining the two points wheree the penmeters of the two circles intersect —assuming
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here, and throughout the remainder of the text, that one of the two arcles 15 not [lly
contained within the other. There are two situations that arise: one in which the chord lies
between Lhe two centers and a second in which the chord lies 1o one side of both centers. To
visnalize this relationship, draw one pair of circles with a relatively small area of intersection;
im this case the chord hes between the centers. In what follows. this configuration will be
referred to as one of type Case |, Alternatively, draw two circles with a relatively large area
of overlap; m tlis case Lhe chord lies on one side ol both centers. In what follows, this
configuration will be referred to as ome of type Case 1L

Starting with A%, 8%, and AB%, it 1= strmghtforward to denive rg, but not to derive
d 4g. Therefore, we reverse the sitnation and seek the function that vields A%, B%, and
ABY given v 4, rg, and d 4p. Several derivations are possible. The simplest one (not using
integral calculus) is presented below to maximize accessibility of content.

Functions for A%, B%, and AB% in terms of v 4, r g, and d 4p were obtained for Case
I and for Case II. These functions are sufficiently complex to obstruct the derivation of an
mverse funcuion that would yield d 45 m terms of A%, B%, and AB%. Consequently, a
numerical approach was used in which d 45 was calenlated for a grid of values of B'% and

AB% . The results are presented in Tables 1 and 2. The value r4 is assumed equal to one
and rpg is readily calculated from A%, B%. and AB%

With these results, several options are available {0 estimate d 45 from A%, B%, and
AB% . The prefecred option depends on the accuracy desired. Option 1 entails interpolating
from the data in Tables 1 and 2. Option 2 entails using a polynomial in 8% and AB%
{obiained wia regression) to estimate dgp. Ophions 1 and 2 are the least accurate, both
giving answers witlin one percent accuracy relative to the radius of the largest arcle {Circle
a ), Option 3, which will yield d 45 to any desired accuracy, entails searching by trial and
error using the functions B% = fild 4. rg) and AB% = fold g, rg). The tnal and error
search is greatly simplified by the fact that rg can be calculated directly from B% and

AB%.

Derivation of B% and AB% as a function of rg and d 45

General formuls

Heren's formula for the area of a tnangle 15 based on the lengths, a, b, and ¢, of its
sides. Let & =(1/2) x{a +b+¢c). Then the area of the triangle is:

(4] (5% (5 —a)x (5 ~b) x (5§ -t/

A sector of a carcle 15 the pre-shaped wedge cut from the center of the circle out 1o the
edge; The region of overlap of two intersecting circles is called a "lune” A sector can
be decomposed 1nto a tnangle and a lune split longitudmally. We refer to the triangular
portion &s the “triangle” of & sector and to the lunar portion as the “segment” of a sector.
The formula for the area of a sector of a crcle with central angle ¢} (measured in radians)
and radins r 15

(5 (1/2) 5 (@)=} = {r x0f) = (1/2) = (Q x»?),
The formula for the area of the corresponding tnangle of a sector 1s:
(G (1/2) xr® % ein Q.

28



SOLSTICE

The formula for the area of the corresponding segment of a sector is:

(7) (1/2) % (@ % #2) — (1/2) x 2 % sin@ = (1/2) % r2 % (Q — sin Q)

Case I Choerd es betwesn Lhe (o centers

In Case I, the chord of the lune separates the centers of circles o and @, The distance
d 45 is the distance between the two centers, measured along the line of centers. Form a
tniangle using the hine of centers as cne side of length d 45 The second side 15 formed
by joining the center of arcle & to the top inersection pomni of the lune; the acute angle
enclosed by the line of centers and this side has measure §) 4 which i= 1/2 of the central
angle subtending the chord of the lune from the center of circle a. In a similar fashion,
joim the center of circle & to the same thisd verlex to complete Lhe tgangle. The acute
angle enclosed between the line of centers and this side has measure @ p which is 1/2 of
the central angle subtending the chord of the lune from the center of arcle 3. Lt h denote
the altitude of this tnangle from the vertex of the lune to the line of centers. Let X denote
the horizontal distance from the center of Circle o 1o the intersection with the chord. Let
2 denots the area of the triangle with sides of lengths vy = 1, rg, and d 45, Let K 4 and
K g denote areas of Lhe gectors in circles a and & subiended by the cliord. Let Ly and L g
dencte the areas of the tnangles of these two sectors, Finally, let M4 and Mg deaote the
aréas of the segments of the two sectors. Then given 4, v, and d 45, find A, B%, AB%,
and A% as follows.

From equation (4},
(8] S={14+rg+dig)/2
From equations (4) and (8), we gel the area of the triangle as
() Z=(8%(S—1)x(5—rp) x (5 —dap))™
From equation (%),
{10 =123 Zidap,

becanse Z = (1/2) xh x dap.

From equation (10),
{11) Q4 = Arcsin (kv 4,
becanse Sing} 4 = h/r 4; also from equation (10],
[12] (Y'p = Aresin(hjrg).

becanse Sin@p=h/rg
FFrom equations (5] and {11), the sector A area 15

(13} Ky=rasx (2 x0Q)/2=04
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and from equations (5) and {12), the sector & area is

(14] Kp=rp®x(2xQg}/2=05
From equation (9}, the sum of the areas of the two sectors 1=

(15] Litlg=2x%2

To find the area AR of the intersecting area (lune), view il as the sum of the two SEZIENTS
of the two sectors. From equation (T AR = M+ Mp = (K 4 — L+ (Kp—Lg)= (K4
Kp)—(L 4+ Lg) so that from equations (9), (13), (14), (18), AB = Q4+ Qgexrg*—2x 2.
Using equations (11} and (12}, it follows that 48 = Aresin{h /v 4) = Arcsin( i/ B) » rgl -
2 x Z and finally, noting that r 4=1, that

|16) AR = Arcsin(h) — Arcsin(h/rg) xrp —2 % Z.

The B-only area is found by subtzacting the area of the lune from the area of the whale
cirele as

{]_i':I =7 '.l{'r"gg:l — A8}

subtracting out the extra ntersection. the total area covered by the circles, denoted TOTAL,
15 [from equation {16))

(18} TOTAL = (=) + (r xrg*) — AB,

'Some may recognize the formula in (18) as one form of the Principle of Incusion and
Exclusion—ed.|

FFrom equations [16) and (18) it follows that
(19) AB% = 100 = AB/TOTAL:
from equations [17) and (18} it follows that
[20) B% =100 = B/ TOTAL;
and from equations (19) and (207 it follows that
(21) A% =100 — AB% — B%.

These results hold for d 45 greater than or equal t0 X, the distance from the ongin to the
chord, but nol greater than vy —rg, that is:

{E'JII N Zdan =TT

where, from equation (11}, X = Cos (€ 4/2).
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(rse [1: Chard Lo one side of both centers

The same defimtions apply a5 in the previons section, except in relation to the following
sitnation. Draw two intersecting circles and nssociated lines, labelling them as follows. Draw
the larger of the two circles on the left, Insert the center of the large circle as 2 distinguished
dot. Draw a smaller circle intersecting the larger ome in such a way that the center of
the large circle is contained within the smaller circle. Much of the small circle is therefore
necessanily contained within the large circle. Note ihie center of the small circle az a dot
Draw the chord joiming the two intersection pointe of the small and large circles; half of if
lias length &, Diraw the line segment joining the two circle centers, of length d 4 and extend
the segment 1o intersect the chord. The small crele now eontains a right triangle which m
turn contains a tnangle with an obiuse angle. Label the radius of the larger circle as r4;
label the radius of the smaller aircle as » 5. Label the constructed central angle in the larger
circle as @ 4 and the constructed central angle in the smaller circle as (). The area of the
obtuse triangle is #; and the area of the difference between the nght triangle and the obiuse
triangle 15 Zq.

The fallowing formule can then be readily deduced. From equation (4),
(23) Si=lratrerdag)/2=(1+rg+dag)/2
from ‘equations (H)-and (23},
(24} T = (S 56 (S —1) %[5y =+ ) = (Br=dupi)H

from eguation (24

-

25) h=2x% 2/ dan

becaunse Z1 = (1/2) x d 4p = & from equation [25)

[26) £ 4 = Arcsin | k),

becanse Sin (6 4) = h/r4 = &; from equation (26)

(27) Qg = Arcsin{h/rg),

because Sin(Q g) = h/rg; from equations (25} and (27)

{2B) Zo=(1/2) ®hxrgxCos(Qp))

fromm equations (5} and (26)

(20 K 4= Sector 4 aren = {1/2) x (2 x04) xr4’ = Q4
from equations (24) and [28)

(30} Ly = Triangle Area of Sector 4 =2 % (Z; + 23);
from equations (7), (29], (30]

(31) M 4 = Begment Area of Sector 4 =K 4 — Ly
3l
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from equations (5) and. (27),
(32) ¥ = Setbory B Kron. = HIIH) N (T8 0 S r p® = gt e
from eguation [28)

(33) L g = Toangle Arca of Sector B = 2 x Z3;

from equatione (32} and (33)

(34) Mp = Segment Area of Seclor B = Kg —Lp;

from equations (31} and {34)

(33) Area W = Mp — M4

from equation {35)

{34 AB = Area of Cirdle B — Area W =% xnp® = W;
thus,
(37) 8 =W;

from equation (35)

TOTAL. the total area covered by the arcles

(38) = Area of Circle d + Area W =7 + W;
from eguations (36) and {38}

(39) AE% = 100 x AB/TOTAL,

from eguations [37) and (38)

(i B% = 100 x B/TOTAL;

and from equations {3%) and (40)

(41} A% = 100 — 4A8% — B%.

These results hold for d 45 greater than or equal to zero, but not greater than A, the
distance from the origin to the chord, that is:

(12) 0<dip <X,

where from equation {26] X = cos(Q 4)
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Methods for Computing rp and d 45.

The computation of rg given A%, B%, and AR% is straightforward. However, this is
not the case for d 45 in light of the fact that we did not obtain a function for d 45 1 terms
of A%, B%, and AE%. We present three numerical methods for estimating d a5, exch with
a different level of accuracy. TFirst, however, we derive AB% and BY% as a funclion of A,
B.and Af, and rg as a function of A8% and B%. These derivations of 48%, B% and
rp are the same for all three methods of estimating d 45

v asa Funetton of 8% and A8%

Let. A, B, and 48 be the B-ciredle only area, the A-circle only area, and the area of
intersection, respectively, and let TA =4 + F + AR then,

(43} AW =100 x 4/TA A= A% xT4/100:
(44 B%=10=x8/TA, EB=B%xTA/100;
145 ARG =100 % ARTA, AR =AB% »T4;] 100
(4G ] Circle 4 area =4 + AB = ;

(47) Circle B area = B+ AB =7 xrpg’

Substituting equation (46) in equation (A7) B+ AB =% xrg? = (A + AB) xvrg’,
(48) - =(B+ AB)/(4 + AB).
Substituling equations (43), (44), and (43) 11 equation [48):

g (B%RxTANI00+ [AB% »TA)100  BY% + AB%

9) "B T A% % TA)/100+ (AB% % TA)/100 A% + AB%
(50) A% = 100 — B% — AB%.

becaunse A% + BR + AB% = LH),
Substitniing equation (50) inte equation (40];

s BY% + AB% _ B%+AB%
¥ T {100-B% — AB%) +AB% 100 —B%
Thus,
(51) rp= ((B% + ABR)/ (100 — BY%))M*
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Look-up Table Method for Estinating d ag

Table 1 (at end of article} gives the value of d 4p to 6 decimal places for all values of
AB% from 0 to 100 and for B% from 0 to 50 in 5 percentage point increments for values of
d ap from (Vo r g +v5. Note from Trble | that some of the values are calculated using the
procedure for Case | and some using the Case Il procedure.

The procedure used o abtain the values in Table | is summanzed hers. For each com.
binntion of 8% and A8% in Table 1, caleulate d 45 as follows. First calculate rg nsing
equation (51). Then guess a value for d 4p that is approxamately correct, and gness whether
Case | or Case Ul applies. (In most areas of the table this is obvious.) Then calculate the
values of B% and AB% using the guessed value of d 45, the caleulated value of rp and
either squations (8) through (20) in Case I, or equations {23) through (40} in Case I1, Then
adjust the guessed value of d 457 up or down and recalculaie until the resulting values of 5%
and AB% approxmmate the desired values as closelyv as desired (s1x decimal points| i Table
1. Check the final value of d 45 to be sure the correct caleulation procedure was used (Case
| or II) with the inequalities (22) or {42],

Table ¥ contains values of d 45 for values of AB% in the [ 1o 10 range. Between () and
3, AB% 15 in increments of 1, This table was produced because of the large and non-linear
increments in d 4p in this range of A8

If the given values of B% and ABR are one of the combinations found i Table | or
Table 2, then the value of d 4z can be obtained directly from the tables to six decimal pomnt
accuracy, If the exact values of B% and AB% are not in either table, then an interpolation
procedure can be used. In Table 1, the procedure would be as follows

(n) Assume the given values of 8% and AB% are not along the lower diagonal of the
table, so that they are bounded by table values of 8% and ABY% ai four corners fonming
a rectangle within the wable. Lev dit, 7} be the value of d 4p for any values of A8% (or 1)
and B% (or 7)., within the defined range. Then d{AB%. B%) is the value of d 45 at the
given values of B% and ABY%. If ¢ is the value of AB% just less than the given AB%, f
is the valne of ABE% just greater than the given A8%, g is the value of 8% just less than
the given B%. and &t is the value of B% just greater than the given BY%. then,

dy = estimated value of d at point K

I:EE:I = d[.t.gl:l oy [d{fuﬂ] —d{t:y:l] . {.‘LE% = '-‘:'.l'lif = 'P:II

where I is the intersection point of a horizontal through dix, 7 ) with the vertical hne through

g
d; = estimated value of d at pont L

(53] =die.h) +{d{f,h) —dieh)) x [ABR — )/ ([ — e,

where L is the intersection point of a homzontal through dis, 7} with the vertical hine through
h

(54] Estimate of d{AB%, B%) =dg + (dp —dg) = (B% —g)/(h—g)
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(b} Assume the given values of AB% and 8% are near the lower diagonal of the defined
range such that the location is bounded by only three table values (rather than by four table
values, as in case (a) above). Use the same labelling as i case {(a) above for the hounding
table entries; note, however, that dilh) 12 not defined 1 this case (becanse of the nearness
of the table entry 1o the lower diagonal), At the boundaries where B% = (| or AB% = 0,
equation {54) holds. Otherwize, we have:

dp = estimaled valus of d al ponl K

G5Y = d{e, ) + (d(f,g) - dle.g)) x (AB% —c)/(f —<),

where R is the intersection point of a horizontal through dii. 7 ) with the vertical line through

g
dy = estimated value of d at pownt L

(56) =die, k)4 (dle.h] —die,g)) x (B% —g)/{h - g

where L ie the intersection point of a vertical through d(:.7) with the horizontal line through
£

dABT BR) =d(e,p)+(dg —de,g)) +(kz —d{e,0})) =dx ~dr ~d(e.g)
(87) =dle;g}(d(f.g)—d{zg)) x({ABFe—e)/(f —e)+(dle k) —dle. g)) x[B%—g)/(h—g)

The use of formulas (51) and (57} in conjunction with Table 1 will generally produce
answers for d 45 within 0.01 of the correct figures, with the exception of the range for AB%
from 0 to 5. In some areas of this range, particularly for B% greater than 43, the error can be
over (.05 For example, this method produces an estimated valee for d{2.5, 47.5) = 1.7394,
compared to the correct value of 1.7927, an error of 0.053. (This error 35 5.8% of the radius
of circle A, which 1s 1, and 35 100 = 0.0533/ 1.7927 = 3% of the correct value of d 45.)

If Table 2 15 used for values of AB% between 0 and 3, the error can be reduced to lese
than (.02 in the worst cases. For example, the nse of Table 2 produces an estimated value
for d(.5.49.5) = 193018, compared to the correct value of 191298, an eror of 0.01717.
(This is 1.7% of the radius of circle A and 0.9% of the correct value of d,5.)

