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General Problem

We are concerned with populations whose members have two discreie charactenistics; that
15, characteristics which are either present or absent in each member. In popalations having
twa charactenstics, the populations ecan be desenbed by the proporuon of the population
that has both characienistics present, one or the other (but not both) characteristics present,
ar both charactenstics absenl. Cne well-known way to present this dats = with a two carcle
Yenn Dingram in which each circle represents one of the characteristics, the intersection of the
cireles represenis the members with both charactensiies, and the region cutside both ciecles
but within the nvmverse of discourse (depicted as a bounded figure surrounding the orcles
often o rectangle| representis the members with neither charactemstic. Appropriate remons
might then be labelled with suitable pescentages, whether or not the grometric intersection
pattern is suggestive of the numeric partition of the sample. At this point, it may be useful
to the reader to draw a two-circle Venn diagram,

For example, consider a population of countries with national child vaccination pro-
grams. home of the countnies in the population use a campaign strategy, some a chinie-based
strategy, some use both strateges, and a few usze nether strategy. Construct a Venn dia-
gram to represent this grouping of mixed strategies. Draw Circle o on the left and draw an
imtersecting Circle 2 on the righl. Draw a rectangle that is large enough o easily contain
all of the intersecting circle configuration. In this Venn diagram, Circle & could represent
eounicies using a campaign strategy and Circle 8 could represent countres with a elime-
based strategy. Partition each of these circles according to their intersection patiern using
the {following notation.

Naotation

Let the syrmubol A denote the area of Cirele & that dees NOT also lie within the Circle 3.
Let the svmbol 8 denote the area of Circle 3 that does NOT also lie within the Circle @
Let the symbol AR denote the ares of the intersection of Circles a and &,

In the vaccination program interpretation of the two circle Venn diagram, Area 4 iz
proporiional to the countoies using only a campaign strategy, Area B Lo the countrnies using
only a climc-based strategy, and Area AB to the countries using both a campaign and a
chnic-based stralegy. Countries using neither stralegy are not represented; indeed, only
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participant populations will be considered for the remainder of this analysis, although we do
note the existence of the logical category of the “neither” class.

Date such as this is sometimes illustrated with bar or pie charts. Such illustrations
are inadequate because thev do not allow easy portrayal on a single diagram of both the
mmtersecting areas and the total percentage of each charactenstic. The advantage of using a
diagram of wlersecting circles 35 that 1t portrays all the data clearly in & single diagram,

The objective here 15 to draw the mtersecting circles so thal the different areas are exacily
proportional to the data, in much the way thal an equal area map is drawn so that diflerent
areas are exactly proporhional to the size of the landmass. Equal area graphic displays, be
they maps or diagrams, are critical in making aceurate visual comparisons of mapped or
plotted data.

The remainder of this paper is devoted to displaying the detail of the calculations re-
quired to consirucl equal-area Venn diagrams from real-world data. Pundamentally, these
celenlavions rest on the problem of finding the radii of the arcles and the location of thetr
centers, miven the vanows commen [intersecting) and mon-common areas.

Defimition of the two-cirele problem

Given two mtersecting aircles; o and 4. and given their common and non-commeon areas,
AB, A and B, respectively. Find the radii of both crcles, vy and rg, and the distance
between the centers of the 4wo circles d 45 such that the centers can be located and the cireles
drawn. It is clear that if the center of Circle o 15 al the origin, the Cartesiay coordinates of
the center of Circle 3 are (dapg, 0).

We can transform the three areas into percentages of the total area covered by the two
mtersecting circles by noting 1liat the total area covered is 4 + B + AB.

(1) A% =100 % (4/{A = B+ AB))
gives the A-only area percent;

(2) B

100 % (B{(A + B + AB))
gives the B-only area percent;

(3) AR%

100 % (AB/{A + 8 +AB))

gives the A8 area percent;

No generality 1s lost by requimng Circle o 10 be the larger circls and by standardizng the
size of Circle a by setting iis radius equal to 1 ry = §. [Naturally, this assumes that o = 3
and that the bigger real-world characteristic 15 assigned to Circle o)) As o resull, the area
A+ AR of Circle & 12 #, The problens can now be restated, more simply, as follows.

