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SYMBOLS AND ABEREVIATIONS

the constant of the perfect Gas Law
the acceleration due to the force of gravity

a constant which varies slightly with the moisture content
of the air

the mean radius of curvature of an arc Jjoining two points
on the earth's surface

the distance between stations A and C

the distance between stations B and C

the index of refraction of white light in the air

a measured vertical angle

an angle subtended by an arc at the center of the earth
the refraction angle

the temperature of the air measured from absolute zero (-273° C.)
the pressure of the air

the radius of curvature of a ray of light

the coefficient of refraction

the height of Station A above mean sea level

the height of Station B above mean sea level

the height of Point C above mean sea level

the probable error of the refraction angle at Station A
the probable error of the refraction angle at Station B

the probable error of the height of Point C computed from
Station A

the probable error of the height of Point C computed from
Station B
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SYMBOLS AND ABBREVIATIONS (CONT'D)

the probable error of the measured vertical angle at
Station A

the probeble error of the measured vertical angle at
Station B

the lapse rate of temperature

Eastern Standard Time
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INTRODUCTION

Terrestrial refraction is the bending of a ray of light when
it travels between any two points within the atmosphere. This phenomenon
causes all objects to appear to be at higher elevations than they act-
ually are, except when the air near the earth's surface is strongly heat-
ed, causing the density of air to increase with height so that the ob-
Jjects appear to be at lower elevations.

Terrestrial refraction is a matter of great importance in the
subject of trigonometrical leveling. The exact knowledge of it is im-
portant in correcting the measured vertical angles resulting from the
effect of refraction and reducing them to their actual values.

Previous investigations have dealt with the problem of
refraction and some formulas have been developed. These formulas are
based on meteorological factors, i.e. pressure, temperature, and lapse-
rate of temperature along the path of light; but because of the diffi-
culties of determining the exact values of the pressure, temperature
and lapse rate of temperature, the computations arrived at by thesg
formulas are uncertain in most cases.

The present investigation deals with a method of determining
the refraction angles in which the meteorological factors are eliminated
from the computation.

The method involves observing one point from two observation
stations. These observation stations are located in such a way that the

paths of light rays from the point to the two stations will be close to
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each other; also, the difference between the lengths of the two pathsv
is such as to provide an appreciable discrepancy between the apparent
heights of the observed point.

On the basis of this method, new formulas have been developed.
A practical application of the new method was evolved and tested by
running many experiments in different weather conditions. The results

show that an adequate degree of accuracy was achieved.



CHAPTER I

GENERAL STATEMENTS

Two methods exist for determining the difference in eleva-
tion between points on the earth's surface. The first is by running
lines of spirit level. The principle of this method is well-known
and can be found in any surveying text. Moreover, the accuracy of
this method is attested by any surveying text. The second method is
trigonometrical leveling, by which the differences in elevations are
determined from the horizontal or geodetic distances between points
and the measured vertical angles after correcting them for the effect
of curvature and refraction.

The second method is faster and easier than the first, but
it is not as accurate as the first method, mainly because of the un-
certainty in determining the refraction angles.

Refraction of 1light in air has been recognized for a long
time, and some coefficients have been introduced; but none of these
coefficients can be used with confidence unless the meteorological
factors along the path of a ray of light are the same as those under
which the coefficients were introduced. Also, previous investigations
have produced some formulas for computing the refraction angles, but the
accuracy of the results computed from these formulas depends upon exact
knowledge of the pressure, temperature, and lapse rate of temperature
along the paths of light.

Bomford's Geodesyl gives the following formula for computing

1 Brigadier G. Bomford, Geodesy, Great Britian: Oxford at the Clarendon
Press, 1952, p. 153, formula 4.15
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the refracting angles: (Figure 1)

|

e 1R
ﬂz-‘t-j T (1-1)
0

o-

Fig. 1 EFFECT OF REFRACTION

where
£2 = the refraction engle,
. = the length of the path of a ray of light,

y = a length along the path of light measured from the
observation point,

O~ = the radius of curvature of the points along a path of
a ray of light.



is given by the following formula:l

I - _KCos P ._3.._‘. ar (1-2)
T Te\C YU )
where
K = a constant which varies slightly with the moisture

of the air,

¢« = the measured vertical angle,

= the pressure,

C = the constant of the perfect gas law,

J = the index of refraction of white light in air,

T = the temperature measured from absolute zero (-273° C.)
g = the acceleration due to the force of gravity,

éé;:= the lapse rate of temperature.

Substituting equation (1-2) in equation (1-1), one gets

) T /
’-""’J Kca/).i“ /7‘—2 (c gh (’L‘F)G’p' (1-3)

Equation (1-3) is the fundamental formula for computing the refraction

angle <7 , and in order to determine (¢ with adequate accuracy, pressure,
temperature, and lapse rate of temperature must be known at all points

along the path of a ray of light. Since it is impossible to measure the
meteorological factors at so many points, this is an impracticable method

of determining the refraction angles, and the method usually followed is

to assume that the lapse rate of temperature is constant along the path

of a ray of light and that the average temperatures and pressures along

the path are those computed or measured at one-third the distance along

1 Ibid, formula 4.12



the path measured from the observation station. This method of sub-
stitution probably gives good results if the lapse rate of temperature
is determined exactly, and if the assumed values of the pressure and
temperature are equal to the actual values. Practically, the pressure
and the temperature may be determined within one percent or better,l
but the doubtful item is the lapse rate of temperature. For example,
attempts were made in connection with the present investigation to
measure the lapse rate of temperature, and the following results were
obtained: On March 21, 1957, five attempts were made which gave results
that varied from 0.00221 degrees Centigrade per foot to 0.00725 degrees
Centigrade per foot. On March 28, 1957, seven attempts were made which
gave results that varied from 0.00242 to 0.00672 degrees Centigrade per
foot. ©Such variations make it difficult to determine the exact value
of the lapse rate of temperature; and an uncertainty of 0.001 in the
lapse rate of temperature causes an uncertainty of 10 per cent in the
computed angle of refraction®. Therefore, refraction angles computed
from formulas based on the knowledge of the meteorological factors are
unéertain.

