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CHAPTER I

Introduction

It is well observed that one-dimensional models, although tractable, are not able
to reproduce market data. This is the case for Black-Scholes framework in pric-
ing equity derivatives and simple affine framework in pricing interest rate or credit
derivatives. This has spurred a lot of work on developing multi-factor models. But,
this extension usually leads to multi-dimensional pricing equations that are in terms
of the inverse Laplace transform or that have to be solved by finite difference methods
or simulations. Hence, consistent calibration to market data, which involves solving
non-trivial inverse problems, becomes difficult.

Perturbation methods were first introduced by Fouque, Papanicolaou, and Sir-
car to circumvent this issue in pricing equity derivatives with stochastic volatility
extending the Black-Scholes framework. [18] gives a collective introduction to this
approach based on a series of papers written by them; see also related work [11], [27]
and [26]. Since then, perturbation methods continue to find applications in pricing
and modeling of other financial derivatives. In this methodology, one starts from a
base model and sets some parameter that has been shown empirically important to

be stochastic, 8, = f(Y;, Z;), in which Y} is a fast evolving factor and Z; is a slow



evolving factor, which follow the dynamics:

W3
Ve

dZ, = 5c(Z)dt + V5g(Z,)dW2,

1
dY; = = (m —Y;)dt + dW},
€

with the small parameter € corresponding to the short time scale of the process Y
and the large parameter 1/6 corresponding to the long time scale of the process
Z. In fact, Y can be any ergodic fast evolving process. The approximation for
prices is given by a leading term plus the correction terms, and the explicit form
of these are obtained by solving a sequence of PDEs resulted from an asymptotic
expansion. When the payoff function (terminal condition) is smooth, the accuracy
of the approximation can be proved by maximum principle arguments. On the other
hand, when the payoff function is not smooth, the accuracy of the approximation
can be proved by mollifying the payoff function first. As we learn from the work of
Fouque, Papanicolaou, and Sircar, the most notable advantage of the perturbation
approach over the traditional approaches are: (i) The resulting approximate prices
are independent of details of the model specification: independent of specification of
function f; (ii) It reduces the number of parameters to be calibrated by grouping
them into so-called "market parameters” Ve and V°s; (iii) Most importantly, it
leads to approximate, but explicit, closed-form solutions for prices, which greatly
facilitates the calibration to market data.

In this thesis, we further explore the application of perturbation methods in mod-
eling and pricing equity and credit derivatives. We are interested in developing hybrid
models that can be used in jointly pricing and hedging credit and equity derivatives.
Our goal is to bridge previous separate works on pricing credit and equity. Tractable

models that are able to capture market behavior are developed by applying the tech-



niques of multi-scale perturbations to the reduced form defaultable stock framework
with stochastic volatility, stochastic interest rates. We are also interested in develop-
ing efficient models for multi-name credit pricing. The thesis is organized as follows.
In Chapter II, we propose a unified framework for pricing credit and equity deriva-
tives that incorporates stochastic volatility, default intensity, and interest rates. We
demonstrate the model can be jointly calibrated to the bond and equity options of
a same company. It is observed that the implied CDS spread matches the market
CDS spread. In Chapter III, we study the pricing of convertible bonds and barrier
and lookback options in the framework of Chapter II. Applying perturbation meth-
ods, we are able to reduce the dimension of the free-boundary problem for pricing
convertible bond and to solve the corresponding Dirichlet and mixed (Dirichlet and
Neumann) boundary value problems to approximate prices of barrier and lookback
options. In Chapter IV, we extend Linetsky’s negative-power intensity model [29]
by introducing a fast evolving factor. We show that the resulting approximation
for derivatives prices are Linetsky’s prices with a “Greek” correction term, and we
derive the approximations for double barrier options prices. In Chapter V, we study
the stochastic parameter effect on a top-down model proposed in [14] for multi-name
credit, where the default process is a time-changed birth process. We analyze the
effect of stochastic volatility and stochastic mean reversion on loss distributions. We
also perform a calibration exercise which shows that the introduction of stochastic

parameter bring in more flexibility and improve the fitting to the market data.



CHAPTER II

A Unified Framework for Pricing Credit and Equity
Derivatives !

2.1 Introduction

Our purpose is to build an intensity-based modeling framework that can be used
in trading and calibrating across the credit and equity markets. The same company
has stocks, stock options, bonds, credit default swaps on these bonds, and several
other derivatives. When this company defaults, the payoffs of all of these instruments
are affected; and therefore, their prices all contain information about the default risk
of the company.

To build such a model, we specify the default intensity of the company. We also
want to match the Treasury yield curve; and hence, we allow for stochastic interest
rates. Further, we take into account the fact that the stocks can default along with
the bonds. We also account for the stochastic volatility in the modeling of the
stocks since even the index options (when there is no risk of default) possess implied
volatility skew. We also want to jointly calibrate our model to the implied volatility
surface and to the term structure of the corporate bond. Therefore, it is desirable to
determine the equity option prices and bond prices explicitly.

To develop a feasible framework that establishes the items listed above, we use the

IThis chapter is based on [6].



multi-scale modeling approach of [20] (which considers the multi-scale framework in
the context of option pricing for stochastic volatility models). The default intensity
of the company is driven by two processes that evolve on a slow and fast scale.
The volatility of the stock on the other hand evolves only on a fast scale. We
use the Vasicek model for the interest rate dynamics. Even though the interest
rate is stochastic in our model, we are able to obtain explicit asymptotic pricing
formulas. We calibrate the parameters in our pricing formulas to the stock-option
implied volatility surface and the yield curve of the defaultable bond observed on
a given day. Our model also takes input from the Treasury yield curve, historical
stock prices, and historical spot rate data to estimate some of its parameters (see
Section 2.4).

After calibrating, we test the effectiveness our model. The model-implied CDS
spread time series matches the observed CDS spread time series of Ford Motor Com-
pany for over a long period of time; see Figures 2.1 and 2.2. This is a striking
observation since we did not make use of the CDS spread data in our calibration.
We developed the CDS spread formula under the assumption that if the bond the
CDS is written on defaults prior to maturity, it recovers a constant fraction (recovery
rate) of its predefault value. Therefore, one of the parameters that is required to
determine the model-implied CDS spread is the recovery rate. This parameter is
estimated from the option and bond data.

On the equity side, our model is able to produce implied volatility surfaces that
match the data closely. We compare the implied volatility surfaces that our model
produces to those of [20]. We see that even for longer maturities our model has a
prominent skew; compare Figures 2.5 and 2.6. Even when we ignore the stochastic

volatility effects, our model fits the implied volatility of the Ford Motor Company



well and surpasses performance of the model of [20]; see Figure 2.4. This points to
the importance of accounting for the default risk for companies with low ratings.
On the other hand, by using index options (when there is no risk of default), we
measure the effect of incorporating stochastic interest rates into the prices of options
by comparing our results to [18] and [20].

Our modeling framework can be thought of as a hybrid of the models of [18],
which only considers pricing options in a stochastic volatility model with constant
interest rate, and [30], which only considers a framework for pricing derivatives on
bonds. Neither of these models has the means to transfer information from the equity
markets to bond market or vice versa, and our framework fills this gap. On the other
hand, there is recent literature on pricing options on defaultable stocks; see e.g., [5],
8], [29] and [9]. Since these models take the interest rate to be deterministic, they
do not produce reasonable yield spread curves. Therefore, these models transfer
the information from the credit market to the stock option market but not vice
versa. Also, our model specification differs from those of [8] and [29] since we do
not take the default intensity as a function of the stock price. As opposed to the
approaches of [8], [29] and [9], instead of simplifying the modeling assumptions (by
taking the volatility and intensity to be a function of the stock price) or using the
inverse Fourier transform, we use asymptotic expansions to provide explicit pricing
formulas for stock options and bonds in a stochastic interest rate framework. On the
other hand, our calibration exercise differs from that of [9] since they perform a time
series analysis to obtain the parameters of the underlying factors (from the the stock
option prices and credit default swap spread time series), whereas we calibrate our
pricing parameters to the daily implied volatility surface and bond term structure

data. The effort in [9] is spent on jointly estimating the default intensity and the



volatility. Our effort is concentrated on daily prediction of the CDS spread only
using the data from the bond term structure and implied volatility surface of the
options.

The rest of the chapter is organized as follows: In Section 2.2, we introduce our
modeling framework and describe the credit and equity derivatives we will consider
and obtain an expression for the CDS spread under the assumption that the recovery
of a bond that defaults is a constant of its predefault value. In Section 2.3, we intro-
duce the asymptotic expansion method. We obtain explicit (asymptotic) prices for
bonds and equity options in Section 2.3.3. In Section 2.4, we describe the calibration
of our parameters and discuss our empirical results. Figures are located at the end

of the chapter.

2.2 A Framework for Pricing Equity and Credit derivatives

2.2.1 The Model

Let (2, H,P) be a complete probability space supporting (i) correlated standard

Brownian motions W, = (W2, W}, W2, W3, W), t > 0, with
(2.1) EW?, Wi = pit, E[Wi, W/ =pyt, 4,5 €{1,2,3,4}, t >0,

for some constants p;, p;; € (—1,1), and (ii) a Poisson process N independent of W,

Let us introduce the Cox process (time-changed Poisson process) N, = N ( f(f Asds),

t > 0, where
A= [(Ye, Zy),
1 2
(2.2) dY; = —(m —Y,)dt + i_dVVf, Yo =1y,
€ Ve

dZ, = dc(Zy)dt + og(Z)dW?,  Zy =z,
in which €,6 are (small) positive constants and f is a strictly positive, bounded,

smooth function. We also assume that the functions ¢ and g satisfy Lipschitz conti-



nuity and growth conditions so that the diffusion process for Z; has a unique strong

solution. We model the time of default as
(2.3) T=inf{t >0: N, =1}.

We also take interest rate to be stochastic and model it as an Ornstein-Uhlenbeck

process
(2.4) dry = (o — Bry)dt + nthl, ro =T,

for positive constants «, 3, and 7.

We model the stock price as the solution of the stochastic differential equation
_ _ N tAT B
(25) dXt = Xt (Ttdt + O'tthO — d (Nt — / )\udu)> s X() =,
0
where the volatility is stochastic and is defined through

26) o= o(¥i) dfftz(%(m—f@) f m))dt fw Yooy

Here, A is a smooth, bounded function of one variable, which represents the market
price of volatility risk. The function ¢ is also a bounded, smooth function. Note
that the discounted stock price is a martingale under the measure P, and at the time
of default, the stock price jumps down to zero. The pre-banktruptcy stock price

coincides with the solution of
(2.7) dX; = (1 + M) Xodt + 0, X dWP, X = .

It will be useful to keep track of different flows of information. Let F = {F;, ¢t > 0}
be the natural filtration of W. Denote the default indicator process by Iy = 1i;<y,
t >0, and let I = {Z;,t > 0} be the filtration generated by I. Finally, let G =

{G;,t > 0} be an enlargement of F such that G, = F; VZ;, t > 0.



Since we will take € and & to be small positive constants, the processes Y and Y are
fast mean reverting, and Z evolves on a slower time scale. See [20] for an exposition
and motivation of multi-scale modeling in the context of stochastic volatility models.

We note that our specification of the intensity of default coincides with that of
[30], who considered only a framework for pricing credit derivatives. Our stock price
specification is similar to that of [29] and [8] who considered a framework for only
pricing equity options on defaultable stocks. Our volatility specification, on the other
hand, is in the spirit of [18].

[5] considered a similar modeling framework to the one considered here, but the
interest rate was taken to be deterministic. In this paper, by extending this modeling
framework to incorporate stochastic interest rates we are able to consistently price
credit and equity derivatives and produce more realistic yield curve and implied
volatility surfaces. We are also be able to take the equity option surface and the
yield curve data as given and predict the credit default swap spread on a given day.
Testing our model prediction against real data demonstrates the power of our pricing

framework.
2.2.2 Equity and Credit Derivatives

In our framework we will price European options, bonds, and credit default swaps
of the same company in a consistent way.

1. The price of a European call option with maturity 7" and strike price K is

given by

T
Ct;T,K)=E {exp (—/ rsds> (Xt — K)+1{T>T}
t

.

(2.8) -
=1-nE |:exp (—/t (rs + As)d5> (Xr — K)*t

ft:|7

in which the equality follows from Lemma 5.1.2 of [7]. (This lemma, which lets us
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write a conditional expectation with respect to G; in terms of conditional expectations
with respect to F, will be used in developing several identities below). Also, see [29]
and [8] for a similar computation.

On the other hand, the price of a put option with the same maturity and strike

price is

gt} +E [exp (— /tT rsds> Klg<ry }gt}
(2.9) =1(ra) (]E {exp (— /tT(rs + )\s)ds> (K — Xp)*t
+KE |:exp (7 /t ! rsds) ft] _ KE |:exp (7 /t Tt )\s)ds> ]—‘t} )

2. Consider a defaultable bond with maturity 7" and par value of 1 dollar. We

T
Put(t;T) =E {exp (—/ rsds) (K = Xr) 1amy
t

8

assume that if the issuer company defaults prior to maturity, the holder of the bond
recovers a constant fraction 1 — [ of the pre-default value, with [ € [0, 1]. The price

of such a bond is

G

T T
B(t;T)=E [exp (—/ rsds> lgr>1) +exp (—/ rsds) lir<ry (1= 0)B(t—;T)
t t

=E [exp (— /tT(rs +1 )\S)ds>

on {7 > t}, see [15] and [32].

(2.10)

7).

