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INTRODUCTION

It would be an ideal situation if the designer of an earthquake-
resistant frame structure could know the response of the structure to the
ground motion to which it would be subjected in its useful lifetime. This
response is not possible to obtain. The nature of the ground motion
encountered in earthquakes and the type of structures the engineer has to
work with are much too complicated for that. On the other hand, much can
be learned about structural behavior in earthquakes by response spectrum
analyses of past strong-motion earthquakes. Moreover, the response spectrum
is a powerful tool to aild the designer of earthquake-resistant structures.
The general shape of the velocity response spectrum of an earthquake motion
can also provide significant information about the expected inelastic
response of a multi-story structure.<l)

Response spectrum analyses of strong-motion U. S. earthquakes(e)
indicate seismic lateral forces to be much greater than the accepted code
values currently in use in earthquake design, even when the structure is
heavily damped. On the other hand, buildings designed in accordance with
current seismic building codes have survived strong earthquakes without
showing excessive structural damage. One possible explanation is that
both the structural and nonstructural components remain active when
strained beyond their elastic limits and the energy transmitted to the
structure by the earthquake is dissipated by inelastic deformation.
Dynamic response beyond the elastic range is therefore a topic worthy of

further investigation.
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The elasto-plastic load-displacement relation has been used in
a great majority of the studies of inelastic response to earthquake. The
present study includes the elasto-plastic relation as a special case of
a more general load-displacement relation called the Ramberg-Osgood relation,
(Reference 3) in which three parameters, a characteristic load, a character-
istic displacement, and an exponent, characterize the behavior. Experimental
work on structural steel members and connections(u) indicates that the
Ramberg-0sgood relation is more realistic and can provide a better
approximation of actual member behavior. The latter is also supported by
analytical study.<5)

In this report the response of a single-degree-of-freedom structure
subjected to strong motion earthquakes as well as to steady-state oscillations
is studied. Effects of different earthquakes, and also various load-
displacement shapes, i.e. degree of plasticity, on the response are some
of the parameter considered. The principles and construction of the

response spectra for Ramberg-Osgood systems are discussed in detail.



LOAD-DISPLACEMENT RELATIONS

Actual structural members do not exhibit ideal elasto-plastic
load-displacement relations; rather, the load-displacement curve has an
elastic branch followed by a transition curve that leads to a plastic
branch. Upon reversed displacement, the Bauschinger effect makes the
transition more gradual. This behavior can be represented quite closely
by a relatively simple mathematical model, the Ramberg-0Osgood function,
shown in Figure 1. Three parameters are employed, a characteristic or

yield load Qy , a characteristic or yleld displacement x and an ex-

v
ponent r . It is the exponent r that governs the sharpness of the
break away from the elastic branch. The Ramberg-Osgood function includes
as special limiting cases the elastic case, obtained by setting r = 1,
and the elasto-plastic case, obtained as r tends to infinity.

Some of the hysteresis loops obtained in recent tests of
structural members and connections at the University of California0*>
are shown in Figure 2 along with a Ramberg-0Osgood loop with the parameters
gy » Xy o and r chosen to give the best fit in the sense of least
squares. Fitting the curve to experimental data requires too much computa-
tion to be done by hand, but with the aid of a computer the task is
relatively simple. Curves have been fitted to other experimental load-
displacement data, and it is found that the closeness of fit shown in
Figure 2 is about typical. The Ramberg-0Osgood representation of the load-

displacement relation is considered realistic if the structure is capable

of maintaining stable, nondeteriorating hysteresis loops.G5’7)
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Figure 2. Experimental Hysteresis Loops.



THE DIFFERENTIAL EQUATION OF MOTION

A one-degree-of-freedom structure with Ramberg-Osgood charac-
teristic can be represented by an equivalent oscillating system made of
a single mass and a Ramberg-Osgood spring as shown in Figure 3.

The equation of motions for this system when subjected to
ground motion is given by,

n(x +y)+ Q=0 (1)
where

m = mass

X = relative displacement of mass to ground, a function of time

y = ground displacement, a function of time

Q = restoring force, a function of x

Differentiation with respect to time is denoted by dots. Rearranging

and expressing in terms of unit mass this equation becomes,

X4+4q9g=-7 (2)
where

. 9
@= 3

The relation between the restoring force q and displacement x , see

Figure 4, is given by,

r-1
TGP R B (3)
Q.
X\y. 17 qy.

where = gy/m , 1s the characteristics restoring force per unit mass.