Given: A%, B%, and AB%, where A% + B% + ABY% = 100.
Find: v g, the radios of Circle 3, and d 45, the distance between the centers

Analytic Strategy

In order to solve the two-circle problem, define the chord of the intersection o be the
straight Iine joining the two points wheree the penmeters of the two circles intersect —assuming
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here, and throughout the remainder of the text, that one of the two arcles 15 not [lly
contained within the other. There are two situations that arise: one in which the chord lies
between Lhe two centers and a second in which the chord lies 1o one side of both centers. To
visnalize this relationship, draw one pair of circles with a relatively small area of intersection;
im this case the chord hes between the centers. In what follows. this configuration will be
referred to as one of type Case |, Alternatively, draw two circles with a relatively large area
of overlap; m tlis case Lhe chord lies on one side ol both centers. In what follows, this
configuration will be referred to as ome of type Case 1L

Starting with A%, 8%, and AB%, it 1= strmghtforward to denive rg, but not to derive
d 4g. Therefore, we reverse the sitnation and seek the function that vields A%, B%, and
ABY given v 4, rg, and d 4p. Several derivations are possible. The simplest one (not using
integral calculus) is presented below to maximize accessibility of content.

Functions for A%, B%, and AB% in terms of v 4, r g, and d 4p were obtained for Case
I and for Case II. These functions are sufficiently complex to obstruct the derivation of an
mverse funcuion that would yield d 45 m terms of A%, B%, and AB%. Consequently, a
numerical approach was used in which d 45 was calenlated for a grid of values of B'% and

AB% . The results are presented in Tables 1 and 2. The value r4 is assumed equal to one
and rpg is readily calculated from A%, B%. and AB%

With these results, several options are available {0 estimate d 45 from A%, B%, and
AB% . The prefecred option depends on the accuracy desired. Option 1 entails interpolating
from the data in Tables 1 and 2. Option 2 entails using a polynomial in 8% and AB%
{obiained wia regression) to estimate dgp. Ophions 1 and 2 are the least accurate, both
giving answers witlin one percent accuracy relative to the radius of the largest arcle {Circle
a ), Option 3, which will yield d 45 to any desired accuracy, entails searching by trial and
error using the functions B% = fild 4. rg) and AB% = fold g, rg). The tnal and error
search is greatly simplified by the fact that rg can be calculated directly from B% and

AB%.

Derivation of B% and AB% as a function of rg and d 45

General formuls

Heren's formula for the area of a tnangle 15 based on the lengths, a, b, and ¢, of its
sides. Let & =(1/2) x{a +b+¢c). Then the area of the triangle is:

(4] (5% (5 —a)x (5 ~b) x (5§ -t/

A sector of a carcle 15 the pre-shaped wedge cut from the center of the circle out 1o the
edge; The region of overlap of two intersecting circles is called a "lune” A sector can
be decomposed 1nto a tnangle and a lune split longitudmally. We refer to the triangular
portion &s the “triangle” of & sector and to the lunar portion as the “segment” of a sector.
The formula for the area of a sector of a crcle with central angle ¢} (measured in radians)
and radins r 15

(5 (1/2) 5 (@)=} = {r x0f) = (1/2) = (Q x»?),
The formula for the area of the corresponding tnangle of a sector 1s:
(G (1/2) xr® % ein Q.
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The formula for the area of the corresponding segment of a sector is:

(7) (1/2) % (@ % #2) — (1/2) x 2 % sin@ = (1/2) % r2 % (Q — sin Q)