Polvnomial Estimation of 45

The regression formule were nsed to obtain polymomials i AR% and 8% that estimated
a4fx; i effect interpolating for values of AB% and B% between the grid points in Table
i The range of AB% and H% was separated info three subranges and a polynomial
was obteined for each subrange. The three subranges are specified below and also denoted
graphically, using 2 vanety of typefaces, in Table 3.

(58] Subrange 1: AB% > dand B% = 5.
(39) Subrange 2:01 € AB% < Sand0 < B% < 30
[GL) Subrange 3:0 < AB% < 100and0 < B% < 5.
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The polynomials obtmined for each subrange are given below.
Palynomial | for subrange L:

{61) estdqp’ = cp 4 1Ny +eaXa +caXa + ey +ep N5 4 el < a7 X7 4 cal,

where
cp = (004588180
ap= D0DSTOOTEN, X = AR
eq = —0.001B18030, X» = B%
g = —0.120148003, X3 = (48%)1/2
co= 0130801455, Xy = (B%)/?
ez = —0.000147200, Xp = [4B%) = (B%)
£s = —0.000017449, Xg = (AB%)?
a7 = (LODOORLODA. X+ = (B%)?
cy = —0.004913375, Xz = (AB% x B%)M2,
Pelvnomial 2 for subrangs 2

(62) estd 4p° =ep + o Xy FeaXs +eaNy +og Ny + calNp 4+ ceNg + ey Ay,
whcre

cp = L.IE5E4544

oy = =0.009630203; X;=AB%R

s = 0.002712022. X:= 8%
s = — 0080520075, Xy = [AB%)*
o=  0.083223275, &y = (B%)1?
o5 = —0.000366121, X5 = (AB%) = (B%)
eq = —0.000521608, Xg = (AB%)*
cp = 0000075850, X; = (B%)?
Polynomial 3 for subrange 3

(3] est ti_.ma = prp+elh ]+ eoXNy 2~ ogNa +oe Xy FesNg+opAg—or At —esds,

where
cop = 1.0099R4TR]
ey = 0.001043059, X, = A8%
ey = 0009084475, X2 = B%
ey = —(. 106641306, X5 = (AB%)?
cs = .0BB407208, Xy = (BR)2
ey = —0:000104701, X5 = (AB%) % (B%)
cp = —0.000052845, Xg = (AB%)
e = —0,000084727, X7 = (B%)°
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ey = —0.007200240, Xy = (AB% » B%)1/2,

Numerncal Searclh on the Inverse Function

The value of d 45 can be obtained to auy desited accuracy for any combination of ABR

and B% in the defined range using the same procedure as was used to denve Table 1. We
summarnize the procedure helow

(1)
(2]
(3
(4]
(5)
(6]

(7]

(&)

(91}

Given A, B, and A8.

Calculate B% using equation [(44).

Caleuiate AB% using equation (43)

Calculate r g using equation {J1).

Esiimate an approximate valwe for d 45 using Table 1.

Estimate whether Case 1 or Case 11 applies for the caleulated values of B% and AB%
using Tables 1 and 2.

Calculate estimated values of AB% and B% using the caleulated value of rg from step
4, the estimaied value of d4p from step 5 and equations (19 and (20) for Case T or
equations [39) and (40) for Case 11

[f the estimated value of B% obtained in siep 7 is too small, increase the sstimated
value of d 4p and recalculate AB% and B% by recycling throngh step 7; i B% is too
big, reduce the estimated valwe of d4p and recvele through step 7. The size of the
adjustiment depends on the approxmate slope m the remion of concern. For exemple, if
we were in a region of Table | where d 45 increased 0,025 while B% was incressing by
5 (as iz approximately the case for B% between 10 and 15 and AB% =60), then adjust
d 45 by 0005 for each error imerement of 1in B%. In this way, the error in B% can be
magde as small as desited by continued recycling. The value of AB% converges to the
desired value along with 8%

Check to be sure that the proper case (I or IT) was used by applving the mequalines (22)
or (42).
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Editor's Note:

In the original submission the anthor alse considered Venn diagrame of three circles,
noting thai the three-circle Venn diagram contains insufficient degrees of freedom to provide
A general solution to a thres characteristic situation. The reader interested in generalizations
of the two-cirele case might wish to examine the literature of Boolean algebra, particulurly
Karnaugh maps used i the mminuization of switching circuits,

More detail is presented in this presentation than would be in traditional publications,
suggesting vel another avenne to explors in Lhe dissemination of mformation across disci-
phnary boundaries and one way to offer detail that might be required by engimeers in the
field to implement abstract ideas presented in journals. The increase i cost, to present extra
detail that may not be necessary to all, 2 minuscule in an electronic format.

Anthor’s Nole:

The author wishes to thank anonymons teferees for suggesting the viewpoint of “equal
rrea” Venn dizgrams, and for substantial help in making the context of the problem reflect
this viewpaint
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TABLE 1
TWO INTERSECTING CIRCLES PROELEM
Distance between centers (d), given AB% and B-ONLY %

B «pdy "-"'E

AD% oo 03 1o is 20 L5 an a5 a0 4= 50
o0 1 1220889 133335 L4008 15 157746 165404 17337 L6163 18MEZ 2
0 0.77T6283 O8I 1OSI7H3  LIB4EET 1OSTTD LAOTION 1.3T40GF |443 15137  1.5AGAT
10 0.6837TS 0.ABAAAR  OOAI9AT  LOATEED 110483 1168008 1 I2HISH 1 2SSTOL 150020 1412509
i 0613702 0.7824TH OBEATT 018611 10005 LOITOE 1117064 1,06ETDS 1.070433

Fa) D.EEZTET D.TIONO5E 070011 R 03513 0BEEa1T 1012060 1.OGGEAD 1. 10GLES

ZE 0.5 DO40458 072074 OTE0IG  O.E31ES4 (.ETSE49 0.07I53T D OEIETD

30 0.45Z2T8 0.G800G4 O.ORTANE OTLZ4E2  (.7S09RS 0801260 0 EI6453 (ATIH

o D.40E50E  DE56208 0508014 O6ADTIE  D0O160 0.TZETEY LLTH1400

0 0.207T545 0.4BTOGH 0545070 O.5POS44 D.EZEITI 0 ES004D DEANSSE

LT 052018 D.440711 0@ dpd OLTAR10 DEGTHES DE0g0gE

5 0202804 000080 0.445404 0.4SIZ6 (LG0SB3T 0530864

13 0.258281 O0.954560 0.ABEINE 0430363 D451TET

a0 N.225404 0313084 0352752 OATEEIT  RALIER

6b 0.188TT5 0.27406 0908128 0.AZ84E1

Ol 010554 O.230T21 020400 O2TH0EE

75 0,138876  O.IDEED  0.Z18622 -

5 I.INEETE  O.IA001A  0.1T4TAE

A& 0078040 G.122EED

ol D.OFI1E1T (LUEIGHE

a5 nN2E821

T4} ]

case |: Chord joining intersection points lies between the two centers
Case II: Chord lies to one side of both centers.
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TABLE 2
DATA TAELE FOR TWO-CIRCLE PROELEM
Distanee belween centers (d), given A% and B-ONLY %
for AB% = 00— 05

B-Only %
AB% 00 i1 2 (3 (4 05
il 1 (100303  1.142857 1.175863 1.204124 1.229300
il 0.9 (.A06625 1041666 1.076413 1105877 1.132020

02 U.858578 0.940095 0.993166 1027487  1.056604 1082652
) 0.826704 0.91298 095593 0989618 1.018366 1.044

i1 0.5 0.882799 0.924676 0.957696 0.0985978 1.011194
05 0.7T76397 D.B56305 (.BOT2TE (L929644 0.957428 (982242

B-Only %
A% 10 13 a0 20 S0 3o 4l
il 1.33333 142008 15 157735 163464 17337 | 2163
i 1.2376563 1.324053 1402561 1477746 1.552221 1.62TH7R. 1.70G6373
{12 LIBT4IT 1.272749 L.340019 1423492 1496065 1569480 1.645393
03 1.147486 1.231629 1.307493 1379587 1.450471 1.521065 1.595619
i 1.113248 1.19G158 1270744 1.341437 1.410751 1480464 1.352075

{5 LOB2T03 1.164457 1.23779 L3OTI36 1374962 1.443 1.8127

B-Only %
ABY% 45 40 47 48 44 a0
(i LO0a53  1.922055 1941696 1.960768 1.080196 2
a1 1. 789387 1.806604 1.824274 1.842146 1.RG0O32T
02 1725354 L.7T41088 1.758872 1.778022 1.793457

3 1.672%7 1.689029 1.705319 1.721855
M L.G2T067 1.642506 L.65B348 1.674328
0 1.58547 1.000524 1.615770

Case I: Chord joining intersection poinis lies between the two centers
Case TI: Chord lies to one side of both centers,

40



SOLSTICE

TABLE 3
TWO INTERSECTING CIRCLES PROBLEM
Error in the Estimated Distance between the two centers: (dest - d )

B .oy %
AB% oo [ 10 1% E4] 75 20 15 in 45 a0
o .0NANES  -D.0BIAD  —DONA2E  OLER2RAD DO0GTI0 DLOGTOA3 0000202 O.000R0T UORGELY 0000285 -0.0117T0
i} =0 0TI CLBUUEAE <0314 «0.00400  -00004F ~0DnE0E 000110 0000505 0002136 00018525
m -0.0071] -0.00330 LOOD1ET CUOUGEERG  -OUUGUFR  GDDDOTE  -0000868 00010k 00007 -odoins
15 {100 26 S CHEEER IR L0 -0001E1T -0.00182 0 G0ERR D000dE aDu2Te
b1 Rt -00363 DOMMES  LOUO0OMG OBOREY  CDODIET 000037 D0oEdatd 000706
L L4 LOPDEES BODLIE] 000D 000143 BDO1EE . 00003 0LD04SRE
a0 (RN K [ QAO0LTIT Do0D0Td  SD0DIEE -0oD0TE4 oniond  LGETOY
55 OAMITET 0000235 DODFIZD 000005 -O0018E S00U1ER DOnTTER
LT ool 24 LOBan oozl G000 SD002RS  -CosY G2 THE
45 LLopaTn ILD01ATE  O00ZREL. NDETE J0ETl ODEEE]
] QLA DODIEES  QDOIRAE  DLD0124 SDODInG  S0000sEq
B 1002114 GO0T40T  DD0IGGEE  JDNTD 0003
a0 EN g B OOHTONT  BEDINEE  -DLODINE  -0HOT
i fLeEd CUOUGERE  DLO0000s G ik
70 MIE4T  -D0DERT DOD0EDG. -BANIER
™ LNIETE  JRODLLE DODd A
0 LOMIZI0 GDOOLED DOD3LEG
&5 T I T QAN R
a0 -GLENII B 001400
o5 -L03EY
1M LR

Actual Distance from Table 1; Estimated Distance rom Polynomals 1, 2, and 3.
Polynomial 1
Palynomial 2
Polvnomial 3
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Los Anpeles, 1994- A Spatial Scientific View

Sandra L. Arlinghaus,
Institute of Mathematical Geography and Umiversity of Michigan

William C. Arhimghaus;
Lawrence Technological University

Frank Hararv.
MNew Mexico State Unmiversity
John ). Nystuen,
University of Michigan

An algonithm discussed by Mana Hasse (Hasee, 1961; Tarary, Norman, and Cartwright.
1965 offers a method for finding the shortest distance beiween any two nodes in a network
of n nodes when given only distances between adjacent nodes. The algonthm 15 one that
incuses on structure alone, and it 13 therefore spatial. The procedure is similar in form 1o
that used to multiply matrices, given two n x n matrices | and B. To find the enlnes in
their Hasse-sum, matrix O, take the minimum of the row-by-column sums; thus, the entry

e{21) = mun{af2]) + b( 12}, a(22) + H(22}, a{23) + B(32),...,a(2n]) + b(n2)}

The resulis below show the outeome of applving this tool from theoretical spatial scence
to the real-world: to one change in the Loz Aungeles freeway pattern following the recent
devastating earthquake (January 17, 19894).

Loz Angeles, 1994,

When a recent earthquake caused a disastrous collapse of a span of the Santa Monica
freeway, according to television ceports the world's busiest freeway (carrying an estimated
300,000 wvehicles per weekday), mumicipal authenties managed 1o keep the ety moving
They emploved a well-balanced combination of alternate routing using intelligent velucle
highway systems ([VHS) in which traffic lights along surface routes paralleling freeways
were coordingted in response to user demand, together with media messages urging people
te gtay ofl moadways and the effsctive dispersal of mformation concerming alternate routes,
Chutside forecesters of doom predicied massive grnidlock that did not occur in regions where
alternate rouling was avalable.

In the analysis below, we test Hasse's algorithm agamst a changed adjacency configura-
lion and interprel the results. Indeed, what would a forecaster using the Hasse algorithm
have predicted in this situation”

The map i Figure | shows o portion of the Los Angeles freeway system, and nearby
major surlace arlerials, linking Los Angeles International Airport (LAX) 10 the Central City
(CC). We tightened our focus to consider what sort of impact the partial elosing of the
Santa Monica freeway might have on travel times to and from the sirport and the downtown
region. Lhe routing in Figure § s along freewaye, ouly, that lorm a square envelope around
the direct diagonal route (that does not exast in the real world ) Iimking LAX to the CC. Any
rupture along this circuil will completely destrov one of the twe possible roules, sending all
the traffic along one path only, Thus, when the Santa Momica freeway was ruptured (Figure
2)—cross-hatched area on Figure 1 - all the tralfic would have been [orced due east and then
north, if only freeway hnkages were employed.
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Figure 1. LAX denotes Los Anpeles International Airpori. CC denctes the Central City,
Ronies are along major expressways. The X indicates Lthe rupture n the Santa Monmicn
[reeveay caused by the Janvary LT, 1994 earthquake. Consider that all lines, whether dashed
or solid, represent continuous graphical hinkage between adjucent nodes. The only break in
the freeway 1s al the X,

'l'o overcome this apparently disastrons traffic situation, it 1s natural to introduce alter-
nate rontes along roads thal are already present. [ndeed, in earlier mathematical referances
there 18 consideration of this sort of rerouting problem after some edges of a network have
been deleted szlrien_ge:r! 1927; Ford and Fulkerson; 1862)., One set of major surface routes 15
added to the map in Figure 1| o offer & number of different routes (Figure 3). The matrix
A [Figure 4) displays time-distances in tabular form across the network shown in Figure 3
The entrv of 12 in the first row, second column indicates that it takes 12 guarter-minutes Lo
travel from the node labelled 1 to the node labelled 2. A zerc in this mairnx mdicates thai
there are zero quarter-nunutes required as travel ime-thus, zerces appear in this mainx only
along the main diagonal. Nodes are treated as points within which no tzavel 15 possible, An
asterisk indicates that there is no direct linkage between corresponding entries— an asterisk
i the {1.3) position indicates thai there 15 no single edge of the graph linking node | to
node 3. All numencal entnes are expressed in quarter-minutes; the Pascal program (Figure
5}, was wntiten 1o display mtegral resulls: [Use of a spreadsheet is possible but 15 far more
tire-consuming. ) Travel times were calenlated from distances in the 1993 Rand McNally
Hoad Atles, assuming (from Reld expernence) an average speed of 40 mph.

Higher powers of the matnx A count sumbers of paths of longer length. The matnix
A* counts paths of 2 edges as well as those of one edge Thus, in A% one would expeet 1o
find an entry indicating the total time to travel from node 1 to node 3. as well as entries
representing travel fimes across single graphical edges from node 1 to node 2 and from node
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Figure 2. Drawing based on a pholo, showing damage to the Los Angeles freewnys, from
the New York Times, Tuesday, Jannary 18, 1584

2 to node 3; indesd, as would be hoped the travel time of 30 guarter-minutes from nodes
1 to 315 the sum of the travel times from 1 to 2 {12 guarter-minuies) and from 2 e 3 [18
guarler-rmnutes ).