3. Consider a credit default swap (CDS) written on B¢, which is a insurance
against losses incurred upon default from holding a corporate bond. The protection
buyer pays a fixed premium, the so-called CDS spread, to the protection seller. The
premium is paid on fixed dates 7 = (11, -+ ,Ty), with Ty, being the maturity of
the CDS contract. We denote the CDS spread at time ¢ by ¢%(¢; 7). Our purpose
is to determine a fair value for the CDS spread so that what the protection buyer is
expected to pay, the value of the premium leg of the contract, is equal to what the
protection seller is expected to pay, the value of the protection leg of the contract.

For a more detailed description of the CDS contract, see [7] or [31].
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The present value of the premium leg of the contract is

M

Tin
Premium(t; 7) = ¢™*(t; T)E [Z exp (—/ Tst) Lirst,}
t

m=1

|

(rs + As)ds)

(2.11)

M T

S e e |

m=1

ft] |
The present value of the protection leg of the contract under our assumption of

recovery of market value is

g

(2.12) Protection(t; 7) = 1,54 E {exp <—/ r5d5> Lir<ry 31! BS(T—;Tnr)
t

Adding (2.10) and (2.12) we obtain

(2.13)

T T
Protection(t; T) + B°(t; Tu) = E [exp (7/ rsds) 1{r>7) +exp (f/ rsds) 1ir<my B (r—;T)
t t

Ty
= 1>y E {exp (7/ rsds)
t

where the last equality is obtained by setting [ = 0 in (2.10).

G

7).

Now, the CDS spread can be determined, by setting Protection(¢; 7)) = Premium(t; 7)

and using equations (2.11) and (2.13), as

E |:exp (= 7 rds) ft} ~E |:exp (= S e + 10 ds)

SE |:exp (- /t e+ /\S)ds>

m=1

2l

(2.14) MGT) = 1irany

8

2.3 Explicit Pricing Formulas for Credit and Equity Derivatives

2.3.1 Pricing Equation

Let P<° denote

T
(2.15) Pe"s(t,Xt,Tt,Yt,f/t, Z;) =E {exp (—/ (rs + l/\s)ds) h(Xr)
¢

When | = 1 and h(X7) = (Xp — K)T, P is the price of a call option (on a

defaultable stock). On the other hand, when h(X7) = 1, P¢° becomes the price of a

defaultable bond.
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Using the Feynman-Kac formula, we can characterize P¢° as the solution of

£€76P€’6(t7 x? T? y? g? Z) = 07
(2.16)

P€76 (T7 m? /r? y? g? Z) = h('x)7

where the partial differential operator £¢° is defined as

1 1 1)
(2.17) LOE Lo+ =Ly + Lo+ VOM + My + \ﬁMg,
€ Ve €
in which
2 2 2
coéﬁf—ﬂm— )§+52%+(m )a~ +2p24’v’vaaa~,
L1 2 pao(§ )V\[m +p12v7uxf +p4a( )V\f:ca 5 +p14n1/\f8 95 fA(~)17\/53%7
A0 1 5 82 d H? 1 5 0%
.cz:aJr502(y)x2@+(r+f(y,z))x%+(a—ﬁr) (o + 517 — (1 (,2))
M 2 o()psg()e -2 S Mé<>ﬁ+12<>a—2
L= oWpsglR)rg 5, t el 5o M= da)gs T30 Bge
2 2
Ms 2 pas/Bg(z) 5 + o/ 2g(2) aaa

2.3.2 Asymptotic Expansion

We construct an asymptotic expansion for P*° as ¢, — 0. First, we consider an

expansion of P in powers of /&
(2.18) P = P§+ VP + 0P; +
By inserting (2.18) into (2.16) and comparing the §° and ¢ terms, we obtain that P§

satisfies

1 1
(2.19) (Eﬁo + %ﬁl + ﬁg) PS =0,

Pog(T’ x? T? y7 g’ Z) = h(x)’

and that Py satisfies

1 1 1
(2.20) (ELO + %ﬁl + ,/:2) Pf=— (Ml + %Mg) Fs,

Pf<T7 x? y? g? Z’ r) = 0'
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Next, we expand the solutions of (2.19) and (2.20) in powers of /e

(2.21) Ps = Py+ePig+ePyg+ 2Py + - -

(222) Pf:PO,1+\/EP1,1+€P2,1+63/2P3,1+"'

Inserting the expansion for F§ into (2.19) and matching the 1/¢ terms gives Lo Py = 0.
We choose P, not to depend on y and 3 because the other solutions have exponential
growth at infinity (see e.g. [20]). Similarly, by matching the 1/1/€ terms in (2.19)
we obtain that LoP o+ £1F, = 0. Since £; takes derivatives only with respect to y
and g, we observe that LyP, o = 0. We choose P,y not to depend on y and g.

Now equating the order-one terms in the expansion of (2.19) and using the fact

that £, Py = 0, we get that
(2.23) LoPoy+ LoFy =0,

which is a Poisson equation for P (see e.g. [18]). The solvability condition for this

equation requires that
(2.24) (Lo)Py =0,

where (-) denotes the averaging with respect to the invariant distribution of (V;,Y}),
whose density is given by

(2.25)

¥y.9) = 27r1w? eXp{_Q(l—lp%D [(y;m)z ! (Q)Z ) 2p24(y_m3<f—m)] }

Let us denote

(2.26) o= (o(@), 0= (@), Mz)={f(y,2)).

To demonstrate the effect of averaging on Ly, let us write
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L0 1500 NaNe L K N WY \
(2.27) (L) := 5 + 5020 5 +(r+ A(z)):cam + (o — Br) o —|—c717]p1:ram8r + 57 52 (r+1X(2))

Together with the terminal condition
(2.28) Po(T,z,r, 2) = h(x),

equation (2.24) defines the leading order term F,. On the other hand from (2.23),

we can also deduce that

(2.29) Pyg=—Ly Ly — (L2))P.
Matching the /€ order terms in the expansion of (2.19) yields
(2.30) LoPso+ L1Pyog+ LoPro =0,

which is a Poisson equation for Psy. The solvability condition for this equation

requires that

(2.31) (LaPro) = —(L1Poo) = (L1L " (La — (La))) P,
which along with the terminal condition

(2.32) P (T, z,r 2) =0,

completely identifies the function P;y. To obtain the second equality in (2.31) we
used (2.29).

Next, we will express the right-hand side of (2.31) more explicitly. To this end,
let ¢, k, and ¢ be the solutions of the Poisson equations
(2.33)

Lop(§) =o(§) — o1 Lok(y) =0"(7) — 3, and  Lod(y,z) = (f(y.2) — A(2)),

respectively. First observe that

230) (62 = (L2 )P = 50%6) ~ )t T L 4 (0(3) = onnora T2 1 02) = 36 (52 - 7o)

Ox? OxOr

N —
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Now, along with (2.33), we can write

2

1 I PN o) _ 9* Py _ oPy
@39) LM~ ()P = Laln e T vl o g+ 1605.2) (+550 — 7o)

Applying the differential operator £, to the last expression yields

(2.36)
,0F 0F, 0P,
<£1£81(L2 - <£2>)>P0 = 11021/\/§<O-¢y>x a ) + lp1277V\/_<¢y> (l’a—; — P0>
. 1 d [ ,0°F Py *P
" p4l/\/§ (5(0@):5% (m Ox? ) (ogmp O 8:6(97“)
1 0Py 40Py 9P,
+ P14771/\/_ ( (Kg)—=— o —7 52 <¢y>np1wa By 2)
. 2 OF %P,
o V\/i (§<A ~> Fre) + <A1/’§>77P1I8xar> .

Finally, we insert the expression for Pf in (2.22) into (2.20) and collect the terms
with the same powers of e. Arguing as before, we obtain that F; is independent of

y and ¢ and satisfies:

(2.37) (Lo)Poy = —(M1)Fy, Po(T,x)=0.
2.3.3 Explicit Pricing Formula

We approximate P defined in (2.15) by
(2.38) ﬁe’é = P() + \/EPLQ + \/SP()J.

It follows from arguments similar to [20] and [30] that for a fixed (¢,z,7,v,7, 2),
there exists a constant C' such that [P*9 — P9| < C'- (¢ + §) when h is smooth, and
|P<d — P8 < C'-(eln(e) + 6+ +/€d) when h is a put or a call pay-off. In what follows,
we will obtain P, P and F; explicitly.

Our first objective is to develop a closed-form expression for F,, the solution of

(2.24) and (2.28).
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Proposition II.1. The leading order term Py in (2.38) is given by:

(2.39)

I - L mme Ty
Py(t,z,z,r) = Bg(t,r; 2, T,1) /_OO h(exp(u))\/m p ( 20(t, T) )d ,
where
(2.40) Bi(t,r;2,T,1) £ exp (— IN2)(T — t) + a(T — t) = b(T — t)r),

in which the functions a(s) and b(s) are defined as:

2a1) a) = (g5 = 5) s+ (B = 55 epl=09) — 1) = Lostep(-209) - 1

and b(s) = (1 —exp(—ps))/B. On the other hand,

Uy = (55 + 20101 + 77_2) (' —t)+ (%p_?ﬁ + 2—”;) exp(—0B(T —t))
(2.42) ., P F , g P
- g e(-20(r - 1) - (2274 7).,

and
(243)  mur=In(e) + A (T~ )~ a(T 1) + BT — ) — (1, T).

Proof. By applying Feynman-Kac theorem to (2.24) and (2.28), we have that

(2.44) Py(t,z,z,7) =E {exp (— /1t T(rs + lﬂ(z))ds) h(Sr)

St =T, Ty = T’:| )
where the dynamics of S is given by

(245) dSt = (Tt + X(Z))Stdt -+ 625tth07

in which W° is a Wiener process whose correlation with W' is p; = Zp;.

p)]

Let us define

(2.46) Py(t,x,z,r) =E {exp (— /t ' rsds) h(Sr)

St::c,rt:r],
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in which

(2.47) dS, = rSydt + 525, dW?.

Then,

(2.48) Pot,z, z,r) = e MTIDPBy(t, wexp(A(2)(T — 1)), 7).

Now, by following [22] we change the probability measure P to the forward measure

P through the Radon-Nikodym derivative

JPT exp (— fOT rsds)
(2.49) — ,
P B(0,T)

where

(2.50) B(,T) = E {exp <— /t ' 7‘st> ’]—}} |

We can obtain the following representation of P, using the T-forward measure

(2.51) By(t, 8, 2, 1) = B(t, T)ET [h(é})m} — B(t, T)ET [h(Fr)|F]
in which

s S
(2.52) F £ Ba.T)

which is a PT martingale. Note that an explicit expression for B(t,T) is available

since r; is a Vasicek model, and it is given in terms of the functions a and b:
(2.53) B(t,T) =exp(a(T —t) —b(T — t)ry).
By applying It6’s formula to (2.52), we observe that the dynamics of F' are

(2.54) dF, = F,(a:dW? + b(T — t)ndW}!).
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Given X; and B(t,T), the random variable In F7 is normally distributed with variance

T T
v = o3(T —t) + 772/ V(T — s)ds + 277ﬁ162/ b(T — s)ds
¢ ¢

_o | 21p107 772> 20p10y | 21°
2.55 = (a2 + + = (T —-1)+ + — | exp(—pB(T —1
(2.55) (o84 207 4 ) (1 -0y (27 4 2 expl-p(T 1)

UR 2np102 | 31°

263 eXp( 2/6(T - t)) o < 62 + 2_53) )
and mean
(2.56)
(t,T) = In F; —E/T(2+b2(T— )%+ p162b(T — s)n)ds = In i 1

mit, 1) = LT3 ) 09 S) T P12 s)njas = B, T) 2Ut,T~
Now the result immediately follows. O]

An immediate corollary of the last proposition is the following:

Corollary II1.2. i) When Il =1, h(z) = (x — K)T, then (2.39) becomes

(2.57) Co(t,x,z,1) = aN(d1) — KBg(t,r; 2z, T,1)N(dy),

wn which N is the standard normal cumulative distribution function and

In

KBC(trle) + U(t T)

(258) d1’2 = (t’ T)

ii) When I =1, and h(z) = (K — x)", then (2.39) becomes
(2.59) Puty(t,z,z,r) = —x +axN(dy) — KB§(t,r;z,T,1)N(dy) + KBg(t,r; 2,T,0).

it1) When h(z) = 1, then (2.39) coincides with (3.30) in [30].

Proposition I1.3. The correction term \/ePy o is given by

vra =~ -0 (Vi SR vl (o a%))
, PR
a

. 0*Py, 0P
Vs <_x8x8a a (9_)

2.60
(2.60) ver PP e, OB

e Vot gor Ve araa’
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in which

Vi' = Vel parv/Blody) — V25 Mkg)), Vi = Vel pii2long)),

(261) v = Ve(pramv2(,)), Vi = —\/E(%leff\/i(“y) — paV2(oPg)npr + praniV2(vy)a1p1),

Vs = —Ve(pranV2((¥)5)p1), Vi = Ve(=paiV2(og)np1 + praniV2(vg)a1p1 — 0V2(Abg)npr).
Proof. Recall that P, is the solution of (2.31) and (2.32) and that the right-hand-
side of (2.31) is given by (2.36). The result is a simple algebraic exercise given the
following four observations:

1) 2" 2 commutes with (L,).

2) —(T — t)(2" &5 Py solves:

n

n
x
ox"

(2.62) (Lo)u = ( ) Py, u(T,z,r;2) = 0.

3) By differentiating (2.28) with respect to a, we see that —% also solves

(2.63) (Lo)u = ?, w(T,x,r;z) =0.
r

4) Using 1) and 2) above and the equation we obtain by differentiating (2.28) with

respect to 7, we can show that 1/7 - (61p1xgzgg — ‘93%) solves
0?P,
(2.64) (Lo)u = W;, w(T,z,7;2) = 0.