Case I Choerd es betwesn Lhe (o centers

In Case I, the chord of the lune separates the centers of circles o and @, The distance
d 45 is the distance between the two centers, measured along the line of centers. Form a
tniangle using the hine of centers as cne side of length d 45 The second side 15 formed
by joining the center of arcle & to the top inersection pomni of the lune; the acute angle
enclosed by the line of centers and this side has measure §) 4 which i= 1/2 of the central
angle subtending the chord of the lune from the center of circle a. In a similar fashion,
joim the center of circle & to the same thisd verlex to complete Lhe tgangle. The acute
angle enclosed between the line of centers and this side has measure @ p which is 1/2 of
the central angle subtending the chord of the lune from the center of arcle 3. Lt h denote
the altitude of this tnangle from the vertex of the lune to the line of centers. Let X denote
the horizontal distance from the center of Circle o 1o the intersection with the chord. Let
2 denots the area of the triangle with sides of lengths vy = 1, rg, and d 45, Let K 4 and
K g denote areas of Lhe gectors in circles a and & subiended by the cliord. Let Ly and L g
dencte the areas of the tnangles of these two sectors, Finally, let M4 and Mg deaote the
aréas of the segments of the two sectors. Then given 4, v, and d 45, find A, B%, AB%,
and A% as follows.

From equation (4},
(8] S={14+rg+dig)/2
From equations (4) and (8), we gel the area of the triangle as
() Z=(8%(S—1)x(5—rp) x (5 —dap))™
From equation (%),
{10 =123 Zidap,

becanse Z = (1/2) xh x dap.

From equation (10),
{11) Q4 = Arcsin (kv 4,
becanse Sing} 4 = h/r 4; also from equation (10],
[12] (Y'p = Aresin(hjrg).

becanse Sin@p=h/rg
FFrom equations (5] and {11), the sector A area 15

(13} Ky=rasx (2 x0Q)/2=04
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and from equations (5) and {12), the sector & area is

(14] Kp=rp®x(2xQg}/2=05
From equation (9}, the sum of the areas of the two sectors 1=

(15] Litlg=2x%2

To find the area AR of the intersecting area (lune), view il as the sum of the two SEZIENTS
of the two sectors. From equation (T AR = M+ Mp = (K 4 — L+ (Kp—Lg)= (K4
Kp)—(L 4+ Lg) so that from equations (9), (13), (14), (18), AB = Q4+ Qgexrg*—2x 2.
Using equations (11} and (12}, it follows that 48 = Aresin{h /v 4) = Arcsin( i/ B) » rgl -
2 x Z and finally, noting that r 4=1, that

|16) AR = Arcsin(h) — Arcsin(h/rg) xrp —2 % Z.

The B-only area is found by subtzacting the area of the lune from the area of the whale
cirele as

{]_i':I =7 '.l{'r"gg:l — A8}

subtracting out the extra ntersection. the total area covered by the circles, denoted TOTAL,
15 [from equation {16))

(18} TOTAL = (=) + (r xrg*) — AB,

'Some may recognize the formula in (18) as one form of the Principle of Incusion and
Exclusion—ed.|

FFrom equations [16) and (18) it follows that
(19) AB% = 100 = AB/TOTAL:
from equations [17) and (18} it follows that
[20) B% =100 = B/ TOTAL;
and from equations (19) and (207 it follows that
(21) A% =100 — AB% — B%.

These results hold for d 45 greater than or equal t0 X, the distance from the ongin to the
chord, but nol greater than vy —rg, that is:

{E'JII N Zdan =TT

where, from equation (11}, X = Cos (€ 4/2).
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(rse [1: Chard Lo one side of both centers

The same defimtions apply a5 in the previons section, except in relation to the following
sitnation. Draw two intersecting circles and nssociated lines, labelling them as follows. Draw
the larger of the two circles on the left, Insert the center of the large circle as 2 distinguished
dot. Draw a smaller circle intersecting the larger ome in such a way that the center of
the large circle is contained within the smaller circle. Much of the small circle is therefore
necessanily contained within the large circle. Note ihie center of the small circle az a dot
Draw the chord joiming the two intersection pointe of the small and large circles; half of if
lias length &, Diraw the line segment joining the two circle centers, of length d 4 and extend
the segment 1o intersect the chord. The small crele now eontains a right triangle which m
turn contains a tnangle with an obiuse angle. Label the radius of the larger circle as r4;
label the radius of the smaller aircle as » 5. Label the constructed central angle in the larger
circle as @ 4 and the constructed central angle in the smaller circle as (). The area of the
obtuse triangle is #; and the area of the difference between the nght triangle and the obiuse
triangle 15 Zq.