The Hasse operator (erromecusty referred to as the Hedetniemi operator in some eather
work; corrected by F. Harary who also notes that thiz procedure may slse be present in
literature earher than Hasse's 1961 article) always selects the shortest path of more than one s
available. OUther algonthms execute similar caleulations; however, Floyd's algorithm provides
easy display of lengths ouly (and not the components that compose them), while Dijkstra’s
algorithm is not designed for easv display of resulls but does permit the determination of the
actual position of the shoriest path. Both of these algorithme require the same number of
steps mdependent of the actual data; Hasse's does not — it stops shorter than would Floyd's or
Dhjkstra’s 1o many situations. Further detail has been pubhshed elsewhere (Harary, Norman,
and Cartwright, 1960, Arlinghaus, Ariinghaus, and Nystuen, 1990],

The matrices A through A® show travel Limes across paths of varying length for the
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Figure 3. Same basic paltern as Figure 1, with surface routes added, and intersections of
surface rontes added as nodes in the graph. LAX denotes Los Angeles International Airport

CC denotes the Central City. Routes zre along major expresswavs. The X indicates (he rap-
ture in the Santa Monica freeway cavsed by the January 17, 1994 earthquake. Consider that
all Lines, whether dashed or solid. represent continucus graphical linkage between adjacent
nodes. The only break m the freeway 15 a2t the X,

freeway system pnor 1o the earthquake (Figure 4a). The algonithm stops when 477 = A",
i this case, therefore, the last matrix with new entries is 4"-the matnx A7 ¢ caleulated
to know when to stop the ieration. A different initial matrix is required to capture the
linkage pattern between LAX and CC following the 1994 earthguake {Figure 4b)-the Santa
Momica freeway was shatiered between nodes 4 and 6 on the graph in Figure 3. The matrix
B in Figure B indicates a new adjacency patiern; mm A, the 4th row, 6th column contained a
value of 30 to represent the direct hnkage between nodes 4 and 6. The corresponding entry
m matrix B s an asterisk = that is, there is oo path, of a single graphical edgs, available
hetween nodes 4 and 6. When Hasse's algorithm 15 run using 8 (Figure 4b), instead of 4
(Figure 2a], as the imual matrx, the iteration requires the same number of stages; however,
some of the entries are larger in & than in 4, reflecting the need for longer paths to provide
alternate routes around Lhe earthguake-altered freeway. In the sighth iteration, the B-
iterate contains entries in the (4,6), (4.8), (4.10), (£.12), and (4,16) positions that are about
3l guarter-munuies larger than are the eniries in the corresponding eighth A-iterate. This
mcrease in the siructural model comes purely from spatial pattern-it does not address the
natlural mecrease in congestion that one wonld also expect.

The surface route pattern that was introduced permitted oll turns at each of the surface
route miersections; this sort of strategy appears desirable. but hecanse turns (especally
L5 left-hand turne onto two way streets) generally force additional slowing of the traffic
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Figure 6. Same basic pattern as Figure 1, with surface routes added: unlike Figure 2, in
this case mtersections of surface routes are NOT added as nodes i the graph. The surface
routes have himited access. LAX denotes Loz Angeles International Atrport. OO denotes the
Central City. Houtes zre along major expressways. The X indicates the rupture in the Santa
Momea freeway cawsed by the Janvary 17, 1994 earthquake, Consider that all hnes. whether

dashed or solid, represemt contmuons graplieal linkage between adjacent nodes. The ounly
break in the freeway 15 at the X

one might consider further alteration of the structural model,

Figure i shows a modified form of the map m Figure 3; in it, the nodes 17 through 24 have
been omitted. This graphical omission corresponds to the real-world notion of preventing
mtersecting traffic flows within the interchanges. One way to reduce congestion is to prohibit
all turns. Another 12 to use traffic ights in a manner that responds to the traffic itgelf, rather
that to estimates of traffic. The structural model in Figure & represents this sort of approach:
the north:south route from node 3 to node 6 does not intersect any of the east-west surface
vehicular lows.

Figure 7a shows the imtial matrix € representing this particular struetural mode! that
permiis restricled pre-earthguake travel across surface routes, Figure 7h shows the initial
matnx [ representing the model with the rupture in the Santa Monica fresway, When
Hasse's algorithm 1s run, there are clearly once again a number of locations that stand oul:
the {4,G) entry, for example, goes from 30 quarter-munutes to 114 quarter-minutes in this
case. Indeed, there is not even any path available of length less than 5 for this entry: there
i8 an astersk in thiz position in 0% —the only astensk for this entry in the O iteration
sequence, with the bridge in, i in the frst matrx. The last enlnes to come into the D
sequence iteration are (4.8) and (4.9)-this situation tallies with the relationshins shown on
the map in Figure 3. Traffic engineers moght choose thie latter model during times of the
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day when volumes are not high at ibe nodes showing large mereases, or some other strategy
that responds to traffic history.

The path structure from node | (LAX) to node 16 {CC) 1= not altered: the Santa Monica
freeway was not the shortest route from LAX to CC although its closure no doubt adds to
the congestion along shorter routes: Most of the eatmes in the fourth row of D7 1o the
nght of, and including, the sixth column show mereases in time — some only slight and some
substantial. Omly the fourth row and the fourth column show altered time patierns, pre-
and posi-earthquake — MHasse’s algorithm shows that the underdying spatial structure of the
road network is sufficient to provide alternate rouling Lo and from LAX to CC and between
many of the intervening locations. Tlus finding matches what has apparently happened in
the actual post-earthguake environment.

Policv Implications

in order 1o turn the elegant theoretical tool of Hasse into one a traffic enginesr might
actually employ, there are a number of pelicy imphcations to consider — policy changes can
put real-world testh mto theory.

1. No turns excepl onto expresswave means maximum fAow; howsever, {his strategy is awk-
ward for those living m the area. Indeed, even if it iz assumed that people can tuen
off onto minor streets ut cannot turn ot magor mtersections, these local turns cause a
lower average speed

B2

Permit might hand tums only -not too disruptive of flow so speed 1s maintained, The

algorithm still holds, even with an asymmetnc matrix.

3. Permit all turns - there are a number of engineering stratemes that might have corre-
spending structural components in a graphical model Left hand turns slow the svetem.
Insert different average speeds or times on the edges of the structural modsl.

4, Use one-way streets—this strafegy equalizes lell and might tums; it, too, produces asvm-

melne adjaceney matnees,
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Figures containing tables
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Figure 4a.i This is the initial matrix, 4. Figure 4a contamns a set of nine tables (i to
1) illustrating the use of Hasee's algorithm on part of the LA freeway/surface route system,
shown in Figure 3, prior to the earthquake of January 17, 1994, Travel times are in one-
quarier minutes. An astersk indicates that the travel time between locatione is too lazge to
enter the matrix. A double-zere indicates an entry of 0.
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Figure 4a.ii This is the power 3 matrix. 47,
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SOLSTICE

00 12 20 54 18 51 3060 36 * 42 * 48 * * * 1B 30 27 30 36 48 42 *
12 00 18 42 18 39 30 48 36 57 43 % * 33y * * 6 1B 15 27 24 36 30 42
30 18 00 24 36 39 48 48 54 57 * 63 * * 51 * 24 1833 27 42 36 48 4B
5442 24 00 60 30 7242 % 51 * BT * * (348 42 57 51 GG 6D * 7
18 18 36 60 00 45 12 54 18 63 24 * 30 39 * * 12 24 21 33 30 42 36 48
51 20 39 3045 (057 12 63721 * 27 * * 'BI 33 33 21 42 30 51 39 57 48
0 30 48-72 12 57 D0 486 b4 12 60 18 3042 % 24 26 1527 21 33 27 39
G0 4% 48 42 54 12 48 00 54°9 60 15 * 51 30 21 42 30 3321 4230 48 36
3636 54 * 18 G636 54 0048 6 b4 12 24 36 5y 30 42 21 33 15 37 21 33
* ST AT BH1G3 21540 4300 54 6 54 42 30 12 31 39 42 30 33 21 39 27
4242 % % 24 * 12 806 &4 00 486 18730 51 30 48:27 .39 21 33 15 27
# % B3ARTY 276015546 4500 48 36 24 6 57 45 48 36 39 27 33 21
qg = = #& an % 8 * 1254 65 '48 00 12724 4539 = 30°% 21383 1527
* % 59 * 30 51 2442 18 38 12 0012 3327 3918 30 9 21 3 15
) * oAl 42 30036 20 30024 24 12 00 21 39 3330 24 21 15 153
* " o ogyY 33Y 215712 o1 6 40 4321 00 % bl 5142 42 35 3624
18 6 24 48 12 33 24 42 30 B 3657 39 27 39 * 00 129 21 18 30 24 36
30 16 18 42 24 21 36 30 42:30 48 45 % 3933 51 12 00 21 8 30 18 36 30
9% 15 23 57:21 42 15 33.31.43 2748 30 1830 519 210012 9 21 15 2%
2027 20 51-83 23027 21 4330 39 36 42:30-24 42321 @ 12 00 21§ 2721
3624 4266 30 5121 42 15 33 21 30 21 0 21 42 18 309 21 00 12 6 18
48 36 36 60 42 3933 30 27 .21 33 27 33 2116 33 30 1B 2109 12 0O 15 ]2
42 30 48 % 36 57 27 48 21°30 ‘15 33 153 15 36 24 36 15 27 6 18 00 12
= 42 48 T2 43 4B 39 36 33 27 27 21 27 15 3 24 36 30 27 21 18 12 12 00

Figure 4a.v This is the power 5 matrix. 1,




Summer, 1934

O 12 30054 18 51 30 60°36 69 42 = 4845 % * 1830 27 30 36 48 42 54
12 00 18 42 18 30 30/ 48 26 57 42 63 45 23 45 * & 1B 15 27 94 44 30 42
30 18 00 24 36 30 48 48 54 57 G0 63 * 51 51 69 24 18 33 27 42 36 48 48
G4 42 24 00 60 30 72 42 T8 51 * 57T * ¥ 75 G 48 42 57 51 68 60 72 T2
18 18 36 60 00 45 12 54 18 63 24 69 30 39 51 * 12 24 21 33 20 42 36 48
51 39 30 30 45 00 57 12 63 21 60 27 * 6051 33 33 21 42 30 51 30 57 48
30 30 48 72 12 57 00 48 6 54 12 60 18 30 42 63 24 36 15 27 21 33 27 3¢
G0 4B 4B 42 54 12 4500 534 § B0 13 63 51 39 21 42 30 33 91 42 M) 48 36
36 36 54 T8 18 G35 5400 48 8 54 12 24 30 BT 30 4221 3313 97 21 23
60 57 57 51 63 21 54 9 48 00 54 6 5442 30 12 51 39 42 30 33 21 39 97
42 42 6007 24 65 126006 5 0048 6 18 30 51 3645 237 30 21 33 15 27
¥ 63 62 57 69 27 GO 15 54 G 48 D0 4B 36 M B 57 45 48 26 30 97 3391
48 45 B4 6 4B 0012 24 45 39 51 30 42 21 33 1597
45 33 5L 3906030 51 24 42 18 36 1200 12933 27 5918 300 91 3 15
* 4551 75 51 51 42 39 36 30 30 24 24 12 DO 21 30 333024 21 15 153

*obofE83 Y 230120085712 51 B 453321 008D 3151 4% a7 23 36 24
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27 1533 6721 42 153321 42 27 48 30 1830 519 2100 12 0 21 1597

38 27 37 51 .33 30 27 21 33 30 30 36 42230 24 42 21 9 12 (0 218 a7 9]
36 24 42 6030 51 21 42 153% 21 39218 21 42 1B W9 41 00 12 6 14
48 3G 36 60 43 39 33 30027 21 33 27 33 21 15 33 20 1B 219 1% 00 18 1%
42 30 48 72730 5T 27 48-21°39 16 33°15°3 15 36 24 361527 6 1B.00 12
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30 % 18 6412

Figure 4a.vi This is the power 6 matrix, A%




SOLSTICE

00 12 30 54 18 51 30 60 36 69 42 75 48
12 00 18 42 18 39 30 48 36 37 42 63 45
J0 18 00 24°36 30 4B 48 54 57 60 63 63
ad 4224 00 GO 30 72 42 78 51 B4 a7 *
|8 18 36 60 00 45 12 534 18 63 24 69 30 61 *72 1224 21 33 30 42 36 4R
51 30 50 30 45 00 5T 12 63 21 69 27 72 60 51 33 33 21 42 30 51 30 57 4R
30030 48 72 12 57 00 48 6 54 12 60 1830 42 B3 24 36 1597 91 33 97 29
GO 48 48 42 54 12 48 00 54 9 60 15 63 51 39 21 42 30 33 21 42 30 48 135
56 36 54 TE 18 63 6 54 D0 48 6 54 12 24 36 57 30 42 21 33 15 27 71 13
G0 57 57 51 63 21 54 9 4B 00 54 6 5442 30 12 51 39 47 30 331 91 30 92
42 42 60 84 24 69 12 60 6 34 00 43 6 18 30 51 36 48 27 39 21 33 15 27
7o B3 63 5T G0 27 60 15 54 6 48 00 48 36 24 & 37 45 48 36 36 27 33 2

27

57 * 18 30 27 39 36 48 42 54
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of 40 51 75 01 G1 42 3036 30 20 24 24 12 00 2130 33 30 24 21 15 15 %
* BG B9 63 T2 33 63 21 57 12 51 6 4533 21 00 B0 51 51 42 42 33 36 24
18 6 24 48 12 33 24 42 30 51 36 57 39 27 30 60 00 12 8 91 18 30 24 36
30 18 18 42 24 21 36 30 42°39 48 45 51 39°33 5112 00 21 9 30 18 36 30
27 15 33 57 21 42 15 33 2142 27 48 30 1830 519 21 0012 § 21 is oF
o 27 27 51 33 30 27 21 33 30 30 36 42.30 24 427219 12400 210 97 7
S0 24 42 60 30 51 21 421533 2139 219 21 42 18300 921 00 12 6 1R
48 36 36 G0 42 30 33 30 27 21 33 27 33 21153 3330 1B 21 9 1200 1§ 12
42 348 T2 36 57 27 48 21039 15 33 153 15 3624 36 15 27 6 1R 00 12
5142 4B T2 48 48 30 86 33 27 27 21 27 153 2436 30 27 21 1512 12 OO

Figure 4a.vii This is the power 7 matrix, A7




Summer, 1904

Ok 12 30 54 13 51 30 60 36:69 42 75 48 45 57 78 18 30 27 39 36 48 42 54
1200 18 42 18 38 30 48 36 57 42 63 45 33 45 66 6 18 15 27 24 36 30 42
ol 18 00 24 36 3% 48 48 54 57 B0 63 63 51 51 68 24 18 533 27 42 35 48 48
o 42 24 00 G 30 72 42 TR 51 84 BT BT 75 75 63 48 42 57 531 6660 72 7

18 15 36 o0 (0 45 12 54 18 63 24 69 30 39 51 72 12 24 21 33 30 42 35 4R
51 30 49 30 45 00 57 12 63 21 B9 27 72 6051 3333 21 42 30 51 30 57 48
G0 3048 T2 12 37 D0 48 6 54 12 60 1B 30 42 63 24 36 15 27 91 33 27 39
G0 48 48 42 54 12 4R 00 54 8 60 15 63 51 39 21 42 30 3321 42 20 48 35
d0 36 02 T8 I8 G306 54 00 48 G 54 12 24 36 5T 30 42 21 33 15 27 21 313
B9 57 oF D1 63 21 54 8 48 00 54 6 564 42 30 12 5] 30 42 30 23 21 30 27
42 42 60 B4 24 60 12 606 54 00 48 6 1B 30 51 36 4B 27 39 21 3% 15 927
7H 63 63 57 B9 27 G0 15 54 6 4B 00 48 36 24 6 57 45 48 36 39 27 33 2]
48 45 G3 B7-30 72 18 63 12 54 6 48 00 12 24 45 30 51 30 42 2133 15 27
45 33 51 75 3% 60 30 B1 24 42 18 36 12 00 12 33 27 30 1830 9 21 3. 15
37 45 51 75 b1 51 42 30 36 30 30 24 24 12 00 21 30 33 30 24 21 15 15 3

