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CHAPTER I

Introduction

This work develops new methods in spatial nonlinear stochastic filtering theory
and stochastic analysis. In particular, we examine a class of long range dependent
stochastic processes and random fields known as fractional Brownian motion and
fractional Brownian sheet. The literature on these processes has developed rapidly
in recent years. This is at least partially due to the fact that the long range depen-
dence phenomenon has been observed in empirical studies spanning a broad range
of disciplines.

Fractional Brownian fields make up a parametric family of processes that evolve
over an m-dimensional parameter space and are parameterized by a Hurst multi-
index, H, where H is an m-dimensional vector. Depending on the value of the Hurst
multi-index, our processes exhibit different levels of dependence. When H = %
and m = 1, the process is a version of the classical Brownian motion which has
independent increments. As such, families of fractional Gaussian processes make up
a rich class of random fields to which classical Wiener processes belong.

As is well known, Wiener processes assign independent random measures to dis-
joint increments and exhibit martingale structure. While this makes Wiener pro-

cesses very attractive as tools to model many real world processes, there are several



instances where it is not realistic to assume martingale structure or independence of
the process over disjoint increments. Under such circumstances, fractional Gaussian
processes and their more complex covariance structure are better suited to model
real world phenomena.

When Hurst parameter H > %, fractional Brownian processes exhibit long range
dependence. Such dependence arises often in applications ranging from network
communications, where internet traffic has been shown to exhibit long memory, to
macroeconomics, where the long range dependence paradigm has been used to ana-
lyze the effects of economic shocks on income cycles. Fractional Gaussian processes
are often used to model the long range dependence seen in these real world exam-
ples. It is important, therefore, that we are able to understand and work with the
processes. To this end, a large amount of stochastic analysis of fractional Brownian
motion has been done in recent years.

One area of stochastic analysis which is particularly useful in a variety of appli-
cations is that of filtering theory. It is often the case that one is able to observe
only a noisy version of some process of interest. In this setting one wishes to esti-
mate the underlying process of interest based upon the noisy observation process.
It is important, from the theoretical point of view as well as a more applied point
of view, that we are able to derive filtering techniques not only for processes dis-
torted by martingale noise, but also for processes exhibiting long memory. Modeling
processes as martingales allows one to take advantage of many of the nice mathe-
matical properties associated with such processes. For example, stochastic calculus
developed by Ito [12] which is employed in deriving optimal filtering equations, is
based on L?martingale structure. However, in real applications the martingale as-

sumptions are not always justified, hence the recent literature on filtering in the case



of fractional Brownian motion noise [14], [5], [6].

Unlike classical nonlinear filtering theory, which is based on an observation model
where the observation noise is a single parameter martingale and the signal is a
one-parameter Markov process, this dissertation develops results in spatial nonlinear
stochastic filtering, where the signal and observation processes are random fields and
the spatial observation is distorted by noise in the form of a fractional Brownian
sheet.

The classical nonlinear filtering problem based on the model with single parameter
martingale noise has been studied by Kushner [17], Zakai [30], Fujisaki, Kallianpur,
and Kunita [11]. These papers describe the evolution of the optimal filter over time
in terms of stochastic partial differential equations. Many of the results in classical
nonlinear filtering have been extended to the setting where the noise is given by
fractional Brownian motion [14], [5], [6] rather than standard Brownian motion. In
such a model the observation noise is not a martingale.

Here we develop nonlinear filtering theory in the case when the observation noise
lacks not only martingale structure, but both our noise and signal processes are
random fields with multi-dimensional spatial parameters. Whereas in the one di-
mensional parameter space setting there is perfect ordering on R and a straight
forward way of defining martingale structure, in higher dimensions defining martin-
gale structure requires a bit more care. In fact, there are a variety of notions of
martingales in the plane. When investigating filtering problems in the plane, one
must take special care to ensure each notion of martingale can be applied in certain
circumstances.

In order to study the continuous nonliner filtering with multidimensional spatial

parameters, we apply the theory of stochastic integration in the plane developed by



Renzo Cairoli and John Walsh in 1975 [4]. In this very important paper, integration
with respect to two-parameter martingales was developed based on a partial ordering,
which will be used to define martingales in the plane.

Nonlinear filtering theory has applications in a wide range of areas. In finance
for example, asset prices represent a stochastic process driven by some underlying
value of the asset. The actual price of the asset in the market is based on the true
underlying unkown value, with observation process based on investors’ perception
of the assets’ value. Filtering of random fields is common in digital image analysis
[26]. Typical problems in image analysis involve image restoration, where one tries
to recover the true image from blurry or noisy observations of the given image.

In Chapter II, we develop stochastic evolution equations describing the dynamics
of the optimal filter in a general nonlinear filtering problem. Much of Chapter II is
also devoted to developing the theory that will be used through out the dissertation.
By solving the stochastic evolution equations, one can calculate the best estimate of
the signal process in the mean square error sense.

In Chapter III, we again investigate the nonlinear filtering problem described in
Chapter II. The main goal of Chapter III is to use theoretical methods in stochastic
analysis that make applying the filtering theory of Chapter II more feasible. Since
it is often the case that the evolution equations of Chapter II are extremely complex
and difficult to solve explicitly, we develop alternative representations of the optimal
filter. We arrive at representations of the optimal filter through infinite sums of
multiple stochastic integrals. These infinite sums can be truncated and discretized
in order to numerically implement the optimal filters.

Finally, in Chapter IV, we investigate new theoretical properties involving the

multiple integrals used in the integral expansions of the optimal filter described in



Chapter III. Specifically, we look at the relationship between multiple stochastic
integrals with respect to standard Brownian sheet and multiple stochastic integrals
with respect to fractional Brownian sheet. We give an operator that allows one to
transform multiple Wiener integrals with respect to Brownian motion into multiple
fractional Wiener integrals with respect to fractional Brownian motion. Both types
of multiple integrals are used in the development of Chapter III and are therefore of

important interest from both theoretical and applied points of view.



CHAPTER II

Stochastic evolution equations for nonlilnear filtering of
random fields

2.1 Introduction

Filtering theory has long been studied by mathematicians, statisticians, scientists
and engineers as a way to estimate partially observed processes. The wide-ranging
applications of the theory make it a particularly useful area of study for many in
the physical sciences and engineering. The mathematical challenges arising in fil-
tering problems often lead to very interesting problems concerning the theoretical
underpinnings and structure of the specific model at hand. With so many available
applications, there are often new models arising which require slight or sometimes
major revisions to existing theory.

In several engineering and physical sciences settings, dynamical systems evolve in
space or often in space and time as opposed to random processes that evolve only
in time. In such cases we use random fields to model various dynamical systems.
Random fields are random processes that evolve over a parameter space T where T
may be a subset of Ri with d > 2, as opposed to single parameter random processes
that evolve over T where T = [0,00) or T = [0, T7].

As in the case of single-parameter processes, there is often a need for estimation

techniques in dynamical systems that evolve randomly in space and are either cor-



rupted by some random noise or are not directly obervable. One example arises in
image processing where denoising of images or video streams obviously requires a
multidimensional parameter space.

Mathematically, the goal of filtering is to characterize the conditional distribution
of an unobserved "signal” denoted by (X;,t € T), given the observation o-field
FY = o{Y,, s < t}. Equivalently we can study the conditional distribution of
suitable functions of the signal process, given the observation o-field. In this chapter,
we study the dynamics of E[F(X;)|FY] for a large but sufficiently suitable class of
functions. We will examine the multiparameter, nonlinear filtering using the natural

observation model

t1 tq
(21) }/(tl,...,td) = / e / g (X(sl,.‘.7sd)) dsl Ce de + W(tl,m,td)7 (tl, Ce 7td> € T,
0 0

where g belongs to a suitable class of functions and W, ;) is a multiparameter
random "noise.”

This chapter is devoted to studying the evolution of E[F(X;)|F}] in the parame-
ter space T = [0, T3] x [0, T3] where d, the dimension of the parameter space is equal
to two. The results are easily extended to general d > 2. Perhaps the main difference
between the multiparameter evolution of E[F'(X;)|F} ] and the single-parameter evo-
lution is the lack of perfect ordering in the multiparmeter setting. That is, for any
t,s € R with t # s, it is always the case that either ¢ < s or s < ¢t. On the other
hand, one needs to take more care in defining an ordering in R

The model (2.1) has been studied in the case where W is a Wiener (Brownian)
sheet in [15] and [16], where several stochastic differential equations governing the
evolution of the unnormalized optimal filter were obtained. Here we study the evo-
lution of the unnormalized optimal filter for (2.1) when W is a fractional Brownian

sheet exhibiting long-range dependence along each axis (persistent) and as such W



does not exhibit the martingale-type properties of the standard Wiener sheet.

In Section 2.2 we begin by giving an overview of multiparameter martingales
and stochastic calculus with respect to multiparameter martingales. Multiparame-
ter martingales and their properties play a large role in the analysis throughout the
rest of this chapter. Most of the properties and definitions in Section 2.2 can be
found in [4]. In Section 2.3 we give an introduction to the field of fractional calculus.
Fractional calculus is used extensively in the analysis of fractional Brownian mo-
tion and fractional Brownian fields. We will use fractional integrals and derivatives
throughout our analysis. This calculus allows one to obtain stochastic integral rep-
resentations of persistent fractional Brownian sheet and fractional Brownian motion.
In Section 2.4 we introduce fractional Brownian motion and fractional Brownian
sheet. In Section 2.5 we give some known results in the theory of nonlinear filtering.
We examine results in the case of single parameter case. Within this framework, we
first look at the classical setting, martingale noise and then we look at more recent
results involving persistent fractional Brownian motion noise.

Finally in Sections 2.6, 2.7, 2.8 we present the main results of the chapter. We
derive two stochastic evolution equations for the optimal unnormalized filter in the
plane. The first involves the evolution of the optimal filter along a ”increasing”
paths. We define increasing paths in terms of the partial ordering described in
Section 2.2. The next evolution equation is for arbitrary evolution in the parameter
space T. For notational simplicity we restrict our attention to the setting where T is
a bounded, two-dimensional parameter space. The techniques and results developed
can be extended to arbitrary d-dimensional parameter spaces, however, the resulting

evolution equations will contain many more terms.



2.2 Multiparameter Martingales and Stochastic Integration in the Plane

In this section we state basic definitions and results related to multiparameter
martingales and stochastic integration with respect to such processes. These play
key roles in the development of stochastic filtering theory in the plane and highlight
existing differences and similarities between the one-parameter and multiparameter
martingale theories. We will define partial ordering required in order to define mar-
tingales in multi-dimensional parameter space. In this section, we give the definitions
of different types of martingales in the plane and describe two parameter analogues

of quadratic variation and the Doob-Meyer decomposition.

Recall that for a complete probability space (2, F, P) with filtration {Ft,t € R+},
if random process X := {Xt, t e R+} is adapted to the filtration {]:t, te R+}, and
E|X;| < o0,Vt € R,, then {Xt,]-"t,t € R+} is a martingale if, for every

0<s<t<oo, BE(X|Fs) = X5 as. (P). However in the case of processes of two

parameters defining martingale structure is less trivial.

First let us define the partial ordering < on the positive quadrant Ri, and adopt the

following notation for arbitrary points a = (aq,a2) and b = (b1, by) in R2:

a=<b ifa <b and ay <by
a<b ifa <b and ay < by
aAlb ifa <b and ay > by
a Ab= (min(a, by), min(az, bs))
a Vb= (max(ai,by), max(ag, bs))

a@b: (al,bg)
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Next, let us define what is meant by a random measure on Borel sets of R%. Martin-
gales in one parameter space are often thought of as having independent increments
for disjoint time intervals. For processes X on parameter space Ri, we define incre-

ments over the rectangle A = (z, 2'] = ((21, 22), (2, 25)], where z < 2 as

(22) X(A) = X(z’,zé) - X(zi,zg) - X(zl,zé) + X(zl,zg) = Xz/ - Xz’@z - Xz@z’ + Xz

1

Given a complete probability space (2, F, P), let {.7:2, z € ]R%r} be a family of sub

o-fields of F satisfying the following properties:

(F1) if z < 2’ then F, C F.r
(F2) Fy contains all P-null sets of F

(F'3) for each z,

Fo= () F

z=<=<z

z

(F4) for each z, F} and F? are conditionally independent given F,,

where F} and F? are defined as follows: let z = (21, 20) € R, then

Fle P =Fane =\ Faa=o{ | Fous}
t

teR4

FE= P = Fue =\ Foc=o{ U Fina}

seR4
Note 2.2.1. the condition (F4) is equivalent to:
(F4') for all bounded random variables X and all z € R?

E{X|F.} = E{E{X|F} }|F?}

It is important to note that for any process {X (A) : Ais a rectangle in Ri}, if
X(Ay),..X(A,) are independent for all disjoint rectangles A;,...A,, then F, :=

oc{X(A):Vu € A u < z} satisfies condition (F4) [4].
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Note 2.2.2. The condition (F'3) is analogous to the definition of a right continuous
filtration in one parameter. Similarly,we will call a filtration satisfying (F'3) right

continuous.

Definition II.1. Let F, be a filtration satisfying (F1)-(F4). The process X =

{X.,z € R?} is a two — parameter Martingale if:
1. X, is adapted to the filtration F,, Vz € R2
2. for each z € R%, X, is integrable
3. for each z < z’,E{XZ/U:Z} =X, a.s.

Proposition I1.2. [4] If M, is a two-parameter martingale with respect to filtration

F., then for each fixed z», {MZ, ]-"z} = {le,m , ]-"21722} is a one-parameter martingale.

Definition I1.3. Given a complete filtered probability space (2, F, (F.), P), we say
W = (Wz,fz, z € Ri) is a continuous version of a Brownian Sheet if it satisfies

the following conditions:

1. W is a random measure on R2

4, assigning to each Borel set A, a Gaussian

random variable of mean zero and variance A(A), where A=Lebesgue measure.
2. for disjoint Borel sets in R%, W assigns independent random variables.

3. W, = W(R,) where R, is the rectangle whose upper right hand corner is z and

whose lower left hand corner is the origin and W, is adapted to F,.
4. W has continuous trajectories.

5. If z = (z1,22) then for fixed z;, (W,,:) is a standard Brownian motion and

similarly, for fixed 2y, (W ,,) is a Brownian motion.
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Definition I1.4. Let X = {XZ tz € Ri} be a process such that X, is integrable

for all z € R? and let the filtration F, satisty (F1) — (F4). Then

1. X is a Weak Martingale if
(i) X, is adapted to filtration F, Vz,

(i) E{X((z,2])|F.} =0V 2z << 7.

2. X is an i-Martingale (i= 1,2) if,
(i) X, is F! — adapted
(ii) E{X((z, 2])|Fi} =0V 2z << 2/
3. X is a Strong Martingale if
(1) X is adapted to the filtration F,

(ii) X vanishes on the axes (i.e. X(o.,) =0 and X(., o) =0), a.s.

(iti) B{X((z, )| F}VF2} =0V z << 2/

Note 2.2.3. Any martingale is a weak martingale and any strong martingale is a

martingale. That is:
{X : Xis a strong martingale} C {X : Xis a martingale} C {X : X is a weak martingale}

Definition II.5. A process {XZ} is right continuous if

lim X, (w) = X, (w) a.s.
z-<z’z

Definition I1.6. A process X = {XZ, z € Ri} is called an increasing process if
1. X is right continuous and adapted to F,
2. X, = 0 on the axes

3. X(A) > 0 for each rectangle A C R%
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Definition I1.7. For p > 1

1. MP(T) := the space of right continuous martingales M = {M,,z € T} such

that M = 0 on the axes and
1
a1l = sup (B{IALI ) < o

2. MY(T) := the class of all strong martingales in MP(T)

The following theorem gives the two-parameter analogue to the Doob-Meyer de-
composition. In the two-parameter case, uniqueness of the quadratic variation pro-

cess is not guaranteed, unlike in the one-parameter setting.

Theorem IL8. Let M € M?*(T). There exists an increasing process A = {A.,z €

T} such that {]\4,22 — A,z < ’]T} is a weak martingale

Note 2.2.4. In the one parameter martingale case, the Doob-Meyer decomposition
gives a unique increasing process. On the other hand, in the two parameter case,
the increasing process A is not necessarily unique. However, for the purposes of

stochastic integration this does not pose any serious problem .

Definition I1.9. We say that a process (M) is a version of the quadratic variation

of martingale M if (M? — (M),, z € T) is a martingale.

Note 2.2.5. By proposition 1.8 and theorem 1.9 of [4], the quadratic variation of
a strong martingale (M, F,,z € T) is unique if F, is a filtration generated by a
standard Brownian sheet. However, for general martingales and strong martingales

in the plane, the quadratic variation process is not necessarily unique.

Definition I1.10. Let M € M?%(T). There exists unique F.-predictable, increasing

process denoted [M]M) such that M2 — [M ]9) is a l-martingale and there exists a
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unique F2-predictable increasing process denoted by [M]® such that M2 — [M]? is

an 2-martingale.

Integration with respect to two parameter martingales was developed by R. Cairoli
and John Walsh in 1975 [4]. Their work is fundamental to the theory of stochastic
nonlinear filtering in the plane in much the same way that the work of 1to is pivotal
in the classical nonlinear filtering theory. In this section we give a construction of the
stochastic integral in the plane and properties that are useful in subsequent sections

of the dissertation.

Definition I1.11. Consider the space R% x €. Let {G.,z € R2} be an increasing,
right continuous family of sub-sigma fields of F. The sigma field of G, — predictable

sets is defined as
Dg, := o — field generated by sets of the form (z,2'] x A

where 2z < 2/ and A € G,
Similarly, a process X = {X,,z € R2 } is G, — predictable if (z,w) — X, (w)

is Dg-measurable.
We first define the stochastic integral for simple functions in the plane.

Definition I1.12. We call ¢ a simple function belonging to class S? if there exist a
finite number of disjoint rectangles A; C T and bounded random variables «; such

that a; is F,, — measurable and ¢ can be written as the finite sum

¢ = Y aily,(2).