Up to the present time there has been no method of determining
the refraction angles with acceptable accuracy and without including the
pressure, the temperature, and the lapse rate of temperature in the

computation. No doubt the discovery of such a method will be a great

benefit in the determination of terrestrial refraction.

1 Ibid, line 20

2 Ibid, line 28-



CHAPTER II

METHOD AND FORMULAS

The density of air is not constant, but varies with height;
therefore a ray of light péssing between two points within the at-
mosphere suffers a continuous change in direction. Thus, the path
of a ray of light is a curve in its shape and not a straight line.
This phenomenon causes displacement of the apparent positions of the
observed objects.

Relative Refraction.

In Figure 2 assume A P C is the path of a ray of light from
point A at height h, to point C at height h,. Assume o<, is the cbserved
angle of elevation C at point A above A D, which is the tangent to the
earth's level surface. Assume A C, is the tangent to the path A P C at
point A. Then the angle Cy, A C (.f?u) will be the angle of refraction

and C C, the appeared displacement of point C.

52,= kg 6, (2-1)
where

éa = the coefficient of refraction,

£, = the angle subtended by the arc A F at the earth's center.

Bomford's Geodesy gives the following equation for determining

the coefficient of refractionl:

O 47
k, 728000 = @0/04 * = /} , (2-2)

1 Ibid., p. 159, formula 4.17a

/
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Fig. 2 RELATIVE POSITIONS OF THE OBSERVATION STATIONS A AND B



where
h = the coefficient of refraction,
P = the pressure measured in inches of mercury,
T = the temperature measured from absolute zero (-273° C.),
gr _ the 1 te of t t in Centigrad foot
dh - e lapse rate of temperature in Centigrade per foot.
The constant 28000 is given as 27000 while actually it should
be 28000.
Substituting equation (2-2) in equation (2-1), one obtains
2, = 28000 Lo, |0 0104 + la,, (2-3)
a () 7 / 1
where

a0

the average pressure along the path A P C measured in inches

of mercury,

7& the average temperature along the path A P C measured from
absolute zero (-273° CJ),
G%E)==the lapse rate of temperature along the path A P C measured
‘ in Centigrade per foot.
The lengths of sight in geodetic measurements are relatively very short

compared with the length of the radius of the earth, and it is safe to

assume, therefore, that

fa

Ra “'ha J (2')*)

fz = the length of the arc AF,
Raq = the radius of curvature of the earth's surface taken at the

middle distance between points A and F.
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Substituting equation (2-4) in equation (2-3), we have

| a7 by
00/044—(0% )4' =S

Also, in figure 1, assume point B is another observation station, and let

24 = 28000 L2, (2-5)

(%)

B Q C be the path of a ray of light from point B at height hb to point C.
Assume X}, is the observed angle of elevation of point C at point B above
B E, which is the tangent to the earth's surface. Assume B Cb is the tang-
ent to the path B Q C at point B. Then the angle of refraction will be
CB Cb(.i?b), and C C, is the apparent displacement of point C.

Following the same procedure in deriving equation (2-5), one

obtains the following equation for the refraction angle at station B,

- A\, JdT A

where
—2,, = the refraction angle at station B,
F% = the average pressure slong the path B @ C measured in
inches of mercury,
72 = the average temperature along the path B Q C measured

from absolute zero (-273° C.),

@d%:) = the lapse rate of temperature along the path B Q C in
b

Centigrade per foot,

N
L}

the length of the arc BG,

P!
)
h

the radius of curveture of the earth's surface taken at
the middle distance between points B and G.

Dividing equations (2-5) and (2-6), one gets
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A1 dr \ )
2o _ 2800 TR5r (09104 HF5 | Rarpm

<2y A 7 dr\i 7
28000 0004 +(=—) | =2
(Tp)? (d/" )b Ry + hy
or - -
dar
20 __0(m)’R (R +h)|0-0/04 +(m‘)u (o)
= = —— -7
2 4, (%) A (Fa + ha)00i04 + (Cf/’;' )b

-’

Positions of the Observation Stations.

In Figure 2, assume A and B are two observation stations,
located so that the paths of sight from the stations A and B to point
C have nearly the same azimuth. The distance between the stations A
znd B is about 2 miles, and the elevations of A and Bcan differ in
accordance with the requirements of the terrain ( a difference
of a few hundred feet does not affect the results). Then the paths A P C
and B Q C will be close to each other; hence the lapse rates of temperatures

Vah v’
tures Ta’ Tb can be assumed equal.

/ R \
T d
\jyp—iland / ), the average pressures Pa’ P and the average tempera-

Determination of the Refraction Angles

When the lapse rate of temperatures, the average pressures,
and the average temperatures are taken equal, and if these equalities

are substituted in equation (2-7), then the equation becomes

Ra _ Ja (Ro +hy) .
2 % (Ra + ha) (2-8)

The terms (Ra+la) and ( Ry +hp) can be assumed equal, so

that equation (2-8) becomes
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S, Ia

= . 2-9
ol (2-9)
In Figure 1, we have
/
ceg, = _510 /?n ) (2-10)
where
£l = the refraction angle at point A,

a

A, = the length of the path A P C;
and
/
Clp= 5Ly 4 (2-11)
where
-{Zb='the refraction angle at point B,
£y = the length of the path B Q C.