76 66 69 63 72 33 63 21 57 12 51 6 45 33 21 00 60 51 51 42 4233 36 M4
186 24 48 12 33 24 42 30 51 3657 3% 27 39 60 00 12 0 21 1R 30 24 38
a0 18 18 42 24 21 36 30 42°39 48 45 51 30 33 51 1200 21 @ 30 1% 36 20
27 15 33 57 21 4215 33 2142 2T 48 30 18 30 51 8 21 40 12 9 2115 27
of 27 27 51 33 3037 21 33 30 3936 42 30 24 42, 219 12200 219 97 9]
ofi 24 42 G630 5121 42 15 35 21 .30 21 & 21 42183089 21 0012 G IR
48 36 36 G0 42 30 33 30 27 21 33 2733 2115 32 3012 21 9 12 00 18 12
42:30 4B 7236 57 27 4B 21 39 1533 153 15 36 24 36 15 27 € 180D 12
o4 42 48 T2 48 48°30°36 33 27 27 21 27 153 24 363027 21 1% 12 1200

Figure 4a.viii This is the power 8 matrix, 4%,




SOLSTICE

00 12 30 54 18 51 30 60 36 69 42 75 48 45 57 78 18 30 27 39 36 48 42 54
1200 18 42 1% 39 30 48 36 57 42 63 45 33 45 66 6 1§ 15 27 24 36 30 42
30 18 00 24 36 39 45 48 54 37 60 63 63 51 51 6824 18 33 27 42 36 48 48
od 42 24 00 60 30 72 42 78 51 84 57 BT 75 73 B3 48 42 57 51 66 60 72 72
|5 18 36 60 00 45 12 54 18 63 24 69 30 30 51 72 12 24 21 33 30 42 36 48
51 39 39 50 45 00 57 12 63 21 69 27 72 60 51 33 23 21 42 30 51 30 57 4B
303048 72 12 57 00 48 6 54 12 60 18 30 42 63 24 36 15 27 2133 27 30
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GO 48 48 42 54 12 48 00 34 B 60 15 63 51 38 21 42 30 33 21 42 30 48 36
S a0 &4 YR 18 636 M 00 48 6 54 12 24 a7 30 42 21 33 15 27 21 33
G8 57 57 51 63 21 54 8 4B D0 54 6 54 42 30 12 51 29 42 30 33 21 39 27
42 42 G0 84 24 69 12 600G 34 (0 48 6 1830 51 36 48 2739 21 %3 15
To 63 G2 57 69 27 60 15 34 6 48 00 48 36 24 G 57 45 48 36 39 27 33 21
48 45 G3 87 30 T2 18 63 1254 6 48 00 1224 45 39 51 30 42 21 33 15 27
45 33 31 75 39 60 30 51 24 42 18 36 12 00 12 33 27 30 1B 30 9 21 3 15
o7 45 &L 7551 51 42 30 3630 30 24 24 1200 21 39 33 30 24 2115 15 3
e 66 09 63 T2 3363 21°47 12 516 45 3321 OO 60 51 51 42 47 3% 36 24
18.6 24 48 12 35 24 42 30 31 36 57 39 27 39 60 00 129 21 18 30 24 36
3018 18 4224 31 36 30 42°39 48 45 51 3933 51 12 00 21:9 3018 3¢ 3D
27 15323 57 21 42 16 33 21 42 27 48 30 18 30 519 21 0012 9 21 15 27
9 2727 Bl 33 30 2T 21 33 30 30 36 42' 3024 42 21 ¢ 1| ¥ el R
3624 42 66 30 5121 42 15333 21 39 21 0 21 42 18 3 21 0012 6 18
4836 36 60 42 39 33 30 27-21 3327 33 21 15 33 30 1% 12 00 18 12
42 30 48 7226 57 27 48 21/39 1533 153 15 36 24 38 R - T 2
ol 42 48 T2 48 48 39 36 3327 27 21 27163 2436 30 I 18 12 12 00
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Figure 4a.ix This is the power 9 matrix. A" It is identical to the matrix in Figure
4a.vili and so the algorithm terminates
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Figure 4b.i This is the initial matrix, 7. Figure 4b containg a set of mne tables (1 to 1x)
illustrating the use of Hasse’s algorithm on the LA freeway syvstem following the earthquake
of January 17, 1994, Travel times are in one-quarter minutes. An asterisk indicates that the
travel time between locations is too large to enter the matnx. A double-zero indicates an
entry of [,
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SOLSTICE
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Figure 4b.iv This is the power 4 matrix, 5%
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Summmer, 1854

00 123054 X851 30 6036 % 42'* 48* % F JR 302759 G548 437F
1200 1842 18 39 30 48 36 57 42 * * 33 °* !
30 18 0024 36 39 48 48 b4 BT * 63 * * 51 Y 24 1B 33 27 42 36 4B 4§
54 A2 2400060 B3 T2 T2t Bl o A A % 4R 42057 51 G660 % T2
18 18 36 60 00 45 12 54 18 63 24 = 30 30 * * 12 24 21 33 30 42 30648
51 39 30 63 45, DO 57 126321 * 3r* * 51 33 33 21 42 300 51 30567 458

#

0

of 30 4B°T2 12 57 00 48 6 54 12 60 B30 42 24 36 10 27 AE a3 21030

G0 48 48 72 54 12 43 00 54 O 60 15 * 51 39 21 42 30 33 21 42 30 48 34
36 36 54 * 18 G636 5400 4% 6 54 12 24 36 57 30 4221 .33 15 27 21 33
* PTH7T Bl 63 21 529 43 00 54 6 54 42 30 12 51 3042 30 33 21 39 27
42 42 * * 24 * 12606 54 00 48 6 18 30 51 36 48 27 39 21 33 13 :

* F B3 * * 2780 1554 6 4B 00 48 36 24 6 57 45 48 36 39 27 23 21
48 = * % a00* 18% 1254 6 48 00:12:24 45 39 * 30 Y 21 33 15
33 % M 390-% 3051 24 42 I8 3612200 12033 37 3938309 21 23 ]
*F 51'% ¥ 51 42 3036 30 3024 24712 00 21 39 333024 -2F 15153
# % % 4+ H3 % 2157 12 Bl B 433321 OO0 = 51 51 42 42 33 36 2
18 6 24 48 12 .33 24 423051 36 &7 39 2729 % 0012 9 .21 1830 24 36
30 1B 18 42 24 21 35 30 4239 48 45 * 39:33 51 12 00 219 30 18 36 30
27 15 3357 21 42 15 33-21 42 27 48 301430 .01 @ 21 40 12 -8 21 1& 27
39 27°27°51 33 .30 27 21:33 3039 36 423024 4221 9 12 Q0 218 272
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Figure 4b.v This is the power 5 matrix, 5°.
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Figure 4b.vi This is the power 6§ matrix, 5%
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Figure 4b.vii This is the power 7 matrix, 5'.
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Figure 4b.viii This is the power 8 matrix, B,
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Figure 4b.x This is the power 8 matrix, 2% It is identical to the matrix in Figure
4h.vii and so the algomthm terminates
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Figure for Hasse algorithm in Pascal

program hasse(input,output);
const max=009505;
n==24:
type hed=array[l.m,1..n| of integer;
var aarrayil.n| of hed;
dome:boolean;
1.k mminteger;

protedure prnt{matnx:hed);

begin
for 1= to nodo
hegin
for 3:==1 to n'do
if matrx|iji=max then wnte (" *'}
else wnte{matrix)i,j|4);

writeln

end
enc;

prr_:-r_'r:f_:lun: ]|r:d5um|:|:m'.'.'-.'_'r. init:hed;var next:hed;var Hag:hoalean};

var row,gol.min, middle temprinteger;

begin
flag:=true;
for tow:=] ton dao
ior coli=1 to n do
hegim
min:=power|row col;
for middle;=1 to n do
begin
temp: =power|row, middle|+imt middle,col ;
i tempjmin the min:=lemp
end,
next/row, colli=min;
il nextirow col|j; powsrfcow col| then Hag:=false;
end
end;

1
{main program }
begin

for 1:1=1 to.u do for j:=1 to n do aififi.Jf:::ma.;-;:

(7
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Summer, 1984

for 1:=1 to n doa|lljii]:=
repead
readin{ij,num];
all|[i,jl=num;
all][iij=num;
nntil eof;
page; writeln['tis 15 the imital matrx')writeln;
print{all]};
| I
repeat
k:=k+1;
hedsumialk|alllalk+1 done);
page; writeln('this 15 power’ k+1:5); wrteln:
print{a k-+1));
until {dene) or (k=u-1),
writeln,
writelu{"the number of steps was', ki3]
end.

Figure 5. Computer program, written in Pascal, of W. C. Arhnghaus; ongmally pre-
sented on a poster by Arhinghans, Arlinghauns, and Nystuen, "Elements of Geometnc Houl-

mg Theory-1I" Association of Amenican Geographers, Natiomal Meetings, Toronto, Ontaric,
April 1990,
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Figures containing tables
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Figure 7a. This is the initial matrix, ¢’ Figure Ta containz a set of seven tables (i 10
vii) illustrating the use of Hasse's algorithm on the LA freeway sysiem and the Lmited access
surface route neiwork (Figure 6) prior to the earthguake of Janwary 17, 1884 Travel times
are in one-quarter minutes. An asterisk indicates that the travel time between locations =
too large to enter the matnx. A double-zero mdicates an entry of 0,
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Figure Ta.iii This is the power 3 matrix, O°
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Figure Ta.vit This g the power 7 matrix, ¢ The algonthm termanates i six steps;
this matrix is identical {0 A4°
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Figures containing tables
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Figure Th.i This is the initial matrix. I, Figure 7b contains a set of seven tables {i to
vii} illugtrating the use of Masse's algorithm on the LA freeway system and the limited access
surface ronte network (Figure 6] following the earthquake of January 17, 1884, Travel times
are in cne-guarler minutes, An asterisk indicates that the travel time between locations is
loo large to enter the matrx. A double-zero indicates an entry of 0
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5. SAMPLE OF HOW TO DOWNLOAD THE ELECTRONIC FILE
BACK ISSUES OF S0OLSTICE ON A GOPHER

solstice 15 available on a GUPHER from the Department of Mathematics al Aozona State
Cmversity: PLLAASUEDT pore 70
BACK ISSUES OF SOLSTICE AVAILABLE ON FTP

Thas section shows the exact set of commands that work 1o download Salstice on The Univer-
sity of Michigan's Xercx 9700, Because different universities will have dillerent installations
of TpX, this 1w only a rough guideline which might be of use to the reader. (BACK ISSUES
AVAILABLE unsing aponymous {ip 10 open um.ccumich.edn, account GCES: type od GCOTS
after entering system: then type ls to get a direclory; then type get solstice 180 {for exampls)
and download it or read 1t according 1o local constrammts.) Back issues will be available on
this account; this account is ONLY for back issues; to wrote Solstice, send e-mail to Sol-
sbice@UTMICHUM bitnel or to Solstice®um ccoumich edu | Issues from this one forward are
available on FTP on account IEVG (substitute IEVG for GCFS above).

First step is to concatenate the files you received via bitnet /internet. Simply piece them
together in your computer, one after another, in the order t wlach they are numhered,
starfing with the number, *1."

The files vou have received are ASCII files; the concatenated fle is used 1o form the .dex
file from which the dvi file (device independent) hle iz lormed. They should Tun, poessibly
witly a few harmless “vboxes” over or under: ASSUME YOU HAVE SIGNED ON AND
ARE AT THE S¥STEM PROMPT, #.

2 creale -Lolex

# percent-sign | from pe c:backslash words backslash solsticetex to mis -ttex char notal:

[thiz command sends my file, solstice.tex, which | did as & WordStar (subdirectory,
“words" | ASCI file to the mainframe)

¢ run Ftex par=-1.tex

(there may be some underiull (or certaan over) boxes that generally canse no problem;
there should be no other “error”™ messages in the typesetting-the files vou receive were already
teated. |

F# run *dvixer par=-t.dvi
# control *print* onesided
# mun *pagepr scards=-1.xer, par=paper=plain
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The purpose of Solstice is to promete interaction between geography and mathematics
Articles in which elements of one discipline are used to shed hght on the other are particularly
sought. Also welcome, are original contributions that are purely geographical or purely
mathematical. These may be prefaced (by editor or author) with commentary suggesting
directions that might lead toward the desired interaction. Individuals wishing to submt
articles, either short or foll- length, as well as contributioms for regular features, should send
them, in triphicate, directly to the Editor-in—Chiel. Contnbuted articles will be refereed by
geographers and/or mathematicians. Invited articles will be screened by suitable members
of the editorial board. IMaGe 15 open to having authors suggest, and Turnish material for,
new regular features.

The opimions expressed zre those of the awthors. alone, and the authors alone are re-
sponsible for the accuracy of the facts m the articles,

Send all correspondence to: Sandra Arlinghauns, Institute of Mathematical Geography,
2790 Briarchifi, Ann Arbor MI 48105, sarhaus@iumich.edu

Suggested form for atation.. If standard referencing to the hardeopy in the IMaGe
Monograph Series is not used {although we suggest that reference fo that hardcopy be
included along with reference to the e-mailed copy from which the hard copy is produced),
then we sugpgest the following formal for dtation of the clectronic copy. Article, anthor,
publisher {IMaGe) - all the usual-plus & notation as to the time marked electronically, by
the process of fransmission, at the top of the recpients copy. Note when 1t was sent from Ann
Arbor (date and time to the second) and when you reesived it (date and time to the second)
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and the field characters covered by the article (for example FO=21345 to FC=37462)

Concern for manuscript security, Prospective authors sometimes worry, quite reasonably,
that an arlicle published in electronic format might easily be altered by & subscriber and
then re-semt to others, Of course, the same sorts of concern might anse with conventional
publishing, given the availability of machines that seem able to phetocopy, cul, paste, and
bind, all in one step. The strategy at IMaGe, with Solstice is roughly the following: we
use an onental mg as the model. A Solstice document 13 viewed ag a weaving of words
against the warp snd the woof of columne and rows in an electronic matrix. The spacng
of the document, though nght- justified, is done by hand {rather than by word-processor).
In that way, an original pattern of blank spaces is created that is difficult to mimic - an
tmportant feature in defeating any sigroficant alteration. Indeed. deliberate spacing “errors”
that hopefully deo not detract from the overall visual effect, are mtroduoced at the whim
of the Editor. Any re-transmitied document that does not match the dorument originally
transmitted from [MaGe [when the two copies are supenimpesed) is thersfore an altered,
bogus copy

This document is produced using the typesetting program, TgX, of Donald Knuth and
the American Mathematical Scociety. Notation in the electronic file is in accordance with that
of Knuth's The Tphbook. The program is downloaded for hard copy for on The Umiversity
of Michigan's Xerox 9700 laser- pnnting Xerox machine, using IMaGe's commercial aceount
with that Uriversity

Unless otherwise noted, all regular “features” are wotten by the Editor—a—Cloef.

Upon Bnal accepiance. nuthoers will work with IMatGGe to gel manuseripts mte 8 formal well-guited o the
reguirements of Solstice. Typienlly, this would mean that anihors would sehmit oocl=an ASCI file of the manwsceipt,
as well &g hard copy, ipdres, and g0 forih (lun camern=ready form). Beponding on the aeture of the document nnd on
the changing technology waed to poodoce Solstice, there may be other reqguiremzents as well. Currently, the texy b
bypeast waing TR in thet way, matkemntiznd formmle can be tronemitted as ASCH files and downboaded faithfolly
and printed out. The reader inecperienced in the use of TEX should note that thie 38 mot b “what-yea-gee-is-whni-
:.-;:.'u--gu“ diaplny; however, we hope that such rerders firnd 'I'F;.‘.'q'. ensier ta learn nfter exposore 1o S(J]ﬁ[jl:t": e-diles
written using TEX!

