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Thie last three examples show that & has no upper boumd, althongh theee =4
lower bonm, namely & = 1/27, equality oocitrring iFaml only 17 the mone is
eirele, the most compact shiape. To see this, consider the following quadratic
henction af

f”*{q FREO 4o = 2agt = ijhn*wmu + j*"n*fﬂ}du.
i L4} i

fs it ds pogitive definite, the integrand on the lefi-hand side biing a perfect square,
tHie dliseriminunt must be negative, so thal

-{[ELWRE{-’J‘}:M] = -J.EWJILJIE"{E‘]:!H = 0

frean which the Jower hound for & lollows immediately

These examples show that il is not too difficalt to caleulate & from the shipe of
the zone, but in practice it would peobably be casier and safficient 10 Approximate
it by a fixed value, sav & = 018, which will he ronghly e for all but the nost
catremely shaped wones aol skewed popubntion  distributions, Putting torether
equations (20 and (41 and this last approzimation means that a good approsimation
lo wse Jor the average distance hetween bwvo sones is

d = '|,|"Il[1'utcn:¢_'ntrn:'|| distimes)” + (0, L8 tokal areaof the twi zanes) |

I the special case when weane interested in the average intrazonal distance, the
intercentradl distance i5 Zern aml we have

e = Fiurea

whore. the 545 should be replaced by V28 i the shape of the zoneis know,
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abgorithm {Dijkstea TgEay, This algorithim in its skmplest form finds the benath o
the chostest path between b modles, and the complexily of this algorithon s Q0™
{Fasen 1988), Thus it wonld appear that Roding ther distances bebaen eachood the
aln — 1072 pairs of ndes wonshid he of complesity (H ), Howeser, with suitable
odification, onge nse of Dijkstra's algoritho can he made to lind not only thi
lengths of the paths from one node ol (e 11 ather nodes, but o such & way
that the paths that yield these lengths con be ceconstrueted in Oln) steps. The
complete set of shortest distances can e oblained, therefore, nonly n-applivalions
af Tijkstra’s algorithm, reducing the  complexity -of the process to e
{Heditniemt 1977). Floyd's algorithrm provides a slrteky for determining the
chortest distanees between oll paies ol points cimulaneonsty, listing those distunces
i matrix form, amd this Algorithm i alsn of order (Hn ) (Rosen 1958) Floyd's
Aluorithn does. not provide ey determination of the pathy themsehves: S0 Floyd
providis sy display of lengths ondy while Dijkstra iz nol designed for sy
display of results bul does make prssibile the determination of the actial position of
Jhortest path. Both these ahgorithins reguire the sapne nurnber of steps independent
af the data, Chctually [rijkstra’s alzorithin does nut AF ooly one paie ol pinils. 15
volved: bt iF the improsvement to ) for all pairs of points 15 desired, it does:

Thie thearetical procedure presented below, lpised on the' Hedetniemi matrix
s, displays in mali fran the set of shortest distanees hetween- all pairs-of
paints in o notwork of @ wodes, The process is of order ) Like Floyd's
alperithm, it provides @ mahris showing similtaneosly  the shorlest distunces
between all pairs. ol points iny e fekworks Uinkike Flovds alworitlhom,

(1) the Hedetniemi Malrix Sum makes it possible to determine swhen b stop
withyout eEmining all j‘.rl_'u‘_-:5i]]:i|i|i.|‘5 {in Fact, the ferratinnesteing is only.as b

e the mumber of Tinks'in the longest shortesl pathl;

(23 ihis method does ol Tecuirs having the Hral matrix Tk o imterpret the
mesning of e siceession of matrices leading to that final matrix; anid