Subtracting equation (2-11) from equation (2-10), one obtains

CCO"CCb et ‘rla yl -'ﬂb /?b’,

or
' /
GGz <% -2 L, (2-12)
In Figure 3, we have

F Ca - AF

5in (otq + Q!..) - 5m£qo _ (°‘a+6h):l )

or

FCa = Xsm (ota + —%—) Séec (°<a +9¢) ) (2-13)



-13-

and

hca = FCa + ha . (2-14)

Substituting equation (2-13) in equation (2-14), one gets

/')Ca = ,? Slf’(qa 4——@&) Sec (C’(a-*'ea) + hgq - (2-15)

In Figure 4, we have

GChb - 8G
Sin (ab"' .%‘2 Sin [qo - (O(b +6b)]
or
e = N (o, + Be €C’rx I
GCy= Ap Jll?( bt g+cb (2-16)
and
hey = G Cop+hy - (2-17)

Substituting equation (2-16) in equation (2-17), one gets

hcb = /Pb 5 (cxb.,. %) 5EC(O<b+Qb) +- ;’b ' (2-18)

Subtracting equation (2-18) from (2-15), one obtains

Pea = hep = '&5/”(°‘a+—é—) 5‘C(°‘a+4)+/7a

‘[pb Sin (O(b + -?2) Sec (c(b + eb) + hb‘}

CaCp = ya 5Iﬂ(°‘a +—2-) 586(«4 +9a) '& 5’”("%‘"‘2‘) 58‘(”‘”@7‘6},/
+ (ha-by) - (2-19)
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Fig. 3 OBSERVATION FROM STATION A

foo—(a, - s + 6] [o0°- @y +6,)

Cob
Q
Qy = — /g A
e
B ‘ <) OoX
o e
< )
'/ G <

Fig. 4 OBSERVATION FROM STATION B
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Substituting equation (2-19) in equation (2-12) we obtain

—’Pb Slﬂ(otb + T) SGC(O(b + ﬁ,) +(ha- hb) . (2-20)
From equation (2-9), we have

'Qb - __’]EL_ <,. (2-21)

Substituting equation (2-21) in equation (2-20):one gets
(z?a’ - -:'gag- /Pb,) S, = »pa Sin (‘Xa + T) Sec (‘"& +6a)
-— yb 5/n<°(b+ %) SeC(O(b +66) +</la— hb) ]

or

S = 7 ,ﬂ’i‘-‘- YN [ﬂa 5o + _g‘.) Sec(qu.Q,)

= Ay in(y + 8y ) (o, 46 +(ha-hb)]- (2-22)

Applying the same procedure above and substituting for "Qa in
equation (2-20), one obtains
P el
~Slp= ,Pa Sin (Q’q + 5€C<o(a +Qq)
z. w -4 B z
$y 317(oy + ) 5€C(<p +6) + (ha°hb)] (2-23)

When the lines of sight are nearly horizontal, the lengths
j 71 /
a and ja s ,Pb and ,Pb are very nearly equal and may be assumed equal
without affecting the results. For the same reason, }?a Sm(a{a .4.%‘!-)58(;\".,4.%)
' 6b
and jb Sin (oq, +T) J’e((arb..- 95) can consequently be assumed equal to

&fan(ua...%‘_) dnd ,’i, fan(ab.,,%t) . Applying these equalities in equations
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(2-22) and (2-23) we obtain

= 4 -/f G J (e, + G
“ta= A |l for(sa ) - f T (5 + )

(2) -(R) \'-r(ha—hl,)] ’ (2-2k4)
and }L

,V,fim °<a+a' _ytmcx &
+(ha(— hb)T") b (b+_2—)(2-25)

When the lines of sight are considerably inclined, then }Z,; _?b'

can be computed as follows (See Figure 3):

A Ca - AF
S (qa + —65-) Sin [qo _.( g 4_@,)]

)

or

[
J? - ,;L cos '%?L :55!:(?(a +—6L>.
The term cos(-%—) is very small and may be taken to equal one, so that

B = D sec (aa.,.ea). (2-26)

Using Figure L, we have

B - BG
(oo g) oo

L = 4 cos(3) sec (% +0)

or
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The term cos(égL) is very small and may be taken to equal one so that
!
]b = ’?b Sec (O(b +Bb> . (2-27)

Substituting equations (2-26) and (2-27) in equations (2-22)

and (2-23), we obtain

y‘ Pa n aa.;-.é Seclog .
T A el a) (R e [ Prkarg) ke

- !b 5’”("‘b +Q£-) 5€C(°q,+eb) -1-(’10- hb)i‘, (2-28)
52 = 5]h(°(a+%)5ec(°(a+%)

)
(,&)zsec(«a ) (}}, sec(oq, +6p) [
- ) s/n(oq,q-_z- 59C(°<b+9;,) +<ha hb} (2-29)

Determination of the Height.