The superscript 2 and subscript 1 in 87 indicate that z is a 2 x 1 matrix, i.e. a

2-dimensional vector.
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Definition I1.13. Let M € M?*(T) and let ¢ be a simple function. Then we define

the stochastic integral of ¢ with respect to martingale M over rectangle R, by

/gbdM Zaz (A;NR,)

Clearly, if ¢ is a simple function and M € MP?(T), M" € M(T), then [, ¢.dM; €

MP(T) and [, dcdM, € Mb(T)

In order to extend the definition of the stochastic plane integrals from simple fuctions

to a larger class of funtions, let us define such classes of functions H;, i =0, 1, 2.

Definition II.14. Let {¢,,z € T} be a process such that the following conditions

hold:

(a) ¢ is a bimeasurable function of (w, z),

b) [; E¢2dz < oo,

and for each z € T, either (cg) ¢, is F,-measurable,
or (c1) ¢, is Fl-measurable,
or (cg) ¢, is F2-measurable.

For i =0, 1,2, let H; denote the space of ¢ satisfying (a),(b) and (c;).

Under the the norm ||¢HHO = (E{ J; ¢3d¢ })%, the simple functions are dense
in Hy and considered as a function space, Hy is a Hilbert space. Let {W,,F,,z €
T} be a Wiener sheet. Let us introduce the following classes of integrands. The
linear mapping (¢, o W), := [ r. PndW maps the simple functions onto M?(T) and
preserves the norm. Therefore, the mapping can be extended by continuity to a
norm-preserving linear map from H, into M?(T) by appropriately taking limits of

sequences of integrals of simple functions.
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Proposition IL.15. [28] Let ¢ € Hy and let W = {W, : z < 20} be a Brownian
sheet as in Def. I1.3. Then the integral fRz GcdWe is well defined and is a strong

martingale. Furthermore, if we let

2
M. = ( ¢<dW<) — | ¢td¢
Rz Rz
then M is a martingale.

Theorem I1.16. [9] Let {XZ,QZ;Z < zo} be a strong martingale satisfying either
of the following conditions; (i) E{XZQ} < o0 and G, is a sigma-field generated by a

Brownian sheet; (ii) E{X1} < oo and X is continuous. Then

1
exp { X7 — §<X)Z} is a martingale iff

1
2
E(exp {X2 - §<X)ZO}> =1
One can also show that for ¢ € H;,7 = 0,1, 2, and W, a standard Brownian sheet,

the stochastic integral, denoted

(23) (gb o W)Z = qude = /E[«: =< Z)gf)CdWC, z €T,

R,
is a strong martingale for ¢ € Hy, a 1-martingale for ¢ € H; and a 2-martingale for

¢ € Hy. Moreover, define a process

£ = (boW).(boW), - /R pebedc, 2 € T.

Then £ = (£,,z € T) is a martingale with respect to (F,).er if ¢, € Hop, a 1-
martingale if ¢,1 € H; and a 2-martingale if ¢, € Hy. In all cases continuous

versions of the above defined processes can be chosen.

For integration in the plane, we will require the development of another type of
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stochastic integral, [[¢dMdM. In order to do so, we first define a new class of

simple functions in the plane.

Definition II.17. Let T = [0,71] x [0,T%]. For fixed n we divide T into rectangles
Ai,j = (Zi,ju Zi+1,j+1]7 where Zij = (2_717:, 2_nj) If?,,j, k,l satisfyz' <k< 2T1n_1’ l <

J <277 — 1, we define the class of functions S; of the form

(2.4) Xijk (¢, ¢') = ala,;({)1a,,(¢)

where a is bounded and F, -measurable. Similarly, define the class of simple func-

tions S as finite sums of functions in S;

(2.5) x(¢.¢) = Z%‘jkllAi,j(OlAk,z(C)

ijkl

where a;;x; is bounded and F, -measurable

Definition II1.18. Let M = (MZ,]:Z,Z € Ri) be a martingale in the plane. For

simple function x as defined in (2.4), we define the integral [[ xdMdM by
(26) / Xz‘jkl(g, C,)dMCdMC’ = OéM(AZ'J N RZ)M(A]CJ N Rz), zeT.
R. xR,

The integral [[ xdMdM is defined as the corresponding linear combination of inte-

grals of the form (2.6).
Note 2.2.6. fszRz Xijki(C, ¢")dMdM,r as defined above, is a martingale.

Definition I1.19. Let H denote the space of functions Y(w, z,2") = 1, (w) on
) x T x T which satisfy the following conditions:

(a): v is a measurable process and for all z, 2’ € T, 1, . is F,y-measurable, and
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(b): //2 I(z A 2)E{Y2  }dzd' < .
We equfp H with the scalar product
(W, ) = //T2 I(z X 2NE{¢, . p, » }dzdz
Note 2.2.7. H is a Hilbert space.
The simple functions S are dense in H. And since the mapping f f YdWdW from

H to M?(T) is norm-preserving for simple functions, the integral can be extended

by continuity of the linear map, to all functions in H.

We will also require the notion of ”"mixed area integrals” as defined in [27].

Definition I1.20. For function x;;; in S given by (2.5), define the integrals [[ xdMd(

and [[ xd¢dM by

(27) / Xijkl(C? C’)dMgdC/ = Z aijklM<Ai,j N RZ)A(A]C’[ N Rz) S T,
R:XR. ijkl

and

(28) / Xijkl<<7 C/>d<dMC’ = Z Oéijkl)\(Az’,j N RZ)M(A;CJ N RZ> A T,
R:xR. ijkl

where ) is Lebesgue measure on R2.

Note 2.2.8. fszRz Xkt (¢, ¢")dMd¢ and fszRz Xijki (¢, ¢")dCd M, as defined above,

are a l-martingale and 2-martingale respectively.

Again, since S is dense in H, the mixed area integrals [[ ¢dzdW and [[¢pdWdz,
(where W is a standard Brownian sheet) can be extended to all functions in H. Then

for arbitrary ¢ € H, the stochastic integrals

X, = / / Ve dWedWer, Y. = / / YeodCdWe, Y7 = / / e dWed(
2 XR, 2 X R =X Re
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are well-defined (as in [29]) for all z € T and X, Y'!, Y2 are respectively a martingale,
an (adapted) 1-martingale and an (adapted) 2-martingale, and in all the cases the

sample-continuous versions can be chosen.

2.3 Fractional Calculus

Fractional Brownian motion and fractional Brownian fields can be represented
as integrals of deterministic kernels with respect to standard Brownian motion and
Brownian sheet respectively (see [20], [23], [14], [25] ). We will introduce operators
known as fractional integrals and derivatives that can be used to derive desired
kernels for integral transforms of fractional Gaussian processes. These operators and
the kernels they produce will play a large role in the remainder of the dissertation.

To motivate the use of fractional integrals and operators, let us introduce an n-
fold iterated integral and show that it can be expressed as a single integral described
by a parameter n.

Let a, b be real numbers with a < b. For a function f on [a, b], the multiple n-fold

integral

/:{/:...{/;{/atf(x)dx}dt}....dt}dtzﬁ/atf(y)(t—y)”‘ldy

L o)
29 = |, ot

where t,, € [a,b] and n > 1.

Clearly, the right hand side of (2.9) makes sense even when n is not an integer,

which motivates the definition of the fractional integral of order o € R,..

Definition I1.21. Let ¢(z) € Ly(a,b) and let a > 0. The integrals
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(2.10) o)) = o [ Dt 2 <
(2.11) (I o) (z) == F(la) / (tfgl_adt, x> a,

are called left-handed and right-handed Riemann-Liouville fractional integrals of or-

der «.

Definition I1.22. For functions f(x) on interval [a, b], the expressions

212 PN = i | et
(2.13) (DX f)(z) = ﬁ%/ %dt

where o > 0 are called the left-handed and the right-handed fractional Riemann-

Liouville derivatives of order «a, provided the the right hand side exists.

For a € (—1,0) we define

Lz ) (@) == (Di'p)(x) and

(5= #)(x) := (D, ) (x).
Note that when av = 0 we have the identity operators IJ, ¢ = ¢ and I} ¢ = ¢.
One should be aware that it is not always clear whether such integrals and deriva-
tives exist. In many cases, a sufficient condition for fractional operators to be well
defined and for manipulation of these operators to be valid is that our function being

operated on is in the class denoted I, (L,), defined in the following way:
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Definition I1.23. For a > 0, I¢, (L,) and Ij* (L,) are defined as the spaces of
functions f(x) and g(z) which can be represented as the left-handed and right-

handed fractional integrals, respectively, of order o of summable functions ¢, v,

(2.14) =130, € Lyab), 1 <p<ooand

(2.15) g =130, ¥ € Ly(a,b), 1< g < oo,

Definition I1.24. Let X be a finite interval in R. The function f : X — R is said
to satisfy the Holder condition of order A on X if there exists a constant C' > 0,

such that

(2.16) |f (1) — f(22)] < Clag — a]

for all z1,7o € X. We denote by H*(X), the space of functions satisfying (2.16).
More generally, for a d-dimensional rectangle X;, a function f : X; — R, is said to
satisfy the Holder condition of order (A, ..., \q) (where \; € (0,1) for i € {1,..,d}),

if there exists constant C' > 0 such that

(2.17) [f(@) = fFI < Cllzr =yl ™ + - + [ — yal™),
for all x,y € X;. We denote by H**4(X), the space of functions satisfying (2.17).
The following theorem will be useful for us later in this chapter:

Theorem I1.25. [24] Let f(x) = (z — a)*g(x), where g(z) € H*([a,b]), —c0 <

a<b<oo, A\>a, —a<pu<l. Then, f(z) € I8 (L) if p+a < for1 <p < oo.

Theorem I1.26. Semigroup Property [2]] For real-valued o, 3 the relation
(2.18) I3 1 = I

holds in each of the following cases:
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i) >0, a+B3>0,p€ Lia,b);
i) 3<0,a>0,pe I, (L):

i) <0, a+B<0,pe 2L

Theorem I1.27. Fractional Integration by Parts Let p € L,(a,b), v € L,(a,b),

then

b b
(2.19) / (@) (12, ) (x)dz = / (@) (15 o) ()

for any p,q > 1 such thati%—égl—i—a.

Corollary I1.28. The formula
b

b
/ f(2)(D2. ) (2)dx = / g(2)(DY f)(x)dr, 0<a <1,

a

(2.20)

+=-<1+4a.

S L
Q=

is valid under the assumption that f € It (Ly), g € 15 (Lg),
Corollary I1.29. [24] A sufficient condition for f(x) and g(x) to satisfy (2.20) is
that the following conditions hold:
1. f.9 € C([a,b), and
2. (Dg g)(x), (Dy_f)(x) exist at every point x € [a,b] and are continuous.
2.4 Fractional Brownian motion and fractional Brownian sheet
In this chapter we define fractional Brownian motion and describe useful relation-
ships between fractional Brownian motion and standard Brownian motion.

Definition I1.30. Let (€2, F, P) be a complele probability space and {Ft,t € [0, T]}

be a flitration of sub o-fields of F. Fractional Brownian Motion with Hurst
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parameter H € (0,1) is a continuous Gaussian process (W[, t € R, ) such that
i) Wi =0 as.
(i) E(WH) =0

(ili) Ry (s,t) == EWEWH) = 2(|s]*" + [t]*" — |t — s[*),Vs, t € Ry

Note that when H = %, WH is a standard Brownian motion which we denote
W = {Wt,t € R+}. For the standard Wiener process, the covariance function

R(s,t) is given by
R(s,t) = E(W,W,) = min {s,t},Vs,t € Ry

In the case H > 1, the increments (W} — WH) and (W[, — WH) are positively

correlated, for all ¢, h, s > 0 and ¢t > s. We should also note that such a process with
1 . . . .

H > 5 will exhibit long range dependence, i.e.

> EW (W, - W) = co.

i
i=1

When H # %, {WtH ,t € R+} is not a semimartingale. As a result, standard

techniques of stochastic calculus and stochastic integration cannot be appied directly

to fractional Brownian motion. In order to circumvent problems with the lack of

martingale structure, one uses a kernel, Ky(t,s) to represent fractional Brownian

motion as a stochastic integral with respect to a standard Wiener process, The

kernel is given by

Kutos) = Co((2)" =t = = Pt [ b sy

where

[un

(2.21) C —( 2HT(; — H) )
' "= \rH+Hre-2H))
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Namely, it has been shown [20] that the fractional Brownian motion W# with
Hurst parameter H € (0,1) can be represented as the stochastic integral of Ky(t, s)

with respect to the standard Wiener process W = W2
t

whH = / Ky (t,s)dW,.
0

It will be useful for us to note that Ky (t, s) can also be represented in the following

way [25], [23]:
(2.22) Kr(s,t) = Ciyst = (1573 310 (u) ) (5)
where

o (2Hr(H + TG — )
(2.23) Ci = ( BT ) .

The Wiener process W can also be constructed from the fractional Brownian mo-
tion via the integral of another deterministic kernel with respect to the fractional
Brownian motion

t
W, = / K (t,s)dWH,
0

where the kernel K" is given by

(2.24) K;\(t, 5) :og((t)H_é(t—s)é—H—(H—l)sé—H /StuH—i(u—s)%—Hdu)

S 2
where
, 1 F(Q — 2H) :
(2.25) Cy = T —H) (2[{1‘(% — H)I'(H + %)) '

K3;' can also be represented in terms of fractional integrals which will often give
more insight into the kernel’s properties than does (2.22);

1 1_
(2.26) Kf_ll(s,t) = C—*S%_H (If_ HuH_%l[M(u))(s).
H
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We now define fractional Brownian sheet (fBs), which is the multi-parameter ana-
logue of a fractional Brownian motion. Chapter 6 will be devoted to the filtering

model where observation noise is given by fractional Brownian sheet (fBs).

Definition I1.31. The fractional Brownian sheet with Hurst parameters o, 3 €
(0,1) is a continuous Gaussian random field (B?’ﬁ , 2 € Ri) with parameters o, 5 €
(0,1) such that

i) B&? =0 a.s. for z = (0,0),

i)E(BXP) =0 VzeR3,

ii)) E(B27BS”) = Ra(21,21) Ra(22, 24) = 5 (337 4 (21)% — |21 — 1 ) 3 (57 + (25)% -

|2 — 25)?° )
We note that f{Bs can be obtained from a Brownian sheet via the integral transform

(2.27) B = Ka(z1, 1) Kp(22, G2)dW¢
R,

where z,( € T and where W, is the Brownian sheet. On the other hand, if we let
K, 5(2¢) = K ' (21, C) K5 (225 o), where K '(s,t) is the kernel defined in (2.24).

Then we get the relationship
W, = / K, }(z¢)dB".
R,
2.5 Nonlinear filtering theory

The classical stochastic nonlinear filtering problem is to obtain an optimal es-
timate of an unobserved signal process X; = {X(t,w),t € [0,T],w € Q} from an

observation process which is a function of the signal observed in the presence of noise.
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The process we observe is generally given by a function h of the signal function, dis-
torted by a noise process.

The classical non-linear problem is modelled by the observation process
t —~
(2.28) Y, = / h(Xs)ds + W,
0

where VIN/t is a Brownian motion independent of the signal process X; and h is a

measurable function satisfying
T
(2.29) / EJh(X)|2dt < oo,
0

The objective is to estimate the signal X; in a manner that will minimize mean
squared error loss. As conditional expectation minimizes mean squared error loss, the
estimate known as the “optimal filter” of our observation is given by the conditional
expectation of X;, given the sigma field generated by observation Y up to time t, i.e.
given .7-?} = U{YS 0<s< t}.

Define the random measure
(2.30) m(dy,w) = P(X,; € dy|FY)(w).

For any measure y, define u(f) = [, f(x)u(dz). Then for a sufficiently wide class of

funtions, f, we study the evolution of
(2.31) m(f) = E[f(Xy)| 7]

Section 2.5 gives stochastic differential equations describing the evolution of the
optimal filter in the classical nonlinear filtering problem described above. In Section
2.5 we give equations for the optimal filter in the nonlinear filtering problem where
the noise term is given by a fractional Brownian motion with Hurst parameter H > %

so that the noise term exhibits long range dependence.
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Kushner, Fujisaki-Kallianpur-Kunita equation and Zakai equation

In this section the signal process is assumed to be a Markov process. When
(Xt) te0.7] is a Markov process, the normalized filter 7, (f) can be written as the
solution to a stochastic differential equation involving the infinitesimal generator of

X

Definition I1.32. Let (X;);c0,7 be a Markov process. The Infinitesimal Gener-

ator L(s) of (X¢)iejo,r] is defined by:

(2.32) (/J(s)f) () = lim Elf(Xsi)| Xs =] — f(x)

in ; , TER s€][0,7T)

Let D(L) denote the set of all functions f for which the limit exists for all x € R,
0 < s < T. Similarly, let D(L£)(z) denote the set of functions f : R — R such that,

for given x € R, the limit exits.

It is often assumed that the signal process is a time homogeneous diffusion satis-

fying:

(233) dXt = b(t, Xt)dt -+ (T(t7 Xt>th

where o(t, z) and b(t, z) are called the diffusion and the drift coefficients respectively,
and W; is a Brownian motion independent of the noise process Wt.

When X; is given by (2.33), the infinitesimal generator is given by:

2
(2.34) L(s)f(x) = b(s,az)% + %UQ(S,Q:)% VfeCR).

Consider filtering model (2.28), where X is a Markov process with the infinitesimal

generator L. The following results for the optimal filter hold.
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Theorem I1.33. [11], [17] For f € D(L) such that [ B[f(X;)h(X;)]?dt < oo, the

random measure T satisfies:

(235 m(f) = mlf) + / mo(L(s)f)ds + / (o (Fh) — ma(f)ma()dvs

where vy 1s the innovation process given by:
t
0

It is well known that 3 stochastic process (p;)icjo,r], taking values in the space of

finite positive measures on R, such that Vf € CZ(R)

pe(f)
Pt(l).

In light of (2.37), m(f) is called the normalized optimal filter for f(X;) while p.(f)

(2.37) m(f) =

is the unnormalized optimal filter.

