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Abstract

An advanced model in which most important factors of the roller chain drive are considered
is developed. Most importantly, for the first time the series of elastic collisions and rebounds
that occur as the chain links engage the sprocket is modeled here. Equations of motion are
derived in a form very efficient for numerical solution by applying Kane’s method. The
equations of motion are programmed and used to simulate responses of dynamic roller chain
drives.

The dynamic behavior of roller chain drives at moderate and high speeds is studied.
Comprehensive observations about the engagement process are presented and discussed. The
influence of impact due to collision is investigated. The effects of the center distance and the
operation speed on the dynamic behavior of the roller chain are studied, with special attention
to the trajectory of the roller chain, the phase between disengagement and engagement, and the

transverse vibration.



1 Introduction

Chain drives behave in a very complex manner due to such factors as the discrete nature of
the roller chain, non-trivial geometry of the sprocket surface, the impact between the engaging
roller and the sprocket, the compliance of the chain, clearances, lubrication, etc.

The motion of roller chain drives at slow speeds has been studied by a kinematic model in
which inertia is assumed to be zero and chain span behaves as a rigid bar connecting two
polygons made by the sprockets (Morrison, 1952; Bouillon and Tordion, 1965; Chen and
Freudenstein, 1988). The motion of this model is often called polygonal motion. The center
distance (or, equivalently, the common tangent to the pitch circles of the sprockets) has been
identified as an important design variable in this model.

The inertial effects of the roller chain drive become more important as the operating speed
increases. Binder and Covert (1948), Ryabov (1968), and Chew (1985) estimated the impact
intensity using simplified mathematical models. Turnbull (1974) constructed a test apparatus to
measure the angular motion of the sprockets and developed a dynamic model corresponding to
his experimental system. Conwell and Johnson (1992) designed a unique machine capable of
measuring the bearing force of a sprocket and the strain of the moving chain at the mid-point of
a chain link and investigated the effects of preload, transmitted load, and chain speed.

Roller chain drives are subject to periodic excitation from several sources such as polygonal
motion, torsional vibration of a sprocket, and unbalance in the drive, etc. These vibrations
may be resonant under certain operating conditions. Sack (1954) studied the transverse
oscillations in a travelling uniform string pulled over two smooth supports under constant
tension and speed. Mahalingam (1957) used the same model as Sack, but also included the
centrifugal tension to analyze the resonance of roller chains due to polygonal motion. In
another article Mahalingam (1958) investigated the dynamic load in the chain strand due to the
polygonal motion, considering the elasticity of the chain and the moment of inertia of the driven
system. Choi and Johnson (1992a and 1992b) recently completed the development of an

axially moving material model that includes the effects of polygonal action and impact, and is



also capable of incorporating a chain tensioner into the analysis. Some very recent
investigations have been reported by Wang (1992) who considered the stability of a chain drive
under periodic sprocket excitations, Wang et al (1992) who included inelastic impact in their
axially moving material model, and Veikos and Freudenstein (1992) who developed a dynamic
model using the Lagrange approach.

Due to the complexity, none of the previous investigations have dealt in a detailed way with
the process of the engagement of a chain link with the sprocket. Since the velocity of the roller
relative to the seating point on the sprocket is not zero, impact occurs and the roller will
rebound on colliding with the sprocket. Then, due to the tension in the chain and the
continuing rotation of the sprocket, the roller will approach the sprocket again and collide with
the sprocket again, etc. Theretore, the engagement process is not instantaneous; rather, it
consists of a series of collisions and rebounds. In the previous investigations, engagement
was regarded as instantaneous and collision was regarded as inelastic.

In this paper a refined dynamic model of the roller chain drive is developed in order to study
the series of collisions and rebounds of the engaging roller. Other important aspects of
dynamic roller chain drives are also considered, including the discrete nature of the chain',
geometry of the sprocket and the chain, dynamic engagement and disengagement of chain
links, the inertial properties of the roller chain drive, and the friction between the chain links.

The equations of motion are formulated by use of Kane’s method so that numerical solutions
are obtained in a very efficient way. The resulting equations are programmed and are used to
simulate the response of the roller chain drive. Many important characteristics of the roller
chain drive at high speeds, such as details of the engagement process, the trajectory of the
roller chain, the phase between disengagement and engagement, and transverse vibration, are
studied. A parametric study is carried out to investigate the effect of the operational speed and
the center distance on the dynamic behavior of the chain span and sprockets. The result

obtained here is compared with those obtained by previous investigators.



2 Modeling and Formulation of Equations of Motion

2.1 System Configuration

The model system consists of the drive sprocket, A, the driven sprocket, B, and the tight
ck;ain span which transmits power from the drive sprocket to the driven sprocket as shown in
Fig. 2.1.