In Figure 3, we have
he = hca- CaC - (2-30)

Substituting equations (2-10) and (2-15) in equation (2-30), one obtains

hc = fa 5/ﬁ(°(a+ —g‘;) 595("‘4 *ez) - _Sla 'gl’ + lﬂa ' (2'31)

Substituting equation (2-26) in eguation (2-31), one gets
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/lc = »& 5'"(‘*«-'-%4) Sec (aa +94)-.ﬂ.a& Jec(%+94)+ ha - (2-32)
For small angles of <, and &, , one can reduce equation (2-32) to

he = fa fan(oq, +-%—) - 42, /pa +/7a . (2-33)
Following the same procedure for the measurements at point B, we obtain
he = ,i, 5m<¢¥b+ g‘-’) 59C(°‘b +95) -5 ,&596(0(5 +9&) + hb (2-34)

And for small angles of &} &and 5@ , one can reduce equation (2-34)

to
he = By Tan (x +85-) - <2, fy + ho (-35)
The values of & and <, are given in equations (2-28)
and (2-29).

Air Density Inversion.

When the air is strongly heated because of the radiation of
heat from the earth's surface, so that the density of the air increases
with the height, then the paths of light rays bend downward convexly.
This is an exceptional case, but sometimes it does happen on a hot day
over sandy terrain. This phenomenon causes the objects to appear to be
at lower elevations.

Figure 5 illustrates the courses of the paths of light, and shows
the apparent positions of point C when it is observed under such conditions
from points A and B. This case can be detected when the position of point

C appears to be at a lower elevation from point A than from point B.
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Fig. 5 AIR DENSITY INVERSION



The method of calculation is the same as that given previously
in this chapter, except in the determination of height, where the error
due to refraction must be added to the apparent height, so that equations

(2-32) and (2-34) become

be = 4a sin(xg + %“—) sec(xa +9a) + —%’Laﬁﬂ’f(%f-%) +he . (2-36)

and

e = Ay sin(a,« o) s€C (g e8) + 52 f, 5eC(p+B) 4 By (2-30)



CHAPTER III

DISCUSSION OF ERRORS

After presenting the method of determining the refraction
angles and the height of a point from two observation stations, it is
desirable to discuss the errors and the percentage of these errors that
might occur from the assumptions used. Also, in order to complete the
discussion of errors, it is necessary to derive formulas for computing
the probable errors due to the probable errors of measurements.

Errors of Assuming Equal Meteorological Factors Along the Paths.

The lapse rate of temperature is the most important factor
in the determination of the atmospheric refraction. Its value changes
rapidly early in the morning and late in the afternoon, and its vari-
ability is least at mid-day, that is from about the 1llth hour to about
the 14th hour. Therefore, for more accurate work, the measurements must
be made during these hours.

In Chapter II, the relative positions of the observation
stations are given, and it 1s pointed out that the two paths are travel-
ing in the same direction, over the same terrain, and close to each other;
therefore the lapse rates of temperature along the two paths are equal.
For the same reasons the average pressures and temperatures along the
paths are equal when the paths coincide, or there will be small dis-
crepancies when they do not coincide, but these have a negligible effect
on the results. For example, meke the following assumptions: that sta-
tion A and B in Figure 2 are located at distances of 25 and 23 miles

respectively from point C; and that the elevation of station B is lower

-1~



than that of station A by 500 feet; and that the elevation angle at
station A 1s 3 degrees. These assumptions will provide about 170 feet
difference in elevations between the two paths at one-third the distance
between A and C measured from station A. Then the discrepancy in the
pressure is about 0.2 inches of mércury and in the temperature is about
0.5 degrees Centigrade. These discrepancies affect the results by

1 per cent. Therefore it is safe to assume that the average temperatures
and pressures are equal along the paths.

Errors in the Difference of the Apparent Elevations.

The difference of the apparent elevations Ca Cﬁlis an important
factor in determining the refraction angles; thus it is important to
know the percentage of the probable error in the length C, C,.

Table 1 has been prepared to show the percentage of the
probable errors for different lengths of sight. The table was prepared
on the assumption that angular errors are independent of the lengths of
sight; further, it is assumed that the probable error in measuring the
vertical angles is 0.3 seconds of arc, and the refraction rate is 3.5
seconds per mile. These two assumptions are based on the results which
were obtained in connection with the present investigation under good
weather conditions.

The results which are given in column 6 of Table 1 are reason-
able; however, to secure better results in long lengths of sight, such
as 20 miles or more, the distance between stations A and B may be made

more than 2 miles.

1 C, G, 1s given in Figure 2.
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TABLE I

PERCENT OF ERROR IN THE LENGTH Ca Cb

Lengths of Refraction Differ-  Probable Total Percent
sight errors ence errors Probable of
in miles in feet Ca Cy in feet Errors in Error

Cacb feet
5 2.238 0.0384
2.149 0.066 3
7 L4.387 0.0537
10 8.954 0.0767
3.939 0.12 3
12 12.893 0.0921
20 35.816 0.153
7.521 0.23 3
22 43.337 0.169
30 80.586 0.230
11.104 0.3k 3
32 91.690 0.2L6
50 223.850 0.384
18.270 0.55 3
52 242,120 0.399

Probable Error of the Refraction Angles.