We can define p,(f) as

(239) pf) = mine] [ v [ . 1)

Theorem 11.34. (Zakai Equation for the Unnormalized Optimal Filter)
The process p,(f) defined by (2.37) satisfies the following stochastic differential equa-

tion:

(2.39) ph) =ml)+ [ pitas)is+ [y

The Zakai equation for the unnormalized optimal filter (2.39) is a stochastic dif-
ferential equation which is linear in p;(-). On the other hand the measure-valued
stochastic differential equation (2.35) is not linear in the ms(-). It is also worth not-
ing that the innovation process (2.36) is a semi-martingale, which allows one to define

the stochastic Ito integral fot [1s(fh) — 7s(f)ms(h)]dvs used in Theorem I1.33.
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Filtering with fractional Brownian motion

The classical filtering problem can be extended to a wider class of observation
processes. One can change the noise term to exhibit long range dependence so that
the noise is no longer a martingale with independent increments. It is also possible
to extend the model to examine spatial filtering where both the signal and noise are
multi-parameter processes, resulting in a multiparameter observation process. In the
case of multiparameter filtering, it is again interesting to look first at the case where
the noise term has properties analogous to the independent increments of Brownian
motion. Next, in the multi-parameter setting the filtering model can be further
extended to include a noise term exhibiting long memory. The goal of this chapter
is to give filtering equations similar to (2.39) and (2.37) for the optimal filter in the
multiparameter setting with long-memory observation noise.

In this section we present filtering equations for the case when observation noise
is given by fractional Brownian motion with Hurst parameter H > % Here Y is a
one parameter observation process with long range dependence in the noise. In this

setting the model is given by:
t
(2.40) Y, = / h(Xs)ds + B, tel0,T]
0

where h € C([0,T]), Bf is a fractional Brownian motion, independent of the signal,

with H > £ and the signal is given by (2.33).

Proposition 11.35. [14] Let B¥ be fractional Brownian motion with Hurst pa-
rameter H € (3,1). For continuous function C : [0,T] — R, define the function

kb = (kb(s),0 < s < t) as follows:

t w
k?tC(S)E _p[_flgé—Hd;dS(/ %{/O Z%_H(w_z)é—HC(Z)dZ}MQH—l(w_S)é_Hdw)
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where py = T?(2— H)D(2H +1)sin(wH). Then the function kt. satisfies the equation
¢
H(2H — 1)/ ko(s)|s —r[*"7%ds = C(r); 0<r <L
0

For 0 <t <T, define

(2.41) NE = /t ki (s)dBH
and
(2.42) (NC)tE/O C(s)kk(s)ds

Then the process N¢ = (Ntc, 0 <t<T)is a Gaussian martingale with variance

function given by (N®) = ((N),t € [0,T)).

For the particular case when C' = 1, the function kf is given by

(2.43) Kt

where

The corresponding Gaussian martingale, called the fundamental martingale associ-

ated with W, takes the form

D=

t
“H(t— sy Haw ! :/ K (s)dB" 0<t<T.

t
(2.44) N =k / s
0 0

The variance function corresponding to the fundamental martingale is given by



31

t t
(245) (N}, = k7! / (= ) H s — / Kds = A0 it e [0,7]
0 0

where
2HT'(3 — 2H)I'(H + 1)
H pr—
r(§—H)
Note that
t

(2.46) Cov(NF,N}) = (NC N*), = / kL(s)C(s)ds,

0

where (N, N*) is a cross-quadratic variation process between N¢ and N*. The rep-
resentations (2.45) and (2.46) make it clear that the measures induced by (N¢, N*),

and (N*) are absolutely continuous with respect to Lebesgue measure.

Proposition 11.36. [14] Let N* and (N*) be as defined in (2.44) and (2.45). Then
for continuous function C' on [0,T], the martingale N© defined by (2.41) is con-

tinuous. Moreover, there exists a measurable function ¢¢ = (qtc,t € [O,T]) such

that

T
(2.47) |z < o
0
and for all t € [0,T] the following representations hold
t t
(2.48) N = [CaCan: and (N = [aPdN)
0 0

Furthermore, the above representations hold for ¢ given by the Radon-Nikodym

derivative

d(N®, N*),

(2.49) ¢ = IV,
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Note that since the measure induced by (N N*); is absolutely continuous with
respect to Lebesgue measure and (from (2.45)) Lebesgue measure is absolutely con-

tinuous with respect to the measure induced by (N*);, then

(2.50) G = % = (dw(;;fN*%)'(dﬁ*ﬁ)

Similarly, since the measure, induced by (N*), and Lebesgue measures are equivalent

measures (each is absolutely continuous with respect to the other), then

(2.51) (dﬁm) N <d<]cg>t) 71

As a result we can express ¢© in the following way

(252) i = (e ). (0e) R

From (2.43), (2.46), (2.45) and (2.52) we can represent ¢“ by

(2.53) o = % (Dl ) ) (1),

For the purposes of the filtering problem described above, one needs to consider

the case when h(X;(w)) plays the role of C(t). We will write the corresponding N

as:

(2.54) Ni(w) = / Kb o (5)dB (),

(2.55) (N, N*)y(w) = /O

and
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d(N, N*)(w)
2.56 X = —
for all t € [0,T7.
Bayes’ formula for fractional Brownian motion Since X and B are indepen-

dent, we consider the signal process X; as being defined on the probability space
(Qx, Fx, Px) and noise, BY as being defined on the probability space (Qgz, Fg, Pg).

Consider (2, F, P) = (Q2x x Qp, Fx X Fp, Px x Pg). Then

Joo f ) exp {au (w) } Px (du)
Tt W)= t ty = X

257 M) = BRI ) = fQ e
where a,(t fo Ky ) (8)dYs(w) — 3 fo Ky x uy) (8) (X5 () ) ds.

Similarly,

Eg| f(X)2|7 | (@)
(2.58) m(f)(w) = BIf(X)|F)(w) =
Ep [ﬁu:ty} (w)

where
(2.59) E(cu) = ex {N (w) + 1 /T K} (s)h(X (w))ds}

. 1D ‘= eXp t 2/, h(X (w)) s

and Ej[ - |F}] is the conditional expectation under the new measure P. Note that
under }3, Y is a standard fractional Brownian motion independent of X. Further-

more, the distribution of X is the same under P and P.

Theorem 11.37. [1}] Suppose X is a Markov process and the observation model
satisfies (2.40) where f € Cy(R), where W is a fractional Brownian motion, inde-

pendent of the signal, with H > %, then

(2.60) m(f)=7ro(f)+/0 WS(E(S)f)dSJr/O [ms(fa) — ms(f)ms(q)]dvs

where v, = [1[qs(X) = m(@)]d(N")s and 7,(fq)(w) == B[f(X.)qs(X)|F](w)
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Note that (2.60) is not a measure-valued stochastic partial differential equation,
since gs(X) is not a function of X alone, but a function of {Xu, 0<u< s} i.e. the
entire past of the process X up to time s.

We can also give a fractional analogue of the Zakai equation in the case where the
observation noise is a fractional Brownian motion (rather than an ordinary Brownian

motion).

Theorem I1.38. Fractional Zakai Equation[1]]

t t
(2.61) o) =mlf)+ [ putu)ds+ [ ooz

0 0
where Z} := f(f ki(s)dYs, te€[0,T] is a semi-martingale with the decomposition:
(2.62) Z; = N + (N,N*), tel0,T]

and p(fq) = E3 [f(Xt)Qt(X)%’ﬁy] (w)

2.6 Fractional-spatial Bayes’ formula with persistent fBs noise.

In this section we derive a Bayes type formula for the multiparameter nonlin-
ear filtering problem with fractional Brownian sheet observation noise with Hurst
parameters «, 3 € (3,1).

We consider the following observation model:
(2.63) Y, = / 9(X)d¢ + BXP, 2eT=[0,T1] x [0,T3] C R%

where R, = (0, z;] x (0, 23], the signal process X, and observation process Y, are
measurable, F,-adapted random fields defined on the complete, filtered probability
space (Q, F,(F,), P), where the filtration (F,) satisfies (F1)-(F4), given in section
2.2. The observation noise, B* is a fractional Brownian sheet on (Q, F, (F.,), P)

with Hurst parameters «, 5 € (%, 1) and B*? is assumed to be independent of the
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signal process. We also assume that the function ¢ satisfies the following technical

assumptions:

(A7) The function ¢ : R — R is Hélder continuous of order A on any finite in-

terval in R, where 2max{«a, f} — 1 < \;

(As) The function g : R — R satisfies the integrability condition:

eon [ (@) B[P e ni ) 600 dade < .

where

,_.

(2.65) g*(Zh ZQ) = Z1§ 222 Bg(XZLZz)v

and "®” denotes the tensor product of operators. In particular, given a function

f:R? — R, a pair of operators £, £ defined on functions g : R — R,

(L1 ® Lof) (w1, x9) i= L1(Laf (-, 22)) (21).

Lemma I1.39. For fized o, 5 € (%, 1), let h: T — R be a Hélder continuous function
of order (A1, \2), where Ay > a — % and Ay > [ — % Then there exists a function

O : T — R such that 6, € L*(T) while satisfying both

(2.66) [ e = [ Koslz e veet

and

(2.67) /R 50(C)dC = / MO)dC WaeT.

Furthermore, the function

a

a1l g_1 .
(2.68) Sn(21, ) = (CCy) 2y 2202 (D[HQ © Do h ) (21, 29),

1

satisfies (2.66) where h*(z1,25) = 22 23 [Bh(21,22).
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Proof By using the polarization technique [19], it is sufficient to consider functions
h of the form h(z1, 29) = hi(21)ha(22), where hy € H* ([0, T1]), hy € H**([0, T3]). For
notational simplicity set k = 3 — % and d = o — % so that k,d € (0, %) Let 95, be as

given in (2.68). Then using representations (2.22),

/ Ko (2 O (O)dC

N /21 /22 (Igl_tdl[o’zl](t))( ) (Ifz—w 1[0,22](w)) (U)Udvk

=0 Jv=0

x (D§, ® D§, h*(z,w)) (u,v)dvdu
= /Zl (]jl_tdl[azﬂ(t)) (u) (Dngt_dhl(t)) (u)du
« / IE Mgy (w) () (DE,w*hy(w)) (v)d

/ u™ha(u) (D2, (15, (t) Lo (1) (1) (u)elu
(2.69) » /

v ha(v) (D, (12, (@) L.z (w) (w)) (v)do

(2.70) _ / :) / :0 o () () s / (O

Equality (2.69) follows from an application of fractional differentiation by parts (see
corollary of (2.19) in [24]) since u=%hy(u) € I, (L1]0,t]) and v=Fhy(v) € 1§, (L4]0, s])
by theorem II.25. Similarly, one can show (2.67) by using representation (2.26).
Next, notice that since hy € H*([0,T1]), where A\; > « — 3, by theorem II.25,

_1
hy € Iy, ? (Lo([0,71))), and hence [, by (u)du € I, ? (LQ([O,Tl])). If we let
Ony(21) = (C3) 21 (Dt ha(t)) (21) Y21 € [0, T],
then it easily follows from (2.70), that

/ B ()dt = / K21, 8)0, (D), V21 € (0,75,
0 0
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Since the integral operator K, associated with the kernel K,

(Raf)(21) = /021 Ko(21,t) f(t)at, fe L*([0,Th)),

is an isomorphism from L?([0,7}]) onto ]gI%(Lz([O,Tl])) [3], it follows that f €
L3([0,T1)) if and only if R,f € Igfé(L2([O,T1])). Therefore &,; € L*([0,71]). Simi-

larly, if hy € H* ([0, T3]), where Ay > 3 — 3, then 0, € L*([0,T3]), where
5h2 (ZQ) == (CE)_IZ§ (D§+t_kh1(t)) (ZQ) \V/ZQ € [O,TQ]

Therefore, dnyon,) = 0n, ® Op, € L*([0,T1] x [0,T3]), and the result follows.

O

N —

Corollary I11.40. Fiz \g > max(@f)=y

3 Suppose the signal X = (X,,z € T) has

almost surely Hélder-continuous sample paths of order (Ao, Ao) and g satisfies con-
dition (Ay). Then for almost all w € Q one can define function (0,(X),z € T)
by

1 ai% Bi% afé /B*% *
(2.71) 6.(X)(w) := - z2, 27y (Do+ ® Dy, 9. (X)(w))(z), z=(z1,29) € T,
aCa

with g*(X) defined by (2.65). Then, assuming also that (Ag) holds, 6(X) = (5.(X),z €
T) has the following properties:
(i) 0.(X)(w) € L*(T) for almost all w € Q and E [1(5.(X))*dz < co;

(i1) For every rectangle R, = [0, 2] C T,

(2.72) /R K22 Og(X)dC = /R 5.(X)dC as.
and
(2.73) [ Kasls080d = [ gX0dc as
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Proof The result follows directly from Lemma I1.39 noticing that for A\, >

_1
% and g satisfying (A1), g(X.) € H***(T). Notice that we've used the

fact that for all z,y € Ry, and all a,b € (0, 1), (x% + y)* < 29 4 2.

O

For the remainder of this chapter, assume that the assumptions of Corollary I1.40

are satisfied.

Define the following processes

(2.74) wY ::/ K, 4(2:¢)dY; and WP / Baﬁ zeT.
R

It easily follows that W) = [, 0¢(X)d¢ +WPF.

Next let us define the process

(2.75) V, = exp{ — /R e (X)dwp — %/Rz(ag(X))Qdc} z€T.

We can write V, in terms of our observation process in the following manner:

(2.76) V, = exp{ — / 5 (X)dw} + % /RZ(5<(X))2dC} z€T

and hence

V. = exp s (0 [ K HCOe) 5 [ Gexpact zer
SRCOA

Lemma I1.41. Let V = (V.,z € T) be defined by (2.76). Then E(V(z, 1)) = 1.

Proof Since B*® and X are independent it follows that W and X are indepen-

dent. We can therefore define a standard Wiener sheet W on a complete probability
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space (€, Fo, P»), define X on a complete probability space (21, Fi, P;) and then
consider the processes on a product probability space (; X Qq, Fi X Fa, Py X Py),
with WB(w) = WB(wy) and X (w) = X(w;) for all w = (wy,wy) € Oy x Oy, Let
M(wy,wz) = [ 0¢(X (wr))dWE (wa) on (2, F, P). For fixed wy € Qx, M(wy,-) is a
mean zero, Gaussian random variable with variance given by [.(6¢(X))?*(w;)d¢. So

for almost all fixed w; € 2, we have

exp{ ~ M(w,) ~ 3 / <6<<X>>2<w1>d<}] -1,

EPQ (VTLTQ (wb )) = EPQ

and hence

‘/(T1,T2)<w17w2)(P1 X PQ)(dwl,dWQ) = / 1 Pl(dwl) =1.040
951

E(Vir,m) = /

Q1 XQQ

Theorem I1.42. Consider observation model (2.63), where the signal X = (X,,z €
T) has almost surely Hélder-continuous sample paths of order (Ao, Ao), where
% < Ao, and g satisfies conditions (A1)-(As). Under probability measure P,
defined in terms of the Radon-Nikodym derivative as

dP

@ = V(T11T2)

defined on (2, F, P), X and Y are independent and X has the same distribution under
P as under P. P and P are also equivalent probability measures. Furthermore, under

ﬁ, Y is fractional Brownian sheet with Hurst indices «, (3.

Proof The proof follows directly from the multiparameter Girsanov-type theorem
for the standard Wiener sheet (see e.g. Theorem 1 in [7], p. 89), Proposition I1.16

and Lemma 11.41.

0

We will use the following lemma to prove a Bayes-type formula for the spatial

filtering model (2.63).
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Lemma I1.43. Let (2, F) be a probability space and let P and P be equivalent
probability measures on F. Denote by E(-|G) and E(-|G) the conditional expectations

with respect to G C F under P and P. Then for any X such that E|X| < oo,

421G ) (w
Note that % is G — measurable and for any A € G

. E(Xfl—gg)(w) = (dP B
B(221G) (w) “(“’)E(dﬁ'g) (w)] -

And since this holds for all A € G, the result follows.

O

Theorem I1.44. Consider observation model (2.63), where the signal X = (X,,z €

T) has almost surely Hélder-continuous sample paths of order (Ao, \o), where

max(

+ﬂ)_% < Ao, and g satisfies conditions (A1 )-(As). The following “spatial-fractional”
version of the Bayes’ formula holds: For any F € Cy(R),

E[F <X> T1T2>IFY} _E[F(X.)VYFY]

z
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where E denotes the expectation under probability P, FY denotes the filtration gen-

erated by the observation process in the rectangle R, = [0, z1] x [0, 23] C T, i.e.
FYi=o{Y;:0<(¢=<z2}, 2€T,
and V = (V,,z € T) is defined by (2.75) (in terms of (4.4)).

Proof Since P ~ ﬁ, we have

dP 1
—~:V_1:exp{/5dWY——/(5 X ng}
© v [scawy =5 [15:00)
From lemma I1.43, it follows that for any F' € C,(R) we have

E[F(X.)|F) = BIFCCVE IR
o EVUFY

giving us the first equality in (2.77). By Theorem 11.42) Y and X are independent
under P. Furthermore, Y is a fractional Brownian sheet with Hurst parameters o, 3
under P. As in the proof of Lemma I1.41 we can define a standard Wiener sheet WY
on a complete probability space (s, Fo, P»), and define X on a complete probability
space (€1, F1, P1) and then consider the processes on a product probability space
(2 X Qo, Fi X Fo, PL x Py), with WY (w) = WY (w;) and X(w) = X(w;) for all
w = (wy,wsy) € Oy x y. For each fixed wy,

Vet e { [ axeoian? () - 5 [t |

It follows from Proposition I1.15 and Corollary I1.40, that for fixed
wi € D, [p 0c(X(w1))dWX(-) is a mean zero, Gaussian strong martingale with

respect to FVT o= O’{WZ 0 <2 <z € ']I'} with quadratic variation process

z

fRz [0¢ (X (w1))]?d¢. Thus, applying Theorem I1.16, for fixed wy, (V. (w1, ), Fyy) is

z

a martingale with respect to P. For any z € T, the sigma field generated by WY

is equal to the sigma field generated by Y., so it follows that (V;l(wl, -),]:y) is a

z
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strong martingale under P for fixed w;. The second equality in (2.77) now can easily
be obtained using arguments similar to the classical reference measure approach (see

e.g. [13], pg. 282).
U

2.7 Fractional Duncan-Mortensen-Zakai-type evolution equation along
increasing path in the plane

We are now ready to present evolution equations for the optimal filter in the multi
parameter non-linear filtering problem. Similarly to the single parameter case, we will
derive a stochastic evolution equation describing the dynamics of the unnormalized
optimal filter for an observation process in the plane corrupted by noise term B&?,
a fractional Brownian sheet.