The fallowing formule can then be readily deduced. From equation (4),
(23) Si=lratrerdag)/2=(1+rg+dag)/2
from ‘equations (H)-and (23},
(24} T = (S 56 (S —1) %[5y =+ ) = (Br=dupi)H

from eguation (24

-

25) h=2x% 2/ dan

becaunse Z1 = (1/2) x d 4p = & from equation [25)

[26) £ 4 = Arcsin | k),

becanse Sin (6 4) = h/r4 = &; from equation (26)

(27) Qg = Arcsin{h/rg),

because Sin(Q g) = h/rg; from equations (25} and (27)

{2B) Zo=(1/2) ®hxrgxCos(Qp))

fromm equations (5} and (26)

(20 K 4= Sector 4 aren = {1/2) x (2 x04) xr4’ = Q4
from equations (24) and [28)

(30} Ly = Triangle Area of Sector 4 =2 % (Z; + 23);
from equations (7), (29], (30]

(31) M 4 = Begment Area of Sector 4 =K 4 — Ly
3l
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from equations (5) and. (27),
(32) ¥ = Setbory B Kron. = HIIH) N (T8 0 S r p® = gt e
from eguation [28)

(33) L g = Toangle Arca of Sector B = 2 x Z3;

from equatione (32} and (33)

(34) Mp = Segment Area of Seclor B = Kg —Lp;

from equations (31} and {34)

(33) Area W = Mp — M4

from equation {35)

{34 AB = Area of Cirdle B — Area W =% xnp® = W;
thus,
(37) 8 =W;

from equation (35)

TOTAL. the total area covered by the arcles

(38) = Area of Circle d + Area W =7 + W;
from eguations (36) and {38}

(39) AE% = 100 x AB/TOTAL,

from eguations [37) and (38)

(i B% = 100 x B/TOTAL;

and from equations {3%) and (40)

(41} A% = 100 — 4A8% — B%.

These results hold for d 45 greater than or equal to zero, but not greater than A, the
distance from the origin to the chord, that is:

(12) 0<dip <X,

where from equation {26] X = cos(Q 4)
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Methods for Computing rp and d 45.

The computation of rg given A%, B%, and AR% is straightforward. However, this is
not the case for d 45 in light of the fact that we did not obtain a function for d 45 1 terms
of A%, B%, and AE%. We present three numerical methods for estimating d a5, exch with
a different level of accuracy. TFirst, however, we derive AB% and BY% as a funclion of A,
B.and Af, and rg as a function of A8% and B%. These derivations of 48%, B% and
rp are the same for all three methods of estimating d 45

v asa Funetton of 8% and A8%

Let. A, B, and 48 be the B-ciredle only area, the A-circle only area, and the area of
intersection, respectively, and let TA =4 + F + AR then,

(43} AW =100 x 4/TA A= A% xT4/100:
(44 B%=10=x8/TA, EB=B%xTA/100;
145 ARG =100 % ARTA, AR =AB% »T4;] 100
(4G ] Circle 4 area =4 + AB = ;

(47) Circle B area = B+ AB =7 xrpg’

Substituting equation (46) in equation (A7) B+ AB =% xrg? = (A + AB) xvrg’,
(48) - =(B+ AB)/(4 + AB).
Substituling equations (43), (44), and (43) 11 equation [48):

g (B%RxTANI00+ [AB% »TA)100  BY% + AB%

9) "B T A% % TA)/100+ (AB% % TA)/100 A% + AB%
(50) A% = 100 — B% — AB%.

becaunse A% + BR + AB% = LH),
Substitniing equation (50) inte equation (40];

s BY% + AB% _ B%+AB%
¥ T {100-B% — AB%) +AB% 100 —B%
Thus,
(51) rp= ((B% + ABR)/ (100 — BY%))M*
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Look-up Table Method for Estinating d ag

Table 1 (at end of article} gives the value of d 4p to 6 decimal places for all values of
AB% from 0 to 100 and for B% from 0 to 50 in 5 percentage point increments for values of
d ap from (Vo r g +v5. Note from Trble | that some of the values are calculated using the
procedure for Case | and some using the Case Il procedure.

