
tree results are more stable than RWG ones. As the last example,
a rectangular parallel capacitor, shown in Figure 7, is presented.
The negative input reactance is plotted in Figure 8, compared with
the one from free space. It is demonstrated again that loop-tree
basis maintains the low- frequency scale invariance property very
well.

6. CONCLUSION

Numerical analysis of electrically small structures embed- ded in a
layered medium is presented in this letter. By decomposing the
current into the divergence-free part and the nondivergence-free
part according to the property of the current in the low frequency
regime, we can capture both capacitance and inductance physics,
which are of the same importance in circuit physics. Mathemati-
cally, loop-tree decomposition combined with frequency normal-
ization makes the matrix stable. The matrix-friendly formulation of
LMGF is implemented for its elegant form, and frequency scaling
property of the matrix element with this kernel is analyzed before
frequency normalization. The con- nection matrix is applied to
make the final system amenable to iterative solvers.
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ABSTRACT: The principles of microwave and feedback theory are
independently applied to the analysis of both optical and terahertz-re-
gime multilayer systems. An analogy between the two approaches is
drawn, and useful recursion relations, along with a signal-flow ap-
proach, are presented for both reflection and transmission cases. These
relations, in terms of S-parameters, allow an exact analytical solution
for even arbitrary, active, stratified structures, not only for any wave-
length in the radio-frequency spectrum, but also for optical wavelengths.
This approach also provides a bridge between the microwave and optical
bands and leads to beneficial design solutions for intermediate bands such
as the THz regime. Comparisons with conventional methodologies are pro-
vided using practical multilayer simulations. In addition, graphical design
techniques from microwave theory are used along with examples for effi-
cient design and understanding. © 2009 Wiley Periodicals, Inc. Microwave
Opt Technol Lett 51: 1308–1312, 2009; Published online in Wiley Inter-
Science (www.interscience.wiley.com). DOI 10.1002/mop.24301

Key words: inhomogeneous media; optical feedback; optical films; opti-
cal filters; photonics; signal flow graphs

1. INTRODUCTION

The matrix approach has been the most widely used method to
analyze optical multilayers because of its mathematical conve-
nience for quantifying cascaded structures. Transmission-line the-
ory in microwave systems with cascaded elements, on the other
hand, has widely used nonmatrix methods. These microwave ap-
proaches have been difficult to extend to optical applications due
to the reliance in optics on the concept of refractive index. How-
ever, analogies between optical thin films and electrical transmis-
sion lines have been considered because of the similarity between
the transmission impedance and refractive index of a layer [1].
This analogy enables optical multilayers to take advantage of
conventional microwave circuit theory for stratified, planar-struc-
ture analysis [2–4].

One alternative to the matrix approach is called the signal-
flow-graph technique, introduced by Mason [5] and widely used in
the analysis of microwave circuits [6]. It has also found only
limited use in optical engineering [7, 8].

Figure 8 Negative input reactance of the capacitor, �r2 � 6.0
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In this article, the inconvenience of utilizing impedance- based
and signal-flow analyses for optical feedback is overcome by
exploring the recursive relations of reflection and transmission of
optical dielectric multilayers from the microwave perspective. An
equivalent subsystem in a recursive format overcomes mathemat-
ical complexity and allows for the development of a simple pro-
gramming algorithm. Since this approach manipulates each layer
step by step and naturally provides the reflection and transmission
for every layer, it enhances the understanding of the power flow
though the layers.

Here, the analytical expressions for double layers are explored
through the signal-flow approach and reorganized to the recursive
form with an equivalent-flow graph. We also provide examples of
an analysis on a typical dielectric thin- film reflector through the
recursion formula, and include a graphical interpretation using the
Smith chart. Furthermore, the latter illustrates the reflection tran-
sition through each layer and yields excellent design insight.
Comparisons with examples of practical designs in both the optical
and THz bands are presented.