Gy
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STEADY-STATE OSCILLATION

The dynamic response of actual structures to steady-state
sinusoidal excitation can be obtained experimentally. Thus a study
of the resonant amplitude, as a function of frequency and maximum
amplitude of the forcing function would be useful in determining the
Ramberg-0sgood parameters of real structures.(7)

The steady-state oscillation of a single-degree-of-freedom
system with hysteretic force-displacement relation of the Ramberg-
Osgood type, shown in Figure 5, has been studied both by the energy
method(3) as well as by the method of slowly varying parameters.(3’ 8)
The energy method is limited in scope, for it gives the response at
resonance only. The results of the slowly varying parameters method
are considered in this section. The latter approach gives the steady-
state response for all values of a/ah i.e. forcing frequency to the
undamped natural freguency, and can be used to plot amplitude against
frequency curves,

In the absence of viscous damping, the equation of motion for

this system is,
mx + x) = F(t) = F, cos wt (&)

where F, 1s the force amplitude and  1is the frequency of excitation.
The equation of motion, Equation (4), in dimensionless form

becomes,
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where
T = aht
W
n=—
©n

and ﬁ%;

== cos © (6)

where

0 = (TlT + ¢)7

and
Xo/Xy and ¢ are slowly varying functions of T .

Applying the method of slowly varying parameters,(3> BEquations

(5) and (6) result in the expressions,

) 2r
F @, r-1.2 16 r-12%
1R D+ =TT - = (G5
2 X \ QY Qy T QY
(27 =c(=2) +
“ Xy e T
(7)
where
X0 2 Xy 1 Q %o
C(';(;) =7 %é —Qy—(i}' Cos @) cos @ d O (8)
QO = the extreme value of the restoring force,
and

"
Il

o the displacement corresponding to QO .



-12-

Letting p = :xo/xy , Equation (7) can be rewritten as,
Fo2 1 -1, & By b o
(212 = o) iJ(-g;i) 2 ) e ) g (9)

For the elasto-plastic case, it can be shown that Equations (7) and (8)

reduce to

Py © _ .2
()2 - ¢ <u>iJ<——°-> Lol (10)
©n QM n 5
L feost (1-2) -2 (1-2) [il
Clp) == feos™ (1 -2) -2 (1 -5) | - ] (11)
Combining which result in the simple expression of,
w2 1 -1 2 2 p-1
—) == 1 --=)-2(1--= —
() =f s -9 -20-3 B
[ " : (12)
Foy 1 b(p-1)
+ (7)) 5 - [
- “‘\J %7 “’2 ’JT}«L2

In order to check the accuracy of Equation (7), a numerical
analysis of Equation (5) was performed on the digital computer. For
given values of FO/G%y and a/wh , values of XO/Xy were found from
Equation (7) and used as initial starting points in Equation (5).

Then Equation (5) was solved numerically by using a fourth order Runge-
Kutta method. The error for each trial point was calculated from

(% + xf)2+ kfg , where "i" and "f" stand for initial and final,
respectively. With the help of a downhill climbing method an ineration
procedure was established and the error minimized to the desired accuracy
of less than 0.005. Figures 6 a-d and 7 show the results for various

values of FO/Qy.and exponent 1 .
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Figure 6. Steady-State Response Spectra for Ramberg-Osgood System
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YIELD REVERSALS AND SIGNIFICANT RESPONSE PARAMETERS

Yield reversal is well defined in the elasto-plastic system.
However, the Ramberg-Osgood system has no single defintion for it.
A sliding 2xy criterion is used in this report for yield reversal
i.e. when the absolute difference between displacements x; (current
extreme point obtained by loading in one direction) and xj4]
(obtained by loading in opposite direction) is greater than twice the
value of xy , yield reversal is reached. Expressed in equation form
this becomes |x5 - Xi+1| > |2Xy| . A detailed description of this
criterion is found in Figure 8.
The effect of yield level upon the number of yield reversals,
for various values of Ramberg-Osgood exponent only, i1s shown in Figure 9
for E1 Centro 1940 NS.
Two response parameters, namely, the ductility and the energy
ratios, provide a meaningful characterization of the response of an inelastic
system to earthquake. The ductility ratio u 1is defined as the ratio of the

maximum displacement to the yield displacement, p = Xpax /xy . The

energy ratio € 1s defined as the ratio of the maximum strain energy
input per unit mass Eqg , to the recoverable strain energy per unit
mass at yield, € = 2(Es)max/qyxy .

The excursion ratio ey for the Ramberg-Osgood function is
defined as the sum of all deformation in the yield regions produced
during the earthquake, to the yield deformation Xy (see Figure 8).

The total energy dissipated by hysteresis in a Ramberg-Osgood system
is related to the excursion ratio, However, unlike the elasto-plastic
case there is no simple way of converting hysteresis energy to excursion

ratio.