Remark 11.4. By differentiating (2.24) with respect to r, we obtain

oR, 0 R,
(2.65) <£2>W = —x%PO + ﬁﬁ + F.

Using observation 2 in the proof of Proposition 1.3, we see that

% (—(T — t)(x% —Py) + 88%) solves

oP,

(2.66) (La)u = 0

u(T,x) = 0.
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Now, it follows from observation 3 in the proof of Proposition I1.3 that

(2.67) —% = % (—(T —t) (x% — Po) - %) .

Using this identity, we can express (2.60) only in terms of the “Greeks”.

Next, we obtain an explicit expression for [ ;, the solution of (2.37). We need

some preparation first. By differentiating (2.24) with respect to z, we see that %
solves
<, oPy, -,
(2.68) (Lo)u = —A (Z):L“a— +IXN(2)Py, u(T,z,r;z)=0.
x

As a result (see Observation 2 in the proof of Propostion I1.3)

(2.69) % = (T -t)N(2) (x% — ZPO) ,

from which it follows that —(M;) Py can be represented as

(2.70) —(M)Py = —(T — )N (2) (61p3g(z) (mz %ZZO +(1- l)m%) +np13g(2) (a:gigi - l%)) .

Proposition I11.5. The correction term \/513071 15 given by

(2.71)
VoPy, =V, (T ; )’ (ﬁ%z;() +(1— zm%) + V;% [:cg;gox .y %
+ (T;t)2 (xQ%Q;O — lx% +ZPO) — (T —1) nggfc —z%)],
m which
(2.72) VP = VX (2)a1p39(2), Vi = VN (2)npisg(2).

Proof. We construct the solution from the following observations and superposition
since (L9) is linear:
1) We first observe that @(m”%)% solves

T

(2.73) (Lo)u=—(T —1t) (x”%) Py, w(T,z,r;z)=0.
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2) Next, we apply (L) on (T — )22 and obtain

oF, B 0P, 0P, 0F,
(2.74) (L) ((T — UW) =~ + (T —1t) < x% + 55 + Po) ,
as a result of which we see that
1. oPy, (T - t)2 0P, 0F,
solves
(2.76) (Lo)u = (T — t)%, u(T,xz,r;z) = 0.

2.4 Calibration of the Model

In this section, we will calibrate the loss rate [ and the parameters
(A VS Vs Vi, VE VE Vs, VL VY

that appear in the expressions (2.39), (2.60), and (2.71) on a daily basis (see, e.g.,
[20] and [30] for similar calibration exercises carried out only for the option data or
only for the bond data). We demonstrate this calibration on Ford Motor Company.
Note that there are some common parameters between equity options and corporate
bonds. Therefore, our model will be calibrated simultaneously to both of these data
sets. We will also calibrate the parameters of the interest rate and stock models to
the yield curve data, historical spot rate data and historical stock price data. Next,
we test our model by using the estimated parameters to construct an out-of-sample
CDS spread time series (3 year and 5 year), which matches real quoted CDS spread
data over the time period (1/6/2006 — 6/8/2007) quite well.

We also look at how our model implied volatility matches the real option implied

volatility. We compare our results against those of [20]. We see that even when we
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make the unrealistic assumption of constant volatility, our model is able to produce
a very good fit.

Finally, in the context of index options (when A = 0), using SPX 500 index
options data, we show the importance of accounting for stochastic interest rates by

comparing our model to that of [18, 20].

2.4.1 Data Description
e The daily stock price data is obtained from finance.yahoo.com.

e The stock option data is from OptionMetrics under WRDS database, which
is the same database used in [9]. For index options, SPX 500 in our case, we
use the data from their Volatility Surface file. The file contains information on
standardized options, both calls and puts, with expirations of 30, 60, 91, 122,
152, 182, 273, 365, 547, and 730 calender days. Implied volatilities there are in-
terpolated data using a methodolny based on kernel smoothing algorithm. The
interpolated implied volatilities are very close to real data because there are a
great number of options each day for SPX 500 with different maturities and
strikes. But, this is not the case for individual company options, and we find
that the results given by using interpolated implied volatilities in this file and
data implied volatilities differ. This may due to the fact that there are a limited
number of option prices available for individual companies; i.e., there may not
be enough data points for the implied volatilities to be accurately interpolated.
Therefore, we use the Option Price file, which contains the historical option
price information, of the OptionMetrics database when we consider Ford Motor
Company’s options. We excluded the observations with zero trading volume or

with maturity less than 9 days.
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e We use the U.S government Treasury yield data from:

www.treasury.gov/offices/domestic-finance/debt-management /interest-rate/yield.shtml

e Corporate bond and CDS data is obtained from Bloomberg.

2.4.2 The Parameter Estimation

The following parameters can be directly estimated from the spot-rate and stock

price historical data:

1. The parameters of the interest rate model {«, 3,7} are obtained by a least-

square fitting to the Treasury yield curve as in [30].

2. pp = g—; p1, the “effective” correlation between risk-free interest rate r and stock
price in (2.45) is estimated from historical risk-free spot rate and stock price

data.

3. 09, the “effective” stock price volatility in (2.45) is estimated from the historical

stock price data.

Now, we detail the calibration method for I, A(z) and { V5, Vi, Vis, ViE, ViE, ViE, VI VDY,
which is carried out in two steps.
1. Estimation of I\ and {IVy,IVy} from the Corporate Bond Price Data.

The approximate price formula in (2.38) for a defaultable bond is
(2.77) B = B§ +\/eB{ o+ ViB;

in which B§ is given by (2.40) and

B¢
VeBi, = ;28
(278) /3 51a OB (T —t)? OB
B, =1~ |- B+ (T —
5 0,1 l‘/Qﬂ 805 + 2 0+( t) 87’
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We obtain {I\(2), 1V, 1Vy} from least-squares fitting, i.e. by minimizing

n

(279) Z(ngs(tv TZ) - Brcnodel<t7 Ti; l/_\7 ”/367 ”/26)>27

i=1
where B, ((t,T;) is the observed market price of a bond that matures at time 7; and

BC

model

(t, Ty; IN IV, IVY) is the corresponding model price obtained from (2.77). For
a fixed value of I\(z) it follows from (2.77) that {IV{,IVy} can be determined as the

least squares solution of

9Bg 8BS | (T;—t)2 pe 2B Wi\ _ (pe c I3
(5%, 5[-%8+ 252 m+m-0%E]) (Ms = (B&(t.T2) — B§(6.T1R), ., -

Now, we vary IA(z) € [0, M,;] and choose the point {I\,IVy,IV7} that minimizes
(2.79). Here, we take M; = 1 guided by the results of [30].

2. Estimation of {I, V¢, V5 Ve VE VE VP from the Equity Option Data:
These parameters are calibrated from the stock options data by a least-squares fit

to the observed implied volatility. We choose the parameters to minimize

(2.80)

Z([obs(t, T;, K;) — Imoaal(t, Ty, K;; model parameters))?

i=1

- Z": (Pops(t, Ty, K;) — Puodel(t, Tj, K;; model parameters))?

— vega?(T;, K;)
in which Ios(¢, T, K;) and Lyeqe(t, T, K;; model parameters) are observed Black-
Scholes implied volatility and model Black-Scholes implied volatility, respectively.
The right hand side of (2.80) is from [12], page 439. Here, Pus(t,T;, K;) is the
market price of a European option (a put or a call) that matures at time 7; and with
strike price K; and Ppoga(t, T;, K;; model parameters) is the corresponding model

price which is obtained from (2.38). As in [12] vega(T;, K;) is the market implied

Black-Scholes vega.
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Let Py(t, Tj, K;; A(2)) be either of (2.57) and (2.59) with K = K; and T = T;. Let

us introduce the Greeks,

0*P ) * P d , 0P
_ _ 2 0 — _ v 2 0 _ v, Jro _

g =—(T-t)x 5p2 92 (T t)I(‘?m (:p 52 ) , g3 aa( 5 By,
d  ,0%P 9 0P 9 0Py (T —t)? ,0°P,

2.81 =2 9 (g -, 9 90 _d ="
(281) g 5a (& Hpz ) 95 =gl an ) go=ag (5 0) g7 5% 52

1 0 0R, 0P (T-1)? ,0°P 0OR .0 0Py 9P
(@57 25, TR) - (T =tz (77)— 57,

9= 35 (50 ™ B

in which each term can be explicitly evaluated by direct differentiation.

Now from (2.38) and the results of Section 2.3.3 (with [ = 1), we can write

(2.82)
Puodel(t, T;, Ky; model parameters) = Po(t, Ts, Ki; A) + Vg1 (Ty, Kis N) + Vs g2 (T, Kis N) + Vs g3 (Ty, Ki; \)

+ Viga(Ti, Ki; X) + VEgs (T, Kis N) + Vi go(Ti, Ki; X) + Vi g7 (Ti, Ki; X) + Vs gs(Ti, Kis ).

First, let us fix the value of I. Then, from step 1, we can infer the values of
{\, Vs, V). Now, the fitting problem in (2.80) is a linear least squares problem for
{VE, Vi, VEVE VE VP Y. Next, we vary [ € [0, 1] and choose {1, V£, Vi, Vi, Ve, ViE, VP
so that (2.80) is minimized.

2.4.3 Model Implied CDS Spead Matches the Observed CDS Spread

Let Ec(t, T;1) denote the approximation for the price at time ¢ of a defaultable
bond that matures at time 7', and has loss rate [ (see (2.77)). Let B(t,T) be the

price of a risk-free bond. Then, the model implied CDS spead with maturity Ty, is

B(t, Tn) — Be(t, Tas; 1)
TR :
> Bt T 1)
m=1

Recall that we have already estimated all of the model parameters in Section 2.4.2.

(283) model(t TM)

Therefore, using (2.83) we can plot the model implied CDS spread over time and
compare it with the CDS spread data available in the market. This is precisely what
we do in Figures 2.1 and 2.2. We look at the time series ¢% . (¢,3) and % . (t,5)

and compare them to the CDS spread time series of the Ford Motor Company. The
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match seems to be extremely good, which attests to the power of our modeling
framework.
By varying T in (2.83) we can obtain the model implied term structure of the

CDS spread. Figure 2.3 shows the range of shapes we can produce.

2.4.4 Fitting Ford’s Implied Volatility

We will compare how well our model fits the implied volatility against the model
of [20], which does not account for the default risk and for the randomness of the
interest rates. Although, we only calibrate seven parameters (hence we refer to our
model as the 7-parameter model) to the option prices (see the second step of the
estimation in Section 2.4.2), we have many more parameters than the model of [20],
which only has four parameters (we refer to this model as the 4-parameter model).
Therefore, for a fair comparison, we also consider a model in which the volatility is
a constant. In this case, as we shall see below, there are only three parameters to
calibrate to the option prices, therefore we call it the 3-parameter model.
Constant Volatility Model In this case, we take 6; = 5 = ¢ in the expression
for Py in Corollary II.2 . The expression for \/SPO,l remains the same as before.

However, /eP; o simplifies to

62P 82P 8P
o _ ) 0 e _O _0
(2.84) VePio = —(T' = t)Viw' = +Vj ( *9ads T 8a> '

This model has only three parameters, I, V<,V that need to be calibrated to the
options prices, as opposed to the 4-parameter model of [20].

As it can be seen from Figure 2.4 as expected our 7-parameter model outperforms
the 4-parameter model of [20] as expected and fits the implied volatility data well.
But, what is surprising is that the 3-parameter model, which does not account for the

volatility but accounts for the default risk and stochastic interest rates, has almost



27

the same performance as the 7-parameter model.

The 7-parameter] model has a very rich implied volatility surface structure, the
surface has more curvature than that of the 4-parameter model of [20], whose volatil-
ity surface is more flat; see Figures 2.5 and 2.6. (The parameters to draw these figures
are obtained by calibrating the models to the data implied volatility surface on June
8 2007.) The 7-parameter model has a recognizable skew even for longer maturities

and has a much sharper skew for shorter maturities.

2.4.5 Fitting the Implied Volatility of the Index Options

The purpose of this section is to show the importance of accounting for stochastic
interest rates in fitting the implied volatility surface. When we price index options,

we set A = 0 and our approximation in (2.38) simplifies to
(2.85) P~ Py+/€Piy,

in which P, is given by Corollary II.2 after settiing A(z) = 0, and

9P, 9 9P, P, 0P 0P
— _ € 2 0 € 2 0 € 2 0 € 0 € 0
(2.86) ePio=—(T—1) <V1 P + Vs T (m 52 )) +Vix 52700 + Vi xanﬁx + Vi .

Note that the difference of (2.85) with the model of [20] is that the latter allows for
a slow evolving volatility factor to better match the implied volatility at the longer
maturities. This was an improvement on the model of [18], which only has a fast
scale component in the volatility model. We, on the other hand, by accounting for
stochastic interest rates, capture the same performance by using only a fast scale
volatility model.