The procedure used o abtain the values in Table | is summanzed hers. For each com.
binntion of 8% and A8% in Table 1, caleulate d 45 as follows. First calculate rg nsing
equation (51). Then guess a value for d 4p that is approxamately correct, and gness whether
Case | or Case Ul applies. (In most areas of the table this is obvious.) Then calculate the
values of B% and AB% using the guessed value of d 45, the caleulated value of rp and
either squations (8) through (20) in Case I, or equations {23) through (40} in Case I1, Then
adjust the guessed value of d 457 up or down and recalculaie until the resulting values of 5%
and AB% approxmmate the desired values as closelyv as desired (s1x decimal points| i Table
1. Check the final value of d 45 to be sure the correct caleulation procedure was used (Case
| or II) with the inequalities (22) or {42],

Table ¥ contains values of d 45 for values of AB% in the [ 1o 10 range. Between () and
3, AB% 15 in increments of 1, This table was produced because of the large and non-linear
increments in d 4p in this range of A8

If the given values of B% and ABR are one of the combinations found i Table | or
Table 2, then the value of d 4z can be obtained directly from the tables to six decimal pomnt
accuracy, If the exact values of B% and AB% are not in either table, then an interpolation
procedure can be used. In Table 1, the procedure would be as follows

(n) Assume the given values of 8% and AB% are not along the lower diagonal of the
table, so that they are bounded by table values of 8% and ABY% ai four corners fonming
a rectangle within the wable. Lev dit, 7} be the value of d 4p for any values of A8% (or 1)
and B% (or 7)., within the defined range. Then d{AB%. B%) is the value of d 45 at the
given values of B% and ABY%. If ¢ is the value of AB% just less than the given AB%, f
is the valne of ABE% just greater than the given A8%, g is the value of 8% just less than
the given B%. and &t is the value of B% just greater than the given BY%. then,

dy = estimated value of d at point K

I:EE:I = d[.t.gl:l oy [d{fuﬂ] —d{t:y:l] . {.‘LE% = '-‘:'.l'lif = 'P:II

where I is the intersection point of a horizontal through dix, 7 ) with the vertical hne through

g
d; = estimated value of d at pont L

(53] =die.h) +{d{f,h) —dieh)) x [ABR — )/ ([ — e,

where L is the intersection point of a homzontal through dis, 7} with the vertical hine through
h

(54] Estimate of d{AB%, B%) =dg + (dp —dg) = (B% —g)/(h—g)
34
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(b} Assume the given values of AB% and 8% are near the lower diagonal of the defined
range such that the location is bounded by only three table values (rather than by four table
values, as in case (a) above). Use the same labelling as i case {(a) above for the hounding
table entries; note, however, that dilh) 12 not defined 1 this case (becanse of the nearness
of the table entry 1o the lower diagonal), At the boundaries where B% = (| or AB% = 0,
equation {54) holds. Otherwize, we have:

dp = estimaled valus of d al ponl K

G5Y = d{e, ) + (d(f,g) - dle.g)) x (AB% —c)/(f —<),

where R is the intersection point of a horizontal through dii. 7 ) with the vertical line through

g
dy = estimated value of d at pownt L

(56) =die, k)4 (dle.h] —die,g)) x (B% —g)/{h - g

where L ie the intersection point of a vertical through d(:.7) with the horizontal line through
£

dABT BR) =d(e,p)+(dg —de,g)) +(kz —d{e,0})) =dx ~dr ~d(e.g)
(87) =dle;g}(d(f.g)—d{zg)) x({ABFe—e)/(f —e)+(dle k) —dle. g)) x[B%—g)/(h—g)

The use of formulas (51) and (57} in conjunction with Table 1 will generally produce
answers for d 45 within 0.01 of the correct figures, with the exception of the range for AB%
from 0 to 5. In some areas of this range, particularly for B% greater than 43, the error can be
over (.05 For example, this method produces an estimated valee for d{2.5, 47.5) = 1.7394,
compared to the correct value of 1.7927, an error of 0.053. (This error 35 5.8% of the radius
of circle A, which 1s 1, and 35 100 = 0.0533/ 1.7927 = 3% of the correct value of d 45.)