Copyright will be tnken sut in the name of the Institote of Mathematical Geography, and authers are required
to tramsler copyrighi o IMaGe as = condition of publication, There are no page chorges; anthors will be given
permission to make reprints from the electronic file; or to have IMaGe make o singls masier reprint for 2 nominal fee
pependent on manuscoiph lenpth. Hord copy of Sodstice b svollable of o cost of $16.05 per yeer (plue shipping &nd
handling; kard copy is issued onre yearly, in the Monegraph series of the lnctitode of Mathematival Geography, Order
directly from IMaGe, [ is the depive of IMaGe to offer clectromic copies to interested parties for free. Whether oz
not it will be jensinie to continoe distributing complimentacy elecironic fles cemaine o be seen. Presesily Ealstice
ta funded by IMaGe and by o geserovs denation of computer fime from o member of ihe BEditorind Board. Thank

ven Jor parocipatng in chis project focosing oo snyvircnmentally-sensitive publishicg,

@ Copyright, December, 1994 by the Institute of Mathematical Geography. All rights
reserved.
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1. WELCOME TO NEW READERS AND THANK YOU

Welcome 1o new subscribers! We hope vou enjov participating in this means of journal
distribution. Instructions for downloading the typesetting have been repeated in this issne,
near the end. They are specific to the TEX installation at The University of Michigan, but
apparently they have been helpful 1n suggesting 1o others the sorts of commands that maght
be used on their own particular mainframe installation of TEX. New subscnbers maght wish
to note that the electronic files are typeset files—the mathematical notation will print ont
as typeset notation. For example,

1
1=1
when properly downloaded, will print out & typessl summation as i goes rom one to |
as a centered display on the page. Complex nolation is no barner to this form of journal
production.

Thanks much to subseribers who have offered input. Helpful suggestions are important
m trying to keep abreast, at least somewhal, of the constanily chanmng electronic world.
Some suggestions from readers have already been implemented; others are being worked on.
Indeed, it 1s particularly helpful when the reader making the suggestion becomes sctively
involved in carrying it out. We hope you continue to enjoy Solstice.
2. PRESS CLIPPINGS—SUMMARY
Volume 72, Number 4, Ociober 1993 issue of Papers in Kegional Saence: The Journal of the
Regional Science Association carried an article by Gunther Mater and Andreas Wildberger
entitled *Wide Ares Computer Networks and Scholarly Communieation in Regional Science.”
Maier and Wildberger noted that “Ouly one journal in this directory can be considered to be
related 1o Regional Science, Salstice: An Electronic Journal of Geography and Mathematics.”
Bevond thai, bnef write-ups about Sofstice have appeared in the following publications:

1. Science, “Online Journals™ Briefings. [by Joseph Palea| 24 November 1801, Vol. 254,
2. Science News, “Math for all seasons” by Ivars Petersom, Jamnuary 25, 1902, Vol 141
No. 4

1 MNewsletter of the Association of American Geographers, June, 18952

4. American Mathematical Monthly, "“Telegraphic Heviews” — mentioned as “one of
the World's first electronic journals wsing TEX,” September, 1992,

5. Harvard Technology Window, 1993,

4. Graduating Engineering Magazine, 1993

7. Earth Surface Processes and Landforms. 18(9), 1893 p 874
& On Internet, 1994,

If ¥ou have read about Salstice elsewhere, please lel us know the correct aitations (and
add to those above). Thanks. We are happyv to share information with all and are delighted
when others share with us, as well.
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Publicaticns of the Institute of Mathematical Geography have, 1o addition, been reviewed
or noted 1n

1. The Professional Geographer published by the Association of American Geographers;
2. The Urban Specialty Group Newsletter of the Association of Amencan Geographers;
3. Mathematical Reviews published by the Amencan Mathematical Society;

4. The American Mathematical Monthly pubbshed by the Mathematical Association of
America;

. Zentralhlatt fur Mathematik, Sprnger-Verlag, Berlin

L= 11

. Mathematics Magazine, published by the Mathematical Assocation of Amenca.

o]

T. Newsletter of the Association of Amencan Geograplher.

8. Journal of The Remional Science Assocration.

1. Journal of the American Stanstical Assocration.
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3. ARTICLES
The Paris Metro: Is Its Graph Planar?

Sandra L. Arlinghaus, William C. Arlinghaus, and Frank Harary
The University of Michigan,
Lawrence Technological University, and
New Mexico State University.

“COhver the river and through the woods,
To Grandmeother’s house we go.
The horse knows the way to carry the sleigh
Through the white and drifting snow.”

mong of unknown origin

To appear in Structural Modeis in Geography by this set of anthors.

The rerder should read this artticle with & map of the Pans Metro in hand.

In the Euclidean plane, crossing lines intersect at a point in the plane; the line segment
determined by X, ¥ and X', V' intersect at a peant Z (Figure 1). The graph that includes
the four nodes X', 37, X', V' and the two edges XY and X'V does not have & fifth node at
any other lecation (Figure 2). To make this viewpoint consistent with our narrow Euclidean
mindsel, think of stretching the edge XY go that there is no visual hint of “miersection™ -
the herse knows 4o go over the river even though an aerial view of the wintry landscape sees
the river and road as two “intersecting” dark tracings across the white, snowy backdrop.

g -
.HHM__ 2 S
.--'::‘-c'“"L
P
o =

ki

Figure 1. Draw nodes X and Y, left to right, horizentally, Draw nodes X' and ¥', lefi
to nght, horizontally below the first set, Join X to V' and join X' to ¥ using straight
segments. Label their intersection as 2,

FPlanar graphs

To capture this idea more formally, we introduce the cancept of embedding: the approach
and material in this section follows closely that of Harary (1969, pp. 102-113). A graph is
embedded in a surface when it 15 drawn on that surface i such a way that no two edges
mtersect (geometneally). The graph in Figure 2 has not been embedded in the plane: the
edges X'V and XY intersect. The graph in Figure 3 has been embedded in the plane. The

&
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Figure 2. Draw nodes X and ¥, left to nght, henzontally, Draw nodes X' and V', left
to right, honzontally below the first set. Join X to )" and join X' to ¥ using strasght
segments.

connection pattern of the graphs in Figures 2 and 3 1z identical: topologically. they are said
to be homesmorphic. They are equivalent structural models. Thus, we distinguish between
a planar graph and a plane graph. A graph is planar if it can be embedded m the plane {as
can Figure 2); a graph is plane if it has already been embedded in the plane {as has Figure
3). The graph in Figure 2 is plapar but not plane, the graph in Figure 3 is both planar and

plane.

:".:. hi
\‘x \
s
HH"‘H \
‘\\R \]
I g S
L == —

Figure 3. Draw nodes X and ¥, left to night, henzentally. Draw nodes X and ¥, left to
nght, honzontally below the first set. Join X to ¥’ using & straight segment and join X'
to ¥ using a curved line that does not pass through the segment joining X to '

A graph that cannot be embedded in Lhe plane is called nonplanar. There are two
nonplanar graphs of particular importance, One is the graph composed of two sets of three
nodes: thik of one set of three nodes arranged horizontally and of the other set as arranged
horizontally below the first get. Edges join each node of the top set to each node of the
botiom set; & total of mine edges (Figure 4 shows the deta] of labeling), This set 15 denoted

o
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as M3 3. The other cntical nenplanar graph is denoted as Kg. It is compesed of a pentagon
and all edges joimng the nodes (Figure 5 shows detail).

Figure 4. Draw nodes X, Na, X3 from lelt 1o night as one =t of nodes arranged horizon-
tally. Draw nodes Yy, Y5, Y3 from left to right as another sel of nodes arranged horizontally,
below the first set. Draw edges XiY57, XY, X Y5 XYy, ALY, Kol Xal5, Nado, Al
te form the nonplanar K33 graph

Figure 5, Draw nodes Xy, No, X3, Xy, and X5 arranged as nodes of a regular pentagon.
Join the nodes as a pentagon: along edges X Xa, NpXy, NaXNy, XNy, XX, Join the
rematning nodes: along edges X X5, XX, Koy NaXg, KN, A4

Generally, one might look atl geometnic imtersections to suggest whether or not a given
graph is planar: simple-locking geometric intersection pattemns can often be unscrambled

1l
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in the plane to eliminate any geometric intersections (as was Figure 2 in Figure 3). More
complicated geometric intersection patterns (K33, Hg) cannol be undone (Harary, 1868).
As with the four color problem and as is often the case, what is & simple problem to consider
15 m fact a difficult one o solve, It was not until 1830 that Kuratowski finally solved the
long-standing problem of characterimng planar graphs. The statement of the theorem s
stmple; its proof 18 not {see Harary, 1969, for proof).

Kuratowski's Thearem

A graph 1s planar if and only if 1l has no subgraph homeomorphie to Ky or to Ky

The K in the notation honors Kuratowski for his achievement. With this elesant theorem
m hand, we now turn to consider planarty in the geographic world

The Paris Metro

The Paris Meiro 15 a subway system that, for the most parl, under the strests of Paris,
links the classical “Portes” - City “(Gates”- to each other as the many routes criss-cross the
Seine in association with the vanous bridges (Figure 6). The Paris Metro map is a graph
there are numerous nodes representing local stations along a eingle train route as well as
larger stations at which one can transfer from one metro route to another. There are directed
arcs, forming a cyele, in the south west of the map leading to the Porte d’Auteuil, and in
the northwest leading to Pré 51, Gervais. All other ares represent two-way Metro linkages.
The map 15 complicated in appearance; subway lines often follow surface traffic patterns
Fedestriane need access to subway routes from sidewalks. Indeed, ihe Pans Metro map
reficets the surface pattern of the mumerous rotary, star-shaped intersections and tortucus
“rues” that add much to Parsian charm. The Metro graph is strongly connected: choose any
two metro stops = they are mutually reachable within the entire gvstem. although a transfer
might be required. Any well-designed mass transit svstem should cleéarly have this stvle of
connectedness, lest passengers be stranded. There are a number of nodes with indegres and
outdegree in excess of four. Anyone who has traversed the maze of possible transfers at
Montparnasse-Bienvenue, for example, will be aware of how complicated a trip from "here"
to “there” can be. Because there are quite a few tranefer nodes with a number of incident
edges. it is matural to consider whether or not & K33 or a Kz might be contained asz o
subgraph of the Metro graph. David Singmaster has shown that the London Underground
is non-planar; 15 the Metro graph planar?

Planarity and the Metro

Indesd, the Metro is not planar, either; when the map is strictly considered as a digraph,
It 15 an easy matter to choose six nodes and a set of edges to form o Kys. If one wishes,
however, to eliminate the possibility of a transfer from one train to the other, in order to
have direct geo-graphical adjacency as well as graphieal adjacency, it is also poesible to find
B A33 under these tighter consiraints

The Metro stops of Eteile (“star” ) and Nation are joined on the north by a single Metro
route arching across the northern part of the aty; they are joined on the south by a single arch
paralleling the sonthern perimeter of Paris; and, they are joined across 2 diametral route,
through Chatelet as 2 “center,” by a single Metro route passing under the Champs Elvsées,
Concord, Palais Hoval, Hotel de Ville and the Basulle. When Montparmasse- Bienvenue and
Stalingrad ‘are chosen also, as nodes intermediate on these southern and northern arches,
along with Gare de 'Est as & final node, this sel of nodes can he joined in a Kys with

11
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Figure 6. Map of the Pans Metro.

only direct geographie linkage (requiring no transfers] betwsen pairs of nodes along distinet
edges. Label the nodes as follows (Figure T):

1. Etoile

2. Moniparnasse- Bienvenue
3. Nation

4. Chatelet

. Gare de 'Est

G. Stalingrad

Fach odd-numbered node is joined to each even-numbered node along distinct edges, as
réquired for 8 Kay. Thus the Paris Metro, viewed as a structural model, is nonplanar; to
travel from Montparnasse-Bienvenue to the Gare de 'Est requires, when represented as a

12
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Figure 7. Metro map with labeled nodes and distinguished edges linking the nodes.

map in the plane, that the edge from node 2 to node 5 eross at least one of the other edges of
the K33, The geographical and socal implications of this lack of planarty are significant

Significance of lack of plananty

(e might imagine & subway system lo exist in a plane parallel 1o the plane of surface
traffic, some number of feet below the surface. Expenence with even simple subway systems
defeats this notion: trains mn on elevated tracks i regions with high water tables or on
landfill; their elevation 1s altered to cross natural barners such as mvers. There is consid.
erable topographic relief in most subway systems. Natural difficulties can force a subway
system oul of a planar environment. Thus, collisions between trains on different routes.
different (intersecting) planes, must be considered: the separation of routes into different
lavers (planes] offers protection from collision-except where the planes intersect.

In the case of Padis, there are Metro lines at different levels; trains enter selected stations
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at different depth levels. Passengers teying to switch from one Metro route to another
al Montparnasse-Bienvenue may recall running up or down staxrs and through connecting
tunnels to execute a transfer. The Metro map shows the route north from Montparnasse-
Bienvenue, toward Odéon, Chatelet, the Gare de 'Est, and the Porte de Clignancourt to
“cross” routes 12 (from Mairie d'Issy to the Porte de la Chapelle) and 10 (from the Gare
d'Orleans- Austerlitz to the Porte d’Aunteuil), If these crossings were “real” rather than over
or under-passes, there could be senous metro colbsions at them. Map evidence suggests that
it 15 the Orleans/Chgnancourt route that is at & different level as routes 10 and 12 intersect
at nearby Sévees Babylon station. A lack of plananty can be wsed {o advantage by engineers
planmmg new stalions or new routes in a tightlv-packed transport system

14
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Interruption!

Sandra Lach Arlinghaus
The University of Michigan

Interrupiion, from the Latin-rumpere (to break) plus inter (between, among), means
literally "o break mto (between).” The concept of “interruption” can be employed to puide
research direction between apparently disparate objects of study; “interruption” is a meta-
concept like “symmetry,” “duality,” and a host of others, We are all familiar wilh flat maps
of the Earth that are interrupted. Indeed, all flal maps of the Earth are interrupted; the one
point compactification of the sphere gunrantees that this is so from a topological standpoint.
From a more pragmatic standpomt, we know that it is nol possible to remove the peel from
an orange and place it flatly in the plane - the peel will np.

Classical interruption in mapping

I{ 15 this pragmatic view of mapping the Earth into the plane that conjures up mosi
visual images of an “interrupted” map projection — one in which some cuts have been made
{typically in the cceans) in order to preserve some degree of a desirable property, such as con
[ormality or equality of area, Philbnick’s [1963) Smmu-Mollweide has the northern hemusphere
continuons with slits in the oceans m the southern hemisphers; Goode's Homolosine FEogual
Area projection (Goode, vanous vears] has interruptions in oceans in both hemispheres,
Either of these projections would be viewed. clearly, as an "interrupted” projection.

However, would all who see these as interrupted also view a eylindneal projection | Miller,
for example) as “interrupted”? Of course it is, for once the sphere is projected onto the
surface of the cylinder, the eyhnder must then be “developed” or unrolled into a section of
the plane. The development of a surface in the plans 15 a cot — & form of breaking nto
the cylinder - an interruption. The difference is that the interruption in a Miller eylindrical
projection ofien determines the boundary of the map in the plane - our eye seeks closure
and when the cul coineides with the map boundaries we use for closure, the visual effect 12
less jerring; the mterruption 1= masked by the boundary.

Abstract variants on interruption and mapping

Going farther abstractly, one might consider rather than a map on a eyvlinder, a map
on a Mobius strip; Tobler [1961) described a scheme in whlich & pin, poked through a map
on & Mobms strip, emerges at itz antipodal pomnt. When thiz procedure 15 confinued a
fimte number of times, the boundanes of o region and 1is antipodal region are traced out
simultaneously on this one-sided map. This novel approach suggests ways Lo Lrace out partial,
discrete, boundanes, Spilhaus [1879) suggests that to construct a continuous map of the
antipodes one “show which land 15 opposite other land ... by taking a pair of maps of two
hemispheres and putting them back {o back with the North Pole covering the South Pale”
Neither construchion touches on deeper non-Euclidean aspects of this style of construction
{Atlinghaus, 1987)

From the wiewpoint of interruption, however, what 1s interesting 15 the mere idea of
considening a map on a Mobius strip. The eylinder and the Mobius strip are both developable
surfaces in the plane and they are but two members of a broader clase. Becanse developable
surfaces, when interrupted and placed in the plane, are those whose boundaries can easily
mask the cuts of interruption, they are a class of particular mterest. This broader class of
surface may be viewed as composed of two structurally parallel sequences of transiormations
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~ one easily visualized and the other visualized easily only by analogy wilh the first [Figure
1}. [This sort of characterization is common in a varety of books that deal with elementary
tepelogy, as for example i Courant and Roblins, 19410

— — i
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. e i —

[ —- -

I

i )
r -

Figure 1. Two sequences: on the left, a rectangle 15 rolled up into a eylinder, and then the
eylinder is joined, end-to-end; to form a torus. On the right, a rectangle, given s half-iwist,
15 rolled ap into & Mobius strip, and then joined {with another hall twist), end-to-end, Lo
[orm a Klein bottle

Visual sequence:

1, A plane rectangle may be rolled into a cybinder by gluing together the upper lefl to the
upper righl corners and the lower left {o the lower nght comers. The result is & cyhnder
with diameter that of the length of the top of the rectangle.

