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ABSTRACT

Existing laws concerning the frequencies of words in language — specifically
Zipf's and Joos' laws — are examined by means of new formulas which permit
comparison of these laws with easily obtainable data. The laws are shown to be
inaccurate and inadequate for predicting the size of dictionary necessary for
mechanical translation, or the frequency with which words not in a dictionary of
given size will be found. It is concluded that an empirical approach to this prob-

lem is most promising.
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PREFACE

Project MICHIGAN is a research and development project which has been
carried on by The University of Michigan since May of 1953 under a tri-service
charter administered by the U. S. Army Signal Corps. The objective of the proj-
ect is the continual improvement of the capabilities of the armed forces for battle-
area surveillance, the mission of which is to supply field commanders and their
staffs, at all echelons, with information necessary for the effective utilization of
all combat weapons through planning and tactical decisions.

The objective of the project is accomplished by research and development
work on sensory and data-processing devices and techniques; integration of these
and other surveillance devices into a continually improving battle-area surveillance
system; and, as appropriate, advising the military on matters of research, devel-
opment, and procurement within the field of battle-area surveillance.

Activities of the project include the development of basic system concepts and
designs, the improvement of such designs by the continuing integration of improved
subsystems, the design and specification of subsystems and their evaluation by
field test and simulation, the development of sensory devices and data-processing
techniques, and the review of research programs pertinent to battle-area
surveillance. The work on the development of sensory devices includes basic and
applied research in the fields of opfics and vision, acoustics and seismics, radar,

and infrared.
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The University of Michigan, late in 1955, began
a program of research to investigate the possibility
of mechanically translating language. The ultimate
goal of this research is to develop a process by
which a foreign text in a particular field can be
translated into precise and unambiguous English
without the intervention of a human pre-editor or
post-editor. Indispensible to this process is the
provision of the following four factors: (1) a dic-
tionary of words, (2) a set of rules for the identifi-
cation of the words, (3) a set of rules to handle the
syntactical function of the words, and (4) a set of
rules to differentiate between multiple meanings of
the words. All four of these factors must be capa-
ble of being stated in such a way that they can be
easily -acted upon by an electronic computer. These
factors have been previously discussedl; we shall
limit ourselves to the first factor, namely that of
the dictionary.

The immediate problem arising with regard to
the compilation of a dictionary is mostly an eco-
nomic one, Can a dictionary be compiled, for in-
stance, which on the one hand would be large enough
to represent accurately the language universe in
mind, and on the other, be small enough to be con-
tained within an electronic memory? Specifically,
can it be safely stated, for example, that the num-
ber of different words (lexical or otherwise) needed
to translate Russianastronomy papers into correct
and unambiguous English is small enough so as not
to exceed an electronic memory for a given period
of time?

We introduce the following model of a language.
The author is considered to be a population (in the
classical statistical sense) who generates samples
of words of size n. Each word in the sample is
assumed to be independent of the preceding words
(in fact, of course, there is some autocorrelation,
but since this drops off to zero rather rapidly2 the
assumption of independence will have little effect on
large samples). The total number of different words
in the population is M; this concept is ill-defined,
since an author may learn new words, coin neolo-
gisms, and the like, but the assumption that M is a
constant is also a useful and reasonable one for a
first approximation. This model is discussed fur-
ther below.

For the present purpose, two words will be
considered the same if they are spelled alike, and
different if they are spelled differently. Thus
"bridge' and "bridges'' will be considered different

words, but "bridge' (a structure) and "bridge'" (a
game) will be considered the same word, as will
"bridge" (noun) and 'bridge' (verb). For the dic-
tionary to be constructed in developing mechanical
translation, somewhat different definitions of a
word will be necessary, but the present assumption
is most useful for using machinery to make counts
of words in large samples of text.

Each word in the population has a certain prob-
ability, P, of being generated. Each of the M words
is to be given a rank, R, 1< R < M, such that
P(Rj) > P(Rp) for R > Rj. It is clearly a necessary
condition that

M
L PR)=1. (1)
R=1

One of the problems at hand is to estimate M
from an analysis of a sample of text. For example,
from an analysis of Russian astronomy articles, it
is desired to estimate the total number of different
words which might be used by Russian astronomers,
More specifically, it is desired to estimate how fre-
quently a word will be found which is not in the dic-
tionary if a dictionary of given size is compiled.

The first serious effort to solve this problem
was made by Z'1pf3 in connection with a series of
sociological investigations. He was able to show
that a number of factors could be related by the for-
mula P(R) = a/RC, where R is the rank (as defined
above) and a and c are constants to be determined
experimentally. He found that such formulas ap-
plied to things as different as the populations of
cities (with c=1) and the incomes of people (with
¢=1/2), and he algo applied it in our present context,
asserting that using the constants a = 1/10 and c = 1
gave a good fit to the data.