(3% the Tedetrem method makes it elenr T ko use the Final maleis 2o
infervening mlrices o determine the position of the shortest paths through
the metwnrk,

fy terms ol compexity, the poanpariso belween the Hedetoiemi method aned
Flovd's method i parallel to that of the stracteal” differences between hubble”
<ot v “selection” gort, The Farmer nethods (Heditniemi and Lkible) seouie
e work a4 giver stage than e the batter (Floyd and selection}, but rate 1o
have fower stages than the Latter ko reach 2 final solution

There e DUMETOUE applicatinns in atiteh o shortest path of some. sorl i%
desiralle; roaders wishing a revicw of the geaeral literulure might consider Bosen
(19a8), Hedotiemi (1977), or Lawler {1876k those wishing 1o see applicalions ol
theory within specific ficlds of study, as for pyammple in uriin peography, might
consider references cuch a5 Shetl (1985), Cften. shortost-path problems are
M 1eomplete (awler 1976L s for exammple ane hoth the troveling - salesmin
problim and the Steiner probden; so that contem with liowe quickly an wisvecr can
Te sichieved is eritical, pepecially in application: that necd tooreject lrge numhbers
of candidate shortest paths when thers aroe large smhers of nodes. Ditlerent
ploarithims are will-suited o different applicilions-

s a theorctical souree for wenpraphic application, onc miteht place the “pixel” in
thie vole of the " peint” s node: all are units fundomental e their cnvironmenis
_from ebectionis i Frclidean 1o craph-theoretic. Furtlior, an clectnonic mpanlae
from one bocation to another.ona computer chip might play the mle aof Pspoment”
ar “edge” in corresponding anvironmental contexts. Thus, within a theoretical
qusnciating (hat *sees. computer and  graph-theorelic cuvironmcnts a5 partlel;
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graph-theoretio shortest-path algorithms then have considerable potential for
application o computerized technolomy. We suggest (o others) il one sueh
techmological geographic arcna open 1o, and appropriate o, application ol the
theoretical materinl presented  below is the so-called Cenraphic Inleration
System: brge numbers of pizels arc colored amd large numbers: of decisions
concerning these pivels, and the distances along the electronic paths linking ther,
ares 1o b mwle (Burrougly 1986), As o theoretical tool, the 1ledetmiemt aperator
might thus offer capabality for geosraphical information storage eompsralile o that
o the quadivee, imsofar as bath tools stop the procese shorl omee o solution has
Been reached, mather than exbinsting all possibilities (Tobler and Chen: 195EY. The
Hedotniemi operntor doss what Dijletrs and Flowd do, aned it doisso with e
sarne: teoretical pdvantaze for nformation storage as Hhee goadtves Dwhich Thijkstm
arul Floyd do not) Tnvestigation in this divection therefore appears desirabile snd is
with: npe.

HEDETRIEAD MATIIX SUM S
The wlew for the following: definition wis prrogsased Dy Stephen Hedetiiemi

when hewas o graduate: stodent in mathematics ¢ the University of Michigan
{Pl."'l.'b':.lllitl cOornenumicbion v N}':i!:l{'lll:l.

Dreprrmios 18 Hedefmiemd Maotely S Comesider tana tisllees
A= [I:e.'l _,:I|| mism,.l =] -'E'-_Jr]
B= [(bdl=fznlzhksp]

where m, n, and pooare all posibve iolegers. Define the sum, denoted by

AL E as:
3 1
Byt - e dl g 'I"ll"l"::‘e'--“;_,.
-'l.-||-|.'i - d::l”ﬂ" Uiy -'I lr"al|lr:'gg----!-'g_l.
| B o l.f;___._hns e
R T PRl
= || Farlaan oy,
Lo L R e
wlyiare

&g ™ WD +'r"|.'-"i'.'£ + .".lﬂ..... T Il.l",._:l

This sum will be ealled the Hedemiemi Matrix Semcof the mutrices A and B
Exwurie, The Hedetoiemi matrix Sim of the mliiees

p A | R
A= |8 a0 &) cand B= |5 06
e i i B
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i

el 1
AdB = ‘.'J- { -J).
k-2 0
This method of combining matrices Is identical o global strocture 1o the: sl
makrix multiplication; leeally, however, like entrics in enmbining vows and columns
ave zdded rathor than multiplied, and the minimim of the resulting sumniands,
rathir ian the sum of the resulting products, is taken.