-18-
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Figure 8. Yield Reversal Criterion and Excursion Ratio for
Ramberg-0sgood Systems.
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If all yielding occurred in the same direction, the relation
between the energy and ductility ratios for the Ramberg-Osgood system,

can be given as

%/ G %

= er p - (r-1) — (13)
r+ 1
in any case
e > /Y for oy (rm1) 2 (1)
r+ 1 Qy

When 1 = o , Equation (14) results in the elasto-plastic case, i.e.
e >2p - 1.

The energy ratio € has been proposed as a more critical param-
eter in inelastic earthquake design than the ductility ratio p , because
it 1s felt that the energy ratio along with the number of times the
system reverses during the earthquake, will help provide a better

indication of how a structure would perform in a strong-motion earthquake.



RESPONSE SPECTRUM CONCEPTS

The maximum of the absolute value of x , x and (x + y) can
be evaluated for various parameters from Equation (2), and plotted
against the period as displacement, velocity and acceleration spectra
respectively.

The maximum spring force Q can be expressed as
m

Q = CW . (15)

m
where the lateral load coefficient Cg corresponds to lx +y|max/g,

and W equals the weight (mg) of the system,

(a) For linear systems these spectra have the relation

XY Imax (16)

('Drllxlmax v \X\ma}( X Wy,

This expression is exact for undamped linear systems and is a good
approximation when damping is small.

If the velocity spectrum is plotted on a log-log scale,
because of Equation (16) relationship, logarithmic diagonal scales
can be constructed, (for displacement sloping up to the right, and
for acceleration sloping up to the left), and values of all response
spectra (% |pay, |%lpax » and |x + ylmax) read directly from the

same plot. See solid line in Figure 12a,

(b) 1In elasto-plastic systems, since the spring force is equal to
gy when displacements are in excess of Xy , Tthe absolute maximum

displacement and the absolute maximum acceleration are related as follows,

olo
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S P

Py LY T (17)

n

Again this relation is exact when damping is zero; otherwise it is
approximate because it does not take the damping force into account.

A plot of Wy, lx[max/“ against period T on a log-log scale,
for specified ductility (or energy) and damping ratios, results in a
pseudo velocity response spectra.(9’ 10) (Pseudo in the sense that
@y |%[pae/M is not equal to the absolute maximum velocity [x[.. ,
for there exists a discrepancy between the two and this discrepancy
increases with increasing values of u .)

From Equation (17) and the pseudo-velocity concept, diagonal
log scales can be constructed on the chart as was done in the elastic
case, and the maximum displacement lxlmax/“ , and the maximum accelera-

tion |x + y]max read from the diagonal scales directly. A typical

example is shown in Figure 12a.

(¢) The relation between wy [X|max/“ and |x + y|max/wn established
in the elasto-plastic system is generally not valid for Ramberg-0Osgood
systems. Thus it 1s inadvisable to make a four way log-log plot.(9 )
The displacement and the acceleration spectra for Ramberg-
Osgood systems are plotted separately on three way log-log plols as seen

in Figures 10a and 10c,.
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RAMBERG~0SGO0D RESPONSE SPECTRA FOR TWO STRONG-MOTION EARTHQUAKES

Equation (4) was evaluated numerically for various values
of qy ) Xy and r . A fourth-order Runge-Kutta procedure was used
for this purpose on the 7090 digital computer at the University of
Michigan. The method used to obtain a response with a desired value
of ductility on energy ratic was as follows:

The responses for a number of systems with arbitrarily assigned
yvield levels were first computed. Then a linear interpolation method
was adopted to interpolate between the obtained responses in order to
determine the approximate yield levels which would give the desired
results. These yield levels were used as input data and the corresponding
responses calculated., This procedure was repeated until the desired
responses were obtained.

The values of r were chosen to be 5 and 10. To compare
these parameters, ductility ratios of 1.0, 2.0, 4.0, and 6.0 were con-
sidered, and the corresponding spectra were computed directly by the
digital computer. The spectra for energy ratios of 1.0, 3.0, 7.0 and
11.0 were obtained by interpolating the computed data above.

The input function y(t) consisted of punched card accelero-
grams<1l) of the following two strong-motion earthquakes:

Taft, California S21W July 21, 1952
Olympia, Washington S86W April 29, 1965

The response spectrum curves presented, Figures 10 and 11,
were constructed throughout on the basis of the maximum displacement
or the maximum acceleration which occurred within the 30 second

duration of the earthquake.
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Response spectra for r = o , i,e, the elasto-plastic case,
are also included in this report for the above accelerograms as well
as for El Centro 1940 S, and are shown plotted in Figuresl2 through
14, For ductility ratio p = 1, the elasto-plastic system reduces to
the elastic system. Hence the solid lines in these figures represent

the response spectra of linear systems,
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SUMMARY AND CONCLUSIONS

In this report, the response of a Ramberg-Osgood type single-
degree-of-freedom structure to strong-motion earthquake was studied.
The principles and the construction of the response spectra were dis-
cussed. The discussion included force-displacement relation, equation
of motion, response spectrum concepts, steady-state oscillation, and
response spectra for strong-motion earthquakes. Also a family of
spectral curves was presented for this system, where the Ramberg-
Osgood exponent, restoring force amplitude, the ductility and the
energy ratios were the main parameters considered.