2. A cylinder may be rolled info a torus by gluing one cirenlar end of the cylinder to the
other - the seam along which gluing takes place 15 the arcle that matches the ends of
the straight line seam along the length of the cyhnder

Abstract sequence:

1. A plane rectangle may be rolled inte a Mobius strip by gluing together the upper left to
the lower right comers of the rectangle and the lower left 10 the upper nght comers of
the rectangle. The resull 15 a Mobius stop; the gluing action imparts a half-twist te the
rectangular strip.

2 A Mabms strip may be rolled mmte a Klem bottle by glung one “crcular® end of the
Maobius strip to the other, as with the torus,

Whet can be glued can be unglued (in this context); thus, cylinder, torus, Mabus stnp,

i



Winter, 18954

and Klein bottle are developable surfaces in the plane. One can view each of them as a
surface on which to map: difficulty in such an approach 15 encountered only when the need
te visualize phyvsical objects 1s relied wpon. Conceptually, from a structural viewpoint, the
Méhbius strip is no more difficuli to consider than is the cyhnder; the Klein bottle no more
difficult than is the torus.

The utility of considering various mapping surfaces—GIS

A current maxim of those concerned with the protection of various elements of the
environment 15 “to think globally, act locallv.” While this may have fine implications for
landfill management, it is & dangerous cartographic practice. Globally we should think of a
sphere or some other approximation of the Earth’s surface that i topologically equivalent
{homeomorphic) to the sphere. Locally we tend to think of our immediate part of the Earth
as flat; recently, Barmore (1992; 1994) hes shown the difficulty in determining geographac
centers of various sorts when concerns for curvature are not mvolved in policy decisions.
In earbier times, this sort of lack of tying knowledge of the earth as a sphere to a local
plane environment was evident: from Eratosthenes” measurement of the Earth to the great
vovages undertaken at the end of the Middle Ages and beginmimg of the Henassance i
Western Europe.

Mast mapping is done from the global (spherical viewpeint to the local/ planar viewpeoint
it need not be, and when the mapping 15 from developable surface 1o plane, or from sphere
te object homeomorphic 1o the sphere, then maps that hide interruption can be constructed
One place where this issue has, for the most part, not been addressed at all, is in the
elecironic environment of the Geographic Information Systems (GISs) In a recent paper.
Tabler (1993) speaks 1o this issue at some length and notes, in particular, that of the hundreds
of GISs available, “The one exception, explicitly designed to consider the spherodal earth,
is the ‘Hipparchus’ system developed by Hrveje Lukateln of Calgary, Alberta (Lukatela
1887)." GISe such as this apparently offer a way 1o make maps directly from spherical data,
eliminating the middle step of imitating the traditional drafting processes of the human arm
and the planar decisions associated with those. This sort of idea seems quite natural-why
should we use the computer to imitate the classical drafting process; why not use it to take
advantage of the underlying mathematical charactensties of the real problems of dealing
with surfaces”

Another Toute 1o this sort of end might be to construet data structures n the environ.
ment of the mathematics of the Klein bottie, torns, Mobius strip, or cylinder, and then to
develop (as in “unrcdl”™) the mathematics to make plane maps, Either way - from sphere to
aphere homeomorph, or from developable surface to plane, one might lock forward to more
elegantly constructed electromic programs for executing mapping - with the usual hoped-for
consequence thai elegance in theory leads to leaps m practice.

Future direciions

What is important to consider for maps is important to congider for other representations
of the earth’s surface. Cartographic considerations can guide disparate research projects of
spatial character,

Structural models (Harary, Norman, and Cartwnght, 1983), one form of abstract graphs
(Harary 1968), can offer vet another way 1o map the Earth, These sbstract graphs serve
a5 “maps” whenever any discrete set of real-world locations and flows can be captured in
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channels linking locations: the locations serve as the nodes for the graph and the channels
serve as edges honking nodes. Thus, a set of aties and the railroad tracks josng them may
be represented visually as a structural model - the cities are nodes and the tracks are edges
of the model. Indeed. a set of individuals, at least some of whom ghare 2 common belief, may
also be represented as a siructural model: the mdividuale are nodes and the belief. if shared,
15 represented along edges inking appropriate individuals. There are numerous examples
one might construct. What is impoertant 18 that these models, as are maps, are also subject
to interruption. Because it ie abstractly preferable to aveid or to mask interruption, it is
important to know how it anses
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4. REPRINT
Imperfections in the Uniform Plane
Michael F. Dacey
with Forewords by John D. Nystuen, The University of Michigan

In thie section, Solstice Board member, Johm D). Nystuen, selects a paper from the col-
lected papers of the Michigan Inter-University Community of Mathematical Geographers
(MICMOG) (of which he is Editer) to reprint here, some 30 vears after its inifial presenta-
ten. In addition to the reprint of work of Michael Dacey, Nystuen’s original Foreword, and
mtreduction of Dacey and his work lo the assembled MICMOG group, is also reprinted. In
addition, & new Foreword by Nystuen takes s look at the Dacey paper in retrospect. The
paper is reprinted with permission of Nystuen, om hehalf of the Michigan Inter-University
Community of Mathematical Geographers.

Foreword, December, 1944

John D, Nystuen

Tharty vears ago Michasl Dacey contributed to the development of spatial statistics in
highly original ways. Many of the ideas he used and introduced to the literature in the 19605
are now part of generally accepted spatial theory. For example, he was one of the first to
use the idea of a dimensional transformation to permit evaluations of the spatial association
of point and area phenomena. The transformational approach proved useful as a genersl
concept as Keith Clarke has demonstrated in his interesting book (Clarke. 1990),  Arthor
(retts, a colleague of Dacey's, and Barry Boots used many of Dacev's idess in their book
(Getis and Boots, 1978) about modelling spatial process.

Today. vigorous effort 18 being expended on incorporating spatial analvsis functions into
(Geographic Information Systems {GIS) sofiware. We are re-issuing ons of Dacey's seminal
works to bring 1o the attention of contemporary scholars an important source of many of
the concepls now becoming accessible to general uses of GIS technology. Dacey’s work now
speaks to another generation.

References

Clarke, Keith C, 1880, Analytical and Computer Carfography, Prentice-Hall, Englewood
Cliffs, N.J.
Getis, & and Boots, B. 1878, Models of Spatial Processes, Cambridge University Press,
Cambridge.
Foreword, May. 1964

John D). Nystuen

We are pleased Lo present to our readers a paper by Professor Michael T Dacey. Many
ol us are aware, if only vaguely, of his provocative and voluminous writings. Professor Dacey
has penetrated deeply into realms where few, if any, have gone before. He travels alone and
has lefi but a thin trail of mimeographed papers as scent. The track is now long and difficult
to follow and he does not rest. He has allowed one of his works to become discussion paper
#4 of our series. We hope this will expose hie activities to a wider andience. Some may he
mspired to join him in the new work that he is doing. 1 hope so. Certainly we mus keep
m contact with him. Regrettably many of his results depend upon his previons statements
2]

-



Winter, 1894

now difficult to obtamn. | will attempt in this foreword 2 shorl review of the pertinent ideas
by way of & summary of this paper. | have also added, with his permission, a glassary of
symbols at the end of the paper.

Michael Dacey has for several vears explored abstract spatial patterns using probabilistic
methods. This paper is one of a senes of such studies. Most of the work provides empirical
examples of the concepts. The contrast in methodologies displayed between discussion paper
#d (W, Bunge, “Patterns of Location”) and this one is marked, Professor Bunge turne away
from probabilistic formulations {see page 3 of “Patterns of Location®) and Professor Dacey
rejects deterministic models (see page 1 below). | beliove the relative worth of these two
broad approaches to abstract geography will receive increasing aitention in the literature.
There 15 much precedent for concern over this question in other disciplines. Clearly Daces
accepts Lhe value of & probabilistic approach.

It may aid the reader if the paper 15 viewed as consisung of six parts.

1. Professor Diacey first deseribes an abstract model of imperfections in a uniform plane.
The charactenstics of this model are specified 1n o general way. | believe that Professor
Dacey is the first to suggest models where non-random patterns are disturbed by random
vaniables (see Dacey and Tung, 1062).

2. The point pattern which results from the above mentioned model 18 to be spmmarized
guantitatively in such a fashion that it can be compared with some actual geographic
point pattern. Professor Dacey calls upon his previous extensive investigations of nearest
neighbor statistics to do this job ', He specifies how measures of the distances Lo the
ist mearest, dnd nearest, ... kth nearest neighbors of a sample of ponts i the pomi
pattern may be used to deseribe the point pattern by probability distributions of these
lengths, The strategy is to then compare the probability distributions of the model with
a geographic pattern using o simple y¥ statistic. Professor Dacev is aware thal nearest
neighbor methods may be used to compare point-to-area relations as well as point-to-
point relations. A point pattern is not simply a set of pomnts. The peints cccupy a space
for which & metric is defined. The metnc makes possible distance measures between the
points. The fact that there 1= 2 space creates the boundary problems mentioned in the
text. The original purpose of these statistics was to test if points were more clugtersd
orf more even than random. Imagine a study area which is mostly empty but has in
one small region an even distribution of pomts. Measuring distances between points and
using the nearest neighbor test wonld indicate a pomnt pattern more even than random.
In one sense, however, they are clustered for they occupy only a small section of the study
area. There is a strategy for this situation. Use another point set to represent the aren.
This may be done by using an even distribution of points in the area or by assigning
pomts to the ares at random. The second set of points now represents the study area.
The area has been abstracted into a point pattern and the nearest neighbor method may
be nsed. Measures between the two point sets now reveals the ariginal point pattern to
be clustered, The decision concerning which method to employ depends upon whether
the phenomenon studied has a postulated interaction of point-to-point or peint-to-area.
The text indicates the procedure for using either method

o, Theoretical order distances are specified by equations (16) and {17). The probability
functions are made more expheit and operational by assuming each lattice point is dis-
turbed by the same two dimensional normal varate. Professor Dacey has ample evidence
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that these particular probability distributions are useful for this purpose ?

Sclutions of the equations in the previcus section would yield an analytic solution regard-
ing expected order distances for various disturbance models. However, these equations
prove very difficult to evaluate. Recourse to a simulated solution is sought, An almosi
periadic disturbance model 15 postulated. Ite parameters are estimated from data on
an actual pattern of urhan places in lowa. Using these parameters, a set of pointe con-
forming to the structure of the theoretical model 15 generated with random digits and
tables of normal deviates. This artificial pattern is one of many possible representations
of the theoretical pattern. It is presumed to display the type of pattern expected fram
an analytic solution if one could be found.

The author now has two patterns: one, a simulated theoretical pattern which conforme
to the structure of the model; and the other, an actual urban place pattern in Tows, He
also is able to make the appropriate nearest neighbor measures which charactenze cach
pattern. The frequency distributions are then compared using the yv¢ statistic.

In an addendum, the author presents further testing of his model by taking advantage of
a computer program which generates the distance measures required. The paper ends.

It must be clear 1o the reader from the comtents of this paper that Michael Dacey

nas indeed traveled over much ground. He has previously developed many of the results
needed m this study. Many of his solutions and applications are ingenions. He exhibits an
understanding of the theoretical implications of his work, He has 2 wide knowledge of the
literature on probalulity and is able to adept simulation methods and computer technology
to his purpose. All he lacks is someone to talk 1o,
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Endnotes

1. Examples of his statements on nearest neighber measures include: “Analysis of Central
Place Patterns by Nearest Neighbor Method,” Seattle, May 1959, mimeographed; “Analysis
of Central Place and Point Patterns by a Nearest Neighbor Method.” Proe. of IGU Sympo-
sium in Urban Geographv, Lund, 1960, pp. 55-75; “ldentification of Handomness in Foint
Patterns,” (with Tze-hsiung Tung), Philadelphia, June 1962; mimeographed (Dacey and
Tung is now forthcoming in the Journal of Regional Science, v. 4

9, See references at the end of the paper and also: “Order Neighbor Statistics for a Clase
of Random Patterns in Multidimensional Space” Annals. Association of Amencan Geogra.
phers, v. 53 (Dec. 1863): 505-315, “Certain Properties of Edges on a Polygon in a Two
Dimensional Aggregate of Pelygons Having Randomly Distribnted Nuclsi,” Philadelphia,
June 1963, oumeographed
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Imperfections in the Uniform Plane
Michael F. Dacey

Wharton School of Finance and Commerce
Unaversity of Pennsylvania
See end of article for additional information
A statistical formulation of the spatial properties of central place sysiem is proposed
Currently, the theoretical locations of central places are specified by geometinc or algebraic
quantities. This type of statement leads to certamn rejection of central place models, for 1t 15
inconcesvable that any observed pattern of central places corresponds exactly o the specified
geometry, A probabilistic formulation 1s prefersed for empirical analysis because deviations
from the precise locations are contained within the statement of the model

In the classical theory of Christaller (1933) and Losch (1939) central places form 2 honey-
comb patiern or hexagonal lattice on the undifierentiated, unbounded plans. A probabilistic
statement of this location patiem incorporates deviations from the precise lattice locations,
and the dewnations are subject 1o stochastic processes. This mitial formulation of a proba-
bilistic central place distnbution uses the concept of imperfections in the uniform plane to
define these deviations. Imperfections may be combined with Lhe central place geometry
in many ways. Here one basic formulation and two closely related models are proposed.
The models possess some properties of the Chrnstalles-Losch system and evidently are not
inconsistent with the spint of central place theory.

This report has two purposes. Firsl, a general model of imperfections i the umiorm
plane is constructed. Second, the application of a particular model to a map patiern s
evaluated.

The map pattern of urban places mm lowa has been selected for an 1imtial examination
of the imperfection concept. The empirical test involves interpretation of parameters of the
model in terms of phenomena commonly studied by geographers and estimation of these
paramelers from the Iowa map pattern, Because the formal statement of the model contams
equaticns that are difficult to evaluate analytically, this initial study has used a simulation
technique to obtain summary measures on theoretical patterns. Properties of a fabneated
pattern are compared with the lowa map patiern, and the level of agreement iz found ac-
ceptable to the first approximation.

The Chrnstaller Spatial Model

The theorsticel distnbution of central places may be expressed i terms of a plane lattice,
Let P orepresent a plane symmetry lattice. Choosing any arbitrary point of this lattice as
an origin point €, the location of any other given latlice point can be defined with respect
lo this ongin by a vector T

T'=wuty+uvla {1}

where v and = are integers. The vector notation 1mplies that the plane 15 constructed as
a hnear lattice having a translation period t; which is repeated periodically at an mterval
ty. The translation perieds £ and {7 may be regarded as vectors separated by the angle g.
Using K to denote a collection, the lattice points of F are defined by

P=KT = K{ut; +vts) (2
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Central place theory conventionally uses a hexagonal lattice for which the translations
t; and {3 are of the same umt length and the angle of periodic rotation i g = =/3.

A more general discussion is obtained by not restricting attention lo the lhexagonal
lattice.  In this report P represents any plane lattice which may have a three-, four-, or
aix-fold axs. In applying the lattice to a particular problem, the translation perieds ¢ and
tz and the angle of rotation gy need specification

Types of lmperfections in the Uniform Plane

Three types of imperfection m the umform plane are studied in thes repori. These
imperfections are closely related to certan londs of imperfections found mn nearly perfest
crystals. An antroduction to crystal imperfections e found in Van Bueren {1961, especially
Chapters 2-4) and an excellent synthesis of the concept of imperfection in the solid state is
given by Seitz (1952} The basic principles of our formulation draw heavily upon coneepts
nsed m the study of crvstals and the solid state; the mathematical formulation is. however,
quite different.