Crmrmion 2. Given two malvices A ond B ol dimensions {m X pdand La = pl,
respectively, Let g b by denote B G EY element in the matrix A b B owhere
a4k by = minCay + by o Tbeg, o iy, T B .

The. Hedetniemi matriz sum 5 well-defined, at a most general level, foe
rectangular matrices of conformable dimensions; Thus, it & well-dlefined for all
spuare matrices, he they Cnopeyrametrie]) matrices that represent distomee-welghted
acdfaceney patterns in 8 direched praph or svmmetric matrices represcnting snch
patterns in an wndirected graph, Becisse many applications concerning shortest
paths assime a square distanee-welghted sljcency matrix, we forus (here) only on
tlue souare matrices,

The Hedettomi Matriz Sunts Applicd to Graphs of Nefworks

Given a graph representing o network of 'n sotless inown Cn 20 ) distance.
weightid adjacency matriv A = [a, | lahel

iy = the distance from i to §IE s adjacenl to f.
iy = Al
ay, =+ i i s not adjacent bo f (& starmed entiv ).

We assign o distmee of “07 o a lecation 1o itgeldl fln w compiler. program,
large: suenber might be used in the dala to represeat = 4 )

Fxansrrte B San Francises Bay Avea, Consider a set of nine locations surrounding
San: Framcisen Bay linked by magor. thorougghlsees and bridges LFigure 1). The
praph representing this netwvork doss. not distinguish hridge-surisee [y o
surfiees each s represented as wn edge in the associated praph. Distances hebween
the locations: are measired in teems of minutes of time (Mystuen 1954). In the
porresponding distanee-woighted mdipeency matris, A, foie this network (Figure 1
the a,; eatry of 30 indicates that Sin Maleo County aml San Praneiseo are
adjacent and are thicly minutes apart, whereas the g, entry ol = indicates thal
San Francisco and San Jose are not adjacent in the network originally given.

I the case of the San Franciseo distanee-weighted adjaceney matrix A, when
the Hedetniemi s 15 applicd snocessively, until ull entries are “filled in” the
First b in the iterlion sequence, all of whose entries are identical to the
diatrix in e nest stage, i the one that displays simultimeously all shortest
Jistances. hetween all possible. origin-destination_pairs in the network (Figure 2).
Here, the fourth iteration provides the soluticn; Bith and highey iterations provide
no new information: The length of the Hedotniemi Reration sequence is identical
to the length of the lengest shostest path in the example—in this case, four, In
theory, @5 many as nine lerations might be veqquired [the same as there are wodes
in the graph representing the given network) (Ardinghaus anid Nystuen 1584,
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applications of Flowsl's algorithm always rogquire the Tull set of iterations
independent of the characterstios of the network under consideration {Rosen
1EHR5).

The real-world bridges over the Bay do not staml out as graph-theovetic bridges;
for this, antd for other ressons, each newly [illed-in entry in the Hedetniemi
iteralion sequence was a "~ best-possible” entry. There was mo improvement in any
of the non-"starred” valees as one moved through the powering sequence. An
abatract ssample will show that this need net be the case:

Fasiree 20 A Cawe with a Graph=Theeretic Bridge. Constder & graph of ning
podes and one graph-theoretio bridge linking two graph-theoretic components
(Figure 3% The corresponding distance-weighted adiacency matris reflects . the
presence ol the bridge and’ the b components il hooks together: entrics on or
near the main diagennl ook o block of entries in the upper lefi-hand comen to 4
i hioek of entries in the lower right-hand corner; The @, entry in Acis 70, when the