Each sprocket and each chain link is regarded as an independent rigid body. The number of
the chain links is N. The value of N is decreased by one as a roller engages with the drive
sprocket and is increased by one as a roller disengages from the driven sprocket. Once a link
has fully engaged with the drive sprocket, it is disregarded. On the other hand, the link that
most recently disengaged from the driven sprocket is regarded as a new rigid body of the
system. Since the instants of engagement and disengagement of dynamic chain drives do not
necessarily coincide, the number’of rigid bodies of the system varies with time. Each rigid
body is given an integer for mathematical identification starting with O from the drive sprocket.
The links next to the drive sprocket and the driven sprocket are rigid bodies 1 and N
respectively, and the driven sprocket is rigid body N+1.

The pitch of link i is p (i = 1, ..., N), and the radius of the pitch circle of the drive sprocket
is p¥ as shown in Fig. 2.1. Similarly, p"*! denotes the radius of the pitch circle of the driven
sprocket. Although the pitch of each chain link is assumed to be constant, the superscript is
used for convenience in mathematical manipulation. The distance between the mass center of
rigid body i and the center of the joint with link i+1 divided by the link pitch is denoted by & as
shown in Fig. 2.2. Note that ¢’ = 1 and e¥*! = 0, whereas ¢ = 1/2 fori = 1, ..., N. miand I
denote, respectively, the mass and the central moment of inertia of rigid body i. Although the
endless roller chain is composed of two different types of links (pin links and roller links)
alternately assembled, a single type of link with average inertial properties is assumed in the
model.

Modeling of the power supply and power consumption is one of the most difficult aspects of

the analysis of dynamic systems. In this analysis no specific type of mechanical element is



considered. Instead, two general types of external inputs are treated. The first type of input is
one that makes the speed of the drive sprocket follow a prescribed function. In the second type
of input, external torques T, and T’ are applied to the drive sprocket and the driven sprocket
respectively. The energy loss can be attributed to friction at link joints and air resistance. Both

viscous friction and Coulomb friction models are used here.

2.2 Equations of Motion

Kane’s method is well suited for the formulation of the equations of motion for the model
developed here. Note that the number of equations of motion derived by Turnbull (1974) by
use of Newton-Euler method 1s 4(N+2), the number of the equations of motion derived by
Veikos and Freudenstein (1992) by use of the Lagrange approach is (2NV + 1), whereas the
number ot equations of motion formulated here by use of Kane’s method is only N+2.

The configuration of the systetn can be described by a set of generalized coordinates q,(r=0,

.., N+1) defined as in Fig. 2.2. The generalized speeds u, can be chosen as the time

derivatives of the generalized coordinates.
“ =4, @.1)

The system is kinematically restrained by the following two constraints.
N+1 N+1

Z pl cos q =L, Z pl sin qj=0 (2.2)
j=0 j=0

Differentiating the constraint equations, Eq. (2.2), with respect to time gives the so-called

pseudo-nonholonomic constraints as follows:

N+1 . N+1 '
Z Pl u; sin q;= 0, 2 Pl u;cos q;= 0 (2.3)
j=0 j=0

Thus two generalized speeds uy and u,,, can be expressed as functions of coordinates 9o

4y -+ 9y4; and other generalized speeds Uy -y Uy_q @S
N-1
=Y, A, u +B_ (s=N or N+l)
r=0 (2.4)



where A and B, are functions of the generalized coordinates and the time ¢ defined as
[ p’ S.in (qN+1—CI,) _s=N
psin (qy = dy,)

pN*Lsin (g, — qy)

B =0

N

The angular velocit‘y, i, of rigid body i (i =0, ..., N+1), and the velocity, v/, of the mass

center of rigid body i can be expressed as

W=uz (2.6)
i
vi= Z (l -, e[)pk i, (- sin g, X +cos g, y) (2.7)
k=0

where vectors X, y, and z are mutually perpendicular unit vectors shown in Fig. 2.1 and 9y, is
the Kronecker delta defined according to convention - i.€., 1 for k£ =i and 0 otherwise.
The angular acceleration, q/, of rigid body i, and the acceleration, a‘, of the mass center of

rigid body i are obtained by differentiating Eq. (2.6) and (2.7) with respect to time.

ol = zki y/ . (2.8)
ai= ) (1= 8, ¢|pt(f0) x+ (k) y) 2.9
k=0
where
f (k) =—uf cos q,—u,singq,
fy(k) =—u} sinq, + 1, cos q, (2.10)

The partial angular velocities, @}, and partial velocities, V¢, are defined implicitly as

. h’+1 . .
G=3 @u+o 2.11)
r=0

N+1
vi= Z viu +vi (2.12)
r=0

By comparing Eq. (2.6) and (2.7) with Eq. (2.11) and (2.12) we have
o)i = 5ri 7 (2.13)



=(1-8,¢)p(-sing, x + cosq,y)s(i—n) (2.14)

l
7' ri i

where function s(-) is a unit step function defined as

L j20 (2.15)
50) | 0, otherwise

The r-th generalized holonomic inertia force, F : , of the system is given by
N+1

)

i=0

@ - (- Liad)+ v (- mia) (2.16)

It can be shown that Eq. (2.16) can be rearranged using Eq. (2.8), (2.9), (2.13), and (2.14) as