From Figure 2.85, we see that both (2.85) and [20] outperform the model of [18],
especially at the longer maturities (7" = 9months, 1 year, 1.5 years and 2 years), and
their performance is very similar. This observation emphasizes the importance of

accounting for stochastic interest rates for long maturity contracts.
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Ford 3yr CDS spread(bps)
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Figure 2.1: Ford 3 year CDS annual spread time series from 1/6/2006-6/8/2007. Spread implied
by model is pink solid line, real quoted spread is blue broken line.
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Figure 2.2: Ford 5 year CDS annual spread time series from 1/6/2006-6/8/2007. Spread implied
by model is pink solid line, real quoted spread is blue broken line.
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Figure 2.3: CDS Term Structures (2.83) can produce:
Legend
-x-, blue (The parameters are obtained from calibration to 11.13.2006): «a=0.0037,
£$=0.0872 n = 0.0001, r = 0.0516, I(loss rate) = 0.283, A\(z) = 0.0459, [V, V¥] =
[0.0425,0.0036].
-squares-, black (The parameters correspond to 6.18.2006): « = 0.0045, 5 = 0.0983,
n = 0.0002, r = 0.0516, I = 1, A = 0.012, [V, V5] = [0.0185,0.0025],
-diamonds-, red (The parameters correspond to 9.22.2006): « = 0.0039, 8 = 0.0817,
n = 0.0012, r = 0.0496, I=1, \(z) = 0.017, [V, V5] = [0.0067, 0.0005]
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implied volatility
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Figure 2.4: Implied volatility fit to the Ford call option data with maturities of
[17,45,72,168,285,643] calender days on April 4, 2007. Model is calibrated aross
all maturities but we plotted the implied volatilities for each maturity, separately.
Here, stock price (z) = 8.04, historical volatility (72) = 0.3827, one month treasury rate
(r) = 0.0516, estimated correlation between risk-free spot rate(one month treasury)
and stock price (p;) = —0.0327. Also a = 0.0037, 5 = 0.0872, n = 0.0001 which are
obtained with a least-square fitting to the Treasury yield curve on the 4th of April.

Legend:
‘o’, empty circles = observed data;
'x’, green = stochastic vol4stochastic hazard rate+stochastic interest rate = the

7-parameter model;

small full circle, blue = constant vol+stochastic hazard rate+ stochastic interest rate
= the 3-parameter model

™ red = The model of [20] which has constant interest rate4stochastic vol (slow and
fast scales) = the 4 parameter model.
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Figure 2.5: Implied ~ volatility =~ surface  corresponding to  (2.82), the  7-parameter
model.  Here, a = 0.0063, 8 = 01034, n = 0012, r = 0.0476
o) = 02576, A(2) = 0.027, (VS V5, VEVEVEVEVE VD) =
(0.9960, —0.0014, 0.0009, 0.0104, —0.6514, 0.3340, —0.1837, —0.0001).
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Figure 2.6: Implied Volatility Surface corresponding to the 4-parameter model of [20] when we
choose r = 0.046, average volatility=0.2546, and the parameters in (4.3) of [20] are
choosen to be (Vi, Vs, VP, VP) = (—0.0164,—0.1718,0.0006,0.0630). Note that the
parameters here and Figure 2.5 are both obtained by calibrating the models to the data
implied volatility surface of Ford Motor Company on June 8, 2007.
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Figure 2.7: The fit to the Implied Volatility Surface of SPX om June 8, 2007 with maturities
[30,60,91,122,152,182,273,365,547,730] calender days. Model is calibrated aross all ma-
turities, but we plot the implied volatility fits separately. The parameters are: stock
price (z) = 1507.67, divident rate = 0.0190422, historical volatility (52) = 0.1124, one
month treasury rate (r) = 0.0476, estimated correlation between risk-free spot rate(one
month treasury) and stock price (p1) = 0.020454. Also, a = 0.0078, 8 = 0.1173,
7 = 0.0241, which are obtained from a least-square fitting to the Treasury yield curve
of the same day.

Legend

'0’, empty cirles = observed data,

'x”, green = Implied volatility of (2.85),

" red = Implied volatility of [20],

small full circle, blue = Implied volatility of [18].



CHAPTER III

Pricing Exotics in the Framework of Chapter 11

3.1 Introduction

In this chapter, we demonstrate how the calibrated parameters from Chapter II
can be used to price exotic equity and credit derivatives. In particular, we study
the pricing of convertible bonds in Section 3.2, as an example of an American-style
derivative, we study barrier options in Section 3.3 and lookback options in Section
3.4, as examples of important path-dependent equity options.

A convertible bond is a hybrid equity and credit derivative; hence, we need a
unified framework to correctly price it. Although there is vast literature on modeling
and pricing of convertible bonds, our framework is advantageous in that we incorpo-
rate stochastic interest rates, stochastic default intensity, and stochastic stock price
volatility at the same time. More importantly, our framework calibrates to both
equity and credit markets very well and we are able infer the recovery rate from the
joint calibration,as we have demonstrated in Chapter II. By applying perturbation
methods, we are able to reduce the five-dimensional free-boundary pricing problem
to a two-dimensional free-boundary problem.

Much of the work on path-dependent options assumes that the underlying asset

price follows a one-dimensional diffusion process. Here, in our multi-factor frame-
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work, by following the methodology developed in [24], we obtain semi-closed form
solutions for the leading term and correction terms of the price approximations by

solving the corresponding boundary value PDE problems.

3.2 Convertible Bonds

3.2.1 Pricing Equations

A convertible bond is an ordinary bond that has the option that the holder of
the bond can choose, at any time before the expiration time T' of the contract, to
exchange the bond for a fixed number s (conversion rate) shares of stock. Usually,
convertible bonds also have a call feature, which gives the company the right to
purchase the bond back at a fixed price M, any time before the expiration. The
pricing of a convertible bond can be formulated as a linear complimentary problem,

see, e.g., [3]. Let P be the price at time t < T". We have

£€,5P6,5 =0 Ee,épe,& 2 0 £€,5P€,5 S 0
M| Po>pga [or ()| pd =gy [or ()| Pd>ke |,

P? < M, P’ < M, P = M,

with terminal condition
P€’5(T7 Y, Y, 2, 7") = maX(l, KJ:L‘).

We can also interpret this as a free boundary problem, with holding region (I), conver-
sion region (II) and calling region (III). We let x;’gl (t,y,79, z,1) denote the free bound-

ary that separates the holding region and conversion region and x;’,‘;(t, Y, Y, z,7) de-

note the free boundary that separates the holding region and the calling region.
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Then, in the holding region, we have

;

£6,5P6,5 — 0’

PE75(t7 :L‘Efjgl (t’ y7 g’ 27 T)? y? g? Z? T) - /{:':L?’
(3.1)

€ €,0 ~ ~
P ’5(t,$fb2(t,y,ya277‘)7,%.%237“) = MC?

\PE";(T, x,y, 7, z,r) = max(1l, kz).

We follow the methodolny developed in [19] for pricing American options. The idea
is to expand (3.1) and the free boundaries in powers of \/e and v/d and to solve
a free-boundary problem for the leading term and fixed-boundary problems for the
correction terms. As in [19], this is assumed to introduce only O(y/€ + v/3) error.

3.2.2 Convertible Bond Asymptotics

We look for an asymptotic solution of the form

P(t,2,y,3,2,7) = Py + v/ePro+ VP + -,
x?gl (t7 Y, g? Z, t7 T) =X+ \/Exl,O + \/51‘071 e I

250 (4,2, t,7) = Fo + Veno + VoFor + -

Following the asymptotic expansion developed in Chapter II, Py doesn’t depend on
y and 3. Now, F, is independent of y and § on each side of both boundaries xy and
Zo. It follows that xy and zy are independent of y and g, also. Hence in the holding

region, we have that

;

<£2>P0 = 07

Py(T,z,z,r) = max(1l, k),
(3.2)

Py(t,zo(t, z,7), 2,7) = K,

Po(t,Zo(t, z,7), 2,7) = M..
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Note that the PDE does not involve any derivatives with respect to z. We just
need to compute for one fixed z, in other words, compute with the z-dependent
parameters \(z), Vi(2), Vs (2),- -, ViE(z), V2(2), V3 (2) fixed at the calibrated values.
The price of a convertible bond in the framework of constant default intensity (
= A(2)), constant stock volatility ( = &) and Vasicek stochastic interest rates solves
the free boundary problem (3.2). The problem of pricing convertible bonds in such
a framework has been solved in many places, for example, in [2]. Similar to the
American option case in [19], P, o and Fp; satisfy the following fixed boundary value

problems, respectively,

.
(La)Pro = (L1LyH (Ly — (L2))) P,
P (T, z,z,r) =0,

Py o(t,zo(t, z,7),2,7) =0,

P o(t, To(t, z,7),2,7) = 0;

(L) Py = —(My) Py,
Poi(T,z,z,r) =0,

Poi(t,zo(t,z,1),2,7) =0,

Poi(t, To(t, z,7),z,7) = 0.
\
These equations can be solved by using a standard finite-difference scheme, with the
differential operators (L£1L5"(Ly — (£2))) and —({M;) given explicitly by equation

(2.36) and equation (2.70).

3.3 Barrier Options

In this section, we price the down-and-out option, which is a call option with

an additional feature that if the underlying’s price falls below a barrier B at some
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time before the expiration time 7', the contract becomes worthless. Other kinds of
barrier options can be handled analnously. The payoff at expiration time T for a

down-and-out call option can be expressed as:

— +
h(XT)_<XT_K) 1{ min XT>B}‘
0<t<T

It is worth noting that another easier but interesting case

Finding the option value with payoff specified by (3.3) is equivalent to calculating the
bond price in a structural credit model with stochastic interest rates and stochastic
volatility.

The price of the down-and-out barrier call option P*° satisfies:

¢

LOPY=0 inz>DB, andT >0
P0,z,7,y,7,2) = (x — K)*

P(T, B,r,y,7, z) = 0.

\

For convenience, we let T" be the time to expiration. Hence, £5 in Chapter II now
takes the form:

N b o 97 1,0
£2_787T+§J (9 @JF(TJFJC(%Z))%%+(04*57“)E+U(y)7701$3x8r+§77 w*(?”rf(y,z)) .

And (L£3) now takes the form:

0 1., 0 9 o 2 1,82 _
—or T2 g Tt Nrg (e Brgtompeg antonta g —(rtA) -

(L2) =

We proceed by approximating P by
FES:PD—F\/EPLO—F\/SPDJ,

and solve the resulting boundary-value PDE problems from an asymptotic expansion

for Po, \/Epl,O and \/SPOJ.
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3.3.1 The Leading Term P,

Fy is the solution of the boundary-value problem:

(3.4)

.

(L2)Py =0 inxz>BandT >0,

Py(0,z,7) = (x — K)T,

Py(T, B,r) = 0.

\

We can represent Fy as

T
Py(0,z,7) =E {exp ( — / (rs + S\)ds) (St — K)+1{T>T}|SO =x,r9="].
0

S; and r; follow the dynamics of

dS; = (ry + N)Sydt + 52.5,dW7,
dry = (a = Bry)dt + ndWy,

]E[thOthl] = pudt,

where p; = %pl. 7 is the first-passage time to B for S; conditional on Sy

T

and 7o = r. We change to the forward measure P through the Radon-Nikodym

derivative

where

dPT  exp(— fOT rds)
da» — B(T,r)

B(T,r) = exp(a(T) — b(T)r),

as defined in the proof of Proposition II.1, and we obtain

Py(0,2,7) = B(T,r) exp(=AT)E"[(St — K) " 1(ramy|So = 2,79 = 7]

= Co(T,z,7) — B(T,r) exp(—=\T)E"[(Sp — K)+1{T§T}|So =x,r9 =T,
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in which Cy(T,x,r) is the leading term for a vanilla European call option price
computed in Chapter II. Now, we compute

ET[(Sr — K)" 1< |So = 2,79 = 7] as follows:

ET[(ST — K)Jrl{TST}’SO =T, Tyg = 7’]

400
= / / E'[(Sr — K)'|r, = 7,7 = t|PT(r, € dF, T € dt|Sy = x,70 = T)

We discretize the integrals by dividing [0, T'] equally into ny subintervals, and [ryin, Tmax]
equally into n, subintervals. We let [, = InB —InS;, Iy = InB —Inxz, rg = r and
[, = 0. Under the T-forward measure

2

dly = (re+ A — % — pob(T — t; 3))dt + odWy,
dry = (= fry — ?b(T — t; B)dt + ndW,

BT [aWldW}| = pdt.

Define glls = 1,75, s|lo, 70,0], with Iy < I, to be the probability density that the

first passage time through a constant boundary [, is at time s, and that the ran-

dom process r takes on the value 7, at that time. Let g, ., (z,7; B) = AtArg[l;, =

ly, 73, t5]lo, 70, 0]. In terms of g, (x,7; B), we can approximate the expectation by
ET[<ST — K)+1{T§T}|SO =X, Tg = T]

nr Ny

~ Z ZET ST — |TT T’L'a T = tj]qm,tj (:C7 T; B)

7j=1 =1

- —t;,B,r;
=335 e @B
t]a i exp( )‘(T - tj))

=1 i=1
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We can determine q,,,(z,7; B) in closed-form iteratively as follows; see [10].

Qrity = AT\IITi,t‘ Vi € (1 2 R ,nr)

-1 n,

qht - AT ZZQru ty Tz;t |Tu; v))

v=1 u=1

Vi€(1727”'7nr)7 vj€<27”'7nT)7

where
w(re, o, 70, 0)
‘IJT - 7t 70 N
N W(rt |r0 ) (E(T“ﬂlo’ro,o)
,U/(Tt’tlls = lb7 Ts, S)
t\rs, = LTS, N
Qﬁ(rm ’7’ S) W(Tt ‘T 8) (E(rtatlls:lbarms)
in which

Covlly, ]
Var! [r]

Covlly, r]?
Var! [r]

(1, tlls = by, rs, s) = B [L|re) = EL[L] + (re — EX[r])

EQ(Tt,tUS =1y, 75, 8) = VarsT[lt|rt] Var 1] —

N(-) is the standard normal cumulative function and

(rotlre,s) = ——— exp ( _ M).