It was obvious even from Zipf's small sample of
data that this formula did not give a good fit for
small values of R; for example, subsequent counts
of large samples have shown that in English P(1)=
0.07, rather than 0. 10 as predicted by Zipf's law.

A more serious difficulty is that there was no ade-
quate method of testing the formula for large R. As
a typical example, in the 30, 000 words® of Pushkin's
"The Captain's Daughter, ' half of all the words
occurred only once, and half of the remainder oc-
curred only two or three times; there is no method
of estimating the true value of P(R) for these words,
which are precisely the words of greatest interest
for our purposes.
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However, the product of R and P(R) for most of
the intermediate words in Zipf's small samples was
approximately 1/10, and this sufficed to demonstrate
Zipf's basic premise: that there were certain funda-
mental underlying principles controlling such socio-
logical factors as the use of words, and that these
principles were similar over a wide variety of soci-
ological phenomena.

Very little may be deduced from the empirical
observation that the products R x P(R) are constant
over a comparatively small range of R, because it
is difficult to conceive of a structure of language
which would not lead to such an observation. The
index R is constrained to go up slowly and with
equal increments by definition, and the probability
P(R) is constrained to go down slowly and with more
or less equal increments by statistical considera-
tions. Finally, the constraint of (1) forces these
increments to balance one another approximately,
so that the products R x P(R) must remain approxi-
mately constant over a small range of R.

Zipf's law may be written in the form

|~

PR) - ;li (2)

(=]

Substituting (2) into (1) we obtain

% 1

= = 10, (3)
R=1 R

where the quantity under the summation sign is the
well known harmonic series, 1 +1/2+1/3 +1/4 +
... Whose sum is approximately 0. 5772 + logoM.
(In fact, Zipf's law is often called the "harmonic
series law'').

Zipf did not comment on the magnitude of M,
but presumably he tacitly assumed that it was infinite;
such an assumption is, of course, incompatible with

(3). If, however, (3) is modified to the following
form,
1 M 1, @
10 1+b
Vg1 R

the series becomes convergent, so long as b is any

positive number, no matter how small. Thus, we
may replace (2) by
24 1
P(R) = 15 Ty (5)

Equation (5) is as good a fit to the experimental
data (which are very meagre) as is (2), and for any
value of M a value of b can be found which makes
(5) hold. These facts, as applied to Zipf's law,
were first pointed out by Joos4, and the constant

b, in this context is known as Joos' constant. Thus,
for M ==, b=0.106. For b =0, M=12,000.

However, the fact that a value of b can be found
which will make (4) consistent for any value of M is
by no means a proof that (5) is in accordance with
the facts. To substantiate (5) by the methods of
Zipf and Joos would require extremely large sam-
ples, in which all the words were ranked and count-
ed so that the R's could be compared with the P(R)'s
over a large range of R, and some sort of statisti-
cal test applied to a comparison of the results with
the law. Such a procedure would be excessively
tedious, and has not been performed.

The difficulty, as pointed out before, is that
the most interesting part of the sample is the words
which appear most infrequently; and unless the sam-
ple is enormous (say many millions of words) it is
difficult to obtain any statistical significance from
the frequency of appearance of these words. How-
ever, there are other statistics of the sample which
are more sensitive to the parameters which we are
investigating. The present work was therefore an
attempt to find such a statistic; that is, to derive
new mathematical formulas by which these laws,

(2) and (5), and others like them, might be tested
against easily obtainable experimental data.

General formulas for two such statistics have
been derived. One is V = V(n), the number of dif-
ferent words in a sample of n words; the other is
U = U(n), the number of words which appear only
once in a sample of n words. Each of these statis-
tics is sensitive to the behavior of P(R) for large R,

as desired. It should be noted that
lim V=M
(6)
n—-oo

always holds, and may in fact serve as a definition
of M. Also,
lim U=0

Nn—- oo

holds if M is finite.

In general, given the distribution function of
R — that is, given P(R) as a function of R — it is
possible to write the distribution function of V —
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that is, to write P(V) as a function of n and M. This
distribution function is excessively complex, but we
can write its mean easily, as follows. The proba-

bility that a particular word is the word of rank R is

P(R),

and the probability that it is not the word of rank R
is

1 - P(R).