2. MICROWAVE APPRAOCH

An arbitrary, optical, dielectric multilayer is shown in Figure 1(a).
For the sake of simplicity, normal-incidence light from free space
to a lossless medium is considered.

Since the inhomogeneous discontinuity at each boundary, k,
causes a partial field reflection (the Fresnel coefficient, rk) based on
refractive-index (n) differences, the two boundaries of a k-th layer
create a unique phase-delay ��� � 4�nkhk/�� loop. This delay is
determined by the refractive index (nk) and the thickness (hk) of the
k-th layer, as well as the wavelength (�). Such an optical-feedback
system can be remodeled as a microwave transmission line in
terms of the same phase delay and discontinuity. Each disconti-
nuity can be expressed as a scattering matrix [Eq. (1), with S
following the standard notation, the k values indicating the bound-
aries, and Z being impedance], with the round-trip phase delay for
each of the k layers given in Eq. (2).

�S�k � �S11
k S12

k

S21
k S22

k � � � rk tk

tk � rk
� , k � 1,2, . . . , n � 1

(1)

where rk �
nk � nk�1

nk � nk�1
�

Zk � Zk�1

Zk � Zk�1
, tk � �1 � rk

2

�1 �
4�n1h1

�
, �2 �

4�n2h2

�
, . . . , �N �

4�nNhN

�
(2)

At the k-th boundary, the reflectance is Rk � rk
2, thus Tk � tk

2 is
the remaining transmittance for a lossless medium. (The conven-
tional definition, tk � 2nk/(nk�nk�1) is the Fresnel electric- field
transmission coefficient. Here, tk is a transmission field coefficient
to satisfy the Rk � Tk � 1 relation.) Z0 is the characteristic
impedance, which is typically 50 � and corresponds to free space
in optics. Therefore, a typical glass layer (n � 1.5) with thickness
h1 can, for example, be expressed as a 75 � impedance with phase
delay �1/2. (This analogy is valid when the conventional reflection
coefficient 	2 � (Z2�Z1)/(Z2 � Z1) � (n2�n1)/(n2 � n1) from
medium 1 to 2 is used. If the other convention, as in Ref. 2, 	2 �
(Z2�Z1)/(Z2 � Z1) � (Y1�Y2)/(Y1 � Y2) � (n1�n2)/(n1 � n2, is
adopted, all the expressions in the article would be modified by
replacing the term impedance with admittance and altering the
Smith charts accordingly.)

According to classical circuit theory for a cascaded network,
the equivalent impedance at a given position can be readily ob-
tained. Since reflection originates from impedance (index in op-
tics) discontinuities at boundaries, an equivalent reflection at a
specific position can be extracted from the corresponding mis-
matches.

For the single-layer case, the overall reflection is associated
with the S-parameter at the front boundary [S]2, as well as the
reflection at the interior boundary at the back of the layer, 	1. This
relation is also valid for the double layer case in which the total
reflection at the foremost boundary, 	3, is obtained from [S]3

and 	2.
For the multiple, N-layer case, the total reflection at the kth

boundary (	k) is generalized with [S]k and 	k�1. As a result, the
total reflection at the N-th layer is

R�N� � 	N�1 � S11
N�1 �

S12
N�1S21

N�1	Nei�N

1 � S22
N�1	Nei�N

where

	N � S11
N �

S12
N S21

N 	N�1e
i�N�1

1 � S22
N 	N�1e

i�N�1
, . . . , 	1 � S11

1 (3)

The transmission also has recursive characteristics associated with
any previous equivalent transmission. However, the transmission
at each layer also has to include the previous equivalent reflection
term. This is because each transmission shares identical feedback
terms that are described using the reflection.