N+1
Fr=> h,grhk (2.17)
k=0

where A, is a constant defined as

N+1
h =8, 0"~ ’pkz mi(1- 5,,e‘ J(1-3,e,)s(i—k) (2.18)

and g(r, k) is defined as

g(r, k) = u2 sin (q, - q,) + i, cos (g, ~ q,) (2.19)

If we neglect gravity, the r-th generalized holonomic active force F, of the system can be

obtained by
N+1 ' ‘
F=> - -Tz=T" | (2.20)
i=0

where T ! is the contributing torque exerted on rigid body i. The contributing torque T *

consists of the drive torque, T, on sprocket A, the load torque, Tp, on the driven sprocket,

and the Coulomb and viscous friction torques on the joints. The viscous friction coefficients of

the rotating axles of the drive sprocket and the driven sprocket are d, and dj respectively.

Friction in the joint occurs between the pin and the bushing. The Coulomb friction coefficient

and the viscous friction coefficient of the joint are denoted by 5 and d; respectively. Let the
x and y components of the force on the rigid body i by rigid body i+1 be X; , and Y, ,

respectively as shown in Fig. 2.2. Then, T can be expressed as



HppRp(XT + ¥ 12)1/23@“(“1 — ko)
+dy (uy — ug)-d,ug+T,, for i =0
'uPBRP(X Fr? )UZSign(”i—l - “i)

| ..
Ti=| + tppRp{X 3, + Yi2+1) sign{u;y1 ~ )

+dp (ui—l - 2u;tu ) fori=1,..,N (2:21)

i+1
12 .

'uPBRP(X Nt Y/%/) sign(uy = y,,)

+dy (uy - g1 -ty — T fori= N+1

where R is the radius of the pin.

Values of the joint forces shown in Eq. (2.21) are computed, by the procedure to be

explained in Subsection 2.3 below

The r-th nonholonomic generalized inertia force I?:(r =0, .., N-1) and the r-th

nonholonomic generalized active force F, are obtained by the following equations:

— . N+1 .
F =F '+ FlA, (2.22)
5=,
N+1
?r = Fr + F.s‘ Asr (223)

Then the Kane’s dynamical equations become of the form (Kane and Levinson, 1985)

— o~ (2.24)
F. +F, =0
It can be shown that Eq. (2.24) reduces to
N+1 f N+1
Z hrkcos(qr_qk)+z hskAsrCOS(qs_qk) uk
k=0 \l s=N
N+1 ’ N+1
=2, \ hnsin(@-q0)+ Y, horAsrsin(gs—g) |uf
k=0 ‘ s=N
N+1 :
__Tr—z TS As,- (2 25)
s=N '

Differentiating Eq. (2.3), with respect to time gives



N+1 N+l
Y pksing, i, =- Y, p* u}cos q,
k=0 k=0

N+1 N+1 (2.26)
2 pkcos q, i, = Z p* ufsin g,
k=0 k=0

N equations in Eq. (2.25) and the two equations in Eq. (2.26) constitute non-linear
algebraic differential equations of motion of the system. These equations can be solved by a
conventional numerical procedure. The derivatives of the generalized speeds, i, (k = 0, ...,
N+1), are computed by algebraic solution of the equations of motion. The generalized speeds
and the generalized coordinates are then computed by numerical integration. This numerical
procedure continues until disengagement of a chain link from the driven sprocket or collision of
a roller with the drive sprocket makes the motion of the dynamic model behave differently from
the description of the equations of motion formulated above.

Now consider a different case ‘where the drive sprocket is subject to a prescribed motion

instead of a prescribed torque. Since g,(1), u,(¢), and uo(f) are given instead of the torque T,

Eq. (2.25) and (2.26) can be solved if we neglect the first equation (the equation for r =0) in

Eq. (2.25) and regard q,, 4, and i, as known variables.

2.3 Computation of Joint Forces

Instantaneous values of the contact forces at the joints can be computed once the
instantaneous values of kinematic variables are computed by the numerical procedure explained
above.

From the force and moment equilibrium of rigid body i shown in Fig. 2.2, it follows that for

i=0,.,N+1
X, - X = mi i (2.27)
Vi - Yi=ma (228
picosq(eiY,, +{1-¢i)Y }-pising{eiX,, , +(1-€i)X ]

=l oi+T' (2.29)



where a4 and dj are the x and y components of the acceleration of rigid body 7, and @' is the
magnitude of the angular acceleration. Note that Eq. (2.27) to (2.29) constitute 3(N+2)
equations, but there are only 2(N+3) unknowns and the same number of independent
equations. It can be further shown that the six equations for any two consecutive links can be
solved independently. Once the six unknown force components in the six equations are
solved, the others can be solved sequentially. Tremendous saving in computing time can be

made when joint forces are computed in this way.