Then the probability that no one of a sample of n
words will be the word of rank R is

[1 - PR)]Y,

and the probability that the word of rank R will
appear at least once in the sample of n words is

1-01 - P®]

Then the expected value of V is Simply the sum of
these probabilities over all values of R:

M
E(V)= T {1 -[1 - P(R)]n} 7
R=1
M
=M- L [1-pm)]"

R=1
Substituting (5) into (7), we obtain

M 1 n]
EVM= g [1-0- —=) (8
R=1 10r!*P
M 1 n
=M- Z(1- —)
R=1 10R1+b

subject to the constraint of (4), which defines b as a
function of M. Equation (8) reduces to (4) for n= 1,
and tends asymptotically to M for large n.

The numerical evaluation of (8) is tedious, and
is given in the appendix. The result is shown in
Figure 1, where the expected value of V is plotted
as a function of n for several values of the param-
eter M. Also shown on the graph are several points
taken from Josselson's word counts® of a novel by
Pushkin,

It is evident from Figure 1 that (8), and there-
fore (5), are not adequate descriptions of the data.
If a sufficiently small value of M (about 5600) is
taken to make the curve pass through the first point,
then M is so small as to be intuitively unacceptable;
furthermore, the curve then passes well below the

20,000
Vi ;r"/ '
10,000 ,/'//
? M= 600,000
I
M= 5530
0 10,000 20,000 30,000
n
FIG1

points for larger n. Curves for large values of M
rise to large values of V(n) considerably more
rapidly than do the experimental data.

In other words, the difference V(n;) - V(n,), if

n; and n, are large numbers, is larger for actual
language than is predicted by Zipf's law or Joos'
modification of this law. This difference repre-
sents the number of different words which will be
found in a sample of size nz and which will not be
found in the dictionary if the dictionary has been
made up to include only those words found in a por-
tion nj of the sample. ( The total number of words
in ny which are not in the dictionary is given by

dv

an (B "1y
where dV/dn is evaluated at nj; this quantity is
greater than V(nj) - V(ng) because some of the new
words will be repeated.)

- The derivation of U is similar. The probabil-
ity that the first word in the sample is the word of
rank R is

P(R)

and the probability that all the remaining words in
the sample are other words than the word of rank R
is

[ - PRI

Then the joint probability of these occurrences —
i.e., the probability that the word of rank R shall
appear just once, and that it shall be the first word —
is

P(R) [1- PR)] "L
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But the probability that the word of rank R shall
occur just once in some other position than the first
is exactly the same; and there are just n such possi-
bilities. Hence, the probability that the word of
rank R shall occur just once in the sample is

nP®) [1-P@]"T,
and the expected value of U is

M » 1
E(W=n £ PRI[1-PRI]" ", (9)
R-=1

Equation (9) holds no particular advantages over
(7) for purposes of numerical evaluation. However,
it is possible to derive one interesting result,

Dividing (9) by n, and subtracting 2(1—P)n-1 from
both sides, we obtain

M M
EW)_ shO-pPRIMY: 5 [P®-101-PR)™E
n R=l R=1

M n
=- ¥ [1-pm)I".
R=1

Hence,

EO . p(M-ve-n)=-E[M- v@]

o B(0)
n

=E [V(n) - V(@ - 1ﬂzg. (10)

The approximation involved in deriving (10)
consists only of substituting dV/dn for V(n) —
V(n-1), which involves negligible error for large
n; the substitution of V for E(V), the error of which
depends on the variance of the data; and the assump-
tion of independence, which is discussed below.
Thus, (10) may be useful in two ways. It may be
used to estimate dV/dn, which, as mentioned above,
defines the number of words which will be found in
a new sample of text which are not in the dictionary
(if it turns out to be simpler to count U for the sam-
ple from which the dictionary was made than to
count various values of V(n;) and compute dv/dn
directly); or it may be used to give an independent
estimate of the variance of the data, by computing
dV/dn by both methods. This will make it possible
to place confidence limits around the prediction of

the frequency with which words not in the dictionary
will be found in new samples of text from the same
population.

The emphasis on the same population is a nec-
essary one. Different samples of text from differ-
ent authors may differ in at least three ways (Fig.
2):

(1) They may have different values of M (thus,
James Joyce had an unusually large vo-
cabulary, as is evident from the word
count® of "Ulysses'") and the value of M
will vary with our definition of a word,
with the amount of inflection in the lan-
guage, and so forth.

(2) For the same value of M, the words in the
vocabulary may be different; in particular,
over and above the ordinary words there
will be certain technical words in any spe-
cial usage.

(3) The language may have different structures
in the sense that the relationship between
R and P(R) may vary. Infact, there is
very little evidence to verify the assump-
tion, tacitly made by Zipf, that this struc-
ture is constant from one corpus to another

While the data of Figure 2 are not strictly com-
mensurable (thus, in the Russian word counts, dif-
ferent inflectional forms were generally counted as
one word, in the "Representative Modern English"
they were counted as different words, and in the
correspondence the counting rules are not known),
it is clear that they do not come from a single popu-
lation.