Equation (2-28) is

ﬁ’ {yp sin, Ea) 5«?6 g
)/a ) sec(a, +8) kp) 56C/<><b+q,) ] far 5 (a @/

—pﬁ'/n(O(b.q-T 5€C(o<, +(7b> <ha ”b) i .
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In geodetic measurements the angles (O¢G+ §, ) and (cxbfeb)
are usually small and in most cases do not exceed 5 degrees of arc;
therefore, for the purpose of computing the probable errors, secants
of the angles (o(dfq‘) and (ot +6p) can be assumed equal to one. Also
,e 5”)(% +%_) Sec (O‘a +-9a) and '?b 5/ﬂ(°(b+%) SEC(O(b *%}
can concequently be assumed equal to f?a fbn (cxa.,. .g';) and |

’?5 fm(ah*’qaé") . Substituting these in equation (2-28), we obtain

)2
2= _?_z__pb_)_ pfan(o:a+.-z—) —f tan foq,+ 2 ) (a-hé (3-1)

Differentiating equation (3-1), one gets

f Sec («a+-z—)d« pSé’C@H T)d‘"b (3-2)

I.)’ L&)’

For the same reasons which are given above, 5€cC (‘)‘a + Qﬂ)
2
and s5ec (cxb + Gb) can be assumed equal to one, therefore equation

(3-2) vecomes,

(/P dog - 4, d"‘b) (3-3)

1

diz, =
e (Ia)‘f a7

Applying the method of propagation of errors—, we have

/(I’a d°‘a fi, a/°(b> (3-4)

|

(I, -

PN
a

probable error of the refraction angle 2,

SQ
"

the distance between A and C in miles,

o~
"

the distance between B and C in miles,

1 Mansfield Merriman, Method of Least Square, New York:
John Willey and Sons, Inc., 1911, p.79, formula (30)
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G/O(q = the probable errors of the measured vertical angle o(q )
doéb = the probable errors of the measured vertical angle o, ,
By the same procedure the probable errors for the refraction

angle ._('Z.b will be calculated thus:

) R
& == ey ) < (Be) -5

Probable Error of the Computed Height.

Equation (2-32) is:
b - ya 5!/),(0(a+ _929.)566(0(“ {—%) - _Qaja Sec (0<a -J-ea) + ha

For the same reasons as those given in line 5, page 20, one can reduce

equation (2-32) to
hc:%’ﬁn(“u-g‘;)-/&ﬂa*—hq' (3-6)

Differentiating equation (3-6), we obtain
dhe = Jy 5862( Xa + -%-‘—) do, - /Va dﬂq ; (3-7)

sec?( Xg + .%.') can be assumed equal to one, hence
b = By dotg = H d52, . (3-8)

Applying the method of propagation of errorsl, we have

thg = * ]a/(d“a)z"’(dﬂa)z ) (3-9)

or

| 2 2
thy = % 0-02558 ya/( C{O‘a) +(ﬁt) ) (3-10)

1 Ibid
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where

-l
Ny
"

the probable error of the computed height from point A in feet,

Q
R
S
[

the probable error of the measured vertical angle at station

A in seconds of arc,

N
I

the probable error of the refraction angle at station A,

and its value as given in equation (3-4),

oY
I

the distance between stations A and point C in miles.
By the same procedure, the probable error of the height com-

puted from point B is calculated as

2 Z
thy =0.02558 By [ (d o) +() (3-11)

where

the probable error of the computed height from point B in feet,

rhb
doy,

the probable error of the measured vertical angle at station

B in seconds of arc,

b

the probable error of the refraction angle at station A,

and its value as given in equation (3-5),

S
]

the distance between station B and point C in miles.



CHAPTER IV

EXPERIMENTS

The experiments, which were carried out during the months of
October, 1956 to May 29, 1957, provided a good verification of the method
given in Chapter 2.

Preparations.

The experiments were done in Ann Arbor, Michigan. The area
is relatively flat and it 1s covered with trees which make it difficult
to find two observation stations on the ground that fulfill the require-
ment stated in Chapter II. For this reason the two observation stations
selected were located on the roofs of two bulldings.

The spot selected as Station A was situated over a 4 inch
pipe on the northeast corner of the roof of the Water Treatment Plant
in Ann Arbor, Michigan. Station B was located at distances of 6.53 feet
north and 31.58 feet west of the flagpole of the hospital of the Univer-
sity of Michigan. And the observed point C was teken to be the middle
height of the cap at the top of the water stand pipe in Ypsilanti, Michigan.

The instrument used in measuring the horizontal and vertical

angles was the Wild Theodolite Type T, No. 12137, by which the second of

2
an angle can be read and the tenth of a second can be estimated by the
observer. The theodolite was equipped with a striding level in which one
division corresponds to 5 seconds of arc.

The plane coordinates position of Station A was determined from

the three known Michigan State coordinate position of Barton Hills Golf

-27-
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Club water tank in Ann Arbor Township, the east water tank of the Ford
Bomber Plant in Ypsilanti, and the State Hospital water tank near

Ypsilanti, and they are equal to

X 474031.38

v

The plane coordinates position of Station B was determined

290334.53

]

from the known Michigan State coordinate position of the flagpole of

the University of Michigen Hospital, and they were found equal to

X 4L82507.45

Y

The Michigan State coordinates position of point C (water

285288.53

stand pipe in Ypsilanti) was known and equal to

511351.04

X
Y

!

271653.72

The distances between the points A and C, and B and C were
computed from the plane coordinates positions. It was found that

the distance between A and C 11734.04 feet

the distance between B and C

31903.93 feet

These distances are at the mean sea level, and when they were reduced
to the average height between the stations above mean sea level, 1t was
found that

the distance between A and C 41735.93 feet

the distance between B and C 31905.30 feet
The angles subtended by the arc A F(&,) and by the arc B G(&) were com-

puted from the formula & = 7%~ ,
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where

l."
1

the distance between two points on the earth's surface,

> ]
1]

the mean radius of curvature of the arc joining the two
points on the earth's surface.

The values of the radii of curvature were taken from Table XI
which is given in Hosmer's Geodesy.l The values of the angles are

& = 00° - 06' - 51.048"
&= 00° - 05' - 1k.206"

Bench marks near stations A and B were located. The elevations
of these bench marks were determined from geodetic bench marks by spirit
level lines and trigonometry. The elevation of point C was determined
from geological bench mark, and the difference between the geodetical and
geological data was considered. ZEach elevation was carried at least twice,
and when the discrepancy between two independent elevations was within the
margin of probable error, the mean was taken and adopted as the elevation
of the bench umarks at the station.

