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ON L' -CONVERGENCE OF MODIFIED SINE SUMS

RULWINDER KAUR

Abstract. In this paper a criterion for L' —convergence of a new modified
sine sum with semi-convex coefficients 1s obtained. Also a necessary and sufficient

condition for 1! —convergence of the cosine series is deduced as a corollary
2000 Mathematics subject classification: 42A20, 42A32.

1. Introduction. Consider the cosine series
; o -
(1.1) g(x) = - + ) arcoskx
==, A ]
with partial sums defined by §,,(x) {-;" b3 agcoskx

- [ |

and
let g(x) = limS,,(x)

Concerning the /."-convergence of cosine series (1. 1) Kolmogorov [5] proved the
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following theorem

Theorem A. If {a,} is a quasi-convex null sequence, then for the
L'-convergence of the cosine series (1.1) it is necessary and sufficient  that
LI_I_]}I!.,]UEH = |},

The case in which the sequence {a,} i1s convex, of this theorem was established
by Young [9]. That is why, sometimes, this Theorem A is known as
Young-Kolmogorov Theorem.

Definition|[4]. A sequence {a,} is said to be semi-convex if a, -+ 0asn —+ o,

and

(1.2) Eri:ﬂ?:r,_._i FAfa,| < oo, {ag = 0)
H=|
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o ]

where
Ala, = Ad, — Adpa

It may be remarked here that every quasi-convex null sequence is semi- convex.

Bala R. and Ram B. [1] have proved that Theorem A holds true for cosine series
with semi-convex null coefficients in the following form

Theorem B. If {a;} is a semi-convex null sequence, then for the convergence of
the cosine series (1.1) in the meiric space L, it is necessar) and .Hgfﬁu:'frfﬂ thrt
ap- logk = o(1), k - o

Garret and Stanojevic [2] have introduced modified cosine sums

L

2a(x) = %EIMH + EZ.(ﬁ.[fl.}cuﬁ.ﬁ_T

k=) =]

Garret and Stanojevic [3], Ram [7] and Singh and Sharma [8] studied the

I.'-convergence of this cosine sum under different sets of conditions on the coefficients

"Ir:
Later on, Kumar and Ram [6], introduced new modified cosine and sine sums as
e i
falx) = “% 4 Ezh[T':nﬁmsix
= il it
and

gn(x) = 3.3 A5, Jksinke
bl :
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and have studied their [.'- convergence under the condition that the coefficients a,
belong to different classes of sequences. Also they deduced some results about L'-

convergence of cosine and sine series as corollaries.

We introduce here new modified sine sums as

Ky(x) = l EE[A¢4...; Ay ) sk

" o E
2sinx '

The aim of this paper is to study the L' —convergence of this modified sine sum

with semi-convex coefficients and to obtain  the above mentioned result of Bala R.

and Ram B as a corollary.
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2. Main Result. The main result is the following theorem:
Theorem 2.1. Let {a,} be the semi-convex null sequence, then K ,(x) converges
to g(x) in L'-norm.

Proof. We have

- o :'.1-|
Sa(x) = ==+ apcoskx
g ke ]

I -
—=— 2 arcoskx2 sinx
2sinx ll

< :
T ;u*[&m\ | )x — sin(k — 1)x]

| o : - sin(n + 1)x
= 5=— ¥ (k-1 — Qg ) sinkx + @y SBEE 4 g B + L)%
2sinx = 2sinx 2sinx

l . : I sin(n + 1)x
' #L{mu FAay g )sinkx + @, ,'"';'”—"“ + -ti',.#
2sInx i 2sinx 28y

Applying Abel’s transformation, we have

5,(x) I—(Z(ﬂ:m + A% YD (x) + (a, —cz..-.;]‘hf.rll)

2sinx \ =

Sin KX : sin{n + 1)x
SNNE o ST R

ol ¥ R : ’
25Ny 2sInx

Thus

g(x) = hmS,(x)

file:///C|/DeepBlue/sol stice/sum03/DeepBlue/sum03/kaur/kaur.html (5 of 12) [7/4/2008 12:05:47 PM]



Solstice, Vol. X1V, No. 1, Kaur

me ay + A2Aap 1 )Dy(x)

"slm -

Also

K,.(x)

Zz{ﬁﬂ_; 1 — Ady. )sinkx

2smx =

(Z{u- - dgsq ) SINAY — (@, — Apez Jﬂ_.,.{.r] ]

Applying Abel’s transformation, we have

T'f;lm

Kn(x) = 5 Z'ff“*“n 1= Adga YD ()

:\!] X

l El{n"m + Ala ]F‘hlf.'r}

B ]

2s51nx
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and

£(x) - K,(x) E {.ﬂ"u; Alag 1‘” (x)

"qu =

111_11{ o= z (Alag + Aa; 1}.1")'_; (x)

Y, A

[hus, we have
x x
_[;t:i.m'} - Ku(x)ldx = O( 3. K(aZax + A%aey)|)
o A |'-|

=o(1),bv (1.2).

This proves Theorem 2.1.

Corollary. If {a,} be the semi-convex null sequence, then the necessary and sufficient
condition for L'-convergence of the cosine series (1. 1) is rIi['t}u,, logn = 0.
Proof. We have
|85 (x) — g(x) || < [|Sa(x) = Kalx) || + [|Kn(x) — g(x) |
Kq(x) — g(x) ||

(a, —a jM , SIN ALY sin(n + 1 )x
R R iy ™ Dl o A
=il LZ5INX 28Ny

Also

-
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D,(x)  sinnx sin(n + 1)x
- T i g &l g :
2sinx ik 2sinx

{{u,, Qpea)

= ! JI‘I:J.-':-T.:I = .5-”:-1'-}' : + Ilﬁ-'-r: lt} ﬂ.f[.'l.'_} s

Kalx) = 8a(x) ||

and

I|:'“-: = “‘.-:--.'.]'I = Iziﬂﬂ-’. -"1”1—3:' ‘
k=g

— k .
L F(Ad-1 — Al J‘
‘-'. | K :

o
=

Z .&'l{ﬁjﬂ_'_ 1 .r“\'-H'_'_ 5}
k=r+1
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. D.(x)
2sinx

Since dx = O(n)

[herefore

B L
(a, ::,_._-]j :S”“—u’.\

{a, — again),
all)

Moreover,

1 g_“']jr" SIH{H T .I:H. _
J'[un o t Ay = x
| LSINX £SInXY

. sinpx . smip+1)x |

] dy o t - dx

: L5INX & 5iNx

-

an | [0,(x)|dx

=

~ (a,logn)
Since ||K(x) —g(x) || = o(1), (n =+ o). by Theorem 2.1

Therefore it follows that

hn

Fi—+F

f 2(x) = §;(x)dx = of1),
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if and only if hma, logn = 0.
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