Let A be an increasing path connecting the origin to T. By increasing path we
mean that A is non decreasing in both the z; direction and the z, direction. For each
z € T, let za be the "smallest” point on A larger than z with respect to the partial
ordering <. The path A divides the R, into two regions; the region below A which
we will denote D2 and the region above, denoted D2. More formally, we can express

DlAandDQAaleA:{CE’]I‘:C@CA:CA}andDA:{CET:CAG)C:CA}.

Definition I1.45. Let (F.,z € T) be a filtration satisfying conditions (F1)-(F4).
Suppose A is a monotone nondecreasing continuous 1-dim curve connecting the origin
to point 7' = (T3, T3) € R2. Then

i) A process ¢ = (¢,, 2z € T) is called A-adapted if ¢, is F,,-measurable for all z € T.

ii) A process X = (X,,z € T) is called a A-martingale if X is A-adapted and

E[X(z,z’”sz}:O for all 0 <z=<2 <T.
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Definition I1.46. Let Ha be the space of processes ¢ = (¢,,z € T) satisfying the
following conditions:

(a) ¢ is a bimeasurable function of (w, z);

(b) [ E¢2dz < oo;

(ca) ¢ is A-adapted.

For ¢ € Ha, define processes ¢ = (¢2,2 € T) € H;, i = 1,2 by:

29

¢., if z € D2, ¢., if z € DL,
A A
¢1z - and ¢2z -
0, otherwise; 0, otherwise.
Then ¢, = ¢ + ¢5 for almost all z € T and one can construct stochastic integral

fT ¢, dW, = (po W) for ¢ € Ha and show the following properties for the resulting

integral (see [28] for details):

Proposition I1.47. Let A be a monotone nondecreasing 1-dim continuous curve
connecting the origin to the final point T. Let ¢ € Ha and define the stochastic

integral of ¢ with respect to a standard Wiener sheet (W,,F,,z € T) by
(2.78) (poW)2 = (g7 o W), + (95 0 W)., 2€T

Then the integral has the following properties:

i) (¢ o W)2 is a A-martingale;

ii) (¢ o W)2 is a one-parameter martingale on the path A;

iit) If A and A" are two monotone nondecreasing paths connecting the origin to T
and both passing through a point zg € T, and ¢ is both A and A’-adapted, then

(poW)2 = (po W)L

Proposition I1.48. [28] Suppose X, is a semi-martingale in the plane taking the

form

X, =Xo+ GedWe + / cd¢ —|—/ YecrdWedWer
R, R, R.xXR,
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(279) —f-/ fC,C’dCdWC’ +/ gC»C’dWCdclv 2z €T,
R:XR, R:XR,

where R, = [0,21] x [0,29] and ¢ € Hy and ¢, f,g € H, where spaces Ho, H are
defined as in Definition I1.14 and Definition I1.19. Then for any increasing path
A, connecting the origin to z, there exist ne = n(A, () and ve = v(A,() such that
n € Ha and

(2.80) X, = Xy +/ n(A, Q)dW; +/ v(A,Q)d¢ x € A.

z

As such, X is a sample-continuous semimartingale along the increasing path A.

We now consider the spatial nonlinear filtering model (2.63) with signal process

given by the general multiparameter semimartingale (2.79).

Theorem 11.49. Let A be an arbitrary monotone nondecreasing continuous 1-dim
curve connecting the origin to the final point T € RY. Let us assume that the
observation model (2.63) holds, along with conditions (A,), (A,), and suppose that
the signal X s a two-parameter semimartingale in the plane, which is written in the
form (2.80), where n € Ha and v is A-adapted, and whose trajectories are Holder-
continuous of order (Ao, \o), where \g > % For F € C%(R), consider the

unnormalized optimal filter
(2.81) 0.(F) =E[F(X,)V,F], 2 €T,

introduced in Theorem I1.44. Then the following stochastic evolution equation, gov-
erning the dynamaics of the unnormalized optimal filter along the monotone increasing
path A, is satisfied:

(2.82)

oB) =B+ [ oe b pr)acs [ oo [ KA ave ),
2 ¢

z
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Vz € A, where
(2.83) 0cs (F8) == E[F (X¢y) des (VL L],
and (0,(X),z € T) is defined in (4.4).

Proof First we reparameterize A by {z(t);0 <t < 1} so that the process { X, z €
A} can be rewritten as {X.),0 <t < 1}. By Proposition 11.47 and Proposition

I1.48, X is a continuous one-parameter semimartingale on A. Therefore, for any

F e G}(R),

t 1 t
F(Xz(t)> = F(XZ(O)) +/0 F,<Xz(s))dXz(s) + 5/0 F”(Xz(s))d<X7 X>z(s)7 te [07 1]7

where (X, X).q) = [ R n?d( . Note that one can re-express I’ along A free of the

earlier parametrization as follows:

' 1 1"
F(XZ) = F(Xo) —|—/ F (XCA)dXC + 5/ F (XCA)ngdC7 z € A.

Similarly, since

_ ! I
Vi e { [aomant, « 3 [o0ores ] e

the (single parameter) It6 formula gives

t t
-1 -1 B -1 2
where the latter equation can also be rewritten free of parametrization as

vi=1 +/R Vo (X)dW), z e A

We can apply the one-parameter 1t6 product rule to szsl)F (X.(s)) giving

_ o 1
V. F(X.) = F(Xo) + /0 Vi (Vz(S)FI(Xz(s)> + §W§(S)F//(Xz(s))> dz(s)
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t t
+ /0 Voo B (X)) dWs) + /0 F(X5)) V) 0x(5) (X)dWoy), t € [0,1].

Taking conditional expectations of both sides of the above one-parameter equation
with respect to ]-"Z}Et) = Fgg under P, we obtain the following equation along the
path A:

t

t 1
Uz(t)(F) = O'Z(O)<F) +/ Uz(s)(VF’ + 5772F”)d2(5) + / UZ(S)(F5)CZWZ§ES), t e [O, 1],
0 0

where

0(5)(F8) := B[V, F(Xo(5) 825 (X)| Flig))-

z(s
The latter evolution along the 1-dimensional path A can be expressed free of parametriza-

tion as follows:

1
0,(F) = o0o(F) +/ oc,(WF' + 57)2F“)d§ +/ UCA(F(F)dWCY, z €A,

or, equivalently, in terms of the observation process

(2.84)

O'Z<F) _ O'O(F)—l-/ UCA(VF/+%n2F//)d<+/I; O'CA(Fé)d</R K;é(() CI)deC'>7 z € A,
z ¢

z

where the equations hold almost surely under P and P.
O

Remark The above stochastic evolution equation cannot be interpreted as a measure-
valued stochastic differential equation because of the special meaning assigned to
o¢;(F'9) in (2.83). This form of the optimal filter takes into account the fact that

J.(X) is not a function of X, alone but rather a function of the entire past (X, 0 <

¢ < z).
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2.8 Fractional Duncan-Mortensen-Zakai-type evolution equation in the
plane

The stochastic evolution equation (2.82) of Section 2.7, governing the dynamics of

the unnormalized optimal filter, holds only for ”increasing” evolution in the param-

eter space. Our objective in this section is to develop a “fractional-spatial” analogue

of the Duncan-Mortensen-Zakai equation for the unnormalized optimal filter which

holds along arbitrary paths in the plane.

Let a: R — R and b : R — R be measurable functions satisfying the following

Lipshitz and growth conditions: there exists a finite constant C' > 0 such that for all

x,y € R,

(2.85) ja(z) — a(y)| + |b(x) — b(y)| < Clz —y|
and

(2.86) ja(z)] + [b(x)| < C(1 + []).

Then there exists a unique strong solution to the following multiparameter SDE (see

e.g. [7]):

X, = XQ +/ O(Xc)dg + b(XC)dWC7 z €T,

R

where W denotes a standard Wiener sheet. Moreover, the solution has Hoélder-

continuous sample path of order (Ay, Ag) for all Ay, Ay € (O, %)

Theorem I1.50. Consider the observation model (2.63), and that a(-) and b(-)
satisfy the Lipshitz conditions (2.85) and (2.86). Furthermore, assume conditions

(A)), (A,) are valid. Suppose that the signal X is the unique strong solution of the
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following SDE:

(287) X, = Xo-|-/ Cl(XC)dC +/ b(XC)dWQ z €T,

where W is a standard Wiener sheet independent of the observation Y. Let o,(F') :=
IE[F(XZ)VZ_1 | FY], i.e. 0.(F) is the unnormalized conditional expectation corre-
sponding to the optimal filter. Then for all F € C}(R), evolution of the unnormalized

optimal filter satisfies the following:

0.(F) = oo(F) + / ag(aF’—l—%b2F”)dC+ / oc(F&)dWY

z z

+ // oce (Fi6 @ 8)dwy dw),
R.XR,
/ 1 1", 2 Y
+ [o0cc(F';0@06) + =ac.0(F"; 6% © 6)]dCdW)
R.xR. 2

1
+ // loce(F';0 ®a) + 5(;QC/(lI?”; § ® b%)|dW ) d¢’
R.xR.

(2.88) +// I(¢ A ¢ {a“, (F";a®a) + %a“, (F";0°®@a+a®b®) + ia“, (F");p° @ 52)] d¢d¢’,
2 XR

where ® denotes the tensor product of functions, o,(Fd) := ]E[F(Xz)5Z(X)VZ_1 | FY,

0. (F;0®0) = ]E[F(XZ\,Z/)(SZ(X) (X)WL | FX ], and for arbitrary functions
fitR—R, fo:R* =R, we put 0.0 (f; f) 1= ]E[fl(szz/)fz(Xz,X Wova | FR]
for all z,2/ € T. (In (2.88), fR Q)dY: and § is given by (4.4), a

before.)

Remark In Theorem I1.50, we could write o,(F) = o, .(F;1), where 1 denotes

function on R? which is identically equal to one.

Proof : First note that, under P, Y is a fractional Brownian sheet with Hurst
indices (o, 3), while the corresponding field WY, given by W) = [ K Q)dYz,

is a standard Wiener sheet and the two random fields generate the same natural
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filtration, thus, the observation sigma-field (F) )o<.<r has properties (F'1)-(F4).

Similarly, (F:X).er and (FXY

z

).er have properties (F'1)—(F4) under reference prob-
ability measure P. Note also that the paths of X = (X,,z € T) are almost surely
Holder-continuous of arbitrary order (A1, A2), where Aj, Ay < %, thus ¢ is well-defined
and the conclusions of Corollary I1.40 hold. Next, by a version of the [to’s formula for

multiparameter semimartingales (see [29]), we obtain that for arbitrary F' € Cy(R),

P(X) = POX0) + | PO+ 0(X0aW] + 5 [ PUXOW (X0

z

+//R . F(Xeve)o(X)b(X e )dWedWe
" / /szRz [ (Xeve)b(Xoa(Xe) + %F " (Xeve)b(X )b (Xe) | dCdWe
] POl + 5 (e b0 (X W
* / /RR T(ead) {F”(XCVC’)a(XC)“(XC’H%F "(Xever) (a(Xe)b2 (Ko )+a( X )02 (X))
P X B X0 e
Similarly, under ]5, one shows that
Ot / V0 (X)W + / / Vil 8c(X)00 (X)dWE AW as.

Then the multiparameter version of the stochastic integration-by-parts formula (to-
gether with independence of W and WY under 15) yields a corresponding equation
for the product F(X,)V,"!. Upon taking conditional expectation of both sides of the

latter equation for F(X,)V, ! with respect to FY (note that F¥ = F¥") and using

z
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Lemma II.51, which is proved below, one arrives at the following equation:

E(F(X)V.HFY)
= Y - / 1 2 1" -1 Y

~ (PR + [ B(axoF 06 + 3RO O]V 2 ) dg
/ F(X)de( )g%f{)dW{

o[ E(F<X<v<f>6<<x>6c<x>v<v</

1 /!
// . ( OF (Xever) + 25 (X F"(Xeve) )0 Vive | F,

/ 1 Ui
// . ( XC')F(Xcv<')+§bQ(X<')F (Xeve) [0V

Y Y
FCV</>dWC dWC/

fgvc,> W{ d¢’

* //szzzz](C A O qF”(XCVC')a(XC)a(XC’) + EFW(X<v<')b2(X<)62(Xc')

+%F’”(ng<’){bQ(XC’)a(XC) + Cl(XQ’)b2(XC)}} VVCT/C'

C\/C!) dgdg a.s.,
thus, the required conclusion follows. [

Lemma I1.51. Let W and WY be independent standard Wiener sheets on a prob-
ability space (Q,]:T,]B) and FZW’WY = J(WC,WC}/ :0<(=<20=<{<2),zeT.
Also let (FW) and (FV") denote the natural filtrations generated by W and WY,

respectively. Consider a process M (which is (f;/V’WY)—measumble), gwen by

where ¢ € Hoy and ¥ € H, with Hy and H being defined with respect to filtration
(FVWYY . Then

i) For any process 1 € H,

E ( / Wi oo dWedWe
R.xXR,

E ( / e o dWe
R.XR,

fyly) =0 as. P,

):O a.s. p,
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E ( / e dCdW }“ZWY> —0 as. P,
R.XR,

E ( / e dWedW
R.XR,

E ( / e dWE AW
R, xR,

it) The following equation holds almost surely with respect to P:

E(MZ@WY) :/RZ]E<¢C|5W‘”) de”Jr/R

}"ZVY) =0 as. P,

FZWY> =0 as. P.

~ Y
B (Voo | Fler ) awl awy.

=X R
Also,
E( / e odCdWe | 7Y Y) = / E(v¢or| Fie)dCdWy as. P,
R, xR, R.xR,
E( / YedWrd¢ | FlY Y) = / E(yeo| FYL)dWY dC as. P
R. xR, R.xR,

Proof: Let us start by showing that the first equality in (i) holds, i.e. that

IE( / ¢<7C,dW<dWC,]FZVY) =0
R.xXR,

almost surely under P. By independence of W and WY, we may assume that W is a

standard Wiener sheet on a filtered complete probability space (%, W, (FV).er, PY),

z

whereas WY is a standard Wiener sheet on another filtered complete probability

space (QY, FW" (FV").cr, PY), where (F/V) and (FV") are, respectively, natu-
ral filtrations generated by processes W and WY (in QX and QY respectively),
and (Q, Fr, P) = (X x QY. FW x FV" PX x PY), ie. the product probabil-
ity space. Then W and WY are defined on (€, Fp, P) by W.(w) = W.(w;) and
WY (w) = WY (ws) for all w = (wy,w;) € Q. Then, clearly, F¥V = FV x {§,Q"} and
FV = {0,905} x FWY

Next let us fix some n € N and consider a partition of rectangle Ry = (0, 7] (where

T = (T3,T5)) into rectangles A, ; := (z(l-yj), Z(HLHU], where z(; ;) = (27"iT3,27"5T3).



52

Let S be the class of processes ¢ of the form:

1
(2.89) = ) airela, (Ola,,(¢),
.5,k £=0
where a;ji is ]-Z( )\L(k Y -measurable. By definition of the double integral,
n—1
[ oGOV = S s eyl W (R0 83 W (R A
R:xR .
z z 4,7,k £=0

Then,

E( / @w(c,c')dchWcleVY)
R.xXR,
2m—1

= Z E |:Oéijk61{i<k}ﬂ{é<j}W(Rz NA;;)W(R, N Agy) ‘ {0, QX} X ]-V"ZWY] )

i1,k 0=0
Note that VQ € f!vy, we have

/X aijre (w1, 02)Li<kynge<sy W (R= 0 Ai ) (1) W (R: 0 Ak e) (1) dP (w1, w2)

Q2 xQ

=[] awtelon )t scarniean W (R 0 A @)W (R 0 A ) o2)dP (00) | 4P () =0,
Ql/a

since for fixed wy € €2y and for all i < k and ¢ < j, random variables a;jxe(-, wa),

W(R, N Agy) and W (R, N A; ;) are mutually independent. Thus,

E |:Ofijk£1{i<k}ﬂ{£<j}W(Rz NAW(R. N Agy) [ {0,0%} x J%ZVY} =0 as.(P),
implying that for any simple process ¢ € S,

E(/ @/}(C,(’)dWCdefZWY) =0 as. (P).
R.XR.

Since S is dense in H, the required equality follows for arbitrary ¢ € H by taking
appropriate limits. Similar arguments show that the remaining equalities in (i) are
also valid.

To prove (ii), let us show that Vi) € H,

(2.90)

E(/ ¢(g,g/)dwg”dwg|ijy> —/ E[y(¢, ) Cvc}dwg”dwc, a.s.
R.XR, R.xXR,
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First, consider ¢ € S of the form (2.89). Then

E( [ e cranyawy |sz’”>
R.XR,
2n—1
-~ Y
291) = > Bl P ) Lcyngeeny WY (R0 A )WY (R, 0 Age),

1,7,k,£=0

where note that
1{i<k}m{g<j}WY(Rz N AZ-J)WY(RZ N Age) =0 unless 2y ) = (z(i,j) Vv Z(k’g)) << z.

Since ke is T WW -measurable and z, j) << z, then the conditional expectation

in the right-hand side of (2.91) satisfies equation
E[Ozijkdfjvy} [awkd z(ky)} a.s.,

by independence of W and WY and since Wiener sheets generate independently

scattered measures. Thus,

E( / GG, CYAWY dW |fZV‘”>
R.xXR,
2 —1

(2.92) = Z [Ozl]kﬂ oy )} {i<k}m{g<j}WY(RzﬂAiJ)WY(RZﬂAM) a.s.