Hedetnicmi sum s applied 5o obtain A% from A, Befinition 2 shows that the (1, 3)
entry ol A :||;1i11[ﬂ.“ TR b e e I R - S r.l.,-‘] = ik T 0020+ 20,
F T e 4 o 15 + 4% 4% 24+ % 4 &) =40 %o that the (E:F entry
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“mproves” Trom the non-starzed value of 70 toa walue of 40 (Figure: 4, This radses
the question as o whether or ot the entrics in the first matrix ol the itention
sequence for which all entries: are identicnl o thoss in the next sage. e fiact
lengths of shortest paths. o whiether: some farther improvement might came in o
later stage. We adidress such thearotical {ssues in material vet to come.

Thie authors have wrillen a simple PASCAL progrun Lo implernent this algorithn,
o oacsionple prognon wrilles independent of any system in which the algorithm is
embedded, all powers A were storod i main memsn. However, only thres anc
nevched. b any one time {the sritial matriz, e power just computed, ane the et
power b be eomputed). Such a progun shonlil compute povers until bro i row
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THEGEETIGAL [S3UES ASEOCIATEI WITH THE HEDETNIEME MATRIX SUA

Fre, e Abstract {',r.jph arrl il Asseiated Mstanee-waiphimd -'|I¥j-l'-| e Mulriz A

Fice: 4 Hedednsomd Matels lerabion Sequense Slenving bnprovenent in Nosstarns] Bl

are identical, e @ble to display iy power, and be able to display the leagth of the
longest shortest path (iat smallest ¢ for which A" = A1)

Woe now turn booa more foemal statement of the ideas ahove thal were set fortl
as motivation for the Bllewing thearems : .
The s of thearems below expresses resilts hased on the lollowing hypotheses.
i a simple (oo multiple edaes linking pairs of points) conpected grgph representing
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anetwork of nopoints, PPy, By borm the (n 3 n) distanee-weighted adjacenoy
matrix A = [a,,] where the entry 4, reprosents the distance Cweight assigned to
an edge) from P, to P Use the Hedetniemi Malrix Sum bo generte & sequence AN

af powers of A, for noan integer greates than or equal to 1 J

Tuzongsm 1. Let A be gn a3 0 matris represenfing distances i d refurank
of n vertices. There exbsts @ smallest integral value, 1 < n, Joraohich A' = AT I

Proof. The distance-weightid adiscency matrix A counts shiortest paths rvversing
one edge. By Delinition 4, thi entries in A% are of the form &, ""'2."- =
il 8 @t Tar -1 s @, Tk A entry such as @, +a,, represents i
path of length = 2 from £ to Py through an intermediote point of P The set in
liraces represents all possible paths of = 2 links fom P, to B (throogh all
pessible intermediate vertices} and becanse the minimmn ks chosen from this sel,
the shortest path of = 2 links is selected {although @ shorter ane with mere links
may cxist), Thus, some of the starred entrics of A are filled in by squaring A
Sulsequent powering of A fills in more of these wnd may improve previoosly
LW]EI'.'TI.HI ||.-:‘:||'|.~i|!a-tr|1‘t:| I.';L'Il;u_"'j._ In |:;I'§,!|:_ I'J'I.L"' Li,_i'} 1,"I1t2|}' l!!-l- .'dl.". h_i'i'\'l.'!'i ||'IE Il"'l'l}_ﬂ.l'l ';:III tiil.-"'
chogtest path of length < ¢ from i to . Since oo shortest path is of length greater
Wian 1 — 1A' = A" = ... The smallest power of A that produces a mafrix
ientical b that of the next highest power will he denoted as "7, the smallest
value for which Al = A" GET)

Theorem 145 an existence thearems it dovs not address the ssue ol whether any
inprovement can be found g Al = AT G jssue suggested by Example 2

ahovi

Trivoncs 2. Tet A be g n ¥ nomatric reprosenting dislances.m o RETLOFR
of 0 tertices. Af A= A gRen the (0,00 entry of A i the tesigth of the
shartest path from ( to f,

Froof. Hince A=A e L e N et SRR 1 (1] I Theorem L,
A" eleardy gives all shortest paths. QUELD-

Thus A does in fact give all shortest paths amd oo improvement s availalle v
sybsdquent powering in the itemlion sconenoe.