While we do not have enough data to find the
empirical relationships between R and P(R), and the
science of linguistics is not far enough advanced to
predict them theoretically, consideration of the
nature of the problem indicates that it is probably
very complex. For example, although Shannon?
originally asserted that the long-range structure of
English was comparatively unimportant, in his later
studies” he has shown that the opposite is true.
From his point of view, this means that the entropy.
of English is less than half of the 2. 5 bits per symbc
which he originally estimated; from our point of
view it means that the independence of successive
words which we assumed may not be justified. Thus
if, in the first ten words of a 10, 000 word text, we
find the word ''cathode, " we are much more likely
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to find the word "amplifier,' even near the end of
the sample,than the word 'tablespoonful." In part,
this is taken care of by restricting ourselves to a
given type of text, such as Russian astronomy arti-
cles, and assuming that this has a fixed vocabulary,
of size M, which includes such words as "'galaxy"
with comparatively high probability and such words
as 'tablespoonful' with comparatively low proba-
bility. Even within this restriction, however, there
is a high degree of correlation over the span of, say,
a 3000-word article, so that the word '"galaxy' or
"calcium' or "corona' might appear many times in
one article and not at all in another. These com-
ments are adduced merely to indicate that the struc-
ture of language is exceedingly complex, and is not

likely to be greatly illuminated by unsophisticated
approaches or analyses of small samples of data.

From the point of view of mechanical trans-
lation, therefore, it appears that an empirical
approach will be the most valuable in attempting to
define the necessary dictionary size, and the fre-
quency of words which will appear in the text but
which are not in a dictionary of given size. This
empirical approach, consisting primarily of making
counts of 'V(n) for samples of very large size, may
be supplemented by formulas such as (10) which are
not dependent on any particular formula for the
probability of occurrence of particular words.
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APPENDIX A
George J. Minty
Consideration of M = «=; M= 600, 000

V(n) = n for small n, and V(n) ® M for very large n (if M is finite). We have
now to derive an approximation-formula valid for intermediate value of n, and for
large n if M is infinite. We have succeeded in this task in the case M > 12,000,

b > 0.
M L\ 7
V(n) = 2 1- - ,
R=1 ar®

Consider
wherea > 1

a=1+b>1,
M>1.

It can be written as

M
1 n
V(n)=f 1-11- dR + E_,
aRa 1
R=1
1\n
where 0<KE_<1- -—— <1.
1 a

For the sum is the sum of the areas of the rectangles illustrated in Figure A-1;
the integral is the area under the curve; their difference is the sum of the areas of
the shaded "triangles, ' which, by translation to the left, can all be fitted without
overlapping into the first rectangle, whose area is < 1.

-
»

v 2 3.... M-1 M R
FIG. A-1
Now we make a change of variables in the integral. Let x = p
aR
1 .1
SoR=(—n—>ax a,and
a
1 n_l._ -L-l
dR=-—(—)°’x * &
a \a
Then
1 = 1
1 {n\e (2 x\#] "1
V(n)=—(—) 1- (-—) e dx + E_,
o \a n 1
n
aM?®
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. 1
— sa -—-1
orV(n)=—1—La 1—e-x x ¢ dx+E,+E_,
o \a 1
n
aM?
where 1 n 1 .
il a ) n - = -
E=L(£)af [ex_(_i)}x @ dx
2 a \a n
n
aM?
n n
1 ni B (1_}_) -x S
E =_(_)a f 1- n e X @ dx
2 a \a -X
2 e
aM2

(1- X
_n— =nin <1-——>- tne X .
e X

In the range of integration, x <— , SO —g— <1 so the logarithm can be

Consider {n

expanded in a power series:

n
. . . ~X
This expression is 0, so ( - F) Le

n
and e—x - (1 -%) 20, so E2 is clearly positive.

n
Now, xg =’ so

n 2
(1-5) G &
n 2 1 a a
e 2n 3n 4n
2 3 4

NG

>a x \a/ a _\a

n an 3n3 4n4
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(-%) -2 1+aﬂn<1~—)\
e-x -
1_( -%)n <1-e-—a-xj 1+a9n(1-§)\
X S
e