1,7,k,£=0

On the other hand,

/ E[o(C, O F e dWy dw),
R.XR,

2”1

-/ il 0] s, (O ()WY AW
2 X Ry 75k, Z 0
2" —1
~ Y
(2.93) = /R Z Liicrpnge< B [ijue FUe ] 1a,, (Ola,, (¢)dWE WY,

ZXRZ’L]ké 0

where the last equality holds by definition of the double integral. Note that

1{i<k}ﬁ{l<j}1Ai,j (C)]'Ak,z (C,) 7é 0 1mphes that C\/ C, S Az(k,j)’
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which, in turn, implies that E[aijkdfgz,} (in the right-hand side of (2.93)) equals

almost surely to ]E[awkg] } since e is Fxgy—measurable. Thus, from (2.93)

Z(k.d)

by definition of the double integral,

| Bl R anany
R.xXR,
2" —1

(2.94) = Z [Ozl]kd oy )} 1{i<k}m{g<j}WY(RZ N ALJ-)WY(RZ N Akg) a.s.

i k,0=0
From (2.92) and (2.94), it follows that (2.90) holds for all ¢ € S. Since S is dense in
H, it follows that (2.90) holds for all ¢ € H by taking appropriate limits. Similarly

one establishes that V¢ € H,,

/ AW |FY) = / E(¢c| 7 )any as.,

thus, the first statement in (ii) is proved. The remaining two statements in (ii) can

be established by analogous arguments. [



CHAPTER III

Representations of the optimal filter in the context of
nonlinear filtering of random fields with fractional noise

3.1 Introduction

In Chapter II, we considered the nonlinear filtering model (2.63) and derived the
Duncan-Mortensen-Zakai-type evolution equation describing the evolution of the best
mean square estimate of (a function of) the signal. While this evolution equation
is useful in describing the dynamics of the optimal filter, one may or may not be
able to work with the evolution equation which is analytically very complex. In this
chapter we develop methods for representing the optimal filter in terms of ratios of
infinite sums of multiple stochastic integrals.

Here we will extend the model (2.63) to the analogous, more general model in
m-~dimensions where m > 1. For this model, we develop expansions based on the
integral transformations and change of measure associated with V, as defined by
(2.75), that was used in the Duncan-Mortensen-Zakai-type evolution equation. We
also derive expansions based on the multiparameter version of the transformation
N¢ defined in (2.41).

The expansions described in Theorems II1.31, I11.32 and II1.33 can be truncated
and discretized in order to provide a method for numerically implementing the opti-

mal filter in practice. In Theorem II1.34, we show that the ratio of a truncated and

95
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discretized version of the multiple integral expansion converges to the multiple op-
timal filter. This truncation and discretization technique describes a method which
can be used to compute accurate estimates of the optimal filters in a very general
class of spatial nonlinear filtering problems with long range dependent noise.

In section 3.2 we introduce several notions of multiple stochastic integrals. Be
begin with the multiple stochastic integral with respect to Brownian sheet in m
dimensional parameter space. We then develop the concept of the Wiener integral
with respect to persistent fractional Brownian motion and then move on to multiple
stochastic integrals (of both Wiener and Stratonovich type) with respect to fractional
Brownian motion and fractional Brownian sheet. In section 3.3 we describe the
model being used and extend some of the methods developed in Chapter II to the
m dimensional parameter space. In section 3.4 we extend the notion of integral
transform N¢ and the results of section 2.5 from the single parameter case to the
m-dimensional parameter space. Finally, in section 3.5 we give expansions of the

optimal filter and truncated, discretized expansions of these representations.

3.2 Multiple stochastic integrals

In this section we outline the theory of multiple stochastic integrals with respect
to Brownian sheet and with respect to persistent fractional Brownian sheet. We
will use these processes to express the optimal filter discussed earlier in Chapter
IT as infinite sums. Specifically, we will develop several methods for expressing the
conditional expectation in (I1.44) in the framework of the spatial filtering model
(2.63). Here we will be able to work in the general m-dimensional bounded space
T =1[0,T3] x --- x [0,7,,]. Since we will not be examining evolution equations, the

notation is not greatly affected by the additional dimensions. We begin by introduc-
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ing a few important tools in Gaussian analysis.

Definition III.1. The nth Hermite polynomial, H,(z), is defined by

N

M) = (-1 (), n>1,

and Ho(x) = 1.

These polynomials are coefficients of powers of ¢ in the expansion of exp(tx — %)

That is

t2 2 1

exp(tx — 5) = exp (5 - 5(37 - t)2>
22 = 1" ( dr <zt)2)
= e B —_—

nz% n! \ dt"” —0

(3.1) = t"Hu(x).
n=0

It follows that we can characterize the Hermite polynomials as follows:

(3.2) H (x) =nH, 1(x), n>1

(3.3) Hp1(z) = aHy(x) — nHypoq(x), n>1

The first Hermite polynomials are:
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Proposition III.2. Let random wvariables Zy, Zy have joint Gaussian distribution
such that E(Zy) = E(Zy) =0 and Var(Zy) = Var(Zs) = 1. If n,m > 0 then,

0 ifn#m

Definition ITI.3. For any n random variables, X, ..., X, the Wick product X; ¢

E (Hn(Zl)Hm(ZQ)) =

-0 X, is defined recursively for ky + ... + k,, = N, as satisfying
L XYo--0XV=1
2. E(X{to-oXk) =0
3. %(Xflo---onfn):ki(Xflo---oniflo...ngn)

We also define the nth Wick power of a random variable X, by X" := X o ... 0 X .
—_—
The following identities follow from the definition of the Wick product and Hermite

polynomial.

For X,Y,Z € L*(Q, F,P), and a € R
(aX)oY =Xo(aY)=a(XoY)
XoVY+2)=XoY+XoZ=Y+2)0X

Proposition III.4. For any mean zero Gaussian random variable X with variance

given by o2,
(3.4) X" =0"H, (X/o)
where H,(z) is the Hermite polynomial of order n.

In order to examine stochastic integrals in the m-dimensional hyperplane, we first

need to generalize the notions of increments in the plane and hence random measures
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in the plane. Using these generalizations we will give the m-dimensional analogue of

the Brownian sheet given in Definition II.3.

Definition IIL.5. Let T = [0,7] = [0,71] x --- x [0,T,,,] and take ¢,s € T such
that s < t. Then for process X = (XZ,Z € T) define the increment of X over the

rectangle R = (s,t] = (s1,t1] X -+ X (S, tm] by

(35) X(R)= > () EEeX (s> ailti - ),
ae{0,1}m i=1

where X <5 + > oyt — sl)) denotes the value X assumes at the point s +
Yo ai(t; —s;) in T. X(R) is also referred to as the variation of X over (hyper)

rectangle R.

Definition ITI.6. On a complete filtered probability space (2, F, (F,), P), let T =
[0, T3] %+ - -x[0, T, ). W = (W,, F., z € T) is called a continuous version of a Brownian

(Wiener) sheet if it satisfies the following conditions:

1. W is a random measure on T, assigning to each (hyper) rectangle R, a Gaussian

random variable of mean zero;
2. for disjoint Borel sets in T, W assigns independent random variables;

3. W, = W(R,) where R, is the rectangle whose upper right hand corner is z and

whose lower left hand corner is the origin and W, is adapted to F.;
4. W has continuous trajectories;
5. forall t,s € T, E(W,Ws) = (s1 At1) -+ (Sm Atm).

Now suppose our underlying probability space, (€2, F, P) is complete. We de-

note by %, =span {W(R.) : z € T} the closed Gaussian subspace of L?(Q2, F, P)
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whose elements are mean zero Guassian random variables. We have an isometry be-
tween H,,, and the Hilbert space L*(T,B(T), \), where X is Lebesgue measure on R?.
We consider W (R) an L*(Q, F, P)-valued random signed measure on the parameter
space (T, B(T)), assigning independent random variables to disjoint Borel sets in the

plane such that W(R) is a normal mean zero random variable with variance given

by AM(R). We say W is an L*(Q)-valued Gaussian measure on (T, B(T)).

Let us define Hilbert space

(3.6) LA(T") = {f : T" = R, s.t. || f]] pau) < 00}

where the norm || . H L2(T) is induced by the scalar product,

(37) <f7 g>L2('JT”) = f(21,.-.72n)g(21,.-.,Zn))\(21>.--)\<zn)
"]I‘n

We first define the multiple stochastic integral for the class of special elementary

functions.

Definition IIL.7. For fixed n > 1 let S;" denote the class of symmetric deterministic

functions of the form

k
f(Zl, 29y veny Zn) = Z a'il---in 1Ai1><---><Ain (21, ceey Zn)

$Lyenes in=1

where Ay, ..., Aj, are pairwise disjoint Borel sets in T C R and a;,..;, = 0 if any two
of the indices iy, ...7,, are equal. So if z; = z; for ¢ # j then f vanishes. For this

reason we say that f vanishes along the “diagonals.”

Definition III.8. For f € 8§, the multiple stochastic integral I,,,(f) of f is defined
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For non-symmetric functions g € L?(T"), define the symmeterization of g as

~ 1
(39) 9(217---7zn) = azg(zﬂ(l)w--azﬂ(n))?

where 7 is the set of all permutations of the set {1, 2, ..., n}

Proposition II1.9. [21] The class S is dense in L*(T™).

Proposition I11.9 allows us to extend the integrals I,,(f) to the class of all such
functions f in L?(T"). For the remainder of the thesis, I,,(f) will denote the multiple
stochastic integral with respect to Brownian sheet, also known as the Wiener integral
with respect to Brownian sheet. We will not specify the dimension of the parameter
space of the Brownian sheet corresponding to the integral I,,(f) but this should be

clear from the context in which the integral is described.

Proposition II1.10. The following properties hold for I,(-) : L*(T") — R:
1. I, is linear and E[L,(f)] =0VYn > 1, f € L*(T").

2. for any f € L3(T™) the following relationship holds:

Ry
(3.10) L(F") = <HfHL2(M)"Hn(W)

where the tensor product of a function, f&™(z1,...,2,) = f(z1)f(22)...f(zn).

3. for f € L*(T") and g € L*(T*), then

2 f, G ey ifn =k

0 ifn#k

(3.11) E[L.(9)1x(f)] =
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Next, let us turn to stochastic integration with respect to fractional Brownian
motion and fractional Brownian sheet. Recall that for ¢, s €e R, H € (%, 1), we call

the mean zero Gaussian process B (t), with with covariance

(312)  Rult,s) = E[BH(t)BH(s)} = = ([P 4 |52 — |t — s?H)

N | —

a fractional Brownian motion.

We define the m-parameter fractional Brownian sheet in an analogous manner to

the 2-parameter fractional Brownian sheet of Definition I1.31.

Definition ITI.11. On a complete filtered probability space (Q, F, (F.), P), let H =
(H,...,Hy) € (0,1)™ and let T = [0,73] x --- x [0,T;,). B¥ = (B, F.,z € T) is
called a continuous version of a fractional Brownian sheet (field), if it satisfies the

following conditions:

1. BH is a random measure on T, assigning to each (hyper) rectangle R, a Gaussian

random variable of mean zero;

2. BH = BH(R,) where R, is the rectangle whose upper right hand corner is z

and whose ”lower left hand corner” is the origin and B is adapted to F,;
3. B has continuous trajectories;
4. forall z,y € Twithz = (21, ..., 2m), Y = (Y1, s Ym), E(Bfo) =112, Ru, (zi, vi).

For t,s € R, define

2

(3.13) bu(t,s) : ult,s) = H2H —1) |t — |72,

The stochastic integral with respect to fractional Brownian motion is constructed by
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first defining the integral for S}, a class of simple functions on [0, 7] of the form

f(s) = i @il (c,a)(5);
i=1
where a; € R are constants and (¢;,d;] i = 1, ..., n are disjoint intervals in [0, 7.
Definition III.12. For k € N, define the space 4 by
A" =span {B"(R.) : z€[0,T]"}

where R, is the (hyper) rectangle with ”lower left” endpoint at the origin and "upper

right” endpoint at z. Equip this space with the scalar product
(X, Y>%H =E(XY),
for any X,V € s£H.

For f € 8], define the Itd6 (Wiener) integral with respect to BY as the map from
Si to /M given by

n

I8 (f) = }f(S)stH = a,(Bjl - BI).

[0, 7 i=1

Definition II1.13. Define the space L ([0, T]) by

L (0,7) = {7 : 0.7 = R, st [1]l5, gormy < 0}

where the L3, ([0, T])-norm is induced by the scalar product

(3.14) (f:9) 2, (o) ;:/ f(s)g(t)ou(s,t)dsdt,
’ [0,7]
and ¢g(-,-) is defined by (3.13).

For all f,g € S}, we have the isometry (f, g>L§{71([O,T]) = <IlBH(f)7leH(g)>i;g7lH.

Define A to be the completion of S} under the norm induced by (-, -) 2, ([0,1])> SO
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H . . BH . .
that {A{, (-, '>L§{’1([0,T])} is a Hilbert space and Z;?" can be extended to an isometric
isomorphism mapping A¥ to s4%. We will call this extension IlBH as well. For
notational simplicity we will often drop the superscript and simply write Z; whenever

it is clear which process we are integrating with respect to.

Proposition II1.14. [23] For H > 3, the class L}, ([0, T]) is an incomplete linear

subspace of A{', and S| C L} However, the closure (L3 (([0,T]), (., L2, (o)) 48

equal to A1 and is a Hilbert space.

Note 3.2.1. The elements of A may not be functions but rather generalized func-

tions. For this reason, it is convenient to work with functions in L3, ([0, T7).

Definition IIL.15. Let {e;};°; be a complete orthonormal system in L% ([0, T]).
Define .}, the class of deterministic symmetric functions of the form:
(3.15) Ftotn) = ) ks knCry (B2, (En).
1<k;<k

Definition II1.16. For f € .}, define the m-fold multiple Itd integral with respect
to B as map I,?H by
(3.16) P = ) an Il (er) 0 0 TP (en,),

1<k;<k
where IlBH(ekj) is the stochastic integral of ey, with respect to fractional Brownian
motion BH. 7B " is the nth order Wiener integral with respect to fractional Brownian
motion with Hurst parameter H € (3,1). For non-symmetric f, IfH (f) is defined

by ZfH(f), where f is the symmetrization of f, defined by (3.9).

Definition II1.17. Define the space of functions L3, ,([0,7]") by

(17) L3,(0.T) = {f 0TI = Rt s, oy < oo}
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where the norm || - [|z2, (o7 is induced by the scalar product

(3.18)

<f> g>qu L0,y = / f(tlv ) tn)g(sla ) Sn)(bH(Sl? tl) T ¢H(3n7 tn)dsldtl <+ dspdty,.
’ [O,T}Z"

Note 3.2.2. Let (L3;,([0, T]))®" denote the nth symmetric tensor power of L7 ([0, 7).

Then (Lj;,([0,77))*" C L, ([0,TT").

Any f e (L% ,([0,T7))®", can be written as the limit of functions f; € ./, where
the limit is taken in the (-, -)L%’n—sense. Hence for any f € (L3 ,([0,77))®" the multi-
ple stochastic integral Z2 H( f) can be defined uniquely as the limit (in the Gaussian
space) of sequences of integrals of .#! functions, I,{?H( f;), where f; — f. The inte-
gral can be extended to non-symmetric functions by defining Z8” (f) by Z2" (f) for

non-symmetric functions f. We will henceforth denote the extension by Z52 .

Proposition I11.18. [22] For H > %, L*([0,T]") is a dense subclass of L} ,([0,T]").

Finally, for the It6 integral with respect to fractional Brownian sheet and for the
multiple Wiener integral with respect to fractional Brownian sheet, the development
is very similar to the development of the corresponding integrals with respect to
fractional Brownian motion. Define the space S of simple functions on T, where T

is in the m-dimensional hyperplane.

Definition ITI.19. Let f be a simple function in §7". Then we define the Ito integral

of f with respect to fractional Brownian sheet B over rectangles R, € T by

8 (f) = /R fal =Y B (40 R)
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Definition IIT1.20. Let T = [0,71] x --- x [0,T},]. Define the space of functions

Liy1(T) by
(3.19) L3 (T) = {f T— Rs.t || fllzz <oo}
where the norm || - [|z2, (1) is induced by the scalar product

(320)  (f.9)wz, (1) = . J(trs s tm)g (s, ey Sm) H On(tiy si)dtrdsy - - - dtydsp,
’ T ey
ti,s; € [0, T;] Vi and where ¢g(-,-) is given by (3.13).

For all f,g € S, we have the isometry (f, 9>L§{71(’J1‘) = E(IlBH(f)IlBH(g)). De-
fine A to be the completion of S under the norm induced by (-, ) 12,,(T)> SO that
{AH (. '>L§1,1(T)} is a Hilbert space and ZB" can be extended to an isometric iso-
morphism mapping A to the %, We will call this extension Z2" (f) as well.
For notational simplicity we will often drop the superscript and simply write Z; ( f)

whenever integrating process is clear.

Note 3.2.3. As was true in the case of A the elements of A may not be functions
but rather generalized functions. For this reason, it is convenient to work with

functions in L%, (T) which is a linear subspace of All containing Si* and satisfies

(L30T, )z, m) = AL

Definition IIL.21. Let T = [0,71] x --- x [0,T},]. Define the space of functions

L3 (T™) by

(3.21) L3 (T") = {f T" = Rst. [|fllzz, @ < oo}
where the norm || - || 12, () 1s induced by the scalar product
(3.22)
(f, g)L%’m(Tn) = fl2 .2 (qu )dzldy ~dz"dy",

T2n
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2= (2.2 )yt = (Y, ...yt ) Vi and

(3.23) iy = oulE, )
j=1

where ¢g(-,-) is given by (3.13).

Definition IT1.22. Let {e;}3°; be a complete orthonormal system in L%M(T). Define

7", the class of deterministic symmetric functions of the form:

(3.24) FE 2 = ) ok er (2Y) ek, (27)

The superscript n and subscript m, indicate that f is a function of an m x n matrix
where the ith column is 2°.

n

Denote the nth symmetric tensor power of Ly (T), by L3, (T)®

Definition IIL.23. For h € .#™, define the map Z2" (h) by

H

(3.25) 5 (h) = Y a TP (er) 0 o TP (er,),

where IlBH (+) is the stochastic integral with respect to fractional Brownian sheet B,
75" (h) is the nth order Wiener integral with respect to fractional Brownian sheet

with Hurst parameter H € (3,1)™.