Camoiiany 1 The Tength of the path of sherfest distence betwess By e F
traverses no more than ¢ dges of the network

This ie clear from the disenssion of how stared ¢nlries get replaved by
sumerical valees throuph the Hedetniemi' leration process.

Crmoniasy 2. [ any distance of @, = & remirig in the metrix A= A" F), then
the rorresponding graph i dizconnected and no paths tink £ o B

For disconnected graphs these theoems might be applitad o each component '
and the components: linked by amph-theorstic bradiges {as in Enample 21 T
multigraphs, one approach might be to vollipse the multigraphs o graphs or
digraphis with the minimum weight selected for each edee.

Oine of the nice features of this algerithm s that ol slage s, the shorlest prthis of
tength = rare exhibited, In Floyd's alygrithm, no internediate calealitions have T
irmmedinte plivsical interpretation. Ths trecing ihe: actual shortest path is possible
in the Uedetniemi algorithm, asshovwn helow,

FINEMG THE INTERVENENG FOUNTS 14 & PATH OF SHO HIEST DEETANCE

T Finel-the actoal route of the shortest path hetween vertices Fy anl By, fimad the
i, ) entey in the matvix A For example, the most distant node {in Figore 1) from
San Franeiseo (node 7,0 s Vallefo (node. #2), The avel time i5 seventy minules.
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To fimd the vomete of the shortes path botween these bwn loeations, procecd as
followes. Find the (1,7} entry in A" acconding o Definition 3

Derawrnos 3. Given § copies of an {n % n) matvix A Tel ay denobe the 0 0
clement of the malriz A' s that ap, = u:._,._l Ik iy - Thas,

S - =1 |
o ":"-”[4'"“ +ﬂ1.='”i2 it 2o +'ﬂ'n|,||-

In Example 1, relerring to Figure 2, we seo thal in this case the lemath al (he
longest shortest path was 40A° = A®Y S0 analvsis of shortest paths from 1 to i
bepins-with the. valug of u:'? For example, aj. =), |Fa,.. Now cach of these
sumrminds represents o veetor of the Hedetnieni matrix, and further, it is requived
that thie sum of the components o 1his case e ecqual b T Here,

'ty = [0 30, 55, 30, 60, 50, 70, 60, 40)—first 10w vector of A%

. = [o, @, %, = 25:80,0, 25 «T—seventh column vector of A When & T
the anly value of & for which the s of the components is 70 is & = 6, for which
) + 20= T Thus, Py = ., = F, — F.,

Ta find the vertex to which Py is adjacent along the shortest path from P, 1o Py,
repeal B provoss using o), = oty dbe,. Here ol = 50, and

':1:|I|_ = [{h, 3ib, 505, 30, &0, a0, T B A0 —Rrst vow veclor of A%

L [#, % %20, 2, 0,20, + c20]—sixth columm voctor of A The ol wiiline of
kik # 6] for which the som of the components §s 50 s & =4, for which
J0 4 20 = B0 Thigs, Py - = B = Py Fo .