2.4 Monitoring Engagement and Disengagement

Disengagement of a roller occurs when the contact force between the roller and the sprocket
becomes zero. Let C in Fig. 2.3 be the contact point, and S be the vector denoting the contact
force exerted on the disengaging roller by the sprocket. The location of the contact point C can
be determined as shown in the analysis on the contact phenomenon of the roller chain drive by
Kim and Johnson (1992). From Fig. 2.3 the force equilibrium in the directions of vectors x

and y can be expressed as
Scos(qyy —T-C3-y)+ X'
=Xy, tmyRub, cos(qy, —Ap2)

+my Rty sinfgy,; — Ap/2) (2.30)

Ssin(gy, —T- -y + 1
=Yy +m R uf, sin(gy,~25/2)
~my R iy, 1€08(qy,; — Apl2) (2.31)

where S is the magnitude of contact force vector S and X’ and Y” are the x and y components

of the joint force on the disengaging link by the neighboring link which is fully engaged with
the sprocket. Angles (p, A and y are shown in Fig. 2.3

The moment equilibrium about the center of the chain link, point G in Fig. 2.3, can be



expressed as
S{~pol2cos(Ay/2—Lp—y)+Rpsin )
—pof2| X 'cos(qy,,~Ap/2)+Y ' sin(qy,, —A5/2))

=p/2{cos(qy,1—A5/2)X v,y +5in(qy 1~ 2p/2) Yy )

iy, 2.32)

The simultaneous solution of Eq. (2.30) to (2.32) yields values for S, X’ and Y.
Disengagement occurs when S = 0.

If a link disengages from the driven sprocket, the number of links in the chain span and,
therefore, the number of equations in Eq. (2.25) is increased by one. The numerical solution
procedure explained in Subsection 2.2 should be interrupted and resumed after the rigid bodies
are renumbered, the set of equations of motion are revised accordingly, and the initial
conditions for the added chain link are supplied.

Collision is monitored by checking the position of the engaging roller with respect to the
surface of the drive sprocket. At the instant of engagement of a roller with the drive sprocket,
as shown in Fig. 2.4, one can write

q,=qgtA2+1/2=0 (2.33)

The left side of Eq. (2.33) will be called the separation angle. The separation angle is always
greater than or equal to zero (Eq. 2.33 holds at the instant of engagement) and it will be refered
to again in the discussion of the engagement process in Section 4 below.

If the relative speed of a collision falls within a prescribed limit, the collision can be regarded
as the final collision and forthcoming collisions are neglected in the computation. In this case
the engaging link is given the same angular velocity as the sprocket and rebound is not allowed
by setting the coefficient of restitution to zero. Then, the roller engaged becomes a part of the
drive sprocket, and the engagement process of a roller is completed. At this moment the
number of rigid bodies of the system is decreased by one. The numerical solution procedure in

Subsection 2.2 is restarted after the rigid bodies are renumbered.



2.5 Computation of Separation Velocity of the Colliding Roller

The velocities of the rigid bodies at the final moment of collision are computed from
equations governing the collision process. In this analysis, the equations governing collision
are derived by the approach based on the coefficient of restitution (Wehage and Haug, 1982;
Brach, 1981). If collision occurs, the numerical solution procedure explained in Subsection
2.2 should be restarted at the instant of rebound with new values of generalized speeds.

Let C and C’, in Fig. 2.4, be the points that come into contact with each other at the instant
of collision. Then, the velocity v€ of point C on the sprocket can be expressed as

vC = vg Uo (2.34)
where
v§ = py {-sin(qy - 4,) x + cos (qo - 1) v}

+RR{sin(q0—lA+CA)x—“cos(qo—l/ﬁCA}y} (2.35)

The velocity v€ of point C” is expressed as

vC = vE g + v (2.36)
where

v§' = po (- sin g, X+ cos g y) (2.37)

v{'=p, (~sin g, x + cos g, y) (2.38)

+Rp (sin(q, + v)x - cos (g, + v)y}

where v is the angle between link 1 and normal vector p and equal to {, + /2 - A,/2.

Let 7, be the instant at which points C and C’ come into contact with each other. We can

define the velocity of approach, v, of points C and C” at time ¢, as

app’

Voo = VE (1) = VE(1) (2.39)

Since the velocity of approach is not zero, impact occurs between the roller and the sprocket.

Let ¢, be the final moment of the collision process. From Eq. (2.24) we have

Iy . Iy
ft PFrar = ft *Fdt (r=0,..,N-1) (2.40)
1 1



Assuming that ¢, = t, we have, from Eq. (2.16) and (2.22) and several other equations

derived in Subsection 2.2,

t

2 ~x*
f F_d
h

N+1 N+1
=20 \hrkcos(qr—qk‘ﬁ% hskAsrcos(qs—qk)}{uk(tz)—-uk(tl)} (2.41)
k= $=

Neglecting forces and torques that remain constant during the time interval from 7, to t,, we
have

f Fdr=] Vo -RCdr+| Vo - RCdt (2.42)
b h b

where Vf and v¢' are r-th nonholonomic partial velocities of points C and C’ respectively, and
R€ and R¢ are contact forces exerted on points C and C’ respectively. Since 1) = Ly, V,C and

V¢ are nearly fixed in the inertial reference frame and nearly equal to their values at time ¢,.