The bench mark near Station A was located on the north edge of
the sill of the east window of the upper room and was found'equal to
1039.911 feet above mean sea level. The bench mark near Station B was
located on the lower side of the iron belt around the flagpole and its
elevation was equal to 1007.857 feet above mean sea level. The height
of point C was found equal to 928.552 feet above mean sea level.

Procedure of Measuring the Vertical Angles.

The vertical angles were measured consecutively from one station

to another. ZEach set of measurements was made by taking sixteen readings,

1 Hosmer, Geodesy, 2nd ed., New York: John Wiley & Sons, Inc., 1946, p. 428.
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X 47403I1-38
Y 29033453

482507 45
285288- 53

X  5I351-04
Y 27165372

Fig. 6 RELATIVE POSITIONS OF STATIONS A, B, AND POINT C
Scale: 1/8" = 1000

ELEV. 10399l Ft,

ELEV. 1007-857 Ft.

ELEV. 928-552 Ft.

DATUM = 300" ABOVE MSL

Fig. 7 RELATIVE ELEVATIONS OF THE PATHS AC AND BC
Scale: Vert. 1" = 100'
Horiz. 1/8" = 1000'
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SET-UP AT STATION A

Figure 8.
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SET-UP AT STATION B

Figure 9.
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Figure 10. THE OBSERVED POINT C
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eight direct and eight inverted.

In the first eleven experiments, one set of measurements was
taken, and it was found that the probable errors were high. Then the
method of measurement was revised and four sets of measurements were
taken at each station. It was found that the probable errors were
redyced considerably in this second set of measurements.

Results and Discussion of Results.

The measurements and thé results of the computations are all
compiled in Table 2. A detailed explanation of Table 2 and a typical
example of the computation are given in Appendix A, page 39.

In Table 2, colume 8 gives the values of the refraction angles
computed by the new method, and column 10 gives the actual values of the
same angles. If the observation which is made on October 11, 1956, is
disregarded because it was gained under very hazy visibility, then the
results show that the discrepancies between the computed and the actual
values are well within the probable errors. Also, if one considers the
errors, then the results show that the percentage of errors varies between
0.2 per cent and 5.1 per cent, and the average percentage of the errors
is 2.1 per cent.

Examination of the results given in column 12 and column 13
show that the errors in the computed height are well within the margin
of the probable error.

Arrangements were made to measure the pressure, the temperature,
and the lapse-rate of temperature while three of the observations were in

progress, (observations on March 21, March 28;and May 29). Then the
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refraction angles _fla and _(Zb were computed independently by adopt-
ing the new and the old method.l The results indicate that the accuracy
of the new method is greater than that of the older. For example, the
average percentage of the errors of the three mentioned measurements com-
puted by using the new method was 2.6 per cent, and that computed by

adopting the old method was 20.5 per cent.

1 See Table 3 in Appendix B, page L5.
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CONCLUSION

The determination of the refraction angles from two observa-
tion stations as presented in this investigation has been conducted by
both theoretical and experimental procedures. It has been shown that
in the new method extra work is needed in locating a secondary station
and making observations at this station, but that this work is simple
since the two observation stations are close to each other.

The new method provides a way to determine the refraction
angles without using pressure, temperature, and lapse rate of temperature
in the computation. It thus eliminates the necessity of measuring these
factors, and by doing so, the small uncertainty of lapse rate of temper-
ature and its high effect on the computed refraction angles is avoided.

The results of the experiments that are determined by adopt-
ing the new method are satisfactory and of relatively high accuracy;
for example, the percentage of the errors of the refraction angles that
are determined at station A between March 21, 1957 and May 29, 1957
vary between 1.2 per cent and 2.9 per cent, whereas the percentage of
the errors of the refraction angles that are determined by adopting the
method of including pressure, temperature, and lapse rate of temperature
for the same observations were between 14 per cent and 32 per cent.

Therefore the new method can be used with confidence in deter-
mining the heights of high points, and in establishing bench marks in
regions that can not be reached, or which are very difficult to reach

by lines of spirit leveling.
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APPENDIX A

EXPLANATION OF TABLE 2

The measurements and the results of the computations are all
compiled in Table 2, and it is felt that an explanation of this table
will be helpful to the reader. In order to make the explanation simple,
the measurements which were made on March 21, 1957 and the necessary

computations are carried out as a typical example

Columns 1 and 2 give the date and the time at which the
observations were made.

Columns 3 and 4 give the average pressure and temperature,
which were measured at stations A and B.

Column 5 gives the level rod readings. The ( / ) sign indi-
cates that the line of sight is higher than the bench mark and the ( - )
sign indicates that it is lower.