The generalized transmission can be written as

T�N� � T1 �
S21

1 T2e
i
�1

2

1 � S22
2 	1e

i�1

where T2 �
S21

2 T3e
i
�2

2

1 � S22
3 	2e

i�2

Figure 1 Multiple Fabry-Perot etalon: (a) optical model, (b) transmis-
sion-line model (where n2 
 n1 
 nk 
 nN), and (c) equivalent network
diagram
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,. . . , TN �
S21

N Tn�1e
i
�N

2

1 � S22
N�1	Nei�N

, TN�1 � S21
N�1 (4)

The superscripts on R and T indicate the number of layers. The
expression using optical parameters can be obtained by simply
replacing the S parameters using Eq. (1).

3. SIGNAL FLOW GRAPH APPROACH

Based on standard feedback theory, any arbitrary feedback net-
work can be expressed conveniently with a signal-flow graph. An
example for a double layer is given in Figure 2. Four basic
topographical rules (branches in series, branches in parallel, elim-
ination of self-loop, and node-splitting) are discussed by Dunn [7]
for transforming such networks to a single path.

Such a transform is illustrated in Figure 3, where excluding the
reflective paths in Figure 2 results in the transmission-flow graph
of Figure 3(a). There is one forward transmission path
(S3

21�S2
21�S1

21) and three feedback-loop paths (S3
22�S2

11,
S3

22�S2
21�S1

11�S2
12, S2

22�S1
11). A difficulty does arise due to

the path containing the longest loop, S2
12, but this can be elimi-

nated by replacing S2
11 and S1

11 with 	2 and 	1. This technique
discontinues the inter-relationship between the two layers, and thus

each single-layer loop becomes independent as illustrated in Fig-
ure 3(b). Likewise, the two single-layer loops can be transformed
to one single-layer loop [Fig. 3(c)], and eventually, the double-
layer transmission T(2)(�T1) is reformulated in terms of equiva-
lent, prior-layer transmissions in the identical format of Eq. (4)
[Fig. 3(d)]. This provides a verification of the recursive pattern.

4. MICROWAVE APPROACH FOR OPTICAL THIN- FILM
LAYERS

Symmetric, quarter-wave dielectric layers are a standard prototype
for high-reflectors in the optical regime. The contribution of each
quarter-wavelength layer to a five layer reflector is analyzed here
using a recursion formula. A graphical interpretation using micro-
wave methods is also presented to demonstrate the ease of isolat-
ing each layer’s contribution to the system’s reflectance.

Although graphical techniques for optical multilayer systems
that assist conceptual design have been reported, e.g., by Apfel [9],
the standard graphical tool for microwave engineering—the Smith
chart—can be utilized to visualize optical design in a similar
fashion. In microwave design, one of the primary goals is to
maximize power flow by minimizing impedance mismatches, and
the Smith chart has been a valuable tool to visualize the control of
reflections. This impedance-reflection conversion as a function of
microwave frequency is the essence of the Smith chart, and it can
also be applied to the index-reflection conversion as a function of
optical wavelength.

For example, a five-layer, quarter-wavelength optical system
consisting alternately of zinc sulfide (nodd � nH � 2.3) and
magnesium fluoride (neven � nL � 1.35), as shown in Figure 4,
gives a power reflectance ��	�2� of 0.9141. This value decreases to
0.7704 for a three-layer system (layers cba only in Fig. 4) and
0.4652 for a single layer (a only).

The graphical explanation of this quarter-wave reflector is
presented in Figure 5(a). Each layer makes a circular trace that
starts from the equivalent reflection point from the previous layer.
The radius of this trace is determined by the index of the corre-
sponding layer. The circles are periodic with every half wave-
length. This means the quarter-wavelength layers form semicircles
that push their traces toward the unity boundary in a spiral pattern.
This spiral is achieved by alternating quarter- wave layers of high
and low index material, and it approaches the unity circle as the
number of layers increases. The dashed circle represents the final
reflection after the fifth layer, e. The circle originates at the center
(50 � point) and yields the same reflection with different phases.