If Table 2 15 used for values of AB% between 0 and 3, the error can be reduced to lese
than (.02 in the worst cases. For example, the nse of Table 2 produces an estimated value
for d(.5.49.5) = 193018, compared to the correct value of 191298, an eror of 0.01717.
(This is 1.7% of the radius of circle A and 0.9% of the correct value of d,5.)

Polvnomial Estimation of 45

The regression formule were nsed to obtain polymomials i AR% and 8% that estimated
a4fx; i effect interpolating for values of AB% and B% between the grid points in Table
i The range of AB% and H% was separated info three subranges and a polynomial
was obteined for each subrange. The three subranges are specified below and also denoted
graphically, using 2 vanety of typefaces, in Table 3.

(58] Subrange 1: AB% > dand B% = 5.
(39) Subrange 2:01 € AB% < Sand0 < B% < 30
[GL) Subrange 3:0 < AB% < 100and0 < B% < 5.
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The polynomials obtmined for each subrange are given below.
Palynomial | for subrange L:

{61) estdqp’ = cp 4 1Ny +eaXa +caXa + ey +ep N5 4 el < a7 X7 4 cal,

where
cp = (004588180
ap= D0DSTOOTEN, X = AR
eq = —0.001B18030, X» = B%
g = —0.120148003, X3 = (48%)1/2
co= 0130801455, Xy = (B%)/?
ez = —0.000147200, Xp = [4B%) = (B%)
£s = —0.000017449, Xg = (AB%)?
a7 = (LODOORLODA. X+ = (B%)?
cy = —0.004913375, Xz = (AB% x B%)M2,
Pelvnomial 2 for subrangs 2

(62) estd 4p° =ep + o Xy FeaXs +eaNy +og Ny + calNp 4+ ceNg + ey Ay,
whcre

cp = L.IE5E4544

oy = =0.009630203; X;=AB%R

s = 0.002712022. X:= 8%
s = — 0080520075, Xy = [AB%)*
o=  0.083223275, &y = (B%)1?
o5 = —0.000366121, X5 = (AB%) = (B%)
eq = —0.000521608, Xg = (AB%)*
cp = 0000075850, X; = (B%)?
Polynomial 3 for subrange 3

(3] est ti_.ma = prp+elh ]+ eoXNy 2~ ogNa +oe Xy FesNg+opAg—or At —esds,

where
cop = 1.0099R4TR]
ey = 0.001043059, X, = A8%
ey = 0009084475, X2 = B%
ey = —(. 106641306, X5 = (AB%)?
cs = .0BB407208, Xy = (BR)2
ey = —0:000104701, X5 = (AB%) % (B%)
cp = —0.000052845, Xg = (AB%)
e = —0,000084727, X7 = (B%)°
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ey = —0.007200240, Xy = (AB% » B%)1/2,

Numerncal Searclh on the Inverse Function

The value of d 45 can be obtained to auy desited accuracy for any combination of ABR

and B% in the defined range using the same procedure as was used to denve Table 1. We
summarnize the procedure helow

(1)
(2]
(3
(4]
(5)
(6]

(7]

(&)

(91}

Given A, B, and A8.

Calculate B% using equation [(44).

Caleuiate AB% using equation (43)

Calculate r g using equation {J1).

Esiimate an approximate valwe for d 45 using Table 1.

Estimate whether Case 1 or Case 11 applies for the caleulated values of B% and AB%
using Tables 1 and 2.