And since R¢ = — RC', we have

t, ' T
fZF,dt=(Vf~vf).f2RCdt (2.43)
t f
where
=0
ve r=0 . [vo,r
v {00r=1 yer Vo= s (2.44)
) 3 eeey ‘O,rz - N-1

From Eq. (2.40), (2.41) and (2.42) we obtain the following N equation for r =0, ..., N-1.
N+1 N+1

k_zo {hrkcos(qr_qk) + -ZN hskAsrcos(qs_qk) }uk(t2)

- (7" - 9ot (7 - 9E e,

N+1 N+1
= 2 hrkcos(qr_qk) + 2 hskAsrcos(qs—qk) }uk(tl) (2.45)
k=0 s=N

where [p and [ are the magnitudes of the normal impulse and the tangential impulse



respectively, or

Iy . Iy .
/p:p.f R¢ dar, [T='c-f R dr (2.46)
2 h

The two scalar constraint equations in Eq. (2.3) should be satisfied at time 7,. Thus we have

N+l N+l
2 pl sin q; u;(ty) = 0, Z p’ cos q; u;(ty) = 0 (2.47)
j=0 J=0

The velocity of separation vy, of points C and C” at time 1, can be defined as

Veep = VE (1) = V(1) (2.48)

Two assumptions that experiments have shown are valid in many situations of practical interest
are now introduced. First, it is assumed that the normal components of v, op and v, have
opposite directions and the magnitude of the normal component of v, ep is proportional to that

of the normal component of Veep: " In other words,

PVp=—€P Viypp (2.49)
Or,

p{VG VG uglty) +p-v§ uy (1)

=—e[p-(v§ - v§)uglt) +p-vE u (1)) (2.50)

where e, the coefficient of restitution, is the constant of proportionality. The coefficient of

restitution is assumed to depend on material properties, but velocity dependence is ignored.

Second, it is assumed that slipping occurs between the roller and the sprocket at time £, and

the tangential impulse is proportional to the normal impulse.

[ == lpg I 2.51)

where Ky is the coefficient of kinetic friction between the roller and the sprocket.
The generalized speeds at the instant of rebound, u(t,) (k =0, ..., N+1), and the

magnitudes of the normal impulse and the tangential impulse, / ; and [ respectively, can be

obtained by solving N+4 algebraic equations represented by Eq. (2.45), (2.47), (2.50), and



(2.51) simultaneously.

3 Simulation of the Responses of Chain Drives

The equations formulated in Section 2 are programmed and used to simulate the response of
the roller chain drive for a range of conditions. No. 40 chain and No. 80 chain parameters are
used in the simulation. Each chain is used with two identical sprockets to compose a roller
chain drive system. Center distance varies from 19.5 to 20.5 pitches in the No. 40 chain
systems and 13.5 to 14.5 pitches in the No. 80 chain systems with the increment of 0.1 pitch
respectively.

Two different types of driving mechanism are used in the simulation. Constant torques are
used in the first type. In the second type, torques are given by two torsion bars connecting the
sprockets with two gears rotating at constant speeds. The second type represents the so-called
four square drive mechanism of the physical system used by Turnbull (1974). The angles of
rotation, ¢,() and (), of the gears connected to the drive sprocket and the driven sprocket

respectively are linear functions of the time, . Then, the external torques can be expressed as

T, =klg,0-q,), Tp=klapt)~dy,) 3.1)

where £ is the torsional stiffness of the torsion bars.

Two different variations of friction are used for each chain as shown in Table 3.1. Two
different values of viscous friction are assumed for the No. 40 chain system. It turned out that
most characteristics observed in the system with large viscous friction were also retained in the
system with smaller friction. The difference caused by the type of friction was also tested with
No. 80 chain systems as in Table 3.1. The test showed very little difference in the responses
of the system between the friction models (as long as the friction remains small).

The parameters shown in Table 3.1 are used in the text and in the figures from here on,
unless otherwise stated. The configuration of the system with No. 80 chain with torsion bar
drive mechanism and Coulomb friction is the same as that of the experimental system used by
Turnbull (1974). The value of coefficient of restitution is selected as 0.75 which is within a

typical range for steel to steel collision(Goldsmith, 1960). Some of the parameters in Table 3.1



are used to describe the properties of the chain drives simulated and the others are used to set
precision and accuracy of computation.

The computational burden required for the proposed simulation was so immense that careful
arrangement in many aspects of the numerical procedure was necessary. More detail in this

regard can be found in the dissertation of the first author of this paper (Kim, 1990).

4 Results
In this section, results of the analysis are presented and compared to those reported in
previous works. The speed shown in the text and the figures in this section denotes the steady

state angular speed of the drive sprocket unless otherwise stated.

4.1 Engagement Process

Fig. 4.1 shows the angular speed of the engaging chain link (link 1), the angular speed of
the drive sprocket, and the separation angle! between the engaging chain link and the drive
sprocket for a No. 80 chain system with viscous friction at approximately 384 rpm. It is
shown that the engagement of a roller with the drive sprocket involves a series of collisions and
rebounds.