Reflection traces for each of the five layers of the coating for a
broad wavelength band are given in Figure 5(b). Reflections at the
�0 line also seen in Figure 5(b), which explains why 	b 
 	a, 	d


 	c. When the number of quarter-wave layers increases, the
reflection is observed to be higher, but the reflection bandwidth is
shown to decrease, as expected. The reason for this is that fewer

Figure 2 Signal flow graph of a double-layer structure

Figure 3 Topographical transform of a double-layer transmission to a
single equivalent-signal-flow graph. (a) Transmission-flow graph of a
double layer; (b) transform into two independent and equivalent layers; (c)
elimination of the first independent feedback loop; (d) elimination of the
second independent feedback loop

Figure 4 Five-layer optical system with quarter-wavelength layers of
zinc sulfide and magnesium fluoride, labeled a–e
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wavelengths can adequately satisfy the quarter-wavelength condi-
tion as the number of spiral turns increases. The use of the Smith
chart thus offers excellent design advantages. For instance, the
graphical transition of the reflection trace with additional layers
can be easily predicted based on the index and thickness of a layer.

The reflection at a specific frequency can be readily moved to
other points simply by adding layers with appropriate parameters.
Each additional layer gives an inscribed circle with a half-wave-
length period. A larger refractive index results in a smaller diam-
eter. This is fundamentally the same as series stub tuning in
microwave theory. Unfortunately, parallel stub tuning cannot be
realized in optics because the reactive part of the refractive index
in dielectric materials is typically negligible and difficult to ma-
nipulate. This graphical tuning method allows a designer to ob-
serve the tuning range of single additional layers with a given
index of refraction. This also determines the number of layers
necessary to reach the final tuning objective.

5. PRACTICAL MULTILAYER ANALYSES

To evaluate the recursion formula presented in Eq. (4), we have
chosen the example of a practical, 17-layer mid- infrared reflector.
The example optical reflector was designed to have a maximum
reflectance at a wavelength of 5 	m with zero reflectance at 4.5
	m and 5.5 	m. This specification was achieved by an optimiza-
tion method using layer perturbation in a computation-intensive
Monte Carlo approach [10].

Given the refractive index and the thickness in terms of wave-
length for each layer, the power reflectance is also computed using
the expressions in Eq. (3). Figure 6 shows the results from the
recursion analysis; they are observed to be identical to those of the
conventional method. The specified design spec in Ref. 10 (85%
reflection at 5 	m center wavelength with a 1 	m null bandwidth)
was realized using a diverse set of 17 asymmetric optical layers.
This optical design simulation was reproduced using purely the
microwave and feedback approaches.

The microwave approach for a multilayer system may best be
suited for the THz region - the underutilized band between the
microwave and infrared portions of the spectrum. Thus, a compu-
tational example for a THz mirror previously designed with a
transfer-function method is chosen [11] for comparison with the
recursion analysis. The mirror consists of 25 ceramic layers of a
Bragg-grating stack to be used with a broadband THz source, such
as those that employ ultrafast lasers in the generation of a signal.
Since the THz generator was an optical-based source, the simula-
tion of the reflection performance was compared in Ref. 11 to the
experiment using a purely optical approach. Power-transmittance
results across the THz spectral range, computed using the recur-
sion methodology developed herein, are shown in Figure 7. A wide
high reflectance region that matches that from the previous design
[11] is observed.

6. CONCLUSIONS

Optical multilayers were analyzed from the perspective of both
microwave and feedback theory. Transmission and reflection co-

Figure 5 (a) Evolution of optical reflection on a Smith chart for a
cumulative quarter wavelength multiple stack of five elements at �0. (b)
Individual reflections on Smith chart for a cumulative quarter wavelength
multiple stack of five elements, vs. wavelength (or frequency) (0.7 �0 [le]
� [le] 1.7 �0)

Figure 6 Power reflectance vs. wavelength for a 17-layer reflector de-
signed for a 5-	m wavelength [10] [using the recursion expression in Eq.
(3)]

