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SCALE AND DIMENSION: THEIR LOGICAL HARMONY
Sandra Lach Arlinghaus

“Large streams from Hitle fountams flow,
Tall paks frowm Little acorns grow.”

David Everett, Lines Writien for & School Declamation.

Introduction.

Until recently, the comcept of “dimension” was one that brought “mntegers” to mind to
all but & handful of mathematicians |i|'|'iEI..I'!-EIl'_"]I'_'ITI:|-L.I 1983]; a point has dimension 0, & line
dimension 1, an area dimension 2, and a volume dimension 3 [Nystuen, 1983 When a
fourth dimension is added 1o these usual spatial dimensions, tme can be included, as well
Indeed, much “pure” mathematics takes place in abstract n-dimensional hypercubes, where
n ie an integer. Geographic maps, globes {and other representations of part or of all of
the earth), are traditionally bounded by these integral dimensions, as well; map scale 1
expressed in discrete, inlegral nmte. OHien, bowever, il is the case in geography as it 35 1
mathematics, that a change in scale, or in dimension, runs across @ conlinuum of possible
values, In either case, dizcrete regular steps are usual as benchmarks at which to consider
what the continuing process locks like al varving stages of evolution. As fracial geometry
suggests, however, 1his need not be the case.

Within an integral view of scale or dimensgion, 1here are 1ug'=-:a.] and parceptual difficulties
in Jumping from one mtegral vantage pomnt to another: Edwin Abbott [1855] has commented
on this in his classic abstract essey on “Flatland " and more recently, Edward Tufte has done
o in the real-world context of “envisioming information™ 1988

Methods for dealing with thess dimensional-jump difficulties abound, particularly in the
arts [Banaﬂ., ]_'EIZEI:II In o musical comtext Charles Wiaoninen sees composiiion as @ Process
of fitting "large” musical forms with scaled—down, self-similar, equivalents of these larger
components in order to introduce richness of detail to the theme (NY Times, 1990 Maurnts
Eecher, in his "Circle Limit" series of tilings of the non- Euclidean hyperbolic plane, uses tiles
of successively smaller size to suggest a direction of movemeni—that of falling off an edge
ot of being engulfed in & central vortex. A gastronomic leap sees a Savann as self—sumilar 1o
a Baba au Rhum [Lach, 1974]; indeed, even more broadly, Savarin himself is purported o
have said, "You are whai you £ai.” Rupert Brocke [in “The Soldier" ) captured Lhis notion
poetically, in commenting on the possible fate of a soldier in 2 distant land:

“H 1 sheuld die, think caly this of me;
that thers 15 some corner of a foreign fiela
that 1= forever Engtanrj.""

In the r:m']_m Brooke's “Soldier” become: rplac&'.

The fractal concept of self-similanty can be employed to suggest one way to resolve
difficulties in scale changes as one moves from dimension to dimension, At the theorefical
lovel symbolic logic classifies logical fallacies that may, or may not, emerge from scale
shifis. When self-similarity i5 viewed in this sort of logic context, the outeome 18 a "Scale
Shift Law.” What iz presented here are the abstract arguments; it remains to test empincal
content against these arguments.
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Logical fallacies.

A guestion of enduring interest 1n geography, and in other social sciences. 15 to consider what
can be said about information concernmg individuals of a group when given information only
about characteristics of the group as a whole, When an attribute of the whole 15 erroneously
assigned Lo one or more of its parts, the logic of this assignment falters. In the social scientifie
literature, this is generally referred fo as commission of the so—called “ecological” fallacy,
because the symphony played poorly does not necessarily mean that each, or mdeed that
any, individual musician did so. ln this circumstance, it 1s simply not possible to assign any
vruth value, derived from principles of symbolic lome, Lo the quality of the performance of
any subset of musicians (based only on the guality of the performance of the whole orchestra)
|Engsl, 1882],

It is natural, however, to look for o cause for the poor performance, and indecd o
consider some "middle” position that asks lo what exteni the performance of the orchestra
is related to the performance of its individual members. It is this sort of search for finding
and measuring the extent of relationship that is the hallmaek of guantitative social soentific
effort, much of which appears to have heen gnided [Upton, 1990, mm varymg degree, by an
eatly effort 1o determine the extent 1o which race and literacy are related Hobinson, 1950],