As is mentioned earlier, the engagement process has been modeled by a single inelastic
collision in previous work. Response of an inelastic collision model is different from that of an
elastic collision model as shown in Fig. 4.2. A No. 80 chain system with Coulomb friction
and common tangent of 13.5 pitches is simulated at approximately 750 rpm. Coordinate x used
in Fig. 4.2 directs from the center of the drive sprocket to that of the driven sprocket. The
centers of the drive sprocket and the driven sprocket are located at x = 0 and x = .24765 m
respectively. The chain link moves from the right to the left in the figure.

It can be observed that the inelastic collision model not only neglects all collisions except the
first one but also underestimates the impulse of the first collision. In this particular example,

the impulse on the drive sprocket due to inelastic collision is approximately half that due to the

I'The separation angle is defined as the left hand side of Eq. (2.33).



first elastic collision. Interestingly, Turnbull (1974) reported that the experimental values of
the angular acceleration and the changes in angular speeds of the sprockets were two to three
times larger than the values computed from his dynamic model of inelastic collision.

Fig. 4.3 shows the step changes in the angular velocities of chain links due to collisions in
the first engagement process shown in Fig. 4.2. Only the first six collisions are shown in Fig.
4.3. Disengagement occurred between the second collision and the third collision in this
particular case. It can be observed that the influence of impact on the change in angular
velocity is limited to the first two links and the last two links in the chain span. The second
chain link from each end experiences an angular speed change almost equal but opposite to that
experienced by the first link trom the same end. The two links next to the drive sprocket
experience much larger velocity changes than those next to the driven sprocket.

The results presented above are quite different from those predicted by the simplified
collision models posed by Ryabov (1968) or Chew (1985). They predicted that the magnitude
of the change in angular velocity decreases progressively with the distance from the engaging

roller.

4.2 Trajectory of the Roller Center

Fig. 4.4 shows a typical trajectory of the center of a roller of a No. 40 chain system with
larger friction at various speeds as well as that of the kinematic model (massless polygons
connected by a rigid coupling bar) for the common tangents of 19.5 and 20 pitches. The
trajectory is presented in a rectilinear coordinate system, (x, y). The center of the drive
sprocket is (0, 0) whereas that of the driven sprocket is (.24765 m, 0) for the common tangent
of 19.5 pitches and is (.254 m, 0) for the common tangent of 20.0 pitches.

It can be observed that, in general, the trajectory of the roller center deviates more from that
of the kinematic model as speed increases. The most significant deviation can be found near
the driven sprocket. Because of its inertia the chain link does not follow the path predicted by
the kinematic theory immediately after it disengages from the driven sprocket. Instead, it

further rotates in the same direction as the driven sprocket (the direction it has rotated before it



disengages) before it reverses its rotation to approach the drive sprocket. When Conwell
(1989) studied the moving chain with a Kodak Ektapro High Speed Motion Analyzer, this
detouring action of the chain roller was observed as a kink.

As the speed increases the trajectory becomes smooth in the middle of the span because of
increased inertial effects. The trajectory near the drive sprocket is also different from that of the
kinematic model. At the instant of the first collision of the engaging roller, the chain link
attains larger angular position and larger angular speed in the direction of rotation of the drive
sprocket than predicted by the kinematic theory. This phenomenon contributes to the delay of
engagement and the decrease in the colliding speed between the sprocket and the roller.

The trajectories at 100 rpm in Fig. 4.4 show amplified transverse motion of the chain span,
especially at the common tangent of 20.0 pitches. This is due to the transverse vibration of the
chain and will be discussed further in Subsection 4.4. The trajectory becomes less affected by

the center distance as speed further increases.

4.3 Phase Between Disengagement and Engagement

As mentioned earlier, previous investigations indicated that the length of the common tangent
(or, equivalently, the center distance between two sprockets) strongly influences the
performance of chain drives (Turnbull, 1974; Chen and Freudenstein, 1988; Mahalingam,
1958). In the kinematic model engagement and disengagement are completely in phase if the
common tangent is an integral number of pitches whereas they are completely out of phase if
the common tangent is an odd number of half pitches.

But, the simulation result indicates that the phase between disengagement and engagement of
the dynamic chain drives is dependent not only on the length of common tangent but also on
the operation speed as in Fig. 4.5(b). The phase defined here as shown in Fig. 4.5(a) is a
measure that quantifies how early disengagement occurs compared to the first collision of each
engagement process.

The phase change due to the operation speed can be readily explained. The chain span

deviates more from the straight line as the speed increases. As the speed increases, the angle of



the drive sprocket at which engagement occurs gets larger while the angle of the driven
sprocket at which disengagement occurs gets smaller. Thus the distance between the end
points of the chain span increases as the speed increases. Due to these facts the length of the
chain span measured along the chain span is always longer than the length of the chain span of
the kinematic model. Accordingly, the difference (and therefore the phase) between
disengagement and engagement grows larger as the speed increases (see Fig. 4.5(b)). At high
speeds it is even possible for there to be several more chain links in the chain span than would

be predicted by the kinematic model.