Figure 7 Power transmittance of a practical 25-layer reflector for wide-
band THz beams [suggested in Ref [11]. (nodd � 3.17, neven � 4.16, hodd

� 73 	m, heven � 51 	m), computed with the recursion formula (4)
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efficients were replaced with more general expressions that uti-
lized microwave S-parameters. As S-parameters can handle a fre-
quency-dependent gain medium, this novel approach is useful for
even active optical-feedback systems such as laser cavities. It was
shown that the signal flow graph approach, also a powerful tech-
nique, can be extended to parallel-coupled systems such as inter-
ferometers. The analysis using a nonmatrix approach was not only
simple, but also visually advantageous for design.
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ABSTRACT: In this article, we describe a method of design of very
low phase noise dielectric resonators oscillators at 13 GHz. By using
two Silicon Germanium transistors with total gains 8 dB and lower
flicker noise corner between 10 kHz and 40 kHz, the phase noise of
the oscillators can be achieved �125 dBc/Hz at 10 kHz offset. The
resonator has unloaded Q around 14,000 at operating frequency and
is then optimized and coupled to the amplifiers for minimum phase
noise where QL/Q0 � 1/2 hence S21 � �6 dB. To incorporate tun-
ing, phase shifter is also investigated. The phase noise measurement
system is also presented using two identical oscillators phase locked
at the same frequency. © 2009 Wiley Periodicals, Inc. Microwave
Opt Technol Lett 51: 1312–1316, 2009; Published online in Wiley
InterScience (www.interscience.wiley.com). DOI 10.1002/mop.24334

Key words: DROs; phase noise; tuning; SiGe; flicker noise

1. INTRODUCTION

Dielectric resonators oscillators (DROs) have a very good perfor-
mance in the frequency stability, which could be distinction into
short term stability and long term stability. The short term stability
related with amplitude noise, phase noise, and jitter at oscillating
frequency, whereas the long term stability considers frequency
drift, which describe the variation of the frequency at long period
of time.

Today’s research for the DROs is focused on the high stability
and very low phase noise, based on linear and nonlinear oscillator
models. Ivanov and Tobar [1] demonstrated a low phase noise
�160 dBc/Hz at 1 kHz offset for 9 GHz DROs using interfero-
metric signal processing methods, Llopis et al. [2] presented an
oscillator with phase noise �133 dBc/Hz at 1 kHz offset. Graval
and Wight [3] described a 12 GHz push-push phase locked DROs
with a phase noise �105 dBc/Hz at 10 kHz offset. Those DROs
are used different unloaded quality factor sapphire resonators from
290,000 to 1,000,000 with Silicon Germanium HBT transistors
due to lower flicker noise than GaAs and FETs. Based on the
Leeson’s oscillators model [4], the oscillators normally require a
high unloaded Q resonator and an amplifier with high output
power and lower flicker noise corner. The best room temperature
oscillators currently available typically use sapphire resonators
with sophisticated flicker noise reduction methods. However, there
is a disadvantage of sapphire resonators at room temperature
because of the large temperature coefficient. Therefore, those
oscillators need very complex temperature compensation.

This article describes the design of very low phase noise
dielectric resonators oscillators at 13 GHz including low noise
amplifier, resonator, phase shifter and directional coupler. It will
be shown that the phase noise is around �95 dBc/Hz at 1 kHz
offset and �125 dBc/Hz at 10 kHz offset. A phase noise measure-
ment system is also included to measure the performance of the
DROs. The phase noise of these DROs is around 15 to 25 dB better
than most commercial design at room temperature.

2. OSCILLATOR DESIGNS

The oscillator design is based on the use of an oscillator arranged
in a positive feedback configuration consisting of Silicon Germa-
nium amplifiers, an output coupler, varactor diode based phase
shifter and high Q ceramic resonator as shown in Figure 1.

3. PHASE NOISE THEORY

Developing a simple and general model to calculate and predict
the phase noise performance of an oscillator is important. A

Figure 1 Oscillators configuration
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