2rVar! [r] 2Var® [r]

is the transition density for r;, which is a Gaussian process. The moments for [, and

ry are
ET[1,] =1, (/3 —Z—ZM—";—%)@—S)
(=g Z—Z ¥ %MT%@ —5i0) - %e Dbt - s: 8,
BE ] = e 0 (= Db — s 9) + e 00t — :26),
VarT[l,] = (a +2"T€"+ZZ>(75— )—2(%’%;2) (t—s;ﬁ) B—Zb(t—s 29),

Varg [re] = n?b(t — 5;28),

2 2

Li—s29) - (%

COV:{[lt,Tt] = 5 ﬁ

+ pna) b(t — s, ).
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Proposition III.1. The leading term Py for a down-and-out barrier call option can

be approximated by

nr  nr
CO<T B t'a Ba Ti)
PO(Oa z, T) ~ CO<T7 xz, T)—B(T r GXp ! KN QTi,tj
; — B(T —tj,r;) exp(—=\T —t;))

3.3.2 The Correction Terms /¢P; o and V0P,

P, o is independent of y, y, and it solves

(

(LayPro = (L1L51 (L2 — (L2))) P

P o(0,z,7) =0,

Pl,O(Ta B,T) = 0
\

We define 13170 through

inx>Band T >0,

. 2
)
() el )
By Proposition I1.3, and by using the fact that (7' — t)x? 882;0 = 012 gfg f’Lo solves
(
(LYPg=0 inz>BandT >0,
Py o(0,z,7) =0,
Rl Br) = & | - Sof (#42)
| ViR Vit B ViR Via B || = ()
where we have used the fact that gfo —p = 0 and %L:B = 0. To obtain a

probability representation for pl,o under the T-forward measure, we let QI,O =

(x,r;B).
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B(T,r) exp(—j\T)IADLO; then, differentiation shows that Ql,o solves

(

(-2 +A)Quo=0 inz>BandT >0,

Ql,O(Oa l’,T) = 07
91(T,r)
\Q (T B ’I") VeB(T r)exp(—S\T)’
in which A is defined as
1 0? - 0 0 0? 1 0?
A= ——UQZL' m+(7“+/\—,615277b(T))m%—}-(a—ﬁq«_n?b( ))(9 +09mp1T 2o 26r?'

A is the infinitesimal generator of (S;,r;) under the T-forward measure. Therefore,

we obtain

A (T, 7"7)1{T<T} B
= | e =5 =)

/ /+OO VeB( Tg%/’:— ;;))( AT)

nr nr

g1 tmrz)
~ —— @1, (2,7, B).
ZZ VeB(t;,r;) exp(— )\tj)q o427 B)

7j=1 =1

P(r, € df,T € dt|Sy = z,19 = 1)

rr=7,7=t

Proposition III.2. The correction term /Py for a down-and-out barrier call op-

tion can be approrimated by

nr Ny ’]")
7

VePio~ B(T,r)exp(=AT) Y (tjjmexp( 4 ,(z,7; B)

7=1 i=

1
1 81:’0 0 82 0
(V1 95, V2%, (8.75802))

e (_ &Py apo> PRl PPy 9Py
3

Torda B ¥ 92200 + V}’xﬁn@x + Vﬁxaxﬁd

Similarly, using Proposition I1.5 and the additional fact that %H: g =0, we are

able to obtain an approximation for \/SPOJ.

Proposition II1.3. The correction term \/SPOJ for a down-and-out call option can
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be approrimated by

nr nr

2(tj, 7
\/_P()lNB(TT )exp(—=AT ZZ (t;,7:) ——Qrt; (2,75 B)

e B( t],n)exp( At;)

5 xaﬂ“/wxaaax Do

— )2 2 2
+(T ) ($28P0—xaPO+PO)—(T—t)(xapo—%)},

+‘/'15(

20 2%

2 0x? ox orox or
where
1[ 0P, (T —t)? 0%P, 0P, 9%P,
5 0 2 0 0 0
_ (T —
g(To7) = Vs ﬁ{ dadr 2 (w 922 ' oz ) ( t)xﬁr&v]

3.4 Lookback Options

In this section, we price a lookback put option, which pays the difference of the
realized maximum of the underlying asset price through the option’s life time and

the asset price at the expiration time 7. The payoff can be expressed as
MXr) = Jr — Xr,
where J; is defined as the running maximum

J; = max X,.

0<s<t

In our pricing framework, the price P for such an option solves

(

LAPY=0 inz<Jand T >0,

Pe’é(()?xa‘]ar?yaga Z) = J—ZE,

PJ(T7 J7 J,’l“,y,g,Z) = 0.

\

As in the Black-Scholes setting, we use a similarity reduction. Let

EZ% and  P(T,z,J,7,y,5,2) = JQ(T,x/J,r,y,7, 2).
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Then, Q° solves
)

LAQY =0 iné<landT >0,

Q675<07§7ruy7§7 Z) =1- 57

K(QE‘S —Q)(T,1,1,y,§,2) = 0.
Here, £5° is defined the same as before, except that z is now replaced by £&. We

approximate Q% by

(3.6) 62\675 = Qo+ VeQo + \/SQO,M

and solve the resulting boundary-value PDE problems from an asymptotic expansion

for Qo, /€Q1,0, and \/ng,l. We, then, approximate P by
/PZS = P[) + \/EPI,O + \/(_SP()J,

where Po(T, z, J.r) = JQo(T,z/J,r), Pro(T,x,J,1r) = JQi1o(T,z/J,r)and Py (T, z, J, 1) =
JQUJ(T,Qj/J,T’).

3.4.1 The Leading Term F,

We express (g as a solution of

(

(L3)Qo=0 iné<landT >0,

Q0(07€ar) =1- 57

| (58— Qo)(T,1,7) = 0.

We now transform the PDE above into a constant-coefficient Dirichlet boundary-

value problem. Let

Czlng and UO(T7C7’F) :QO(Ta€7T)‘
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We find that uo(T, (,r) satisfies

Aug=0 in( <0, and T > 0,

(3.7) 9 up(0,¢,r) =1 — e,
(%_UCO - UO)(Ta 0,7‘) = 07
where
o 1,0 - 1,0 0? 5 02 -
A=—grta%iga t A=) Ho m) TP Gt E ()

It follows that wo(T,(,7) = 8“0 &(T,¢,r) —uo(T, ¢, ) solves the Dirichlet boundary-

value problem
(

Awg=0 in{<0and T >0,

IUQ(O,C,T) = _17

wo(T,0,7) = 0.

\

The function wy can be expressed as

T
Wy = —E |:eXp(—/ (’T‘t + S\)dt)l{T>T}| In SO = C,TO =T,
0

= B(T,r) exp(—AT)E" [1{;<my|In Sy = ¢, 1o = 7] — B(T,r) exp(—AT),

where S;, and r; are the same stochastic processes as in Section 3.3.1, and here 7
is the first-passage time of In S; to 0, i.e., S; to 1. Similar to Section 3.3, we can

discretize the integrals and approximate wy by

nr  np

o = B(T,r) exp(—\T) Z Z Gro; (€5, 73 1) — B(T,r) exp(—AT).

=1 i=1

We now solve the ODE
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to recover uy(7', ¢,r). We have
¢
(3.8) uo(T, ¢, 1) = ec/ e "wo(T, &, 7)drk + e uo (T, 0, 7).
0

To find u (7, 0,r), we substitute wy(7,,r) in (3.8) to (3.7) and set ¢ = 0. We find

—GR(T,0,7) + (o + Ganpr) — Br) G (T,0,7) + P G(T,0,7) = 50352 (T, 0,7),

1

2
UO(07 0, T) =0.

We recognize that

1,0

o 0
((a+ Famp1) — 57“)5 + 3T 52

is the infinitesimal generator of a process r; following the dynamics of
dry = (o + Ganpr — Bry)dt + ndW,.
Hence, we can express ug(T,0,7) as

1 o
uo(7,0,7r) = §6§E { %(t,o,rt)dﬂm = r] .
0

Since r; can be easily solved to be

+ s Py t
re = e Plrg + 2T %2l (1-— e P + neﬂt/ e’ aw,,

g 0

and, hence, normally distributed with mean

- o+ 09np
m, = e Plrg + @ o2pPL (1—eP,
&)
and variance 0, = %(1 — 728 we can write out uo(T,0,r) as

The above calculations, thus, lead to a semi-closed form solution for F,.
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Proposition II1.4. The leading term Py for a lookback put option can be approzi-

mated by
¢ 400 e )2
x(/ e "wo(T, k,r)dr + 02/ / awo ! exp(f(li 2~mT) dn)‘ ,
0 V21, Ur ¢=ln(xz/J)
where
nr  Nge ~
wo = B(T,r)exp(— Z qu eS,r;1) — B(T,r) exp(—=AT),
j=1 =1
- _ o+ o9mp _
M, = e P + S T2IPL) ooty

5}
by = (1 — 20,

3.4.2 The Correction Terms /cP;( and \@Pg,l

()10 defined in (3.6) satisfies

(

(L2)Quo = (L1£5" (L2 = (£2)))Qo in € < 1, and T' >0,

Q1,0(07 57 T') = O

<8Q10 QlO)(T717T> = 0.

Let
o L[ (0 G,
= 72| =5, (W55 5 (agans))
; Qo 9Qo 2 0°Qo Qo . .0?Qq
Vs <_§8§80z - %) Vi S0 T V5 gnae ‘/6685804]'

By applying Proposition II.3, and the boundary conditions for )y and Q) o, we find
Ql,o to satisfy
.

<£2>Q170 =0 imé<landT >0,

Ql,O(()? 55 T) = Oa

(88Qa:1270 - QALO)(Ta 1a 7“) =0 (Ta 7"),
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where
o 5,0 [ 9°Qo <. 9?Qo Qo | e, Qo 1. 0°Qo
gi(T,r) = {ag ( B 5? <a§a52> ~ Ve 5600 T Vi se0a + Vi anae V‘Sfagaa)*
9°Qo . 0%Qo 2 0°Qo . 0°Qo . 0°Qo
(* 75? (agaag) V5800 TV Ge20a T V5 a0 T VGfagaa)} L ;
Let C = 1n§7 7ALI,O(,T: Ca T) = QI,O(Tv 57 T)7 and
9%
wl,O — géo - ﬂl 0(T7 Cv 7”)
We find )
A'UAJLO:O in( <0and T >0,
uA}LO<O7 C? T) = 07
\wl’()(T? 07 7’) =0 <T7 T’),
in which
0 1,0 1., 0 o2 , O .

A== 8T+2 29¢2 (+/\_2 2)8C (o ﬁr) + 27]P16C8r (%2 —(r+X)-.

Similar to how we determined wy in Section 3.4.1, W, o can approximated by

nr  np
w10 = B(T,7r) exp(—=AT) ;; Bty t;}’q:l v )qri’tj(eﬁ,r; 1).
We have
1 o(T,¢,7) = e /C e " o(T, k, r)dK + €50 o(T, 0, 7),
and ’
U1,0(7,0,7) =

+oo 1 O B 1 ] )
] <§a§ D010, + (r + A~ S53)0n (T, ) + a0

awl,o 1 _ (H — mm)Z
910(1,0,1)) o s - 5227

In summary, we have the following proposition:

Proposition II1.5. The correction term /Py o can be approzimated by

{ (/ wlOTFLTd/i—F/ /+00ng/<; exp( %)dﬁ)
1 (0 Qo
(5 (W vie (sem))

(92 0 0 0? 0?
w;(_g Qo_ﬁ>+m? LI Qo)” |
¢=n(z/J),E=x/J

0£0a Oa 0&20« onog 0&0a
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where

0y o1 Oy
Oy

(T, k) = ra 2,0,k )+(T+/\—§5§)91(T=R)+527Iﬁ1 ar’o(fo’ﬁ)‘

1
2

By applying similar arguments, we can deduce the approximation for \/EPOJ.

Proposition II1.6. The correction term /Py o can be approzimated by

o [femimtranins [ [ a0 o (- €520 )a)

s(T—1)? PP ;1( 0°F @
+J(V1 2~ oe T35\ 9a0e  a
(T —t)? < , 02 Py 0P, ) 0*Py, 0P,
+ § S + P ) —(T=t)(¢ - 5 ;
2 0&? 3 orog  or ¢=In(z/J) E=z/J
where

1 8w0 1 ow 1

-1
G2(T, k) = 502 ac (T,0,5) + (r + A — 553)92(T7 K) + 5277518—7(3’(T70, K),

mn which

_sl[0 [(.0°Py  (T—1)? ([ ,0°P 0P 2Py

w(tr) =vig | o (gt + TS (650 -5 ) - - 0eg 1)
0°Py (T —1)? [ 20°Py 0P 8% P,

(e T (% *8&)‘”‘”56@6)”51’

and
nr ne )

o1 = B(T, e (€8,71).
Wo,1 (T,7) exp(— ZZBt],T, ) exp(— )\t)qz (€, 1)

7j=1 =1



CHAPTER IV

Extension of Linetsky’s Negative-Power Intensity Model

4.1 Introduction

In this chapter we study a parsimonious extension of Linetsky’s [29] one-factor
reduced-form framework for pricing equity and credit derivatives subject to default.
We introduce one additional factor into the framework, so that one company’s default
intensity is no longer only dependent on its stock price. Applying perturbation
methods, we show in Section 4.2 that the correction term can be easily solved, and
can be nicely expressed as a Greek letter of the leading term. In this new framework,
we study the pricing of a double barrier option, as an important path-dependent
option. The Laplace transform of the price is obtained in closed form in Section

4.3.1 and is then inverted analytically using eigenfunction expansions in Section

4.3.2.