4.4 Transverse Vibration of the Chain Span

To investigate the transverse vibration of the dynamic model, the speed of the simulated
system is steadily increased from a speed far less than the theoretical fundamental natural
frequency to a speed exceeding three times the fundamental natural frequency.

First, a No. 40 chain system with larger friction and common tangent between 19.5 and 20.5
is simulated. The fundamental natural frequencies computed by the formula derived by
Mahalingam (1957) are 84.7 and 82.6 rpm for the common tangent of 19.5 and 20.0 pitches
respectively. Engagement and disengagement are most in phase for 19.9 pitches and most out
of phase for 20.4 pitches in this particular system due to the change in the phase between
disengagement and engagement as is explained in Subsection 4.3.

The y coordinates of the instantaneously lowest and highest points in the chain span gave a
useful description of the vibration. Fig. 4.6 shows time-varying y coordinates of the two
extreme points for selected common tangent and range of speeds. The transverse motion near
the fundamental frequency is maximized and minimized for the common tangent of 19.9
pitches and 20.4 pitches respectively instead of 20.0 pitches and 20.5 (or 19.5) pitches
respectively as the kinematic model predicts.

No further amplification of the transverse motion was observed up to approximately 320 rpm
at any center distance.

Similar results are obtained for the No. 80 chain system except that amplification is



maximized and minimized when the common tangent is 14.0 and 13.5 pitches respectively.
Note that for these values of common tangent disengagement and engagement are most in
phase and most out of phase respectively, since the phase change of this particular system
remains small.

This result agrees with the observation of Turnbull (1974). He reported that resonance
occurred, in both simulation and experiment, only when the tooth frequency is the same as the
fundamental frequency and the common tangent is an integral number of pitch.

However, it should be noticed that the phase between disengagement and engagement is
better suited than the common tangent for predicting the resonance of the roller chain at
moderate and high speeds. If the change in phase between disengagement and engagement is
significant, the prediction of resonance by the kinematic theory will be unreliable. The analysis
presented here is the first one with adequate detail to make the computation of the change in
phase between the engagement and disengagement possible.

Fig. 4.7 shows the trajectory of a roller center, the chain tension, and the deviation of the
chain span from a straight line for the No. 40 chain with a common tangent of 19.9 pitches (for
which the largest amplification was observed). The dashed lines in the chain tension plot
denote the discontinuities by impact during the engagement process. The fluctuation in the
chain tension and the deviation of the chain span from a straight line contain a strong harmonic
component of twice the frequency of engagement cycle. This is in accordance with the theories
based on the moving band subject to a periodic chain tension. They predict that more vigorous
resonance occurs when the frequency of excitation is twice the natural frequency of the
transverse motion of the chain than when the former is the same as the latter (Mahalingam,
1957; Naguleswaran and Williams, 1968).

It can be observed that transverse vibration of the No. 40 chain system with a common
tangent of 19.9 pitches or 20 pitches is amplified a little bit, as shown in Fig. 4.6, at around 45
rpm which is approximately half the natural frequency. Note that this amplification below the

natural frequency is not explained by linear vibration theory. In nonlinear systems resonance



below the natural frequency is possible and called subharmonic vibration (Stoker, 1950).

5 Conclusions

The advanced dynamic model developed here has provided a useful tool to investigate the
behavior of roller chain drive at moderate and high speeds. Use of Kane’s method to formulate
the equations of motion has made the numerical solution procedure very efficient. Facets of the
behavior of the dynamic roller chain drive have been unveiled by the analysis presented here.

It has been confirmed that engagement of the chain link consists of a series of collisions and
rebounds. Details of the engagement process and more reasonable assessment of the influence
of the impact due to the series of collisions involved in the engagement process have become
available.

A detailed picture of the motion of the chain links in the chain span has also been obtained.
The effect of the operation speed on the changes in the trajectory of the chain link and in the
timing of disengagement and engagement have been presented.

Transverse vibration of the chain span appears to be more significantly affected by design
parameters than any other performance measures at moderate and high speeds. Transverse
vibration of the chain span is more directly affected by the phase between disengagement and
engagement than by the length of common tangent. The more the operation speed increases,
the more the phase between disengagement and engagement deviates from the value computed
by the kinematic model. The comprehensive model presented here is a viable tool for

computation of the change in the phase between disengagement and engagement.
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No. 40 chain No. 80 chain
Specification Larger | Smaller | Viscous | Coulomb
fricion | fricdon | friction | friction
Number of teeth on the sprocket 24 25
Mass of the chain link 8.34x103 kg 6.9x102 kg
Chain pitch 1.27x102m 2.54x102m
Radius of the roller 3.97x103 m 7.94x10° m
Radius of the pin 1.99x103 m 3.97x103 m
Central mass moment of inertia of the sprocket 4.97x10* kg-m? 0.238 kg-m?
Central mass moment of inertia of the chain link 3.89x10"7 kg-m? 1.13x107 kg-m?
Loaded torque on the driven sprocket 9 N-m 340 N-m
Friction coefficient between the roller and the sprocket 0.1 0.1
Coefficient of restitution for the roller and the sprocket 0.75 0.75
Torsional stiffness of the torsion bar N/A N/A N/A 1460
Nm/rad