Calculate estimated values of AB% and B% using the caleulated value of rg from step
4, the estimaied value of d4p from step 5 and equations (19 and (20) for Case T or
equations [39) and (40) for Case 11

[f the estimated value of B% obtained in siep 7 is too small, increase the sstimated
value of d 4p and recalculate AB% and B% by recycling throngh step 7; i B% is too
big, reduce the estimated valwe of d4p and recvele through step 7. The size of the
adjustiment depends on the approxmate slope m the remion of concern. For exemple, if
we were in a region of Table | where d 45 increased 0,025 while B% was incressing by
5 (as iz approximately the case for B% between 10 and 15 and AB% =60), then adjust
d 45 by 0005 for each error imerement of 1in B%. In this way, the error in B% can be
magde as small as desited by continued recycling. The value of AB% converges to the
desired value along with 8%

Check to be sure that the proper case (I or IT) was used by applving the mequalines (22)
or (42).
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Editor's Note:

In the original submission the anthor alse considered Venn diagrame of three circles,
noting thai the three-circle Venn diagram contains insufficient degrees of freedom to provide
A general solution to a thres characteristic situation. The reader interested in generalizations
of the two-cirele case might wish to examine the literature of Boolean algebra, particulurly
Karnaugh maps used i the mminuization of switching circuits,

More detail is presented in this presentation than would be in traditional publications,
suggesting vel another avenne to explors in Lhe dissemination of mformation across disci-
phnary boundaries and one way to offer detail that might be required by engimeers in the
field to implement abstract ideas presented in journals. The increase i cost, to present extra
detail that may not be necessary to all, 2 minuscule in an electronic format.

Anthor’s Nole:

The author wishes to thank anonymons teferees for suggesting the viewpoint of “equal
rrea” Venn dizgrams, and for substantial help in making the context of the problem reflect
this viewpaint
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SOLSTICE

TABLE 1
TWO INTERSECTING CIRCLES PROELEM
Distance between centers (d), given AB% and B-ONLY %

B «pdy "-"'E

AD% oo 03 1o is 20 L5 an a5 a0 4= 50
o0 1 1220889 133335 L4008 15 157746 165404 17337 L6163 18MEZ 2
0 0.77T6283 O8I 1OSI7H3  LIB4EET 1OSTTD LAOTION 1.3T40GF |443 15137  1.5AGAT
10 0.6837TS 0.ABAAAR  OOAI9AT  LOATEED 110483 1168008 1 I2HISH 1 2SSTOL 150020 1412509
i 0613702 0.7824TH OBEATT 018611 10005 LOITOE 1117064 1,06ETDS 1.070433

Fa) D.EEZTET D.TIONO5E 070011 R 03513 0BEEa1T 1012060 1.OGGEAD 1. 10GLES

ZE 0.5 DO40458 072074 OTE0IG  O.E31ES4 (.ETSE49 0.07I53T D OEIETD

30 0.45Z2T8 0.G800G4 O.ORTANE OTLZ4E2  (.7S09RS 0801260 0 EI6453 (ATIH

o D.40E50E  DE56208 0508014 O6ADTIE  D0O160 0.TZETEY LLTH1400

0 0.207T545 0.4BTOGH 0545070 O.5POS44 D.EZEITI 0 ES004D DEANSSE

LT 052018 D.440711 0@ dpd OLTAR10 DEGTHES DE0g0gE

5 0202804 000080 0.445404 0.4SIZ6 (LG0SB3T 0530864

13 0.258281 O0.954560 0.ABEINE 0430363 D451TET

a0 N.225404 0313084 0352752 OATEEIT  RALIER

6b 0.188TT5 0.27406 0908128 0.AZ84E1

Ol 010554 O.230T21 020400 O2TH0EE

75 0,138876  O.IDEED  0.Z18622 -

5 I.INEETE  O.IA001A  0.1T4TAE

A& 0078040 G.122EED

ol D.OFI1E1T (LUEIGHE

a5 nN2E821

T4} ]

case |: Chord joining intersection points lies between the two centers
Case II: Chord lies to one side of both centers.
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TABLE 2
DATA TAELE FOR TWO-CIRCLE PROELEM
Distanee belween centers (d), given A% and B-ONLY %
for AB% = 00— 05