The imperfections under consideration are identified as (i) dislocations or disturhances,
{1} vacant lattice sites and (i1} interstitial points. These three types of imperfections are
mosi easily defined by considenng two maps containing point symbels.  For the present
purposes assume Lhe maps have identical area and pumber of points, One map represents a
finite domain of the lattice P, The other map, called 5, may show fabricated locations or
the positions of actual objects. Figure 1is “good™ map § overlaid on a square P

i. The term dislocation is more descriptive of the first imperfection, but it has o definite
meaning in crysiallography and sobd state physics; so we shall call this imperfection

a disturbance. A disturbance occurs when the locaton of a point 15 not exactly at a

theoretical lattice site but iz 'sufficently’ close so that with high degree of certainty a

disturbed point is correctly associated with its theoretical location.

1. A vacant lathice site occurs where ne point 15 “close’ to n theoretical lattice site. Where
two of more points occur in the vicmity of a lattice site, it is not called a vacant lattice
sile even though the one point correctly asscciated with that theoretical location may
not be 1dentifiable.

ui. An interstitial imperfection oceurs in the uniform plane where a point is not identified
with any lattice site. Interstitial locations ccour where 2 point is teo distant from a
theoretical location to be associated with high degree of certainty with a particolar
lattice site, or where two or more points are located ‘close’ 10 a lattice site and the one
point correctly assigned 1o that theoretical location is not identifiable.

These imperfections are nol given precise definitions. In constructing the imperfection
model more precise definitions are given.

A Model of the Imperfect Plane

One basic formulation and two modifications are descnbed.  All imperfections under
consideration are the result of stochastic processes, in the space rather than the more com-
mon bime dimension. The principal [eature of an imperfection model is the imperfection
n pattern related to disturbances or shocks from geometrically exact locations (Figure 1}
Whle this single type of imperfection 15 adequate for many physical svstems, it is probably
Lot restnichive to encompass patierns formed by economic, social or cultural svsiems. To
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handle complex map patterns two addilional {ypes of two dimensional stochastic processes
ware studied. One type of imperfection generates interstitial points and is defined by a two
dimensional, uniform, randem vanable. The other type of imperfection generates clusters
of points and 15 defined by spatially contiguous probability distnbutions. Because the pat-
tern of urban places in lowa is relatively homogeneous and contains no examples of large
metropolitan centers, it was not necessary to incorporate a contagious process in a model for
the lowa map pattern. For this reasom, only the first two types of imperfections are discussed
in thie report.

The Disturbance Fffect

Eacli lattice poinl of P ie associated with & siochastic variable £, The £ is the dis-
turbance variable and defines the realized location of a point with respect to its theoretical
lattice site. It 1= convenient to separate £ nto its two polar components: a distance p and
a rolation angle 8. So, £ = (p. ).

The displacement of the point s, from ils equilibrivm position (at; + 82} 15 given by
the random vanable £, So. the disturbed position of thas pomnt s

Sap =0ty + bla -+ Eau (3]

11 1z assumed that the same stochastic vanable 15 associated with each lattice site, Then, of
2 point 15 disturbed from each lattice site the collection of randomly disturbed points 1s

51 = Kluty +uvts + 48], (4)

u and v mtegers. This notation indicates that £ has translation penod ¢y which 15 repeated
pericdically at an interval £z, In tlns sense the stochastic vanable 13 carried through space
and 15 agsociated 1o thrn with each lattiee site. Accordingly, in peint set 57 each lattice site
(@i + B2) has exactly one corresponding disturbed point &,

Vacant Lattice Sites

It 1s not necessary to apply & disturbance to each lattice site. Instead a lattice site and
the variable £,; mayv be taken in conjunction with a binary or on-off operator which nullifies
the vectors defining some disturbed poinls so thai the correspending lattice sites are vacant
As a consequence, there 1s a sparser network of disturbed points than lattice sites Becanse
a disturbed point 15 not asseciated with each lattice site, the disturbance term 1= said to be
repeated almost periodically, A more precise definition of the almost periodic disturbance is
gIVETL.

A binary operator to produce vacant lattice sites 15 defined for (afy = bts), denoted
symbols by Z.5, such that for 0 < A <1,

Sas =1, with probability A
Bap =0, with probability 1 —A. (3]

The vectors defiming location of the disturbed point 5.4 are multiplied by 9. so that the
disturbed point iz realized with probability A and is not defined with probability (1—A). In
more precise form, the location of the disturbed point having equilibrium peosition (el +Hz)
15

sap = Faplaty + btz + Equ) (5]
BT
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Figure 1. Map of imperfection model. Most symbols show disturbance effect on a square
lattice. There are two vacant lattice sites, and two examples of mterstitial points. Mosl map

patterns are, of course, not this regular, This figure shows a six by four square lattice which
has been altered as suggested.

with the usual convention that ., = [} does not define & point at the lattice site 0, So, for
Hai = 0 the disturbed point 54, does not exist, while for 3.4 = | location is found precisely
in the manner for the penod disturbanes.

Each lattice site 15 associated with the same stochastic vanable and with the same binary
operator. Accordingly, the relation (8) = carned through space with translation penod i
repeated periodically at interval £9. The collection of points generated by the almosi penedic
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disturbance is
De= Ktﬂml{ﬂil + vty + L) I:?':I

a and v integers. The 3 is completely identified by the underlying lattice P, the prabability
A, and the parameters specifying the components p and # of the stochastic variable £. [t 15
summarized by the parameter set S{ty,tx A4, €],

Uniform Handom Disturbance

This collection of points, denoted by B, is a random peint sel. To make the definition
explicit, an arbitrary origin is selected and the lattice pont £ of P is convenienl. The H 15
specified by the theoretical frequency of points within distence r of the origin. Where the
parameter 4 is the expectation that a unit ares contains a peint belonging to R, put

= 711-'? (B)
where = = (I, The frequency p describes any arbitrary digk of radins ., so that the distn-
bution £ 1= independent of the specified origm. It 1= a property of R, Feller [1857) that the
distribution conforms to & Poisson process. The probability of finding exactly j points of B
within any disk of radius » is p?e7?/51
Definition of the Basic Medel

The model to be considered in thie report i defined by the combination of an § and the
R point sets; call this model M and

M=5UR ()

This model is summarized by the parameter set M(fy, 124, £;p), where p = (A+7) Fora
model containing S and R points only, g 1s the mean density of points per nmt area
Several interesting formulations of A are defined by special values of the parameters A
and .
The periodic disturbance model My is given by A = 1, for one disturbed point 1
associnted with each lattice site. A complete periodic disturbance model also has v =0, for
cach point 15 disturbed from a lattice site and there are no random points from K.

The almost perodic disturbance model, called My, 15 given by < A < 1. The magni-
tude of v determines if Mz has a one-to-one correspondence of points o lattice sites or if
M2 has more or less points than lattice sites. Il 4y =1 -4 the theoretical density of points
belonging to Sz and K equals the density of lattice gites. If % = | = A the expected number
of points exceeds the number of lattice sites, while the expected number of pomnts 15 less for
41— Al

The point set given for A =0 is a random point pattern. It 15 of course recognized that
R is only one of many point sets that could be combined with 5 or 83 disturhed ponts
Description of Pattern

The disturbance models are described by the nnderlying lattice P, the density measures
% and = and the disturbance process £. The combination of these parameters produce
disturbed and interstitial points and vacant lattice sites in the uniform plane. In a formal
sense a model is completely specified by the lattice parameters and the several probability
functions, This specification of & model does not, however, describe or summarize in any
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uesful fashion the point pattemn Eenerated by & particular model But, numencal summary
of pointl patiern M is prerequisite to test of the hypothesis that an observed map patiern is
similar to an imperfection pattern.

To measure the level of correspondence between observed and theoretical patterns there
iz need for (i) measurements on ome or more properties of the ohzerved pattern and (i)
theoretical values for the same properties on the pattern defined by the model. In addition,
if parameter values for the model are setimated from the ohserved pattern, the properties
for test of similarity between observed and theoretical patterns should be independent of the
properiies nitially nsed to estimate parameters

In this report pattern Iz summarized by two classes of order distance statistics The
methods are descrobed briefly and then their utility as descriptive measures of pattern are
indicated.
Pomt to Point Order Distances

Let i represent any arbitrary point in a pomt pattern ¢ The measured map distance
from 1 to the 5 nearest point is represented by Hi;. J messurements are taken from 1 and
are srdered to satisfy the inequalities

R,]{H[g{---{iﬂ.j{u-{ﬂh.l (10

and the Ry 1= called the § order distance. For deseription of & bounded map pattern the
1 order distance i recorded only if fly; 15 less than the distance from i to Lhe nearsst mafp
boundary. The chance of bias due to the influence of boundaries s reduced by this constraint,
but there is loss of information to the paitern descoption becanse all distance relations aps
not utihzed.

The R;; mensurements reflect the arbitrary map metric. The dimensional constant which
eliminates effect of seale s d1/? where d is the density of points in ). Measurements in &
are reduced to standardized distance by the transformation

iy = I:]rl.an_ir‘-_”._ {11)

Standard distances are used in this report to describe all patterns.

Let I denote a collection of peints in . and { € /. One deseription of &} uses standard
distances from each origin point i € T lo the J neapest points.
Locus to Point Order Distances

A second description of pattern uses distance measurements from coordinale locations
te pomts, Let [ define a set of locations in @ and in general & locus £ £ L is not a point
evmbol of ¢, The measured distance in ¢ from locus € to the k nearest point = denoted
by Hg. The measurements from ¢ are ordered by distance and put in standard form: in
symbals

:"ﬂ{rfg{--'l‘-:!‘&{"-{rﬂf (12}

ron=d' PRy, (13)

The second description of @ uses standard distances from each locus £ & [ o the & nearest
pointe. The boundary constraint pertains to these distances alsa.

Sampling Methods
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The elements of ] may consist of all or a sample of points in t}. For this study a census
was taken, largely because of small pattern size.

The loci in L neeessarily constitute & sample, and these locations may be designated by
random, stratified or uniform sampling metheds. The most efficient mesh for plane sampling
has been studied by a number of writers, as Zubrzycki (1961) and Dalenius, Hajek, and
Zubrzycki [1961), but there are no general conclusions. This study nsed random sampling.
largely becanse the patterns of interest contain high degree of uniformity in spacing and
random sampling is probably less sensitive to this type of spatial bias. However, this topic
Tequires study,
summary Description of Pattern

A peint pattern may be summarized by (i} the lower moments of the 7 and § order
distances or (ii) the frequency distributions of these order distances. The 7 order point to
pomt distances provide a quantitative summary of the arrangement of points with respect to
other points of the pattern, but these distances do not explicitly reflect the arrangement of
points with respect to the map space. The complementary k order locus to point distances
provide a quantitative summary of the arrangement of pomts with respect to the lod in L
To the degree the sample mesh of L is a measure of Lhe map space, h order distances also
summanze the arrangement of points with respect to the map space. Because these two
classes of distances reflect two different aspects of pattern, this type of summary statemnent
capiures many of the subtle charactenstics composing a point pattern.

Comparison of Map Patterns

The descriptive measures provide a basis for evaluating the degree of similarity between
We or mote patlerns. patterns are called similar if the order distanees summarizng each of
the patterns have'the same statistical parameters. The standardized distanees allow direct
companson of any two point patterns, for the distances represented by the variable ¢ {sither
Ty of Ty are normalized to aceount for differences in seale, wnit measurement and density
of points. Using either means or frequency distributions of order distances, the hypothesis
that two or more sets of measurements belong to the same statistical population may he
lested by standard procedures.

Theoretical Order Distances

This paragraph considers the basic derivation of order distances for unperfection models.
The denivations are simplified by studying (i) lattices for which ¢ = &y, (i) nearest neaghbaor
situations only, and (iii} the stochastic vanable ¢ defined by the normal law

Two nearest neighbor latlice sites are separated by the distance ¢ {=t; =t3). Let the
random vanable X denote the distance between two disturbed points associated with any
two nearest neighbor lattice sites. It requires only elementary geometry to show that the
distence between points (g1, 81) and {p2, 82} s

z = ({picosf, — pycosfs & t:l2 + ([pysin ) — ,r_rgmnﬂg:li]l"lz. (14}

L

The simplest derivation of order distances is for the complete penodic disturbance model
(A =1 and ¥ = () on the hexagonal lattice. Let m (= 6) denote the number of nearest
neighbors to each lattice site. We consider the distances from an arhitrary point i at (al; -
by + Eap). It 18 assumed that the m nearesi points to ¢ are disturbed from nearest neighbor
lattice sites only, The =y 15 the distance from point © to the & (= 1,2, .., ) nearest point,
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If the disturbance term is identical and independent for each lattice site, the m distances
from i may be interpreted as m independent observations in & sample of size m from the
population defined by the random wariable X Because the chservations are crdered from
shortest to longest, z; & the kth order statistic. It is well kunewn that the distribution
function of the kih order statistic 15 given by

!

oW = = im =)

FElw)P w1l = Fla))™ *flw) {15

where f{w) = dF(w) and the vaniable X | after making the probability transformation for &
specified f(p) and f{#), is substituted for w. The z crude moment of the k order statistic
for the completie periodic disturbance model is

wlle) = e ) f WP~ )™ w)de.  (16)
0

k— 1)l(m — &)l

The derivation is far more complex if the fattice is not hexagonal and undoubtedly
requires more advanced concepts than provided by elementary probability metheds. More
over, even in this simplified case. numerical evaluation of {16) is not necessarily possible by
elementary procedures

In the statement of disturbance models the normal law was interpreted in polar coordi-
nates by the folded half-normal distribution; thai is. the distribution function for location
about a lattice site i

o o
F = My dl= 18 dpds T
(€)= F(p.8) fu fDJ"IZ.U,fL yap arn)

where B
Flp) = v 2exp(—p* /262 )/ (o /) p =0
f8)=(2x1"" (0<d<?2n

It geeme appropriate to accept that f{£) 1= sdentical for each lattice site so that the parameter
o is constant throughout the lattice space. Using (17) to define (14) and substituting the
resulting probability transformation inte (16) gives an expression for order statistics that,
for me, 15 totally intractable.

Some simplification is gained by mnterpreting the normal law by the bivagale or circnlar
normal distribution, In this case the distance variable X has a well known form. Tt may be
ghown that the distribution fanetion is

(=/n)? ’
Fiz) = 1/2expl —:?;2;;.2]] e gtz Pyl dz 2> 0 (18]
0}

where 5 = 2% and Ig{e) is the modified Besse] function of the first kind of zero order. This
exXpression 18 recogmuzed as the mtegral of the non-central y* with two degrees of fresdam.
In a shghtly different form it occurs as a basic distribution function in bombing or coverage
problems, Germond (1950}, By substituting {18) for F{w), (16) gives the = crude moment
of order statistics from a non-central 3 * distribution, however, tables of values have not been
published
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It 15 apparent that even the simplest imperfection model yelds equations that are dif-
ficult to evaluate. Where A # 1 and/or v # (0 the zguation systems are immensely more
complex and numerical evaluation may be considered, for any practical purpose at this time,
impossible. In order to circumvent these mathematical problems the imperfection model has
been evaluated by simulation of an equation sysiem for a given set of parameter values,
Amnalysis of the Pattern of Urban Places in Iowa

The imperfection models wers designed to produce types of patterns and distributions
studied in the social sciences, Moreover, the particular clase of patlerns motivating the
present formulation are formed by map representations of urban places. As a partial eval-

nation of the adeguacy of the imperfection model to replicate town and oty patterns. the
distribution of urban places mn lowa, 1950, 15 studied.

Many parameters of the lowa distribution are already available in Dacey [1963a), Thess
data provide empinieal esuimates of parameters {or appheavon of the impeslection madel to
the lowa patlern. Using estimated parameters, the degree of correspondence of My with the
observed pattern of urban places is analvzed. Simulation 15 used to evaluate the theoretical
imperfection modsl
Almost Periodic Disturhance Model

The almost penodic disturbance model Mg 15 specified by three sets of parameters:

1,47 and g identify the underlying lattice P,

£ specifies the disturbance term generating the point sel 52 and

A and <y are the scale densities for the point sets 54 and K, respectiively.