A fallaey, in a lexicographic sense might be “a false idea” or it might be of “erronecus
character” or “an argument failing to satisfy the conditions of valid or correct nference”
Webster, 19650 In & formal logic sense, a fallacy 18 “a ‘natural’ mistake in reasoning” [Copi,
1986, p. 4] or it is an argument that fails becanse its premisses do not imply it conclusion:
it 1z an argument whose conclusion could be (but 1s not necessarily} false even if all of 1ts
premisses are true |Copr, 1986, p. 90

Viewed in this manner. the so-called “ecological” fallacy 15 nothing different; it i1s merely
a restatement of the *allacy of division”™ of classical elementary symbolic logic. The fallacy
of division is commitled by assigning, erroneously, the attributes of the whole to one or
more of its parts (Copi|. Thus, it may or may not be valid lo make an inference about the
nature of a part based on the nature of the whole That is, sometimes the assignment of
truth value from whole to part, in jumping across the dimensional scale from whele to part,
is & Teasonable practice, and sometimes 1t is not, The key i5 to determine when this practice
18 reasonable, when it is not, and when it simply does not apply, Commission of this fallacy is
irequently the resull of confusing terminology which refers to the whole {"collective®™ terms)
with those which refer only to the parls (“distributive” terms) [Copi, 1986].

The fallacy of division exists within an abstract human system of reasoning based on the
Law of the Excluded Middle: in this Law, a statement is true or false—not some of ench.
There 1= “black” and "white,” but no “gray” in this system. Statistical work that stems
from this fallacy seeks, when it rests on finding correlations, relations that blend *black”
and “white"—the foundation m *logic” is thus ignored. This fallacy 15 examined, here, with
an eve to understanding the logical circumstaness under which such assignment might, or
might not, be erroneons (when 1t apphes).
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Seale and dimension.

To understand when the assignment of characteristics from whole to part (division), or
from part to whole {the fallacy of compesition—the string sections plaved well, therefore the
symphony played well), might be erroneous, it is useful to consider what are the lundamental
components composing these fallacies. The notion of scale 15 invalved n the eonsideration
of “whole™ and "parl,” When is the individual a “scaled-down” orchestri;: or, when iz the
orchestra a “scaled-up” mdividual? The notion of dimension is alse involved. When does
the zero-dimensional musician— peoint spread ont to fill the two-dimensional (or three—or
more-cimensional ) orchestra; or, when does the ligher dimensional orchestra collapse, black-
hole—like, muo the single performer. The performing soloist can dominate the orchestra; the
conductor perhaps does domanate the orchesiza; wvel, the orchestra itself is composed of
numerous single performers who do nol dominate.

Self-similarity and scale shift.

Integral dimensions. with diecrete spacing separating them, ought be viewed as simply 2
set of positions marking intervals along a continuum of fractional dimensions |Mandelbrot,
1983].. When the diserete set of integral dimensions is replaced by the "dense” set of fractional
dimensions [between any two [ractional dimensions there 15 another ons), whal happens to
pur varous relative vantage points and to scele problems associated with them?

Abstractly, the relationship is not difficult 1o Lie to logie, under the following fundamental
assumption
Fundamental Assumption,

When two views of the same phesomenon at different seales are self-similar one can
properly divide of compose these views to shift scale.

The whole can be divided “continuously”™ through a “dense” stream of fractional dimensions
until the pari 1= reached (and in reverse)], Self-similanty suggests a sort of dimensional sta-
hility of the characterietic or phenomenon in guestion. One commits the Fallacy of Division
{(*Eeological® Fallacy) when the attributes [terminological or otherwise) of the whole are
assigned to the parts that are not self—simular o the whole One commits the Fallacy of
Composition when the attributes of the parts are assigned to a whole that 1= not sell-simlar
to these parts. This notion = evident 1n the many ammated graphic displays of the Man.
delbrot (and other) sets in which zooming in on some detail presents some sort of repetitive
sequence of views (in the case of self-similarity, this sequence has length 1), More formally,
this idea may be cast as a “Law.”

Scale Shift Law

Suppose that the attnbutes of the whols (part] are asnigned to the par (whale),

b=t

. If the whole and the part are not seli~ similar, then that assignment is erroneous; and,
c;u;un'.rq'.rse;l}' {invcrﬂ:lg.', a.-::LuallI‘.'],

3

If the whaole and the parl are sell-sirmular, then that asggnment 15 not ersaneans.

This 15 one way to look al the “parl—whols” dichotomy; physicists wonder about splitting the
latest “fundamental” particle; philosophers search for fuandamental units of the self [Leibniz,
monadaology, in Thompson, 1956; Nicod, 1969); {opologisis worzy about what properiies a
topelogical subspace can inherit from its containing topeological space [Kelley, 1935
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