T Finml thee werteon to which o adineent alomg the shortest path feom S L
repesit the process wsing r."il; = i dbag,, Mere = 30 and

""'i:'k = [0, 30, 55,30, G0, S0, 70, 60, 40l —firsl tow veelor o A%

- [303, 40, 50,0, 20,20, », &, # Jebrirth colimn vector of A, The only vulue
of k(k = 4) for which the sum of the companents iz 30 i % = 1, for which
th + 30 = 30, Thus, the trace of the path s completed, back to Froand Py — Py
Fo = Poo Omly one value o & was determined b cach iteeation and therefore the
shortest path from Py to Po s uniques IF more than one value of & had been
determined al any point, cach would have been traced back to F, 1o determine the
pessiticas of multiple moites of shortest distance,

DIHECTIONS FOR FURTHER RESEARGCH

| Beeawse shorter paths sre Fand successively as one calenlatos the Hedetmeni
powers. it anay he possible to find the actunl shortest puth, by saving intermediate
points, during the compntation process (as is done in Dijkstes algorithm), Such an
algporithm would be oseful,

2. The anthors propram dealt only with integer entries. I real mumber entrics
were emnploved, one might expect measurement evmor to hecome o significant issne
i real-world applications. A perfectly square urbun street grid might be rendenced
as u owohbly network of nodes and edaes in which ervar tsms have undue
influence on path gpecilfication. Thos, the size of acceptuble crror terms wouhl
need to be specified moorder that the competer reconize actual altermate shortest
paths e some specificd level of map resolotion)

3- 11”.5 miain (!iﬂﬁ[l.'rﬂ.ill entries in ”1_1_' dl‘:ﬁt;]_nl:‘i‘\—ug}iglj[ﬂ(l -a".lj:all"{"l'll'.-"!r' makriy werd
always reganded s wem, Assigning entries gn The main dingonal a value of ™"
wonhl mensire bwice: the distince of 0 vertex o it pearest neighbor, The
mudification of thi pngri b bolerate nonzers man dingonnl eoirics might serve,
therefire, a5 a link between stadies using the Hedetniemi alzorithm and those
enmploving nearest-neighbor analysis.
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4, This algorithm, and also Digkste’s, Flopd's, wod  numerous others, e
substantially more licient on smaller networks than on larger networks: Consider,
for example. a set of Fve widely spread aml sparsely connected mafor Ulb. cilies
and v densely conneetl aibiehs ol eack, To find the et ol all distances
Tetween all possible pairs of tiem wonld have order of complesity OU8 © 5170 =
(M0, When distanees are measired, instesd, only bebween each ol the five
mjor cities and bBetween cach major city und il own suburbs, a sulmtantial
reduction in eomplexity results: here the oeder of complexity is 05°) + 5 (B
< (HE) + 50 Y = 6 - QY = O™, whicl is more than dne lindred Hmes
I:_{:ilfl"'_l.-"ﬁ"-":l =0 as fast ns ﬁrp:fl'ill_l_.'; all distances.

Thus, if the geography of a given situntion cin b wsed fosubdivade the dataset
into smaller data sets, 1o each of which the algorithm is to he gpplied. the
comnputational Eesk becomis moch easier. 1o the five-vities case. goographical ek
computationa] igsies have comparable seale problems associated with them
disnseness and sparseness of geographic connectivily comespond to denseness and
ceparseness oF malvix entrics,

m When barge smumbers of computations can eleardy he eliminated by hand Uthe
computer will cateulite Siem nnless o methad is wsed woeliminate them) as in the
multiplication of sparse matrices, the corresponding bevefit fn - reduction ol
eomputational complexity i cloar Spatially, this reduction might be aceomplished

o variety ol ways, Suppose a path links nodes inoan TogiginT city 1o these iooa
“destination” eitv. The recquirement that these cities be linked by a long-distance
_1_5|-.:E:-||-I|.'|.-_-|:;'rr_'l;'i|: Slridge” (annch as an expreswny with suifable exits in origin awnd
destinution cilies} gives spatinl expression 2o the neticn of malels “sparseness” The
L]':il”l:'nlll.! tlll;,!l'l'Elﬂ" Feraaing o d{\;tl:rn“'n-: ﬁengnlphjr_: 1:..'|:_<-e":_-! lem 'u'r.l'l'll'.h (4] Fl:'il.!L'l
real-world criteria that eliminale approprinbe subsels of data.
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