Damping coefficient of link joint 0.01 0.001 0.001 0
Damping coefficient of drive and driven sprockets 0.01 0.001 0.001 0
Coulomb friction coefficient for bushing and pin 0 0 0 0.1
Relative error allowed in numerical integration 1x10-3 1x10°
Tolerance of separation angle (to check collision) 1x10® rad 1x10® rad
Tolerance of contact force (to check disengagement) 1x10° N 1x104N

Table 3.1 Reference Values of Parameters Used in the Computer

Simulation




k

Nomenclature

acceleration of the mass center of rigid body i

function of the generalized coordinates and time

angular acceleration of rigid body i
the magnitude of the angular acceleration of rigid body i

x component of the acceleration of rigid body i

y component of the acceleration of rigid body i

function of the generalized coordinates and time

point on the sprocket where the roller contacts

point on the roller that comes into contact with the sprocket

viscous friction coefficient of the rotating axle of the drive sprocket
viscous friction coefficient of the rotating axle of the driven sprocket

viscous friction coefficient of the joint between chain links

coefficient of restitution
1=0),12@G=1,.,N),or0@(=N+1)

r-th generalized holonomic active force
r-th generalized holonomic inertia force

r-th nonholonomic generalized active force

r-th nonholonomic generalized inertia force
center of the chain link

central moment of inertia of rigid body i

magnitudes of normal impulse

magnitudes of the tangential impuise

torsional stiffness of the torsion bars

A, = pitch angle of the drive sprocket

Ag = pitch angle of the driven sprocket

m' = mass of rigid body i

Jtpg = Coulomb friction coefficient of the joint between chain links



Hps = coefficient of kinetic friction between the roller and the sprocket

N =

V=

number of the chain links in the chain span

angle between link 1 and normal vector p

p* = radius of the pitch circle of the drive sprocket (i =0), pitch of chain link i (i = 1,

qat) =
qg(t) =

..., ), or radius of the pitch circle of the driven sprocket (i =N+1)

angle of rotation of the gear connected to the drive sprocket
angle of rotation of the gear connected to the driven sprocket
r-th generalized coordinate

unit vector normal to the sprocket surface at the contact point and directing inwards
radius of the pin

= radius of the roller

magnitude of the contact force exerted on the disengaging roller by the sprocket or
magnitude of vector S

vector denoting the contact force exerted on the disengaging roller by the sprocket
contributing torque exerted on rigid body i.

unit vector normal to vector p as shown in Fig 2.4

initial moment of the collision process

= final moment of the collision process

external torque applied to the drive sprocket

= external torque applied to the driven sprocket

k-th generalized speeds at the instant of rebound
r-th generalized speed

= k-th derivative of generalized speed

velocity of approach of points C and C" at time ¢,

velocity of point C*

= velocity of point C

velocity of the mass center of rigid body i

= velocity of separation of points C and C’ at time ¢,

r-th nonholonomic partial velocity of point C

r-th nonholonomic partial velocity of point C*

= angular velocity of rigid body i

r-th holonomic partial angular velocity of rigid body i



! = r-th holonomic partial velocity of the mass center of rigid body i

X = unit vector directing from the center ot the drive sprocket to the center of the driven
sprocket

X' = x component of the joint force exerted on the disengaging link by the neighboring
link which is fully engaged with the sprocket

X, = x component of the force on the rigid body i by rigid body i+1
v = angle defined in Fig. 2.3

y = unit vector perpendicular to unit vector x and directing the side of the tight chain
span

Y’ = y component of the joint force exerted on the disengaging link by the neighboring
link which is fully engaged with the sprocket

Y;,, =¥ component of the force on the rigid body i by rigid body i+1
z = unit vector perpendicular to unit vectors X and y, or equal tox X y
(g = angle defined in Fig. 2.3



Drive Sprocket, A

Driven Sprocket, B

Fig. 2.1 Roller Chain Drive System Model

mass center

Fig. 2.2 Free-body Diagram of Rigid Body i



Disengaging Roller
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2

aN+1
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Fig. 2.3 Free-body Diagram df the Disengaging Link



Fig. 2.4 Definition of Angles Relevant to the Engaging Link



Sprocket angular speed (in rpm) Ang. speed of link 1 (in rad/sec)

Seperation angle (in rad)
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Fig. 4.1 Response of the No..80 Chain System With Viscous

Friction At 384 rpm
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Fig. 4.3 Changes in the Angular Velocities of Chain Links Due to Collision
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Fig. 4.4 Trajectory of the Center of a Roller of the No. 40 Chain for
Common Tangent of 19.5 Pitches (left column)
and 20.0 Pitches (right column)
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Fig. 4.5 Phase between Disengagement and Engagement of the No. 40
Chain System with Smaller Friction
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Fig. 4.7 Resonance of the No. 40 Chain System with Larger Friction and
Common Tangent of 19.9 Pitches
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