From the results presented in this report the following con-
clusions can be drawn:

(1) The Ramberg-Osgood representation of the force-displace-
ment relation is considered realistic if the structure is capable of
maintaining stable, nondeteriorating hysteresis loops. Ixperimental
work has produced remarkably stable hysteresis loops at large cyclic

strains(u) which can be approximated closely by a Ramberg-Osgood function.

(2) TFor the steady-state vibration response, slowly varying
parameter results showed good agreement with those of "downhill-climbing-
method." The discrepancy between the two increased as exponent r
and the ratio of input force to yield level of the system Fo/Qy s
became large. Neither result showed existence of unstable zone for
the Ramberg-Osgood system.

(3) The spectral relation lxlmax Y \klmax/wn A X+ y,max/ag

is exact only for undamped linear systems, and is a good approximation for
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damped linear systems provided the damping is small. The response spectra
for linear systems are represented by the top curves of Figures 12 through
1L, (The elasto-plastic system reduces to the elastic system when the
ductility ratio p or the energy ratio e becomes equal to 1.)

(4) In nonlinear systems the spectral relation above is not

valid. FPor the elasto-plastic systems this relation takes the form,

’leax !X + y'max
e titee— % ————ereees
K ®n

The expression on the left above, a pseudo velocity, 1s the quantity that
was plotted to obtain the response spectra in this case.

(5) For Ramberg-Osgood systems there exists no simple spectral
relation. It is noted however that in Ramberg-Osgood systems if Vd

and V, are defined as follows,

Pl X+ ¥
Vd;«: wnl lmax , and Va:_—— !X ylmax
M ®n

then
Vq > Vg for p<2
Vg =V, for p=2

Vd < Vg for p>2

For values of ductility ratio less than two, the maximum difference
between V4 and Vg, occurs when p equals one. It is also observed
that the difference between the displacement and the acceleration
spectrum curves for a given exponent r and constant ductility ratio

is constant, and thus produces only a vertical shifting of the curves
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i.e. V4 = kgV, , where constant kg 1s a function of u and r .
This does not apply to curves of constant energy ratio because the
ductility ratio is no more constant. For the latter case Vg a Vg .
Displacement and acceleration spectra for Ramberg-Osgood systems are
plotted separately.

(6) It is noticed that in the Ramberg-Osgood system, the
acceleration spectra is much more sensitive to changes in exponent
than is the displacement spectra which remained practically unchanged.
The latter seems to point out the view that maximum displacement
is independent of the degree of plasticity of the systemn.

(7) Taft and Olympia spectral curves are similar in form for
constant ductility ratios, but not so similar for constant energy ratios.
Taft spectral results for a given set of parameters are in general much
greater, on the other hand, Olympia curves exhibited as a whole more
fluctuation and sharper peaks.

(8) It is observed that inelastic action alone provides an
important source of energy dissipation to damp out the response of a
structure to an earthqueke.

(9) The maximum displacement and the maximum energy input for
Ramberg-Osgood systems are comparable with those obtained for elasto-

plastic systems of the same period and yield level,



APPENDIX - NOTATION

The following symbols are used in this paper:

g acceleration of gravity

kg a constant for Ramberg-Osgood spectra function of p and r
m mass

q restoring force per unit mass = Q/m

%Y yield or characteristic strength of spring per unit mass = G&/m
r an exponent

t time

X relative displacement of mass to ground

X5 extreme displacement of the restoring force

Xy yield or characteristic displacement of spring

v ground displacement

Cq seismic lateral load coefficient

ES strain energy input

FO maximum amplitude of the forcing function

restoring force

yield or characteristic strength of spring

> O

2

Value of restoring force at reversal

Vo, \F maximum pseudo velocity

W weight of the system

B fraction of critical damping

€ maximum strain energy input to recoverable strain energy at yield
€y excursion ratio
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) ductility ratio

T a time parameter

n forcing frequency to undamped natural frequency
Q a function of

0 (nt + 9)

w frequency of input force

o, undamped natural frequency of a system

NOTE: Differentiation with respect to time is denoted by dots.
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