Any g € (L3 (T))®", can be written as the limit of functions g; € " where the

limit is taken in the (-,-);2 (gu)-sense. Hence for any g € (L3, (T))®" the multiple

%{,n
stochastic integral IEH (g) with respect to fractional Brownian sheet B¥ can be de-
fined uniquely as the limit (in the Gaussian space) of sequences of integrals, IfH (95),

where g; — g (in (-,-) 2 (n)-sense). The integral can be extended to non-symmetric

2
H,n

function by defining IEH (g) by IEH (g). We will denote the extension by IEH.

The final stochastic integral we will need is the multiple fractional integral of the

Stratonovich type.
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Definition III.24. Let ¢ € .*. The nth order Stratonovich integral of g with

respect to fractional Brownian sheet B is defined by

(3.26) 39 = Y I (o) TP (e,

1<k;<k

where IlBH(-) is the Ito integral with respect to fractional Brownian sheet BY.

Again, since any f € (L% ,(T))®" can be written as the limit of functions f; € 7"
where the limit is taken in the (:,-) 2, (rmy-sense, we can again extend the inte-

gral mapping (3.26) to all functions J5” : (L%,.)®" — L*(Q). For non-symmetric

fe L3, (T") we define IBY(f) =3B ().

We will make use of the multiparameter version of the fractional Hu-Meyer for-
mula [8] which describes the relationship between the multiple stochastic integrals

of Stratonovich type and multiple stochastic integrals of the (Wiener) It6-type.

Proposition II1.25. For symmetric function f € L%..(T"), we define the trace

Trk(f) Vu',...,u"?* € R,

(327)  Tri(f)(u,...,u"?)

= f(sl,tl,...,sk,tk,ul oout % {Hgb@)m S te }dsldtl...dskdtk.

T2k
For H € (3,1) the following hold

[n/2] ;
= Il (Trhf) as,
k=0
; [n/2] ;
IV (9) = > (—1)feendt o (Trhg)  as.
k=0

where ¢y, = By convention, Try(f) = 0 and 78" = 38" = Id, the

n!
k!(n—2k)!12k

identity operator.
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Throughout the remainder of the dissertation, we will make extensive use of the
integrals defined in this section. In this chapter we will use the integrals in multidi-
mensional parameter space to derive representations of the optimal filter described in
Chapter II, where we extend the filtering to general m-parameter space for all finite
m > 1. In Chapter IV we will study properties related to the multiple fractional

integrals in the 1-dimensional parameter space.

3.3 Filtering model in m-dimensional parameter space

We will consider the same filtering model as discussed in Chapter II. However, in
this chapter, since we are not concerned with evolution equations describing the dy-
namics of the filter, we can extend the model to the general m-dimensional parameter
space without significantly complicating notation. For the sake of completeness, we
will state the new model and the underlying assumption in the m-dimension space

even though the extensions should be clear.

Throughout the analysis, we consider a fixed, complete filtered probability space
(Q,F, (F.), P) where filtration (F,) satisfies the following conditions:

F(i) If z <X 2/ then F, C F.s;

F(ii) Fo contains all P-null sets of F;

F(iil) F. = N,=, Fors

F(iv) The sigma-fields F}, ..., 7™ are mutually independent conditional on F,, where

-7:2 = \/ :'r(tl,...zi,...tm)-

t;>0
J#i

On the probability space, consider m-parameter random fields X = (X,,z € T),

Y = (Y,,2 € T) and B¥Y = (B 2 € T) where T = [0,71] X -+ x [0,T,,,], m > 2.
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Assume each of these processes is measurable, (F,)-adapted. Instead of directly
observing X, suppose that a noisy field Y is observed and that the observation

model is given by:
(3.28) Y, = / h(Xo)d¢+ BY, 2 €T,

where R, denotes a rectangle [0,21) X --- X [0, 2,) for z = (21,...,2,) € T, his a
measurable function, process B¥ = (BH, 2 € T) is an m-parameter fractional Brow-
nian sheet with Hurst index H = (Hy, ..., H,,) € (3,1)™ (thus, the fBs is persistent,

i.e. has long-range dependence in all spatial directions). Finally, we make the usual

assumption that “signal” X is independent of the observation noise B.

As in Chapter II, the goal is to characterize the best mean square estimate of the
signal given the o-field generated by the observation process. Equivalently, the goal
is to identify E[f(X,)|FY]| where FY = o({Y;,0 < ¢ < z}). However, in this chapter
we will be concerned with the estimation and representation of E[f(X,)|FY] rather

than studying it’s dynamics.

Introduce the following conditions on the function h : R — R, analogous to the

conditions imposed on A in Chapter II:

(A7) h is Holder-continuous of order A on any finite subinterval in R, where A >

2max(H,,...,Hy,) —1; and

(A) For h2(X)(w) = (TT"y 22 ")h(X.(w)) (where 2 = (21, ..., 2n) € T, w € ),

2

(3.29) /T I1 cij*)E[(Déﬁ,.‘.%a;”f”‘éh%X))(c“) dc < oo,
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Qam

o+ denotes the left-handed mixed fractional Riemann-Liouville deriva-

77777

tive of order a = (a, ..., ) € (0,1)™ defined by

_ 1 om 1 Tm f(C1,...,§m)
- LT~ ay) 0. O /a1 /am [[ (= ¢) 461 im,

for all z = (z1,...,2,) (where a = (aq, ..., ay) < ).
Also, introduce the following condition on the signal:

(A%') X has Hoélder-continuous trajectories of order (A, ..., \g), where

Hy,.. . H,}—1
/\O>maX{ ! )\ } 27

where A is as given in condition (A;) above.

For almost all w € §2 define function (0,(X), 2z = (21,...,2m) € T) by

(3.30)  6.(X)(w) = ﬁ(ﬂzj{j‘é) (D22 (X)) (2), 2 €T,

T H,
where ¢, = I'(H; + %)\/F(;ﬁgl{(;&{]) By the same argument as in [2], one can

show the following property:

m

/z (gKﬁf(stCj))h(Xg)dC:LZ 3 (X)d¢ as.,
where
(3.31)
0y (1) - 0, Y [ i)

=

where ¢, = \/ P@2-24;)
Hj = 1(3-H;)\/ 2H;T(3—H;)T(H,;+1)
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Next define the following random fields:

(3.32) W= [ TIKiligx. €T
1
(333) V.- exp{ - / S (X)W + /Rz((SC(X))Zd(}, 2eT.

Then, as in Chapter II:

Lemma II1.26. Let P be a new probability measure on (Q, F) given by:
(334) —_— = ‘/(Tl ..... Tm) (Z.S.(P)

Then P is equivalent to P and, under P, (3.28) holds a.s., Y is a standard fBs with
Hurst multi-index H = (Hy, ..., H,,), X has the same law as under P, and processes
X and Y are independent under P. Moreover, the following “spatial-fractional”

version of the Bayes’ formula holds: For any F € Cy(R),

E[F(X)V, Y F)]
E[V Y]

(3.35) E(F(X.)|F)) =
where E denotes the mathematical expectation under P.

3.4 Multiparameter strong martingale transforms associated to a persis-
tent fractional Brownian sheet
Denote the space of continuous, real-valued functions mapping [0, 1] x - - - x [0, T},,]

to R by C([0,T1] % - - x [0, 7], R).

Lemma II1.27. For arbitrary C € C([0, 1] x---x[0,T5,],R) andVz = (z1,...,2m) €
[0, T3] % -+ [0, T, VC = (Chy o, Gn) € (0,21) % -+ % (0, 2), VH = (H,, ..., Hy,) €

(0.5,1)™, define kernel k., (-) by

am 21 Zm
(3.36) ké;H(C) = aH(OW[/g ; Acu(vi, .., V)

X HU?Hj_l(vj — Cj)%_devl . dvm} :

Jj=1
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where
am vl om - %—Hj l,H.
Acn(v) = s——0— | [ ([Juy (o =) )
1.-- m Jo 0 =1
XC(Upy ooy Up)duy . .. Ay,
<_1)m = $—H; < 3 ? .
ap(C) = o I en=]] F(§ — Hj)| T(2H; + 1)sin(rHj).
j=1 j=1

Then the following equation holds: Y0 < r; < z;,
21 Zm m
(3.37) / / ké;H(vl,...,vm)ngSHj(vj,rj)dvl...dvm:C(rl,...,rm),
0 0 i1
forall z = (z1,...,2m) €[0,T1] x --- x [0,T},], where
¢H]-( j,’f’j) = HJ(QHJ — 1)|Uj — T’j|2Hj_2, j = 1, <o, M.

Moreover, for all z,z' € T,

63 [ KR on( o = [ ek Qe
RZXRZ/ Rz/\z’
where z A 2’ := (min(zy, 2]),...,min(z,, 2.)), R, = [0,21) X -+ x [0, 2,) for all

z=(z1,...,2m) €T, and

bu(z,2) = H b, (25, 7).
=1

Proof: First we show that (3.37) holds for arbitrary C € C([0,71]x---x[0,T,,],R)
of the form C(ry,...,7m) = Ci(r1, ..., Tm-1)Ca(rm). When m = 1, (3.37) is valid by
Proposition I1.35. Assume that (3.37) is true for an arbitrary continuous function of

m — 1 variables. Then

// ké;H(vl,...,vm)HqﬁHj(vj,rj)dvl...dvm
0 0 ey

21 Zm—1 ( ) m—1

Zlyeens Zm—1

/0 . ; kcl;(H1 77777 Hmfl)(vh Ce ,Um_l) H ¢Hj (Uj, rj)dvl e dUm_l
J=1
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X |:/ ké;n,Hm(Um)¢Hm (Uma 7am)dvm
0
= Cl(rlv s 7rm—1)C2(Tm) = C(Tl, ce ,T‘m)

forall 0 <r; <z, j=1,...,m. Thus, the desired result holds by induction. In the
case of a more general C, the required equality follows by the polarization technique.

To prove (3.38) we first use (3.37) from which it follows that for s < t,

s t s
|| Ko Ketiotondrac] ar = [ K ucatrr
0 JO 0

and hence, for m = 1, (3.38) holds.

Next we show that (3.38) holds for arbitrary C € C([0,T3] x --- x [0,T},],R) of
the form C(rq,...,7m) = Ci(r1,.. ., 7m-1)Ca(rm). Assume (3.38) holds for arbitrary

continuous function of m — 1 variables. Then

/ Ky (0K ()31 (0,0 Yo
R.xR. ’

(Z yZm— (Zlv“vzin— )
{/ / / / o 1m o1, v ke (01 )

X H O, (vg, V) dvy . .. dv), ldvl...dvm_l}

L K K o0 o )

Zl/\Zi Zm— 1/\Z — 2100z 1 P Z/
= |:/O o /0 k((fl;(H1 HZ\(S " )(U17 ..,Um,1)61<1}1, X Umfl)dvl ’ 'dvm1‘|
z2mAzh,
X {/ Cy (vm)kz’”/\z (vm)dvm}
Z1NZ] z2m Az,
= / C / kZ/\Z (Ul, e ,’Um)cl<1}1, cey ’Umfl)CQ(’Um)dvl c. dvm
0 0

- /R CORE (C)dC.

zNz!

The result follows by induction and the polarization technique.
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Next we present the multiparameter version of Proposition 11.36, which will be

used in the multiple integral expansions of the optimal filter.

Theorem IT1.28. Let T = [0,7}] x -+ x [0,T},] and let (BH,z € T) be a normal-
ized m-parameter fractional Brownian sheet of Hurst index H = (Hy,...,H,) €

(0.5,1)™, defined on a complete filtered probability space (0, F,(F,).et, P). Let

(3.39) N¢ = / ke (C)dBY
[0,21) X+ x[0,2m)

for all z = (z1,...,2m) € T, where kg (-) is given by (3.36). Then N¢ = (NY).er

1s a Gaussian strong m-parameter martingale with variance function given by

<M»=/ K (OC(Q)dC.
[0,21) %X+ x[0,2m)

z z

and (FN°) = (FB"), where (FN) and (FB") are the natural filtrations generated
by the processes N and BY, respectively. Moreover, let id(z) = 1, i.e. id(-) denotes

a function on T which is identically equal to 1. Then

(3.40) WQM%50ww£M%—/ K (O)C(O)dC

[0,21) %+ x[0,2m)

where k). (+) reduces to

L _H, 1
S O B

(3.41) kg (C) = . :

o jl_[l 2H;T(3 — H;)T(H; + 3)
Moreover,

i 2 i
(3.42) N¢= / ¢SdNY and (N€), = / (¢€)"d(N')e,
[0,21) X+ x[0,2m) [0,21) X+ x[0,2m)

where
(3.43) ¢ = d(NT, N'T).

d<Nid>z
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Proof: Since N¢ and N are, by definition, integrals with respect to fractional

Brownian sheet, Bf, N¢ is a mean-zero Gaussian process with
CATC '

E(NENS) = (Kenlnkinln, ) ,

L% (T)

_ / Koo (QORe g (¢ bm (¢, ¢)dCdC!
R xR,

(3.44) = / C(v)kE (v)dv, Vz,7 €T,
R

zNz!

by Lemma III.27.

COV(N57 Nid> = <ké;H1Rz7 kizd;Hle>

L3,,(D)

— / ke Ok ()b (¢, ¢)dcdd!
R. xR,
B / {/ ké;H(C)(bH(C:CI)dC}kizd;H(C/)dC,

zZ z

_ / C(C) ki g (C)dC

z

by Lemma II1.27, where kf, ;; satisfies (3.41), since

am v1 Uy, T lij .
Aian(v) = m/o /0 1_[11,]2 (v; —uj)2 Hiduy ... duy,

j=1
0 [Y 1-H,
= Hﬁ_“y/o uj (v — uy)? 1 du,
7j=1
T 0 295 3 3
- T1-Z* B _H, 2 —H
H aU]Uj (2 7 2 ])

O (2 2H)[0G - H)]® von, _ 17 o1em,
= 11 F(]3—22H') S = [T

J j=1

with
. @ 2H) PG - )
en=]1] T(3—2H)

<.
Il
-
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which implies that

am 21 Zm m 3 4
@) = an@ | [T [ en([To)

¢ Cm j=1

j=1 agj 2 H]
A (_1)m s %*Hk m . s—H
= i (TTcz ™) =0z — ¢y
PH k=1 j=1
— é_H M .%7H] $—H,
- ijl:[lgj (Z] CJ) ’

where

N m m

pr T3 —2H)C(2H; + Vsin(nH;) 11 2H;T(H; + 5)I(3 — H;)
the last equality follows from the relations I'(z+1) = 2I'(2), I'(2)I'(1—2) = 7/ sin(z7)

and the Legendre formula:

T(22) = 2j;;f‘(z)F<Z + 1).

Representation (3.41) is thus proved.

Next we show that N€ is an m-parameter strong martingale. For z < 2/, let
(2,2'] == (21,21] X +++ X (2m, 2]}, and let N€((2,2']) be the increment of N¢ over
(2, 2] as defined by (3.5). Then for all { = ((y,...,(m) € [0,T1] X -+ x [0,T,,] such

that 0 < (; < z; for at least one i, it follows by (3.44) that

(3.45) E [N¢((z, 2])N¢] = 0.
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Since N¢((z,2']) and N{ are mean-zero Gaussian random variables, (3.45) implies
that N¢((z,7']) and Ng are independent for all ¢ such that (; < z; for at least one
i € {1,...,m}. Therefore, N°((z,2']) is independent of FN1 v ... v FNm for all

z < 2, where FNi = o(NE:Ce[0,Th] x -+ x[0,2] x - x [0,T,]). Thus,

(3.46) E |:NC((Z, 2)

FNOL \/...\/}“Z{Vc’m} =E[N°(2,2])] =0 as. Vz < 2.

Moreover, note that FN© = FB" = FW" where W is the standard Wiener sheet as-
sociated with B, via the integral transform W7 = [, T[\2, Ky, (z;¢)dBE, 2 € T.
Therefore, (FN°),crp satisfies conditions F(i), F(ii), F(iii) and F(iv) of the mul-

tiparameter martingale theory. By (3.46) we conclude that N¢ is a two-parameter

strong martingale.

Since N¢ and N'¢ are Gaussian strong martingales with (FN°) = (FV7?) = (FN'),
then, by the multiparameter version of martingale representation theorem, there

exists ¢¢ = (¢, z € T) such that [ (q§)2d<Nid>z < 00 and

z

(3.47) N¢ = / ¢EdNY, Vz€T.
Rz

It follows that

) ) d(NC. Nid
(N¢, N9y, :/ qfd(Nld)C, which implies ¢¢ = W a.e.

z

and also (N°). = [, (¢€)*d(N')..

3.5 Representations of the optimal filter

For the remainder of this chapter, we assume the observation model described

by (3.28) holds. Theorems I11.29-111.33, presented below, generalize representations
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found in [5] to the case of multiparameter random fields. By the same arguments as

Theorem I1.42, one can show that under the probability measure F,, where

dP 1
318 g =ew] [ Hou(©dve— 5 [ Kica(©Oncdc),

Y is a normalized fractional Wiener sheet with Hurst index H = (Hy,...,H,,) €
(%, 1), Y and X are independent, and the law of X is the same under P and P.
Let u, denote the probability law induced by X on B(C(T)), where B(C(T)) de-
notes the o-field generated by all finite-dimensional Borel cylinder subsets of the
space of continuous functions on T. Also let p, denote the probability law in-
duced by a standart fractional Brownian sheet with Hurst index H on B(C(T)).