4.2 Stochastic Default Intensity
In [29], the default intensity of bankruptcy is a negative power of the stock price:
h(S)=aS™? a>0, p>0,

where « is constant. Hence, the model is one-dimensional, and the default intensity

of a specific company is only dependent on its stock price proces. Here, we extend
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this framework by allowing a to be stochastic. In particular, we assume that « is

driven by a fast evolving mean reverting process. Under a pricing measure:

a, = oY)
vV 2

NG

4%; = [£(m =) = DA +

dW},

where « is now a bounded and strictly positive function of the diffusion process
Y. Under the risk neutral pricing measure, the pre-default stock price follows the

dynamics:
dSy = (r — q — a(Y;)S7P)Sdt + 0 S;dW), Sy =5 >0,

in which W and W} are independent Brownian motions. This setting is reasonable
in that we already have strong correlation between the default intensity and the stock
price with the presence of negative power of the stock price in the default intensity.
As in Chapter II, the valuations of European call and put options and bond reduce

to computing expectation of form:

P(T,S,y) = ¢ "TE {exp ( -/ ' am)S;Pdt)wsT)

S():S)}/O:y]

When ¢(St) = (St — K)T, P is the price of a call option on a defaultable stock
with strike K. When ¢(Sr) = 1, P¢ is the price of a defaultable bond witth unit

face value and zero recovery. An application of the Feynman-Kac Theorem gives us:
LEP =0,

P(0,5,y) = ¥(5),

where

1 1
L= EEO + ﬁﬁl + ,CQ,



52

and
0? 0
Lo: =1 @4'( y)(?_y’
0
El .= asa (y)V\/ﬁa_y,
0 1 5o 07 e O Y
EQ.— 8T S ﬁ—i‘(T q+a( ) )S% (T+Oé(y) )

Let the approximation for P¢ be given by
P¢ = Py++/€P,.

Following our usual formal expansion procedures, ) and P; are independent of y,
and if we let (-) denote operator of taking average with respect to the invariant
distribution of Y; and let (a(y)) = &, we have Py and P; satisfy the following initial

value problems, respectively,

and

<£2>P1 = <£1£ (;CQ — <£2>) .AP(]ID T > 0

P()(O, S) =0
where (L£5) is the operator

L0 1 i B ,
<£2>——8—T+— 58—5,2+( q—l—ozx )S%—(r—l—ax )

If we let ¢(y) be a solution of Lyo(y) = a(y) — &, AP, can be written out as

oR,

P:_e —p+1
AP, Vels 55

+ SPhR|,
where

V= —V2(A(y)¢ (y)).
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Observe that

(L2)G2 = =SPG8 + 577,

90, 9) = 0.

Hence,
0F,
P=V—
1 a@ )
and
- 0P,
P =P+ V=2,
oa

4.3 Double Barrier Options

We consider a double barrier option that pays ¢(S7) at the maturity but becomes
worthless when stock price either go below a lower barrier L or go above a upper

barrier U. The price P¢(T,S) for such an option satisfies:

;

LPe=0inT >0and S € (L,U),
P(0,8) = (9),

P(T,L) =0,

P(T,U) = 0.

\

We approximate P¢ by

P¢ = Py + eP,.
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It follows from the asymptotic expansion that Py and P; satisfy the following PDEs

with initial and boundary conditions, respectively,

;

<£2>P0:OinT>0andS€(L,U),

£(0,5) = ¢(5),

PO(T7 L) = Oa
PO(Ta U) = Oa
and
p
<£2>P1 =AF, inT >0and S € (L,U),
P1<Oa S) = 07
P(T,L)=0,
Pi(T,U) = 0.

\

We observe that given F,, the expression Vf% also satisfies the zero boundary
conditions as P, does. This observation, together with our calculations from the

previous section, yields that

0F,
4.1 P =Vi—.
( ) 1 1 85[

Therefore, we can focus on effort on finding an expression for the leading term
Py(T,S). By the Feynman-Kac Theorem, we can write Py(T,S) as
(T, ) = Ble™ el *5:" 1 (1) |5 = S,
where S, is the solution of the SDE
dS, = (r — q + aS; ") Sdt + oS, dW,,

and 77 is the first time that S; hits L or U. Using equation (2.2) in [29], we obtain

(42) PU(Ta S) = SIAE[G_qTSY_“Il{’YL,U>T}7/}(§T)|‘§0 = S],
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cl_]f1> _ ,—0Br—1o?T
where &l F = € 2974,

We make the following changes of variable:

p2a®T
4 )

X, =08, 7=
with 8 = po?/(4a@). Then, by Ito’s formula, the process X solves the SDE:
dX; = (2(n + 1) X, + 1)dt + 2X,dW,,
where 1) = 25 (r — ¢ + 0% /2). We can express Fy(T), S) as
Py(T, S) = e " SE[1(5, ,5ryxu(Xo)],
in which -, is the first time that X hits a = 8L or b = BU?, and

xo(y) = (y/B8)""Py((y/B)"7).

4.3.1 Laplace Transform

We calculate the Laplace Transform of the leading term for the price of a double

barrier call option, for which the payoff function is
U(Sr) = (Sr — K)".

Let p(t;x,y) denote the transition density of X. The resolvent kernel or Green’s

function Gy(z,y) := [° e *'p(t;x,y)dt with s > 0 is the Laplace transform of the

0
transition density. Let & = SKP. The Laplace transform of IAE[l{%’PT}Xw(XT)] is

given by
(4.3)

L [E[l{’ya,b>7}xw(XT)H = /OOO e_St]E[l{’Ya,b>T}(XT/ﬁ)_l/p((XT/ﬁ)l/p - K)ﬂ

/Ooo e (/:(y/ﬁ)“p((y/ﬁ)”p — K)p(t; z, y)dy> gt

b
- /k ((y/8) 2 ((y/B)? — K)G,(, y)dy.
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In what follows, we explicitly calculate G4(z, y). The function u(z, 7) = E[l{%,by} Xo (X7)]

solves

(

—%+2x2%+((n+1)x+1)%:0, l<z<wu inT>0andz € (a,b),

u(z,0) = xy(x),

u(a, ) =0,

u(b,7) = 0.

The Laplace transform Lu = U is the solution of the boundary value ODE problem

DU() = sU(x) - xu(a),

where D = 222-% + (2(n + 1) + 1)L is the infinitesimal generator of the diffusion

process X. The operator D can be written as

2= () & ()

in which m(z) = 127 'e7/?" is called the speed density, and s(z) = z7""'e!/?" is

called the scale density. We see that G(x,y) is the unique continuous solution of

—DU(z)+ sU(x) =6(x —y), =z € (a,b),

In other words, G(x,y) is the Green’s function for the ordinary differential operator
—D + s- with the boundary conditions. The Green’s function can be constructed as
follows; see [17] p. 354. Let v,(x) and v,(x) be the nonzero solutions of the initial

value problems



o7

and let W be the Wronskian:

/ /
W = v,v, — vpv,,

Then, the Green’s function takes in the form

x Ay)vp(z Vy)
—2y*W (y)

Ua

Gulary) =2

Let 1s(z) and ¢s(x) the unique solutions of the ODE
DU(x) = sU(x),

such that 1, is increasing and ¢, is decreasing. The above equation can be reduced

to the Whittaker differential equation [33] by the Liouville substitution [29]

—x 1 1
Ulx) = x1264rw(2—>.

T
Hence ¢(x) and ¢4(x) can be readily solved as given in [29]

1-n

1on 1 1
wS(x) =z 2 et Wiy w(s) (%) )

2

1n 1 1
(bs(m) =T 2 641./\/11—17 u(s) (g) ’

2
where M is the regularized first Whittaker function, and W is the second Whittaker

function (see [33]) and p(s) = $v/2s + 1. Let
Ay(A, B) = ¢s(A)hs(B) — 1s(A)ds(B).
Then v, and v, take the form
va(x) = As(a, ) vp(z) = Ag(z,),
and the Green’s function can be expressed as

(4.4) C(y) = %Asm, £ AY)A(@V g, b),
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in which wy is the Wronskian of ¢, and 1, with respect to the scale density s(x) and

is given by
1
20 (u(s) + 3)

We express G(z,y) in terms of ¢¢ and 1)

—m(y)
wsAg(a,b)

Wg =

Gal(w,y) = [0s(a) s (D)9s(z A y)os(z V y) — ¢s(a)ds(0)Ys(z A y)ds(z V y)

— ¥s(a)hs(0) s (2 A y)Ps(2 V y) + Ps(a)s(b)ds(x A y) b V y),

and substitute this expression into equation (4.3) to obtain the Laplace transform.

Proposition IV.1. The Laplace transform of E[l{%,bw}Xw(Xr)]; when 1) is a call

payoff function, is given by:

forx <k
1
m |:¢z(a)¢s<b)ws(x>‘]s(k7 b) - ¢s(a)¢s(b)ws(x)ls(k7 b)
— ¥s(a)Ys (D) ps () J5 (K, D) + ¥s(a)Ps (D) ps () 5(K, D) |5
forx >k
1
e [, 2) — 6010 ()
~ U@ (B0 (@) T (k. ) + (@) (D)6, (2) .
Ps(a)s(b)vs(2) Js(x, b) — ds(a)ds(b)vs(x)Is(x, b)
_¢s(a)ws(b)¢s(x)Js +¢s(a)¢s( )qbs( ) s
mn which

/ m()(w/8)" P (y/ )P — K)u(y)dy,

A

/ m(y)(/B)" P ()57 — K)buly)dy.

hS
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By substituting the explicit formulas for m(y), ¢s(y) and ¥,(y), the definite in-
tegrals I, and Jg can be found explicitly by using known integrals (Mathematica)
in term of confluent hypergeometric and Whittaker functions. Let I, and Js be the

corresponding indefinite integrals. We have

_ 1 ™ _3_3,_ p—3_1/p—
I.= -2 (1+mn)/2 1/4yW7 Y L l/pK 9=3—5m w(s), —n—5—1/p—p(s)
Y ¢ CED (e \ 2y p sin(2u(s)) Y

_1
2y

L(n+ 3+ 5 +nuls) F[
PG +n+tuls) =7
—n—3—-1/p+p(s) I(n + % + % — 1(s))
(3 —n—pu(s))
1

5 3 1 5 1
F 2 D us) 1 — 2T (s) ——
2F2|n+ 5 u(8)7n+2+p w(s); u(5)777+2+p w(s); ZyD’

5 3 1 5 1
77+§+N(5)777+5‘*’5"‘#(5)714‘#(5)7774‘5‘*‘E‘*‘N(S),

9—3=5ntnu(s)

Y

4 1 —1/4
Jo = — (14n)/2 / YM
ou(s) —n? € =D s

1

@) + ﬁl/pK2737%nfu(s)yfnfgfl/pfu(s)

31 5 31 5 1 1
T(n+ >+ = F 2 24z i1 24z S
(n+ 35+ 5+ A 2{77+2+u(s),17+2+p+,u(s), )+ 5+ o+ as); Qy},

where oF5 is the generalized hypergeometric function; see [34] and we have used the
identity

Wmu<z)

S e CI—
sin(2um) \I'(1/2+p—r) T(1/)2—p—kr))

4.3.2 Eigenfunction Expansion

The inversion of the Laplace transform relies on results from Sturm-Liouville

theory that the spectrum (eigenvalues) of the Sturm-Liouville problem:
DU(x)+ AU(z) =0, U(a)=U(b)=0, a,b>0

is simple and discrete. Let {\,}52, denote the eigenvalues and {6,}>2; be the
corresponding eigenvectors. The eigenvalues are positive and can be listed as an
increasing sequence

D<A < A< A, < v e

with A\, — o0 as n — oo. {6,}52, form an orthogonal basis for the Hilbert space

L*([a, b],m). We let {6,}°%, be the normalized eigenvectors. For spectral classifica-
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tion of one-dimensional Sturm-Liouville problems, please refer to [28] and references
therein. The Green’s function for the ordinary differential operator —D — \-; with

zero boundary conditions at a and b can be represented as

gz, y; A) =m(y) > —en)(\i)f”)(\y).

The convergence is uniform for x,y € [a,b], see [17] p. 375. We see that G4(z,y) =
g(x,y; —s) is meromorphic in s (analytical except for poles; see [1]) with simple poles
at —A1, —Ag,--+. The residue at pole s = —X\, is m(y)0,(x)0,(y). We can, then,

invert the Laplace transform, and by applying the Cauchy Residue Theorem, we

obtain

(4.5)
. 1 c+ioo .
B[y, >y Xu(X7)] = 2—m/ ' TR [1gy, >y xu(X7)]ds

(4.6) =3 e h, () / "/ B) (/B — Kb (y)miy)dy.

in the case of a call option. It remains to determine {\,}°°, and {6, }5°,.

Recall the following fact from the general theory of ordinary differential equations:
If the coefficients of a linear ordinary differential equation depend analytically on a
complex parameter X\, then the solution satisfying a fized set of initial conditions also
depends analytically on A,; see [17] p. 370. It follows that As(a,x) and Ay(x,b) are

analytic in s. Therefore the poles
S ) P

are precisely the zeros of w;Ag(a,b). These zero can be found numerically, as Linet-
sky did in [13] for pricing under a CEV process. The Green’s function fails to

exist at these poles. This failure happens precisely when Ag(a,z) = A_,, (a,x) and



61

Ag(x,b) = A_y, (x,b) are linearly dependent, i.e. multiple of each other. In that

case, they are nonzero solutions of
DU(z)+ \U(z) =0
that satisfy both boundary conditions
U(a) =0 and U(b) = 0.