B-Only %
AB% 00 i1 2 (3 (4 05
il 1 (100303  1.142857 1.175863 1.204124 1.229300
il 0.9 (.A06625 1041666 1.076413 1105877 1.132020

02 U.858578 0.940095 0.993166 1027487  1.056604 1082652
) 0.826704 0.91298 095593 0989618 1.018366 1.044

i1 0.5 0.882799 0.924676 0.957696 0.0985978 1.011194
05 0.7T76397 D.B56305 (.BOT2TE (L929644 0.957428 (982242

B-Only %
A% 10 13 a0 20 S0 3o 4l
il 1.33333 142008 15 157735 163464 17337 | 2163
i 1.2376563 1.324053 1402561 1477746 1.552221 1.62TH7R. 1.70G6373
{12 LIBT4IT 1.272749 L.340019 1423492 1496065 1569480 1.645393
03 1.147486 1.231629 1.307493 1379587 1.450471 1.521065 1.595619
i 1.113248 1.19G158 1270744 1.341437 1.410751 1480464 1.352075

{5 LOB2T03 1.164457 1.23779 L3OTI36 1374962 1.443 1.8127

B-Only %
ABY% 45 40 47 48 44 a0
(i LO0a53  1.922055 1941696 1.960768 1.080196 2
a1 1. 789387 1.806604 1.824274 1.842146 1.RG0O32T
02 1725354 L.7T41088 1.758872 1.778022 1.793457

3 1.672%7 1.689029 1.705319 1.721855
M L.G2T067 1.642506 L.65B348 1.674328
0 1.58547 1.000524 1.615770

Case I: Chord joining intersection poinis lies between the two centers
Case TI: Chord lies to one side of both centers,
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SOLSTICE

TABLE 3
TWO INTERSECTING CIRCLES PROBLEM
Error in the Estimated Distance between the two centers: (dest - d )

B .oy %
AB% oo [ 10 1% E4] 75 20 15 in 45 a0
o .0NANES  -D.0BIAD  —DONA2E  OLER2RAD DO0GTI0 DLOGTOA3 0000202 O.000R0T UORGELY 0000285 -0.0117T0
i} =0 0TI CLBUUEAE <0314 «0.00400  -00004F ~0DnE0E 000110 0000505 0002136 00018525
m -0.0071] -0.00330 LOOD1ET CUOUGEERG  -OUUGUFR  GDDDOTE  -0000868 00010k 00007 -odoins
15 {100 26 S CHEEER IR L0 -0001E1T -0.00182 0 G0ERR D000dE aDu2Te
b1 Rt -00363 DOMMES  LOUO0OMG OBOREY  CDODIET 000037 D0oEdatd 000706
L L4 LOPDEES BODLIE] 000D 000143 BDO1EE . 00003 0LD04SRE
a0 (RN K [ QAO0LTIT Do0D0Td  SD0DIEE -0oD0TE4 oniond  LGETOY
55 OAMITET 0000235 DODFIZD 000005 -O0018E S00U1ER DOnTTER
LT ool 24 LOBan oozl G000 SD002RS  -CosY G2 THE
45 LLopaTn ILD01ATE  O00ZREL. NDETE J0ETl ODEEE]
] QLA DODIEES  QDOIRAE  DLD0124 SDODInG  S0000sEq
B 1002114 GO0T40T  DD0IGGEE  JDNTD 0003
a0 EN g B OOHTONT  BEDINEE  -DLODINE  -0HOT
i fLeEd CUOUGERE  DLO0000s G ik
70 MIE4T  -D0DERT DOD0EDG. -BANIER
™ LNIETE  JRODLLE DODd A
0 LOMIZI0 GDOOLED DOD3LEG
&5 T I T QAN R
a0 -GLENII B 001400
o5 -L03EY
1M LR

Actual Distance from Table 1; Estimated Distance rom Polynomals 1, 2, and 3.
Polynomial 1
Palynomial 2
Polvnomial 3
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