It will be convenient for us to consider the canonical probability space (2, F, Py) =

(C(T)x C(T), B(C(T)) x B(C(T)), gy X 1, ), where B(C(T)) x B(C(T)) denotes the
completion of the Borel product sigma field. In this case X, (w) = X, (wy, ws) 1= wi(2)

and Y, (w) = Y. (wy,ws) := wo(z) for all w = (wy,wq) € C(T) x C(T). Similarly, we

consider the canonical space (Q,F, P) = (C(T) x C(T),B(C(T)) x B(C(T)), u,, X
fy, ), Where py denotes the measure induced by the Wiener process WY. On this
space, X, (w) = X.(wi,ws) = wi(2) and WY (w) = WY (wi,wsy) = wy(z) for all
w = (w1, ws) € C(T) x C(T). The following versions of the Bayes’ formula are valid

and follow directly from Lemma II1.26

Theorem II1.29. Assume the filtering model (3.28) and conditions (A1)-(As) of

Section 1. Then Vf € Cy(R),

(3.49) E[f(X.)| ) J(w) = =5

and similarly

(3.50) E[f(X.)|F)](w) =

z

, V2eT= [O,Tl] X oo X [07Tm]7
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for almost all w = (wy,wy) € Q, where

L.(wy,ws) = €7 Fix o QY @2)=5 [, Ko oo (OPXclor)dC

where Kf y (). () is the kernel kG (-) (given by equation (3.36)) with C(z) =

h(X.(w1)), and R, denotes the rectangle [0, z1) X -+ X [0, z,,).
Note: For fixed wy, using the notation of Section 3.4, L, (w1, ) can be written as
1
‘LZ((‘U17 ) = exp {N:L(X(Wl)) _ §<Nh(X(W1))>Z} ,

i.e. in terms of N¢ with curve C = h(X (w;)).

The proofs of theorems I11.32 I11.33 and III.31 use the following results.

Lemma II1.30. (i) Let (V,,z € T) be defined by (3.33) and let f be a Borel-

measurable function satisfying
(3.51) E (f2(XZ)efRz<5<<X>>2d<) < o0, VzeT.

Then

2 n/2 v
_ i F(X2) (IRZ(&'(X ) dC) i S 0c(X)dW
n=0 " \/fRz(fSc(X))Qd(

where the series converge in L*(P).
(i1) Let (L., z € T) be defined as in Theorem I11.29 and let f be a Borel measurable

function satisfying:

(3.52) E ( F2(X,)elr: ki(x.>;H<<>h<X<>d<) < oo, Vz€T.
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(3.53)
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f(XZ>Lz — anf 6 =3 Ir. h(X)H(C)h(Xg)dC[/ kuz(X),H(C>d}/C:|

- Zn,f ( / A <c>h<X<>d<)n/2

Jr. Kix (C)ch
\/fR h(X)H XC)dC

where H,, denotes the nth Hermite polynomial and both series converge in L*(Pp).

Proof (i) A Taylor expansion gives

V! =exp {%/R 5§(X)d<} i% (/R 6<(X)dWCY)n.

n=0

Notice that under ﬁ, WY is a Brownian sheet and as ¢ is a function of the ran-

dom variable X but not Y, for fixed, [, ¢(X)(@1,)dW} is a mean zero Gaus-

sian martingale and hence its variance is given by the quadratic variation which is

Jr. %

X (@1,))d¢. Equivalently, the conditional distribution of || &, dc(X )dWCY given

FX under P is a mean zero Gaussian martingale with variance given by [ . 02(X)dC.

The moments of [, d¢(X)dW} conditioned on F* are therefore given by:

E

(/ R ) a ] - (/ z 5?<X>dc)j vi>1
( /R Z 5§(X)dW<y>2j+1

E ]—"ZX]:O Vi > 1

So for any a < b, we have
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b

> ([ sy )]

n=a

1 ~ l+n
= > ik (/ 6<(X)dW<Y> FX
a<lin<b R
l+n even
b (2t—a)Nb
_ X
-3 Y | ([ o) |2

(2i—a)Ab (fR 52 dC)

Xy ()

1=a n=

3 U (5 2)

i=a n=0
(fi. 8206)dc)
112

24

i=a

i (2.4, 02)dc)’

2!

i=a
Using smoothing and the above inequality, we get, for any Borel measurable function

F,
2

E<f(XZ)eXp{_% (X dg}i%( dWC)n

s{rmsen{ [ im0 coom) T )

b

=1E{f2<xz>exp{/R 00ac} Y2 (/sz(X)dc)i}HOasaeoo,

1=a

where the convergence relies on assumption (3.51) and follows by the dominated con-

vergence theorem. Hence the sum, when taken from zero to co converges in LQ(]S).
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Applying relation (3.1) with

_ Jn %X dW< and t= /5g(X)dg
\/fR 52 R

<1 2 S (X)dWY
V=2 (/ 6§<X)d<) p, | LoD
n=0 " R. (fRZ 5?(X)d§> 2
Taking a < b again, and applying Proposition I11.2 gives

= Z%(/E 6§(X)d§>an Jr. Se(X)dmE

(S, 02(x)dc)”

b L , e Jr. (X)W Jr, 0c(X)dWE
- ([ 62x)d ESHn | T | T | T
anm(Rz to) { ( [, 02X dc) ( Jr. 2(X)dC

(fR 6( d<> .

gives

2

X

]—'X}

b
n=a

Therefore, by smoothing we see

< , 3 [, Y
E ;( /R ZQ(X)d() M, (;Ré; d;/:;

2

2

:E{ﬁ(XZ)IE Zi< 5§(X)d<>an Jin, SOOIV
R, (J. 200)dC)”

([, 22(x)dc)"

n!

b

n=a

}—>0asa—>oo,

by assumption (3.51) and the dominated convergence theorem and giving conver-

gence of the series in L2(P).

The proof of (ii) follows similarly by taking [, kj x )., (C)dY¢ in place of [, 6¢(X)dWE

and taking [, k7 x ).z (OR(Xc(wi))dC in place of [, 2(X)dC.
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We now give three different expansions of the optimal filter E[f(X,)|FY], each of
which is expressed in terms of the ratio of infinite series of different multiple stochastic

integrals.

Theorem II1.31. Assume the filtering model (3.28) and the corresponding condi-
tions. Moreover, assume conditions (A7), (AY') and (AY). If f € Cy(R) and the

following conditions hold:

(3.54) E[f2<Xz)efRz(5C(X))2d41 < 00
and
(3.55) ]Eleé fRz(‘s<(X))2d<] <oo, Vz€T,

then the following representation for the optimal filter holds:
soaty” (6o )
ot (5|00 )

where the series converge in L*(P) (and in L'(P)) and IV * denotes the pth order

i

(3.56) E[f(X.)|F)] =

multiple stochastic fractional integral of the Ito type with respect to m-parameter field
WY, given by ((3.32)), with the integral taken over rectangle R, = [0,21) X -+ X

[0, z,,), and where § is given by (4.4).

Proof First we prove the following convergence for arbitrary p > 1, where {e;}°,

is a complete orthonormal system in L7 | (R.)

M

. n YZ
lim ((6:)%", e, @ ... ® 6ip>L2(R§) IXV e, ®...®e,)

) N S, 5c(X)dWY
(3.57) = (/Z(éc(X)) dC) Hy \/fRZ(5<(X))2d<
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where the limit is in L2(P). To prove (3.57), note that for fixed &y € C[R.,],
§.(w1) € L*(TP) so the integral IIYVY’Z([CS (&1)]®™) is well defined. By linearity of the

multiple stochastic integral and (3.10),

o/ Jr. 0c(X) (@1, )aWy
B | ([ 2xG@) " 7, | 22 -
: <fR 52 Wla ))CK)
M 2
_ Z <(52)®p,ei1 R...® eiP>L2(RP) ]ZI)/V ey, ®...Q® Gip)
i1yeip=1
~ B |17 (@.0XG -
M 2
Z <(5Z(X))®p’ €i1 ®..Q eiP>L2(Rg) €iy ®..RQ eip)]
i yemyip=1
2
< pl(6.(X (@1, -) Z < X))®P ey, ®...®eip>L2(R§) e, ®...Q¢;, — 0
,,,,, et L2(R.)

as M — oo. The last inequality follows from (3.11) and the fact that HinQ(R ) <

p!HfH;(RZ). To show convergence in L2(P), note that by (3.11),

By Z < ®p,€i1®...®6iP>L2(RP)]K/ e, ®...®e;)

M
- Z <(52<X))®p7€i1®"'®€in>L2(Ri’Z’)p!H€il®"‘®ein)Hi2(Rz)

S p‘H(;(X(&17 .))®pHiQ(Rz) = p‘H<5(X(a1’ HL2 (R2)"

And FE

ix H(S.H?Z(Rz) < oo follows by assumption (3.55) since Hd(wl)HiQ(Rz) = fRz oZ (

Now we apply dominated convergence theorem, proving the convergence (3.57) in

L2(P) since P = piy x .

Now by Lemma II1.30 and (3.57) we have

X)dc.
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- p/2 [ 0c(X) (-, wa)dW
~ B [ ([ 8 Cwnc Hv( N )]
0055 (] o) Luntons

. p/2 S 8c(X) (-, wa)dW
:ZLEHX |:f(XZ) 52(X(-,w2))dC Hyp ( = 1)
P! (/Rz ‘ ) (fRz ¢ '7W2))dC) ’

:Eux[f(XZ)]+ZlENX [f(Xz) Z <(5Z(X))®pvei1 ®"'®61p>L2<RP IW Z(ezl ®--~®€ip):|

:]Eux[f(XZ)]+il, i Epx [J(X2) ((0:(X))®7 €1, @ . @ €3y ) 1 v IV (e, @ .. @)
) (

oo

= B [P+ 30 2 (B [£(X0) (0.6)%]) = Z ;, L (B [F(X2) (6.(X)))

where the series converges in LQ(P) Notice that since V T, = Z—g, it follows

.....

7, € L2(P). Since the

77777777777777

sequence of partial sums

N

=3 I (B [FX) (5.00)7])

«pl?

converges in L2(P), clearly |Sy| converges in L2(P) as N — co. Again we use the

— _dpP
fact that V 77777 T = g5 8IVING

.....

(3-58) <VT_1 T ’SN|>L2(P - HSNHLl(P

and by the Cauchy-Schwarz inequality <VT1

s SN 12(P) converges and so by

(3.58), Sy converges in L'(P). Taking f = 1 gives the denominator of (II1.31).

Plugging into (3.49) gives (3.56). OJ

Theorem II1.32. Assume the filtering model (3.28) and the conditions therein.
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Moreover, assume that f € Cy(R) and the following conditions hold:

(3.59) E[fZ(XZ)eIRZ Kiox)m (ORXdC |
and
(3.60) E {efm k,i(X,);H(c)h(Xc)dc] .
Then the following representation holds:
(3.61)
oo 1 i .
> 23 (B[ retge I Hoow @Ok i )] )

a.s. p=0
E{f(XZH}-;/} == <1 1 |
Z Hj:? <E {6_2 . ki(x>;H(<)h(X<)dC(klzz(x‘);H('))Q@p} )

where the series converge in L*(Fy) (and in L'(P)) and 3% denotes the pth order
multiple stochastic fractional integral of the Stratonovich type with respect to the

observation m-parameter field Y taken over the rectangle R, = [0,21) X -+ X [0, 2,).

Proof: Let

N, 1:/ Koy (Q)dYC, and (N). ::/ Fhx )y (QR(X)dC.

z z

Lemma II1.30(i), gives

o0

(3.62) Ey, [f(Xo)La(wa)] =)

p=0

1
!

B, [£(X.) e 47 NE( wn)].

where the series converges in L?(P,). By the relation z? = Z,I;p:/gj CrpHp—or(z) for

allz € Rand n=0,1,2,..., where ¢, = p!/(k!(p — 2k)!2%), we have

L 7
(363) Nf = Z Ck7p<N>§/2Hp_2k (,\,—21/2) a.s.
k=0 (N)-

Choose a complete orthonormal system {e;}7°, in L% | (R.). Then it is easy to show

by arguments similar to those used to show (3.57), that for all p > 1 and all z € T,

- N,
. /2 z
]Vlllinoo Ep, |:<N>[z) Hy ( <N>i/2)
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2
Z < kh(X 611 " ezp>L2 Rp)jyz(eil R X Gip):| =0.

B, [[(X.)e dV- N ]
p/2) _ N

- Z Ch,p EMX f(X2) €_§<N>z<N>€/ Hp—21 ( N ZI/Q)]
p (N)=

ke{0,--,|p/2]}:

p—2k>1

z — Y,z
X (ki) e © - @ eip2k>L%’p2k(R§2k)} Lo (60 ® -~ @ eip%)}
+ cgplpneen B, |f(Xo)eHVH(N)22]

o0

= X a X ([ @ |

7;17“'71'1)72]6:1

ke{0,--,|p/2]}:

p—2k>1

Y,z
€iy ® - eip2k> [P—Qk (eil ®-® eip%)}

LQH,p—Qk(Rg_Qk)
L~
+ Cg,pl{piseven}]ENX [fze 2<N>Z<N>;;/2]

[p/2] o
= D wlu (B [F(X2) 30N (o)™ ] ).

with the convention: z®° = 1, and I)*(¢) = ¢. Note that for p > 0 and k =

0,1,...,|p/2], and every fixed z € T,

TT(];’Z (EMX { F(X,)e 2N (k;h(x,);H)@p} ) (ul, ... uP=2)

(3.64) =B, [ﬂXz)e2<N>Z<N>Iz€(k2(x4);f1) R (7L ,upz’“)] :
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where, for a symmetric function g € L7, ,(RE), the trace Trf;’z(g) is defined by (3.27).

Therefore, it follows that

=
s
S~—
m
o
\2/1
=

E,. [
lp/2] -
Y,z k,z -1 z (%
= E Cropdp ok (TT¢ (Eux |:f<Xz)e 2 (V) (kh(X‘);H>®p}>>

(3.65) = IX * (B [Fe D (ki) )

where (3.65) follows by direct application of the multiparameter version of the “frac-
tional” Hu-Meyer formula (which is a simple extension of the one-parameter “frac-
tional” Hu-Meyer formula found in [8]). From (3.62), (3.65) and

(N ) Hk (X)HHLQ Ry W€ obtain that

S ¥ e N
0

(3.66) >< <kz<x,>;H>®pD<wz>,

where the series converges in L?(P,). Substituting f = 1 in the above equation leads

to corresponding expansion for E,, [L.(-,w2)].

Let us denote by Ep,, the expectation under probability measure F,. Assump-
tion (3.60) implies E(C‘f—g)) 1. Consequently, since ]EPO(T{D) = ]E(C‘li—;)), we have

j—g) € L?(P,). Since the sequence of partial sums

N
1 1 2
Sy = Z HIIE/,Z (EMX {f(Xz)e 5 [r. kh(x_);H(C)h(Xc)dC( Z(XA);H)®p:|)
p=0""

converges in L*(F), clearly |Sxy| converges in L?(P)) as N — oc. By the Cauchy
Schwarz inequality and the fact that (2L are [SN ) r2(py) = E(|Sn|) we also have conver-

gence in L'(P). Substituting (3.66) in (3.50), gives the required result.
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Theorem I11.33. Under assumptions of Theorem II1.32, Vf € Cy(R),
S ity (B[00 00,007
o 51 (B[ Wi wr])

»

(3.67) E[f(X.)|F)] *

where the series converge in L*(Py) (and in L'(P)) and 1) denotes the pth order
multiple stochastic fractional integral of the Ito type (defined as in [8]) with respect

to the m-parameter observation field Y taken over the rectangle R, = [0,21) X - -+ X

[0, 2).

Proof: Choose a complete orthonormal system {e;}7°, in L3, (R.). Using argu-

ments similar to those employed in proving (3.57), we can show that for all p > 1,

p/2 kz . dY
lim ]EPO (/ k%ZL(X,);H(Oh(Xg)dC) Hp fRZ h(X,),H(C) ¢

Moo R. \/fRz ki(x,);[{(é)h(XC)dC
2
M
(3:68) = > Atk en ® - @)zl (en ®-®e,) | =0,
11 5eyip=1

By Lemma II1.30(i) and (3.68),

B, 0XIL] = 3, o (] ki(x.);H(C)h(Xg)dC)p/Q

p=0 =

<¢ ffkfz (C)dﬁimg)}

> 1 - .
= Z HE#X {f(XJ Z ((Fhx )™ €00 @ - @ €i,) 12, ()
p=1

i1, yip=1

<[ (e 89 e,) | + B
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=1
- ZH Z Eux[ (Khxym) p,6i1®~~®6ip)L%,p(Rg)}
p=1 i1

yip=1

x [V (eil ® - ®e;,) +E(f(X.))

= Z o Z ([ Fn(x )®p}>€z‘1®-"®€z‘p>Lz,p<Rz>

11,ip=1

XIX’Z (e ® - ®e;,) +E(f(X.))

G 1 z z
(369) = > —L (E[f(X2) (Kioxym)™])

p=0
where the series converges in L*(F). As we've shown (in the proof of Theorem
I11.32) convergence in L?*(P,) implies convergence in L'(P). Substituting (3.69) in

the numerator and denominator (with f = 1) of (3.50) gives the required result.
O

The multiple stochastic integrals in (3.56) are mathematically simpler then those
described in (3.61) and (3.5) since they are multiple stochastic integrals with respect
to a standardized Brownian sheet. However, from the point of view of implementation
of the filter, representations (3.61) and (3.5) are more practical. The reason being
that the integrals in (3.56), taken with respect to Brownian sheet WY require that

we compute WY via the integral transform

/HK (2;¢)dYe, z€T.
R

zjl

Notice that the kernels K (z], (;) take different forms depending on the value of z;.
That is, the kernel used in the transformation must be continuously updated as the
value of the current state z in the parameter space T changes. On the other hand,
integrals in (3.61) and are simply taken with respect to the observation random
field Y. The additional layer of complexity makes taking pathwise integrals with
respect to WY computationally expensive. However, (3.56) may be used to obtain

a representation of the optimal filter in terms of integrals with respect to Y if there
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exists a suitable version of the stochastic transfer principle (similar to those found
in [22],[5]). That is, if we can identify an operator I'; ,; such that IZVY’Z(F) =
1Y#(T2. 4 F) for all suitably regular and integrable functions F' from the domain of

I'? i, and then rewrite (3.56) in the form:

Yol (F;HE [f(xzxa(x»@pD
PO (rz;HIE [(5, (X))®p] )

(3.70) E[f(X.)|F)] =

In Chapter IV we will explore this idea of the operator I'; ;; and conditions under

which such an operator exists.