Columns 6 and 7 give the mean of the measured vertical angles
and the probable errors of the mean. The following example illustrates
the method of computation:

At station A

Sets Measured Probable Weight Angle
of zenith error X
measure- angle in seconds weight
ment of arc
1 90°-12'-07.89" F 0.84" 10 78.90"
2 90°-12'-07.13 #0.82 11 78.43"
3 90°-12'-06.39 f 0.59 20 127.80"
L 90°-12'-07.25 F 0.64 17 123.25
Total 50 406.338
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mean = M0_§83_8 = T.04"

probable error of the mean = 0.59@%‘ = fo0.35"
zenith angle = 90° - 12' - 07.0k £ 0.35"
vertical angle = (-) 00° - 12' - O7.04" 4 0.35"

Column 8 gives the computed values of the refraction angles
.S'Z_a and ’Qb . The following illustrate the computations: equation

(2-24) is

fa a) 6
-Gy ’_}"fa"(““*% o 3) *(”“"’")} |

A . 41735.93
ARA T (41735.93)2 - (31905.30)2

0.0000576511

1}

Xq = -00-12 - O7.04
L. 00-03-25.5
aaf%“-= - 00 - 08 - 41.52

Loghnfoqr )= T.ho2Bles

log 4 =  k.6205101
Loglf 9‘): 2
9|4a an<o<a1-7_- .0233567

j/ r‘an<o<a+ %) = - 105.525

“b = - OO - lO - 29-86
-%’-— = 00 - 02 - 37.10

- 00 - 07 - 52.76

—
R
o
-+
.
e
[}
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Log fan(ox, +-gk) - 7.3602162
log §, =  1.5038628
Loy[fb tan (aq,-r %‘l)] = 1.8640790
&faﬂ(«bf%)= - 73.127
ha = 1039.911 # 0.529 = 1040. ko™
hb = 1007.857 - 2.490 = 1005.3672
ha - hb = 35.073

Substituting values in equation (2-24), one gets

<2, = 0.0000576511 (-105.525 # T3.127 /} 35.073)
Jfl' = 0.0001542167 radians
£, = 31.809 seconds of arc

Applying equation (2-25) and following the same procedure
as above, one obtains

<$,= 0.0001178919 radians

SLp= 24,317 seconds of arc

Column 9 gives the probable error of the computed refraction
angles <S¢, and .ITLb. The following illustrate the computation: equa-

tion (3-4) is

e [T

Substituting values, J& and jL are in miles, we have

1 1039.711 is the height of the bench mark near station A.
2 1006.857 is the height of the bench mark near station B.
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7.904 N (7.90k x 0.35)¢ - (below)

fa = 5 2
(7.904)2 - (6.0k2) (6.042 x 0.38)2

™~

fa. = f 0.304 x 3.60
fa

# 1.09 seconds of arc
Applying equation (3-5) and following the same procedure as
above, we obtain

h = f 0.84 seconds of arc

Column 10 gives the actual values of the refraction angles

S1,and .JTLb , they are computed as follows:

ha = 1040.4ko
Ja fanfocgs )= -105.525
observed height = 934.915
actual height = 928.552
effect of
refraction = 6.363
S, = —2:303  © o06e6.8
51735.93
=<2, = 3L.447 seconds of arc
and
Ap = 1005.367

4, fon (o, + g&) = - 73.127

observed height = 932.240
actual height = 928,552
effect of
refraction = 3..688
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_ 3.688
'Qb’ 31905.30 % 206264.8

.be = 23.842 seconds of arc
Column 11 gives the computed height of point C. The following

{llustrate the computations: formula (2-33) is

Substituting values from page 42, we have
he
he

Column 12 gives the probable error of the height hc. The

1040.440 - 105.525 - L41735.93 x 0.0001542167
or

928,478 feet

following illustrate the computations: equation (3-10) is

thge =*+0.02558 Yo J(d °‘a)2 +(Ya)z

Substituting values, we obtain

/
rha=+0.02558 x 7.90k /(0.55)2 4 (1.09)
tha = f 0.231 feet

Applying formule (3-11) and substituting values, we get

fhy = { 0.1h2 feet

Column 13 gives the actual discrepancy between the computed
and the actuel velues. The actual height of point C is 928.552 feet.
Column 14 gives the weather conditions when the observations

were made.



APPENDIX B

DETERMINATION OF THE REFRACTION ANGLES BY INCLUDING
THE METEOROLOGICAL FACTORS IN COMPUTATIONS

After presentation of the new method of the present investi-
gation, it is felt desirable to provide some material by which a com-
parison can be made between the new and the old methods. This material
was provided by meking arrangements for measuring the temperature at
different heights.

A wire sounding device was set on the Huron Valley Golf Course,
which is located at about one-third the distance between Station A and
poinf C measured from Station A, and the temperatures at different
heights were measured while the observations from Stations A and B
were in progress. This procedure provided a way of determining the

temperature and the lapse rate of temperature along the path of light.

The figures which are given on pages 47-52 illustrate the results
of the measured and the reduced values of the temperature and the
lapse rate of temperature.

The pressure waa measured at the observation station, and
because the paths of light are very nearly horizontal, the pressure
was assumed to be constant along the paths. The refraction angles

L2, and £2, and the height ﬁt are computed and compiled in

Table 3 page U45.
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Figure 11. WIRE SOUNDING



-47-

(0]0)

00l

0o0¢

00}

oot

00s

RX]

2S61 ‘12 HOYVW
3S¥NOJ 347709 A3TIVA NO¥NH
LHOI3H 'SA J¥NLVY3dN3L

2l 34¥n9id

L 9 S b (%)L 9 S PH(%2) L 9 S PH(2%) 2L 9 S b (22 9 ¢
O'eg bl ! 22yl O T ' ! Lvel © ' ' svel © 7 1s3) oogl © '
o (o} (o) o)
(o) (o) o
(o)
o
s2bl 80 bl 2zel s 211 ©
st i ] =t Lo 2|2,
(o] o o o
o Q o m o
o o n 8 P
N N [¢ ]
3 ® » P "
o o o (9]
o o o o ~
o ~ ~ ~ B
~ n - m -~
2 . T covl :