These three sels of paramelers are given numerical values by relating the imperfection
comcept to structural features of the lowa map patiern. In this constroction, each parameter
15 described in terms of the corresponding property of the lowa pattern. Since the thecreticsl
pattern iz synthetically fabricated, the definitions and interpreiations of parameters are
biased toward operational statements,

Lattice Paramelers

The My 15 Iabncated as a rectangular map space contaning the doman of a sguare
lattice, The domain is of dimensions 12 by 18 and contams 96 ponts. Thus, the parameters
are fy=f2=1,0=mw/2-

The ponmtive cells of the square lattice have an abstract correspondence to counties,
and in this context lattice points represent the pecgraphic center of counties. This lattice
has some resemblance to the lowa map. In gross form lowa 15 roughly a rectangle and most
counties in lowa are approximately sguare. However, the counties do not form a square
grid, larpely becavse of surveying adjustments for the earth’s eurvature. An alternative, and
possibly a closer, approsamation to the [owa structurs 18 the diamond lattice.

The lattice has 96 squares while lowa has 89 counties. There is ne formal advantage to
using & lattice of approcamately the same dimensions as Lthe study area.

Vor spectheation of other parameters the following relations are established between M4
and the lowa map:

1. square lattice cells of My are equated with lowa counties,
ti. lattice pomts of M3 are equated with geographic centers of counties,
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ili. Sy and R points are eqnated with urban places.

Using this dictionary (o) the distribution function for distance from lattice site to Sa
point is estimated from the observed distances from geographic center of counties Lo nearest
urkan place and (@) the requency distribution of points in poimative lattice cells 15 estimated
from the observed frequency distribution of urban places in counties. These two properties
are evidently independent of the order distances used o summarize observed and theoretical
patlerns

Disturbance Variables

In my eather study of Iowa 1t was shown that for intenor counties contamung an urban
place the distance from the geographic center to nearest urban place was closely approga-
mated by the folded half-normal distribution, as defined for fip) m (17), with scale param-
eter o = [.2286. Observed and caleulated frequency distributions are compared in Table
L

The angular component £ of the disturbance term is taken as a uniform random variable,
as defined in (17). No evidence is presented for this assumption, so the uniform vanable is
entered into the model on the theoretical consideration that a completely chance factor
accurs in the disturbance process. However, in examining the location of places with respect
to peographic centers I found no evidence of directional bias.

On the basis of these estimates, the vector component p and the angular component #
of the disturbance variable £ are defined for Ma by the folded, uniform bivanate distnbution
(17).

Scale Vanables

The remaining two parameters of Ay are the density measures A and 5 Because Mo
containg anly S and R points, the density of all points is p = A 4 7. For the lowa map
pattern thers are 83 places and 99 counties, so the estimated density of total points 1 5
is (93,00} = p.

The individual densities A and 5 were estimated from the frequency distobution of urban
places among lowa counties; Table 2. A two parameter probability density function that gives
a good fit 1o the observed frequencies has been stated by Dacey [1863b). By assummnng that
each distuthed point in 52 12 always located in the primitive cell of its theoretical lattice site
and thal each random peint in & has an equal probability of occurning in cach primitive
cell, the probability that a eell contains & points is

fle: A p) =y e el + (zAy 5 e /2l) {19)

whers v+ = g—A and = =0, 1, .,.. The parameter A was estimated by the melhod of moments
from the distribution of urban places among Iowa counties. Table 2 compares observed and
expecied frequencies for the parameters A = 0.74, v = 0.20 and g = (.94 = 93,049,

Comparison of /s and Towa
A synthetic pattern was constructed from the pattern My for the parameters

el R | EI'Z’.T,I'IE

o= [0.2286 A =07306 ~=I1L1970.
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These parameters were applied Lo 2 space comtaining 96 lattice sites, so that My contained
71 53 pomts and 18 F points. Tables of random digits and standard normal deviates were
used Lo generate a synthetic M. Because of the small pattern size, random digits and
normal deviates were tested for randomness.

The My and Iowa patterns were described by (1) distances from origin points to the
10 nearest meighbors and (1) distances from loc to the 10 nearest points. The boundary
constraint was appled so that the number of recorded measurements tends to decrease as
the order of neghbor increases,

Urder mean distances are bsted i Table 3 for pomnt to point messurements and in
Table 4 for locus to point measurements. The tabulated data on My give mean distances
for the 11l Jower order ueighbors and the number of recorded measurements for each order
Distances obtained from the Jowa map were standardized by multiplving each observed
mean order distance by the sguare root of the density of urban places. The tabulated date
on Iows give the standardized mean distances and approximate miles for the 10 lower order
neighbors. Also tabulated are the sbsolute and percentage differences hetwsen the nbssrved
and calculated mean order distances. Many other properties of M2 and lowa were collected
but are not included in this report.

There are many reasons for not conducting an elaboratle analysis for goodness-of-ft of the
Sz data to the lowa data, Important reasons include the small size of the fabricated Mo and
difficulty m transforming frequency distributions into the normal form, These and similar
problems could, largely, be handled in & more carelul experimental design. More control was
not exercised because I wanted a fast, crude evaluation of an imperiection model to determine
whether it possessed any empirical reference, and, hence, merited detailed consideration.
A farr test of the imperfection approach to urban systems requires a substantially more
sophisticated moedel than M,

Theugh recognizing the ‘imperfections’ in M3, it seems sufficienily provocative to justify
release of this highly preliminary report. While statistical methods were used to evaluate
hypotheses of no difference between My a2nd lowa (which were not rejeeted by the available
data}, reports on levels of significance and other statistical findings do not seem particularly
eritical at this stage of development

Evaluation

The synthetic pattern Mj reproduces with considerable fidelity the Iowa map pattern
of urban places, The correspondence between Ms and lowa 15 a statistical rather than a
carfographic similanty. This criterion of similanity determines the type of conclusions that
can be drawn from the present study.

Both patterns were summerized by sets of distance measurements. These distances
represent, however, guite different conceptualizations. The lowa pattern refers to an observed
distribution that exietz in the real world, and at a peint in time a study area has a single
pattern of urban places. In contrast, the synthetic patiern represents a probabilistic modsl
that 15 an abstract construction. This medel does not describe one map pattermn. Instead, the
madel defines a set of thearetical values, 1% is possible to 1nterpret the model and synilietically
construct a pattern thal is representative of the model; yet, the model generates only one of
an infinity of different patterns that correspond precisely 1o the statement of the model.

In more formal terms, the reduction of the distribution of urban places to order distances
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in a one-to-one mapping but the reduction of the model to a pattern is a one-to-many map-
ping. 8o, for the lowa distribution only one pattern is formally possible (all representations
must be conformal) while the mapping of the model is multi-valued. Consequently, while
a single map describes the lowa pattern, there is no cartograpiuc summary of the pattern
contained within the theoretical modsl

While we reduce & map to a set of numbers we do nol return a corresponding set of
numbers to the map form. The cost of reducing the lowa map pattern o a svstem of equations
describing an nuperfection model is the loss of the mayp deseription of that pattern. Whether
this loss is compensated by the substantially greater analyvtical utility of a mathematical
construction is a question that cach student must resolve for himself

[n evaluating these questions the role of simulation should be correctly mterpreted. Sim-
ulation was used only after all parameters of the model were estimated. Tlhis is not general
m social science investigations of large, complex systems by means of simulation. Often, the
model is simulated many times, each run using a different sel of parameter values. The model
being simulated is then adjndged successful if some set of parameters provides a good fit 1o
the data at hand. Thie terative approach is based upon an a priont acceptance of the model
In this application the simulation is used primanly to study properties of a complex modsl,
but it does not provide any independent means of verifying the mode! itself. Simulanon was
net used for this purpose; for the imperfection concepl simulation secves as the poor man's
(mathematically poor, that is) numerical mtegration of & completely specified prababilistic
maodel which ean not be evaluated by analytic methods,
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Table 1

Frequency [istributions of Observed and Caleulated Standardized Distances, 3, from Ge-
egraphic Center of Interior Counties Containing an Urban Place to Nearest Urban Place

: : i —fclf'z
Distance Freg. Ihst.  Errer —E—J-“—

cy/e T _Ir: fo — e

0- .243 i 1172 =02 D47l
- ABE 11 1104 - .04 0.000
=720 11 G.R2 1.18 0127
- 072 & g.23 - .23 0.005
-1.215 i 651 - 51 0237
-1.458 3 485 -LEB5 0052
-1.701 & s 161

-1.944 2 228 - 2B 0.265
-28Y 2 141 a8

-2.430 2 B3 117

Ower 2.430 0 b2 - 92

Tatal 61 61 11537 (= %*)

df=4
40 > Pr(yx® = L137) > .75
Towa data, fg from Dacey (1963a). The standard deviation is o = 0.2288. The calculated
frequency, fo, is from the umt half-normal distribution,
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Tahle 2

Comparison of Observed Distribution of Urban Places per County m lowa, 1950, with Ex-
peclted Distnibution of Pomnts per Pomative cell of Mo

Number of  Frequency Dhstributions

Places Observed Expected
E glz) E(x)

i 21 21.1

1 g 64.2

2 13 12.4

3 1 s

=4 f 1

L]

Observed values are from Dacey (196G3a). Expected valuess are computed from (20) with
A=.Td mmd ~ =2,
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Comparison of § Order Distances for M; and lowa Maps

SOLSTICE

Order

3 "
1 ik}
2 o
3 a6
4 aa
7 a3
] A6
i 44
B 41
i 37

10 36

fowa data are from Dacey [19G3a).

s

0.63
(.84
0.98
e
1.24
1.35
1.46
1.54
L.65
1.74

16
2]
25
28
al
a4
a7
40
4z
a4

Error

Fy— I:i[]]"r:RJ

=113
0
-1

A0

A
-1
=03
- [
IR
=4
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1.4
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2.1
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Table 4
Comparison of h Order Thstances for My and lowa Maps

Order M2 lowa Error

h n; T do' PRy Mi Fp— do' iy As % of Towa
i a0 042 0.4l 10 a1 4.7
i a6 072 0,72 15 i
3 32 097 093 23 104 4.2
4 31 207 1.13 28 06 4.8
i 20 121 1.26 31 -.05 4.0
fi 98 132 139 35 -07 4.8
T 28 143 145 36 02 1.8
B 27 1.5F 1.56 38 -0 (.8
G 22 162 1.65 41 -.03 |6

10 200 LIT1 1.4 4 =103 1.4

lowa data are from Dacey {1963a).
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(ctober 14, 1963 Philadelphia, Pennsvlvania

This ariginal paper by Dacey, when printed in the Papers of the Michigan Inter - Uns-
versity Community of Mathematical Geographers, was supplemented with an *Addendum’
reflecting computer programs current at the time by Professor Duane F. Marble and Mr.
Marvin Tener, and a second examination of the lowa data by Dacey (December 13, 1963,
A Glossary by Nystuen offered expanded explanations of complicated material for readers
uncomiortable with notation. The added materals are not reprnted here.
* The support of the Regional Science Research Institute and of the National Science Foun-
dation is gratefully acknowledged.
** Current address: Department of Geography Northwestern University Evanston, IL
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Winter, 1924

5. FEATURES
Construction Zone: The Braikenridge-MacLaurin Construction

The prajective plane is often thought of as the Euclidean plane with a line of infinity
atiached. The Lne at infinity i3 composed of the infinity of points at infinity, each of which
can be viewed as the intersection pont for sets of paralle]l lines Such gencrality can offer
enlightenment.

The Brakenrndge-MacLaunn construction [Coxeter 1874) offers a strategy for construet-
ing & conic Lthrough five given points in the projective plane. Imaginary lights suggest how
the comstruction traces oul the locus of a conic in the projeciive plane,

Given five points, 4, B, ', A", B' (Figure 1). Represent each of these by a relatively
large white light bulb. Jein A to B' and A' to B by lighting, one at a time, a series of
small white light bulbs from 4 to B' and from B to A'. Designate the intersection peint of
these two lines, &V, by 2 white bulb larger than those zlong the lines, but not quite as large
as those representing the five given points. Choose an arbitrary line, 2, through N draw
it using a sequence of small red lights. Join A' to © by 2 line of small red lights. Label the
intersection M, of A'C and z;. with a medinm-sized red light. Jain B to 7 by a line of
red lights. Label the intersection L of B'C' and z; with 2 medium-sized red light. Join A
to M by a line of small red lights and join B to L by a line of emall red lights. Label the
imtersection 'y of AM and BL with 2 medium red hght. The point (7] lies on the comic.

Figure 1. Braikennidge-MacLaurin Construetion of a conic through five given points, A,
B, A", and B in the projective plane.
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SOLSTICE

Now turn off all red lights except the one representing C), Diraw, using a sequence of
small green lights, a lne 2 (different from z7), through N . Repeat this construction, using
green lights, producng m the end another point, O}, on the conie; Leave the green hght
representing Oy on and furn the others (green omes) off. Repeat this process using enougl
{three] different colors (& “Four-color Theorem™ type of idea) to trace out the locus of the
conie in lights!

Happy Holidays!

Beference
Coxeter, H. §. M. 1974, Projective Geometry, 2nd Ed. University of Toronto Press, Toronte.



Winter, 1954

Population Environment Dynamics Course and Monograph

Onee again, Solstice board member William 1D, Drake invited §, Aringhaus to co-teach
R course in Population Environmeni dynamics based on Drake's ideas of transition theory.
For the third consecutive year their efforts, logether with those of the many fine students,
have resulted in an interesting monograph, authored almost totally by the students. The
student anthors and content of Population - Environment Dynamics: Towards Public Palicy
Strateges are as listed below:

Deborah Carr, Stability ju Rural Communities: Myth or Reality?
Cheri DeLaliosia, Population-Environment Trends in the Modernization of Thailand;

Rohinton Emmanuele, A City in Transition: Urban Demographic Changes in Detroit and
Their Impact on Urban Greenness and Climate:

Noah Hall, Coastal Protection and the Coastal Population- Environment Dynamic:
Timethy Macdonald, NAFTA and the Human Element, A Hegion in Transition:

Soonae Park, Demographic Transition and Economic Growth in Korea: Comparison betwesy
Asian Countries;

Carlos de la Parra, Analysis of Transitions in the U.8.-Mexico Bosder-

Brent Flater. Population Policy and Environmental Cluality:

Shelley Price, A Framewark of Pollution Prevention and Life-Cvele Design;  Aiding Devel.
oping Nations through Transition to Industrialization;

Richard Wallace, Maotor Vehicle Transport and Global Climate Change: Policy Seenarios:
Tracy Yoder, An Inguiry into Determinates of Fertality.
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SOLSTICE

6. SAMPLE OF HOW TO DOWNLOAD THE ELECTRONIC FILE
BACK ISSUES OF SOLSTICE ON A GOPHER

Solstice 1= available on a GOPHER from the Department of Mathematics at Angzona State
University: PLLA.ASU.EDU port 70
BACK ISSUES OF SOLSTICE AVAILABLE ON FTP

This section shows the exact got of commands that work to download Solstice on The Univer-
sity of Michigan's Xerox 9700, Because different universities will have different installations
of Tpk, this is only a rough guideline which might be of use to the reader. (BACK 155UES
AVAILABLE using anonymous {tp 1o open um.coumich.edu, account IEVG; type cd IEVG
after entering evstem; then type s Lo get a directory; then type get solstice 1B [for exam-
ple) and dewnload it or read it according to local constraints.) Back wseues will be available
o this account: this account is ONLY for back issues; to write Solstice, send e-mail to
sarhaus@unuch.edu.

First step is to concatenate the files you received via bitnet/internet. Simply piece them
together in your computer, one after another, in the order in which they are numbered,
starting with the number, “1.%

The files vou have received are ASCII files; the comeatenated file is used to form the lex
file from which the .dwvi file (device independent) file is formed. They should run, possibly
with a few harmless “vhoxes” over or under. ASSUME YOU HAVE SIGNED ON AND
ARE AT THE $YSTEM PROMPT, #.

# create -t.tex

4 percent-gign t from pe e:backslash words backslash solstice tex to mts -L.iex char notab

(this command sends my file. solsticetex. which | did as a WordStas {subdirectory,
“wards" | ASCI file to the mainframe)

# run *ex par=-t.tex

(there may be some underfull {or certain over) boxes that generally causge no problem;
there shonld be no other “error” messages in the typesetting—the files you receave were already
tosted. |

* run Fdviver par=-i.dvi
# control *print* onesided
# run *pagepr scards=i.xer, par=paper=plain
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