Hence, they are eigenfunctions of the Sturm-Liouville problem with eigenvalue \,,,
although not normalized. Let

R,\ _ A—)\n(a7 .T)

d
2o\ h ) ~— YA
" A (D) and C, (wsAs(a,b))

ds

S=—An,
By using (4.4), the residue of G4(x,y) at s = —\,, can expressed as

_m(y)A—)\n (aa QZ’)A_)\n (CL, y)
RAnC/\n

On the other hand, as we have obtained earlier, the residue in term of 6, is

m(y)0, ()0, (y).

Therefore

(Ao, (a,2)?

(6n(2))? = "R, O,

By substituting this into equation (4.5), we obtain the eigenfunction expansion for

A

E[1¢, ,>r1Xu(X7)] for call option in explicit form.

Proposition IV.2. IAE[l{%PT}Xw(XT)], when 1 is a call payoff function, can be

represented as

~

E[1, p>rxe(X7)]

= >o e 228 [y oy ) - KA (m()dy

n=1

= Z e_AnTA__}%Z—%;E) (Qb—An(a)]—An — w_)\n(a)(]_)\n).

n=1
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Corollary IV.3. The leading term Py for a double barrier option is given by

A An (a7 37)

o
Py=e178 E e AT
n=1 _R)‘"CA"

<¢—An(a)f—xn - 1/J—An(a)<]—xn> 7

and the correction term Py is given by

oo 1/24p1(=An
P, 1T gp+1 @ > e 92 (@Tx, —¥-r,(@)Jon, (1 e >m%
4a2 oyt Rkn,ckn 2x

(@2, (@) Un/2 + p(=2n); 1+ 20(=An), 1/22] = -, (@)1 F1[0/2 + p(=An), 1+ 2u(=An), 1/22]) |

where U is the second confluent hypergeometric function (Tricomi function, see [33])

Proof. This directly follows from (4.2) and (4.1). O



CHAPTER V

Multi-scale Time-Changed Birth Models for Multi-Name
Credit Derivatives

5.1 Introduction

Copulas have been the standard approach in the financial industry for creating
correlation structures and pricing multi-name credit derivatives. However, copula
models have some well known drawbacks, most notably their static character. Cop-
ula models do not take into account the time evolution of joint default risks, there-
fore cannot be used to price more exotic, multi-period instruments, such as tranche
forwards and tranche options. This has motivated recent work in developing alterna-
tive approaches to multi-name credit risk modeling. Several recent papers proposed
a top-down approach, in which one models the portfolio loss process directly as a
jump process, whose default intensity \; represents the conditional rate of occur-
rence of the next default. We are interested in the top-down framework proposed in
[14], in which the portfolio loss process is modeled as a time-changed birth process.
Under this general setting, [14] analyzed and implemented a particular parametric
specification, where the time change activity rate is a CIR process. The advantage
of this model over other top-down models is its tractability: tranche prices can be
expressed in closed form. On the other hand, there are limitations of this model, as

also pointed out in [14]. Between default events, the default intensity volatility and

63
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mean reversion level are constant. These parameters have to be dependent on the
number of defaults /N, and the dependence is simple: they increase as N increases.
This undesired feature is a result of using the birth process, whose intensity is al-
ways increasing as a process to be time changed. The model turns out to be a special
specification of the class of affine point process models introduced in [16], but with
gained tractability at the cost of reduced flexibility.

In this chapter, we propose a remedy to those issues by introducing stochastic
parameter fluctuations driven by the combination of a fast evolving factor and a
slow evolving factor. The motivation is to go beyond the affine family of models and
bring in more flexibility. By properly specifying the fast and slow parameterization
of the fast and slow processes, we are able to keep the tractability and improve
the fit to the market data. Multi-scale stochastic modeling for multi-name credit
derivatives is also discussed in [21]. They consider stochastic parameter extension
to a bottom up model where individual default intensities are given by correlated
Ornstein-Uhlenbeck processes. One problem is that intensities are Guassian and may
become negative. Also, although explicit approximations were computed, calibration
to the real data with the bottom-up approach is difficult and was not discussed in
[21].

The chapter is organized as follows: We describe the top-down approach intro-
duced in [14] in Section 5.2. In Section 5.3, we study a stochastic volatility extension.
In Section 5.4, we discuss an extension, in which the stochastic mean reversion level
is stochastic. In Section 5.5, we implement the calibration of the models to the mar-
ket data. Figures and Tables showing the calibration results are placed at the end

of the chapter.
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5.2 Modeling

5.2.1 Time-Changed Birth Process

We consider the model proposed in [14], in which correlated default arrivals are
modeled directly under a risk-neutral pricing measure through a time-changed birth

process N. More precisely, suppose that N° is a birth process with intensity
)\? - 01 + 92Nt0'
The time-changed birth process is defined by

Nt - qut?

t
Tt:/ X.ds.
0

We assume that the activity rate X is independent of the birth process N°, and

where

follows the dynamics:
dX, = rk(p — X,)dt + o/ X, dWY.
By (4) in [14], the intensity A for process N is given by
At = Xi(01 + 0.Ny).

Thanks to the above specification of X, N is a counting process whose intensity

satisfies
ANy = k(un — A\)dt + o/ n\d WP + %Atht,
where 7, = 0, + 6, N,. Now, for a portfolio of credit securities that are issued by n
names, we define N™ = N A n to be the default process that counts the number of
defaults in the portfolio. Let
AY = Mlyn,<nys

A" be the intensity of N".
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5.2.2 Tranche and Index Swaps

A credit derivative index is a portfolio of defaultable assets. Investors may invest
in contracts based on a tranche of the index specified by a lower attachment point
K €[0,1] and an upper attachment point K € [K,1]. The product of K = K — K
and the index notional(face value) I is the tranche notional. Usually, the firms in
the index with n names has the same notional, and we normalize the index notional
I to $1land notional for each firm to $1/n. The loss rate [ at default is often assumed
to be constant and the cumulative loss process L™ is defined in terms of N™ by

IN
L= —1,
n

The cumulative tranche loss at time ¢ is defined by
U= (Li— K)" - (L; — K)*.

A tranche swap is an insurance against losses between K and K. An index swap
is a tranche swap for which K = 0 and K = 1. The protection buyer in the swap
pays a fraction of the tranche notional F'- K as an upfront fee and a premium to the
protection seller on future dates (ty,--- ,t;,--- ,ta), with ¢y, being the maturity of
the contract. The amount of the premium paid at each payment date ¢; is a fixed
fraction spr (usually quoted as an annual rate) of K — U, the difference between
the tranche notional and the cumulative tranche loss to ¢;. This fraction is called the
tranche spread. The protection seller, on the other hand, compensates the protection
buyer for the default losses that occur before the maturity of the contract. We assume
that the compensation for a loss is paid at the very next premium payment date t;.

Therefore, the present value of the premium leg is

M
premium, , = spr Z cie T (K = B UL]),

=1
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where ¢; is the day count fraction for period 7. Usually, payments are made quarterly,

and ¢; = 0.25. On the other hand, the present value of the protection leg is

M
protection, p = Z e "R (UL, - By[U,_ ) — F - K.

i=1
The tranche swap spread spr is determined, as for CDS spread, by equating the

premium leg and the protection leg. We obtain

Ze "R U] - By(U,]) — F K
(5.1) spr = =1

M
che r(ti—t) (K —E[Uy,])

i=1

For the equity tranches (tranches with the lowest attachment points), the market
convention is to charge an upfront payment from the protection buyer, while fixing

the spread at certain level s*, say 500bsp. In this case,

(5.2) F=— {Z e "R UL) — By[U,_ )

i=1

-5 Zcme "G (K — UL |

is quoted. We will show that spr in (5.1) and F' in (5.2) can be calculated explicitly.
For this purpose, we compute E,;[Ur], which can be expressed using the distribution

of Nt as follows

n—Ng

E(Ur] = ) UT(l:)IP’[N” NI = k|Gi],

k=0

in which
(

PIN7 = N[' = klG] = {P[Ny — N, > k|G,] ifk=n— N}

0 it k <n— N/
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The probability distribution of Ny — N; is given by

(5.3) P[Nr — Ny = k|Gi] =
where C; = N; + % and
(5.4) Tir(s,€) = E, [6_3 ST Xudu+i£XT|gt:| :
see [14].
5.2.3 Tranche and Index Options

The mark-to-market value at t of a swap is

M, r(spr, F') = protection, ; — premium, ,(spr, F)

Tranche and Index options are derivatives on the mark-to-market value, which allows
investors to bet on the future spreads. The value of a option on a swap with payoff
function h, maturity T, exercise date T* < T and strike spread S and upfront rate
F' at time ¢ is

exp(—r (1™ — t))E[h(Mr- (S, F))|Gi]
From the previous section, My« (S, F') is function of N7 and Xp.. We write
My 1(S, F) = Myps (N, Xy S, F)
The expectation can be computed using joint of distribution of N7, — N;* and Xp+:

E[h(Mr- (S, F))|G] = Elh(Mr- 7(Np., X1+ S, F)|Gy]
n—NI

= / > WMy g (k + NP, 23 S, F)P[Np. — Ni' = k, Xp- € dz|Gy],
0 k=0

in which
.

P[NT* — Nt = k,XT* € dI|gt] ifk<n-— Ntn
P[N7. = N' =k, Xp+ € dz|Gy] = S P[Ny« — N, > k, Xp- € dvG)]  ifk=n— NP

0 it k <n— NJ.

\
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where the joint distribution of Ny« — N, and Xp- is given by

(55) ]P)[NT* — Nt = k,XT* € dx]gt]

k

(5.6) = Oéj—klf Z o ( )/ Tor-(01(m + Cy), €)e” " dedu;

=0

see [14].
5.3 Stochastic Volatility
In this section, we extend the top-down model described in the previous section

to incorporate multi-scale stochastic volatility. The volatility of the time-change

activity rate depends on a fast evolving factor Y and a slowly evolving factor Z:

O = f(ifﬁ Zt)?

where the function f(y, z) is a strictly positive, bounded, smooth function. Specifi-

cally, the activity rate X is modeled as the solution of
dXy = k(p — Xy)dt + f(Y, Zi) v/ XtthO-
The processes Y and Z are modeled by

1
aY, = —Xy(m — Y,gdt+—\/Xtthl7

dZ, = 6 X,e(Z)dt + Vo/ Xy g(Z,)dWE,

EJdWPdW,] = pidt, i€ {1,2}, E,[dWdW?] = piadt,

in which €, § are small positive constants, and the functions ¢(z) and g(z) are assumed
to be smooth. We assume that f?(y,z) < 2kp in order to guarantees the process X

never hits zero; see [14]. The intensity A follows the dynamics

0
dXe = K(une — Ae)dt + f(Vs, Zi) v 77t/\tth0 + 2/\th757
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where n; = 01 +6>N,. Note that the intensity process inherits the stochastic volatility
from the activity rate process X. We see from Section 5.2.2 that in order to obtain

prices for multi-name credit derivatives, we need to compute
(s, &) = By | eI XutetieXr |G, | — (1w y, 25, €).
The function u*° satisfies the PDE
LA =01int < T,
u(T,z,y, 258, &) = €7,

where

1 1 1)
L= Lo+ —=L1 + Lo+ VOIM;y + My + \[Mg,
€ Ve €

in which

02 0
Ly:=x <V23_y2 + (m — y)a—y) = xL,

Ly = \/§Vp1f(y, Z)xﬁj—;y’

Loi= O 4 LW e 4 k(= ) sa,
My = g (). Do
My =1 (q@% " %92@)8‘9_;) ,
My = xu\/ipl,gg(z)aygz.

We approximate u by
17,6’5 = Ug + \/EUL(] + \/EUOJ.

By matching the powers of € and §, we obtain the PDEs satisfied by wg, u1, and ug ;.
We will solve these PDEs explicitly. We denote 62(z) = (f%(y, 2)) and let ¢(y, z) be

the solution of

Z:O¢(ya Z) = f2(ya 2) - 52(2)'
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We find that ug is independent of y, and it solves

<£2>U0 = 0
ug(T, x, 2; 8, &) = 2.

We see that ug is the transform 7; (s, €) defined in (5.4) for X; with fixed volatility

at o(z) and, therefore, is given by

(5.7) g = T—O+AT 1)

Y

where functions a and ( are defined as

ku(ac—d) . c+de?  kp

t) = | —t
a(t) bed 8 c+d + c '
1 + ae’
f) = — 2
B(t) ¢+ debt’

in which

K+ \/m
—2s ’
—K + 6% + VK2 + 2625
—12k€ — 5262 — 25

CcC =

d=(1—ict)

a=1i(c+d)E—1,

d(—k — 2¢s) + a(—kc + 52)
ac—d '

b —
The correction term w4 o is independent of y, and it solves
<£2>U1,0 = <£1[:51%(£2 - <£2>)>U0 = %PW(f%ﬂ@fE%,
uo(T,x,2;8,€) =0.
Observe that % = 33T — t)up. Letting V£ = \/E\/iﬁplwfqﬁy)(z), we have

(Lo)uro = VE /B (T — t)ug,

uro(T,x,2;8,€) = 0.
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It can be checked that

U0 = \‘?;(D1<T — t)ZL' + DQ(T - t))UO

in which D;(t) and Ds(t) are solutions of

D' (t) + (=&%B(t) + k) Dy (t) + 2(t) =0, Dy(0) =0,

The correction term ug; is independent of y, and it solves

(Lahor = —(Myug = —pag(2) () (2)w Lse

up (T, x, 2;8,€) = 0.

Observe that % solves

As a result

where Dj3(t) and Dy(t) solve

Dy(t) + (=*B(t) + k) Ds(t) + 3°(t) = 0, Ds(0) = 0,

D4(t) — kuDs(t) = 0, D4(0) = 0.