Examining the function 1 - e % -z for0 € z< ~, we see that it is zero for z =0,
and its derivative is e~% - 1, which is ¢ 0. So the function is < 0 in this range:

l-e -z<£0
l—e-z\<z
So we conclude
. n
(_?) ax'2 1
1- < 1+aﬂn(——)l,
e
and therefore
1 n
— a 1
a n @ 1 -X —;
E\“(—> 1 +afn (1——) f xe = X dx
2> no \a
n
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Now, xe™® >0 for x > 0. It is zero for x = 0 and for x—w. Its maximum is
found by setting the derivative = 0:

- X -X
-xe +e

=0
e ® (x-1)=0
Xx-1=0
x =1
So the value of the maximum is 1. e_l = —:— . Also

we change the lower limit of the integralto zero:

—1— n 1
a na 1 a  a
E s—(——) 1 +afn (1-—) x dx
2 nee \ a a j
0
1
1 -2
— n
a na 1 (;)
2 ) fivam (1-2)
noe \a vl_i
o
a
N \ + -
(@ - 1) ae 1 +aln (1 a)l
1
drvam (-3
(@ -1)e ’
Now we go back to V (n).
n
1 3 1 L 1
1 na -X P 1 na -X -5t
V(n)=—(—) f [l-e X dx +E_ +E =—(—) f l1-e ] X dx +E_ +E_-~E_,
o 1 oal\a 1 2
n n
o
aM aMa
where
1
1 n—& > - —i;l
E =__(_) f[1~ex]x @ dx
3 a\a
n
a

Now, 1 - e_X is less than 1; so

10



2144-147-T

THE UNIVERSITY OF MICHIGAN ENGINEERING RESEARCH INSTITUTE

o
1 m\? _;-1
ES——(—) f X dx
3 ala
n
a
[~ -3
1 1
a a
i@
a \a 1
@« n
a
L
a
G
a a
So now we have
1
- 1
1 m\* > -X —;_1
V(n)=—(—) f (1-e )x dx +E_ +E_ -
a \a 1 2
n
aMa
n
-1— 1 aM 1
n? -— a -x -;—-1
=-(-;)f (1-e )d +E +E —E-——— f (l-e )x dx.
0
Integrating by parts
© 0
1 1 1
n\ % -x. a “a -x
V(n)=--; (1-ex)x x e dx
1 n 1
1/{n aM® : -;-1
+E_ + = -
 +E,-E a(a) (1-eHx dx
0
1
The product (1 - e-x)'x @ approaches zero as x—«; as x — 0 we use
1'HOpital’ .
Hopital's rule:
1-¢~% e * 1-}1 -X
lim 1 = lim-l——l———-a lim x e =0,
x—0 - x—=0 — —=-1 x—-0
a a_a
X X

11
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So 1 [~ 1 1 =n 1
n Z_/ Ta -x 1/ a[aM“ - - 1
V(n):(a_) X e dx+E1+E2-E3-;(E-) 0 (1-ex)x dx
0 \

1

__1_ 1 n
n)"’ 1) 1/n\® [V x "o !
=(; r(l--&- +E1+EZ-E3--¢;(—&_>/ (l-ex)x dx,
0

where E < 1; E < -]'—i-l_o.'gL.g.-Q.'—%

1 25 Tb.2.1 o Eacl(bemall)

For M =« or M = 600, 000, the total error is less
than 3.

For M =<, the latter integral is zero.

For M finite and very large, the integral can
be evaluated by use of power-series:

n

fa-l\'/'f - -%-1
(1-ex)x dx
0
n
R, ., 2 3 Lo e/ L gl a1
-fa‘MG{?+%—'- -)x dx b4 - X a+ - o o dx
0 0 2! 3!
n
1-L 2-L 3-L aM”
X @ X @ X @
= - + - o
1 (-1_2._ 3__1_)3,
a fo4
0
n
-i 2 3 aMa
_ a X X + X T
I a-1  @2a-D2!  (Ba-1)3
I o

1 (n) (n)2 (n)3
( n > ¢ \am% aM® aMm?, ... .
a‘_a - +

aM a-1 (2 - 1) 2! (3a - 1) 3

12
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So for finite M, we can use

2
: EeECEEe)
_(n 1) ) aM? aM aM’

If n < aM?, the error introduced by using only a few terms of the series is less
jthan the first term dropped off. For example, if n =10, 000, a = 10, M = 600, 000,
a = 1,055, the third term of the series is about

100, 000 x ( )

1
7000

so that the error introduced by dropping all but the first two terms will be much
smaller than the errors El’ E,, E3.

To read[‘( -—3= F(l_-bl-—b>

from tables of '(x) (1£xX2)

+ + \
use the formula['( b) 1+b (11 +22) .

We have thus derived the formulas

1
RO

for M infinite, and

FCOES

for M finite and very large, and for n< a M?%,

13
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