00

00l

002

oo¢

oot

00S
RE|




-48-

2S61 ‘12 HOYVN

384¥N0J 4709 A3TIVA NO¥NH
1HOI3H 'SA 3Y¥NLVYY3dNIL

S3NTTVA 39VHIAVY
el

3Jy¥Noid
O0 £ 9 S v €
00 T T T T T 00
O
(0]
o0l - © <00l
. v = 4P
i4/%0 +02000 = 1P
ooe - -4 002
oot |- <4 00¢
‘44 kY|




-Lg-

LS61 ‘82 HONVW
3SHNOD 47109 AITIVA NOYNH
LH913H "'SA 3¥N1VYIdW3IL
i dl Jynold

9 S (%2.) 9 S v (0.) 9 S v (2.) 9 S v (00) 9 S ¥ (2.) 9 S v (Do) 9 S b
OO . 192y ] L L) o1 V7 L] ) 1] T . T . 1] 1] T N ¥ L) OO
IR 62°€1'O 6S'¢l'O liel O el © b2 O (1Ls3) ve ©O
o [0) (o) (o) (0} (0] o
oo_ﬂ o) 10 O dool
()
(o)
oozt o) A o\ ooz
)
80'bl 80'bl © g2¢l orgr © 8s2l (LsS3) og al
(oYo] of 400¢
ala alo aja ola aja ajla aja
T+ >4 > >4 > |- | x|
«l " " “ ] L " al
o o o ° o o °o
3 S 3 3 S 3 2
wn (3] o
M pd m ] m ps m
o o o o o % o
o o o o o <~ 2]
~ ~N ~ ~ ~ -n ~
o o = o by 2 =




-50-

LG61 ‘82 HONVAW
3S¥YNOD 4709 A3TIVA NOHNH
LHOI3H "'SA J¥NLVH3dNIL
S3ANTIVA 3IOVHIAV

Si J4N9I4
Jdo L 9 S 14
00 T T T T
(0]
(0]
OOl }
. 0= 4P
44 /20 90S000= ) O]
002}
00¢

44

00

00l

00¢

0oo¢g
14



-51-

00l

002

oog
44

2G61 ‘62 AVW
H3AIY A3TIVA NOYNH
LH9I13H "'SA 3¥NLVY3dW3L

91  3¥N9I4
(Do) €2 22 12 02 sl (2.) €2 22 12 02 sl
- - 6}
»n.m_.oo. T d (1s3) ergl © 1T v !
(o) (0]
o
- [0) Joo01
o
i Jdooz
2zl (LS3) e¢o'el
N 400¢
ala afa 4
> F|—=
o o
o o
(o] (o]
@ 3
° H
L o
) <
' o




-52-

00

00l

002

00¢

L]

LS6]1 ‘62 AVW
3S4N0ID 47109 A3TIVA NOYNH
L1HOI3H 'SA 34NLVY3dN3L

S3NTIVA 39VH3AV
Ll 3¥n914

Jo €3 X4 12 0c¢ 6l

44/20 26000 =

010

OO0l

002

00¢

RX|



BOOKS

Bomford, Brigadier G.,

Clark, David.

Hosmer, George L.

Humphreys, William J.

Merriman, Mansfield,

PERIODICALS

Bomford, G.,

Clendinning, J.,

Dickson, W. L.

Evans, S, E.

Fentress, George L.

Graff-Hunter, J. de

BIBLIOGRAPHY

Geodesy. Great Britain: Oxford at the
Clarendon Press, 1952. pp. 156-T0 and 431-2.

Plane and Gecdetic Surveying. London:
Constable and Co. Ltd., 1951.

Geodesy. New York: John Wiley and Sons, Inc.
19 .

Physics of Air. New York: McGraw Hill Book
Co., Inc., 1929.

Method of Least Square. New York: Johy Wiley
and Sons, Inc., 1911.

"Three Sources of Error in Precise Levelling,"
Survey of India, 1928.

"The Variation of the Atmospheric Coefficient
of Refraction with the Nature of Source of
Light," Empire Survey Review, III (October,
1935), pp. 241-2.

"The Calculation of the Height of Kilimanjaro,"
Empire Survey Review, XII (January, 1954),
PP . 206-10 .

"Examples of Curvature and Refraction to
Vertical Angles." Empire Survey Review, XII
(January, 1954), pp. 231-2.

"First and Second-Order Triangulation in Mich-
igen," U.S. Department of Commerce, Coast
and Geodetic Survey, Special publication No.
21k, 1939,

"Earth Curvature and Refraction," Empire Survey

Review, XI (July, 1951) pp. 132-8.

-53-



-5k

Graff-Hunter, J. de "Atmospheric Refraction and Their Application
and Geodesy," Survey of India, professional
paper No. 1k, 1913.

Gulatee, B. L. "Trigonometrical Heights and the Coefficient
of Terrestrial Refraction," Empire Survey
Review, XI (January, 1952), pp. 224-30.

McLod, A. R. "On Terrestrial Refraction," Philosophical
Magezine and Journal of Science, Vol. 38
(1919), pp. 546-68.

Morely, A. J. "The Adjustment of Trigonometrical Levels
and the Evaluetion of the Coefficient of
Terrestrial Refraction," Empire Survey
Review, IV (July, 1937), pp. 16-20.

Morely, A. J. "Evaluation of the Coefficient of Terrest-
rial Refraction," Empire Survey Review, IV

(July, 1937), pp. 136-40.

Morely, A. J. "Evaluation of the Coefficient of Terrest-
rial Refraction," Empire Survey Review, VI
(April, 1941), pp. 76-85.

Rainsford, H. F. "Trigonometrical Height and Refraction,"
Empire Survey Review, XIII (October, 1955),
pp. 164-77.