Letting Vi’ = V/6p2g(2)(f)(2)5(2)a"(2), we can write the PDE for ug, as

{<Lz>u0,1 = V3 /VS((Ds(T —t) + B(T — t) Da(T — t))auo + D3(T — t)B(T — t)z’uo),
wo,1 (T, z,2;8,€) =0.

We seek a solution of form
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5
Up,1 = ZS(D5<T - t)fL’Q + DG(T - t)ZL‘ + D7(T ))U,O,
and we find Dj;(t), Dg(t), and D7(t) solve the ODEs
D5 (t) +2(~=3°B(t) + ) Ds(t) + Ds(t)B(t) = 0, Ds5(0) =0,
Dg(t) + (=5°B(t) + K) Ds(t) — (° + 2u) Ds(t) + (Ds(t) + 5(t) Da(t)) = 0, De(0) =0,
D3 (t) — kuDg(t) = 0, D+(0) =0.

Notice that since the terminal condition is smooth, so the arguments in [20] can be
adapted to show that for fixed (¢, x,y, z), there exists a constant C' such that
ju® — @ < C'- (e +9).
Now, let @™ = uo )+ \/_U1o + \/_uo . be the approximation for 7; r(6;(m
C1),&). We have

u(()m) — ea(T—t;m)Jrﬁ(T—t;m)’

Veuy = Vi (D™ (T = t)e + Dy™(T — t))ug”,
Vou§y = V(DT — )2 + DY(T — ) + DT — 1))ud™ .
where we have let X; = x. We see that the approximation for the loss distribution

density and joint distribution density is linear in V¢ and V3

=0

k
+ k) m m
P(Nr — N; = k|Gi) ~ é o E: 1)¢ () )

k
C:+ k) m m m m
v (((;t > >( >D< (T —t)a + DT — 1))ul™
m=0
k
I(C k m m m %
DGt 1)) t)2® + D™ (T — ) + D™ (T — t))ug™|
(Ct m:O =0
P[Nr — N: =k, XT € dZE|gt
(Ct+k) /°° (m) ,—iag
(AL Py N dédz
k
RS <m>/ 0o -
m=0 o
k m oo )
+V25r§?t+k <Z> / (DS (T — )2 + DI™(T — 1) + D™ (T — £))ul™ e~ ded
O o0
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5.4 Stochastic Mean Reversion Level

As pointed out earlier, the dependence of the mean reversion level on N through
une = (0 + 02 N;) may reduce the flexibility of the model. This is a side-effect of
using the birth process, whose intensity is increasing. Indeed, the disadvantage is
clear if we consider the case when the volatility o = 0. In that case the activity rate

process X follows the dynamics
dXt = KZ(/,L — Xt)dt
The intensity of N; under this assumption follows
02
(58) dAt = li([jﬂ’]t - At)dt + n—Atht,
t

where 7, = 0, + 6, N;. This setup can be compared to the Hawkes model proposed
in [16] and implemented in [23] and [4]. In the Hawkes model, the intensity follows
the dynamics

d)\t = li(,u - )\t) + est

Recall that L; denotes the loss process and is related to N; by a constant factor when
the loss at default rate is assumed to be constant. While the implementation of the
Hawkes process model requires numerical methods, the model specified by (5.8) can
be solved analytically. On the other hand, while the Hawkes process model fits to
the market data well, see [23], the model described above fits the market data poorly.

We are looking to counteract the effect of the increasing intensity of the birth
process by allowing the mean reversion level of the activity rate u to be stochastic.
More specifically, i now depends on a fast evolving factor Y and a slow evolving

factor Z:

e = (Y, Zy),



(0]

where the function u(y, z) is strictly positive and bounded. Now the activity rate X

follows the dynamics
dXy = k(u(Yy, Z;) — Xy)dt + o/ X dWY.

The fast process is modeled by

v =2 ((m =) - 22R00.2) )t +

V2
e

th17
and the slow process is modeled by
i, = (56(20) = V3g 20T, 20 )t + VBg(Z)aw,

where A and T' are the market prices of the risk of fluctuations in intensity level,
which resulted from the measure change from the physical measure to risk-neutral
measure. As usual, € and § are small positive constants, and the functions ¢(z) and

g(z) are assumed to be smooth. Also the Brownian motions are correlated:
E[dW2dW]] = pidt, i€ {1,2}, EJdW}!dW?] = p1dt,
We need to compute
Tir(s, €) = E, -efsftTXudquifXT‘gt _ ue,é(t’a:’ Y, 2:8,6).

u®® satisfies the PDE

LAY =01int < T,

U’(Taxaya 2 375) = ez’ﬁx’

\

where

1 1 0
[,6’6 = —Eo + —£1 + ﬁz + \/ng + 5./\/12 -+ \/j./\/lg,,
€ Ve €
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and
0? 0
‘CO =V m—i_( y)a_ya

. 0 0?
L= —V\/§A(y, z)a—y + ﬂyplaﬂax—ay,

01, & 0
Lo = e + 30 %55 + k(u(y, z) — x)% — sz,
~ 0 2
My = —g(2)I'(y, Z)a_ + p2g(2)0
0 0?
MQ =cC ( )a + g ( )a 27
92

Ms = V\/§P1,29(3)8y82-

We formally expand u“® in powers of \/e and v/o:
'LLE’(S = Ug + \/EULO + \/S’LLUJ + - 5

and further expand wu; ¢ and ug; in powers of o:

Up = U100 +0UI 01+ -,

U0 = Up,1,0 + OUg11 + -+
We approximate u® by
~€,0
= ug + Veur 0 + \/SUO,LO

As for the stochastic volatility case, since the terminal condition is smooth, the
arguments in [20] can be adapted to show that for fixed (¢,x,y, z), there exists a

constant C' such that
[u® — @°| < C- (o/e+0Vi+e+3).
We let fi(z) = (u(y, z)) and ¢(y, z) be the solution of

£0¢(y7 Z) = p’(ya Z) - IEL(Z)



(s

We find that ug is independent of y, and it solves

where

and we have let 7 = T'—t. Therefore uy is given by (5.7). To compute the correction

terms, we define ug to be the solution of

~

<£2>U0,0 =0,
UO,O(()? X, z;s, 5) = eiﬁx.

where

(Bx) =~ 2+ k() — a) o — s

This quasi-linear PDE in x and 7 can be readily solved by method of characteristics;

see [25]: The initial curve is parametrized by

The characteristic differential equations are

dT__l d:c_ (i(2) — ) dw_
a0 gy TR T gy T e

This leads the parametric representation of the solution
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We solve for a,b in terms of = and 7 and substitute into w. We obtain

upo = w(T, ) = exp (— si(z)T+ z(x—/](z))(e”” —1)+i&(xe™ " +nu(z)(1— e’”))) :

By a formal expansion, the correction term u; o is independent of y, and it solves

-~

(Lo)ur 00 = <21£61(E2 - <E2>)>“0:0 = 3_1283370’

Ul,o,o(O,ﬂfaZ;fS,f) =0,

where £, := —uv/2A(y, z)a%, and Vi = —/ervyv/2(A¢,)(2). Note that

ou s -
0.0 _ (—(e_’” — 1) +ie ’”) Ug,0-

ox K

The correction term ug ;1 is independent of y and it solves

~ —

<£2>U0,1,o = —<M1>u070 = 9(2)<f)(z)ag§°’

uO,l,O(Oa x,z;s, 5) = Oa

where M := —g(2)I(y, z)%. Observe that

8;2’0 = ji'(2) ( — ST+ (% + i{) (1-— e””)) U -

By letting Vi = Vo1’ (2)g(2)(T')(2), we can express the initial value problem for ug o

as
(Lo)u =% gy 24+ | (1—e ) |u
2)U0,1,0 = 75 - 0,05
up1,0(0,2,2;8,€) =0.
We recognize that the initial value problems for u; oo and ug 1 o are again quasi-linear

first-order equations, which can be readily solved by the method of characteristics.

We obtain
VE
U1,0,0 = \;EDI(T)UO,O;
V5
Up10 = —=Dy(T)ug,

Vo
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where

(T — 1)+

Do(7) :7+( +@§) (i( —e—m)—r).

These corrections enter the loss distribution in a similar fashion as the stochastic

volatility corrections.

5.5 Calibration to Market Tranche Prices
Model calibration involves determining of the model parameters
© = (Xo, p, &, 7, 01,0, Vi, V3)
for stochastic volatility and
O = (Xo, i, k, 0, 01,02, Vi, V3

for stochastic mean reversion, that yields model prices that best match the market
data. We use the CDX.NA.HY.10 (CDX High Yield index portofolio of n = 100
North American constituents) index tranche price data obtained from Bloomberg on
June 16, 2008. We take the risk-free rate r = 0.02 and the loss at default rate [ = 0.6.
The model is fitted to market tranche quotes across maturities of byr and 7yr. The

goodness-of-fit is measured by the root-mean-squared error (RMSE) defined as:

Z MarketMid(k) — Model(€) >
# MarketBid (k) — MarketAsk(k) )

where # is the number of data points. We choose the parameters to minimize the

RMSE by solving a constrained nonlinear least square problem:

. mmz MarketMid (k) — Model(©) \?
8 MarketBid (k) — MarketAsk(k)
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subject to 2rku > &2 for stochastic volatility and 2ku > o2 for stochastic mean re-
version.

Directly implementation of (5.3) and (5.5) using double precision would result in
great cancellation errors. Here, we implement high-precision arithmetics in our C4++
program. We used the APPREC package, available from: http://crd.1bl.gov/ dhbai-
ley/mpdist/. Implementation of (5.3) also involves discretizing the integral and
applying a fast Fourier transform(FFT). For this purpose, we used the fftw package
available from: http://www.fftw.org.

We compare our calibration results to the model without stochastic parameter cor-
rections. Our calibration exercise shows that the introduction of the correction terms
improves the fit to market data. Our models can also be compared to a bottom-up
stochastic volatility intensity model with seven parameters proposed in [21]. Our
calibration shows that it is not able to fit the market data well. The model of [21]
assumes that the dynamics and the starting points of the intensities are the same for

all names in the portfolio. Specifically,
A\ = k(0 — A\Ndt + o (Y, Z)aw?, AP = x;

E[dWdW ] = pdt, i+

The fast process Y is modeled by

| 3
(m — Yi)dt + ithy,
€

Y, = -
t ¢ \/—

and the slow process Z is modeled by
dZ, = 6¢(Zy)dt + Vdg(Z,)dWE,

E[dW " aw ] = p,dt, Eldwaw?| = p.dt, E[dWYdw ] = p,dt.
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The leading term and correction terms in the approximation for the loss distribution
are given explicitly by (13), (32) and (33) in [21], respectively.
We summarize the data and results of the calibration in Table 5.1. We also show

the loss distribution implied by the Models in Sections 2 to 4 in Figure 5.1.
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Maturity Contract MarketBid MarketAsk  Modell Model2 Model3 Model4

0-10% 88.05% 88.55% 89.92% 87.94% 88.51% 90.65%

10-15% 66.089% 66.589% 64.24% 66.60% 66.18% 74.62%

5Yr 15-25% 1050.29 1059.709 1018.5 1057.3 1061.6 ~ 963.4985
25-35% 523.13 530.38 525.25 528.372  508.4975  85.6576

35-100% 149.85 154.149 130.0824 148.1399 158.2778  0.0618

0-10% 90.849% 91.33% 92.65% 91.47% 92.99% 91.31%
10-15% 74.73% 75.099% 74.89% 74.97% 74.47% 77.72%

TYr 15-25% 1176.25 1186.25 1118.2 1173.0 1175.7 1271.2
25-35% 616.69 624.559 690.5859  623.4425 627.8967 301.5964

35-100% 164.330 168.0 163.9533 167.7249 169.9020  2.0454

RMSE 3.9946 0.5786 1.6869 31.7728

Table 5.1: Calibration results.
The columns ”MarketBid” and ”MarketAsk” contain the market bid and ask quotes of
CDX.NA.HY.10 (CDX High Yield index portofolio of » = 100 North American con-
stituents) on June 16, 2008. Data Source: Bloomberg.
The column of "Modell” contains calibrated prices for the model without stochastic
fluctuations of the parameters, i.e., the model of [14].
The column of "Model2” contains calibrated prices for the model with stochastic volatil-
ity, described in Section 5.3.
The column of "Model3” contains calibrated prices for model with stochastic mean re-
version level, described in Section 5.4.
The column of ”Model4” contains calibrated prices for a bottom-up model with stochas-
tic volatility and symmetric names, proposed in [21].
For calibrations, we assumed the risk-free rate » = 0.03 and the loss at default rate

[ =0.6.

The calibrated parameters are:

Modell

Xo =1.4508, p =1.2117, kK = 0.1836, 0 = 0.6670, 0; = 4.6965, 62 = 0.00067895
Model2

Xo = 1.5679, = 0.9502, & = 0.2042, 5 = 0.5054, 6; = 4.6301, 5 = 0.0008758
Ve =0.1662, Vi = 0.0744

Model3

Xo = 1.433, i = 1.0297, k = 0.8131, o = 1.2650, ; = 4.6982, f; = 0.0011

Ve = —0.2258, Vi = 0.1102.

Model4

Xo = 0.091, 6 = 0.0732, & = 0.4685, 0 = 0.0469, px = 0.7825

Vi(z) = —1.9940e — 07, V3(2) = —6.5243¢ — 8.
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Figure 5.1: 5yr Loss Distribution implied by the models calibrated to 5+7Y CDX.NA.HY.10 June
16, 2008 data:

Legend

-squares-, blue(no correction)

’-0’, green(stochastic volatility)

-#- red(stochastic mean reversion level)
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