While evolution equations such as those described in Chapter II are useful in de-
scribing the dynamics, they are often not easy to use in practice. The evolution
equations have complicated analytical structure and are not proper stochastic differ-
ential equations. The expansions described in Theorems II1.31, II1.33 and III.31 can
be used as a tool to approximate the optimal filter in the general model described
by (3.28). By truncating the series and discretizing the integrals in the series, we
can obtain a class of suboptimal filters which converge to the best mean square
filter. These suboptimal filters can be implemented numerically. Here we extend
results given in [5] to the multiparameter setting described in the model (3.28). The
following theorem describes the truncated, discretized suboptimal filter and gives

convergence results for this approximation.

Theorem I11.34. Let {my} be a sequence of partitions of R, = [0, z1] X - -+ X [0, 2]

into m-dimensional rectangles with mesh |my| — 0 as M — oco. Assume conditions
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of Theorem II1.32, then

LY(P) - hm Z S C(fo2|)s YY)

'(p)— lim Z S o(1,2]), mar, Y)

M—oo

(3.71) E[f(X:)|F] =

where S,(¢,(f,2]),") = E, [f(Xz)e_éfRz ki(XJ;H(Oh(XC)dC], 1 denotes the function
identically equal to 1, and for all functions g, € Ll%l,p(Rz)f Vp > 1,

Sp(gp, ™01, Y) = Z {/RP gp(u:l, . ,ul’)ﬁﬁ.‘_’ip(ul’ . ,up)dul Coodu?

i1, ip=1

xY(O)...Y (@),

with Y (OM) represents the variation of Y over partition rectangle OM € mp as
defined in (3.5), n(M) is the number of rectangles in partition 7y, and for all u? =
(w),...,ul) € R,, where j =1,....p, we define

n(M)

ﬁff,...,,-p(ul,...,up) = Z {((EM)l)“jl...((EM)1),

ip\Jp
Jp—l

(/ Pl )me(/my; ¢H(up,g)dg>},

where ¢ (u, ) == [ [ HiQHi=1)|G—w, P2 for allu = (ua, .., upm), ¢ = (Gry- -, Gm) €
RZ7

(3.72) X (k;(X’);H)@’p (ul, - - ,up)]

and the matriz E,, is defined by E,, = <<ID£\4, 1D;_u>L2 I(Rz)>

1<i,j<n(M)

Proof: Consider a sequence of partitions myy = {OM},21 . of the rectangle

-----

R, into n(M) rectangles, and let P); denote the orthogonal projection operator (in
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L}1(R,)) onto the linear span of {1gp;i = 1,2,-,n(M)}. Then Py converges to

the identity operator as M — oo in the sense that Vg € L} | (R.)
1(Par — [)QHL%J(RZ) — 0 as M — oo.

Let us introduce the notation

W)= [ KiomObX)dG.

By arguments used in proving (3.53), we have that as a,b — oo,

2
LR 1 P
f(X.)e 2NV Z - (/R PMk,ZZ(X);H(C)dYC)

E |
p—

%07

~ P
uniformly in M. Therefore 3% ﬁf(Xz) e~2(N): (fRz PMkﬁ(x,);H(OdYC) converges
in L?(P) and hence,

=1 1N P
313 318 [F0 e ([ Pukicu(0ar) | -0
p=0 """ R
in L?(P,) where the convergence is uniform in M. We also note that since we can

represent the projection by B,k .5 = S Oégllmg/f, we have

E,. [f(X» A ( / PMkaXA);H(c)dn) ]

- p
= E, |f(X.)e ~3(N)- Z ozk (1gm)
= K., |f(X.)e ~3(N)- Z a 1DM) -+ Y (1)
i1-ip=1
~ LNy, M M M M
= Z Euxf(Xz)e 2oy "'aipY(Dil)"‘Y(Dip)
i1ip=1

B74) = 3 (B, [F() eV (Pukin))]) .
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Let us fix arbitrary M > 1. Note that {1gm;i = 1,2,..,n(M)} are linearly inde-
pendent (as elements of L7, (R.)) and Vg € L (R.), the projection Pyg can be

represented as:

n(M) .y
PMg - Z Qy, 1DQ47
k=1

where
o (1519 1y e,
= (B,)™" N ,
o
) <1DﬁfM>’g > 12, (R.)

and F = denotes the matri <1 .1 >
nd £,, den m I"IX( oM, Loy L%“(Rz))

1<i,j<n(M)

Setting g = ka(X‘);H, define

L3 (Rz)

n(M)
375) o' (X) =Y (B, (o kg L =1 n(M),
j=1

Then by (3.74)

o0

S lE, [f(X» e ( / PM/@;(X,>;H<<>M) ]

p=0
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|
e
> q - n(M) LA
= (B [ e 30 (el o)
p=1 p: 11, ,ip=1 k=1
Xlgy ® -+ ® 1DM‘|> +E, |:f(Xz)€ %<N>Z}
< ) o T w
= Z —'j;/'z< Z EIU‘X |if(XZ) €7§<N>z HO(% (X>‘| 1[,]»[ ® ® 1DM)
p=1 p: i1, ip=1 k=1
B, [y 1]
> 1 n(M) p
- Y3 X L [reoet [Laloo]ven . van)
p=1 U1, ip=1 =

(3.76)  +B,, |f(X:)e 5],

where the series converge in L?(P,) uniformly in M by (3.73) and (3.74). Note that

ﬁ i %)1[}3[1 ((EM>‘1)ikvjk] /R{ (Ko ) (- )

(/ Gl O ) x - (/ outut, 0 ) V..,

therefore,
) L n(M) ) )
EMX _7<N)Z H aik (X)] = Z { ((El\/[) )ilvjl ((E]M) )ipvjp
k=1 iy dp=1
p
% /pﬁp(f,2|u1,--- ,up)(H/M ¢H(uk,§)dg)du1...du”}
RE k=10,
(377) = / gp(f7 Z’ul7 e 7up)ﬁ7f\1/[,...7ip(ulv U 7up)dul s dup>
R?

where £,(f, z|-) is defined as in (3.72) and

n(M)

Bi (e wP) =Y {((EM)1)1,17].1...((EM)1).

p,Jp
Jiyesdp=1

x (D bia(u,C)d ) (/ o1 (7, ¢ dc)}.

J1



97

Therefore, we obtain that

o 1 e i P
Z _IEHX |:f<XZ)€ 2<N>z (/ PMkh(X),H(C)d}/C> :|
p=o " R,
- Lo
(3.78) =Y =S ((f2]), T Y),
=0 p!
where S,(-,+,") =E,_|f [ .)e %<N>Z} and for arbitrary g, € L} (R?), p > 1,
Sp (gpvﬂ—M7Y) |:/ gp Z‘];I’...,ip<u1, ---,up)dul...dup
= yip=1

X Y(Dﬁf)...y(mﬁj),

and the series Zp 0 p, S, (6p(f, z|"), ™1, Y), converges in L*(Pp) uniformly in M as
k — oo, since the convergence in (3.76) is uniform in M. Notice that in showing

(3.78), we also have shown that

Sp(p(f, 21, mar, Y) = 30 (B F(X2) €30 (Purki ) ™)

Since for each p > 1,
2
(3.79) Sy(bo(f, ) oman Y) 2 30 (0,(f,2]) as M — oo,

it follows by the uniform convergence of the series that

Z =Sy (6o (f.2]) mar, Y “P“)Z 6(f,2])) as M — oo,

and since we have shown that convergence in L?(P,) implies convergence in L'(P),

we have the result that

L
(3.80) 17 Sp(lp(f5 2]), mar, Y)

p=0 =

lﬁ

Zpl Y2 (0,(f.2]1)) as M — o,

Substituting (3.80) into (3.61) and setting f = 1 in the denominator gives (3.71).



CHAPTER IV

Inverse stochastic transfer principle

4.1 Introduction

In their 2002 paper [22], Pérez-Abreu and Tudor give a stochastic transfer principle
enabling one to represent the multiple fractional stochastic integrals of determinis-
tic functions f as [t type multiple stochastic integrals of a deterministic operator
FgL)T( f). The operator I’SZ;)T : L3, (T") — L*(T") is defined in terms of multivari-
ate Riemann-Liouville fractional integrals, which will be discussed in section 4.2.
These very nice results allows one to take many of the known properties of multi-
ple stochastic integrals with respect to Brownian motion and apply these properties
to multiple fractional stochastic integrals. A similar transfer principle for general
Volterra Gaussian process has been developed in [1].

However, the inverse relation, giving a scheme for representing multiple Wiener
Ito integrals of a deterministic function in terms of a multiple fractional Wiener in-
tegral is not immediately clear. This stems from the fact that the Riemann-Liouville
fractional integrals of functions f € LP are invertible only for a certain subclass of
L?. As these fractional integrals play a key role in the definition of ng)T’ whether
there exists an inverse operator depends on the inversion properties of the Riemann-

Liouville fractional integrals.

98
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From the transfer principle in [22], the form of the left inverse of the T’ S)T seems

very intuitive. However, Fg)T may not be invertible. Obviously for functions f

which can be represented as F?Tqé for some ¢ € Ly, (T™), Fg}l)T is invertible. The
fact that the operator involves n-dimensional fractional integrals however, makes the
invertibility non-trivial. In this chapter we give two main results. The first result
gives a class of functions for which the multiparameter Riemann-Liouville fractional
integral operator is invertible on a compact domain. In proving this result, we
give an explicit method for identifying a function ¢ such that f is equal to the
Riemann-Liouville fractional integral of ¢, provided the function f lives in I*(LP).
The second result gives an explicit class of functions L ; for which FE*?T from [22]
is invertible. Inclusion in this class can be verified by checking the existence of the
limits specified in section 4.4. For such functions we establish the Inverse Stochastic
Transfer Principle (ISTP).

The ISTP is applicable in a number of settings. Firstly, in combination with the
direct stochastic transfer principle, it allows one to obtain general representations of
multiple fractional stochastic integrals of Hurst index H; in terms of multiple frac-
tional stochastic integrals of Hurst index H,, for arbitrary Hy, Hy € (0,1). Secondly,
it is a useful tool in certain problems where fractional chaos decomposition is desired.
For example, in many continuous time nonlinear filtering applications with fractional
noise, the goal is to describe the optimal filter (which is the best mean-square esti-
mate of an underlying signal of interest) in terms of the trajectory of the observation
process (call it, Y). When the noise corrupting the observation is fractional white
noise, then, under an appropriate reference measure, Y is a fractional Brownian mo-
tion. In [5] and [18] it has been shown that the optimal filter can, with probability

one, be represented as a ratio of infinite series of multiple stochastic integrals of var-
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ious types. The latter integrals can be taken with respect to a suitably constructed
ordinary Brownian motion (with an appropriately defined integrand). However, it
is much more natural and computationally efficient to describe the optimal filter in
terms of multiple fractional integrals with respect to observation process Y itself
([2], [5]). The inverse transfer principle allows to easily transform integral expan-
sions of the optimal filter with respect to ordinary Brownian motion to the more
natural and numerically convenient expansion involving multiple fractional integrals
with respect to the observation process. Such a transformation of the integral ex-
pansions makes numerical approximations of the optimal filter possible whereas the
implementation of the original filter approximation is computationally inefficient.
This chapter is organized as follows. In section 4.2, we give an introduction to
multidimensional fractional calculus, laying out the tools we will need throughout
our analysis. In section 4.3 we give criteria that guarantee a function f belongs
to I(LP) on a compact domain. The criteria also establish a way of finding such a
function ¢ € LP such that f is equal to the fractional integral of ¢. In section 4.4, we
establish the Inverse Stochastic Transfer Principle. In section 4.5 we give an example
of an application of the ISTP applied to integral expansions of optimal filters for a

nonlinear filtering problem with fractional noise.
4.2 Multivariate fractional calculus

In this section we discuss concepts of fractional calculus which will be used
throughout the chapter, namely fractional integration and differentiation of func-

tions of many variables. As in [24] (section 24, Chapter 5), let us make use of the

following extensions of the Riemann-Liouville fractional integral and derivative.

Definition IV.1. Let [a,b] = [a1,b1] X -+ X [an, b,], where each [a;, b;] are fixed
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intervals in R. For the function o(x) : [a,b] — R, ¢ € L([a,b]), the right-sided

mixed fractional integral of order o = (a, ..., ), is given by

(4.1) (L") (x) = ([ o...0o™ )(gv)—L/b1 /b"M 0<a=<1
R Y A S s

where (t —2)7 % = (t; —z)V . (t, — 2,)' 7%, T(a) =T(ay) - - - T'(a,) and

dt = dt,...dt,,.

Definition IV.2. For ¢ as in definition IV.1, the right-sided mixed Riemann-

Liouville fractional derivative of order o = (ay, ..., ;) is given by

b1 bn
49 OO0 - e ). - e <<l

where (t — ) = (t; — ) .o..(ty — ) , T(1—a)=T(1 —ay)---I'(1 — ) and

dt = dt,...dt,, provided ¢ is such that the derivative on the right side of (4.2) exists.

If a solution exists to the multidimensional Abel equation

(4.3) ﬁ/ / % —o(z), z<b

then clearly f(x) = (D;""p)(z) is the unique solution. Hence Dy (1;"" f)(z) = f(x).
However, in general it is not the case that I,""(D;"" f)(x) = f(x). If there exists a
function ¢ satisfying I,""¢(x) = f(x) Va € [a, b], then clearly I,"" (D" f)(z) = f(x).
In order to investigate existence of such a ¢, we need to introduce the (mixed) finite
difference operator A]Z’" acting on functions f : R®™ — R parameterized by order

vector k and step vector h, defined by

(4.4 (AL ) () = 3 (—1)j<];)f(ar—j-h)

0=5=k

where j = (j1, ..., Jn), k = (K1, ..., k) are vectors of integers in R", and we use of the

following notation,

k B k; . . : ; - ]
( ) = H ( .')’ Jjet:= (]ltla '--a]ntn)7 and |]| = Z‘ji'
J i=1
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For notational simplicity, let us define the function

(4.5) On(x;t, o, k) = - 1__%_:1 % , rzeR"
Hn t( "FOM,) Z(bz _ xl)az(lsz)

i=1"

where a = (aq,...,ap), oy € (0,1) Vi € {1,...,n}. We also introduce the integral

operator

(4.6)
n b1—x1 bn—xn

(@k5r) (@) = { TTs = 2 / / O (w31, v, k) (AR f) (@)t dt.
i=1 t1=0 tn=0

Similarly, define the operator

(4.7)
n b1—x1 bn—xn

(@0 ) (@) = [ T](0s = i = )" - (st 0, )AL ) (@)dt...dts
i=1 t1=€1 th=¢€n

where € = (€1, ...€,).

Definition IV.3. For function f : [a,b] — R,

(4.8) D" f(x) = (H ﬁ) > (en.f) @),

i= 0=k=1

is called the truncated Marchaud fractional derivative, and, where the LP limit

exists
(4.9) D" f () = lim D" f(x),

is called the Marchaud fractional derivative, where the sum over 0 < k < 1

represents the sum over all vectors k € {0, 1}".

Remark For example, when n = 1, D" _f(x) is the sum of two terms,

a,n o f(x) « b f(l') — f(t + .I')
(410) Db77€f(flf) - F(l _ Oé)(b — x)a + F(l - 04) t=¢ tite

dt
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In the case n = 2,

= 1—1
(TIr - an)D5 f(x) = f(1,22) =t /b [, za) = [t )
i=1 t

(b1 — x1)?2(ba — x2 1= t%Jral (b2 — x2)e2

o /brm2 Jf(w1,22) — f(z1,t2 + $2)dt2
ta=e2 t;+a2 (b — z1)™2

brow pb2mm2 £y go) — fts + 1, 2) — f1,te +a2) + f(tn + 1, te + 22)
t}+a1t%+a2

(4.11) +aa / dtodty,
t

1=€1 tag=e2
the sum of four terms. It is easy to see that for general n, D?’_Tfe f(z) is given by the
sum of 2" such terms where the numerator of the integrand in each term is given by

the variation of f along the axes with respect to which the integral is taken.

4.3 Representation of fractional integrals of many variables

In this section we give conditions on functions f : [a,b] — R which ensure that
there exists a function ¢ € LP([a,b]) such that f(z) = ([,""¢)(x) for all z € [a,b],
where [a,b] = [a1,b1] X -+ X [an,b,]. When looking at the truncated Marchaud
fractional derivative, the form of (fbﬁzk f) (x) depends on the sub-region z falls
in. We adopt the very important convention of [24], and assume that the function

f : [a,b] — R vanishes outside the region [a, b].

Definition IV.4. For vectors a = (aq,...,a,), b = (b,...,b,) and € = (ey, ..., €,),

where 0 < ¢; < b; —a; Vi =1,...,n, define

R(e) = Raple) = [a,b] — ([ar, by — €1) X -+ X [an, by — €3)).

)

We will partiion R(e) into 2" — 1 regions. Consider all rectangles of the form
119 % - x I19 where exactly k of the I](E)’s are of the form 13(6) = [b; —€j, b;], and the

remaining n — k of the IJ(E)’S are of the form Ij(e) = [aj,b; — ¢€;). There are (}) such



104

rectangles, let us call them RY, ..., R’En>, so that we have
k

-yUm

k=1r=1
To see how these regions affect the form of Marchaud fractional derivative let us look

at an example with n = 2. Take the last term in (4.11),

(4.12) / / faq, z2) _f(t17x2)_f(x17t2>+f(t1’t2>dt2dt]_.
ti=x1+e€1 Jta=x2+e2

(tl _ x1)1+0‘1 (t2 _ x2)1+a2

Ifa; < @y < by — €1, by — €3 < 79 < by, that is z € RI, since f vanishes outside
[a, b], the last two terms in the numerator of the integrand become zero and we are

left with

(L _ 1 ) /b1 (w1, 9) — f(tl’x2>dt1

€9 (b2 - x2)a2 1=T1+€1 <t1 - x1)1+a1

and if b; —€; <y < by, by — €9 < 19 < by (7 € R?) then (4.12) becomes

1 1 1 !

Theorem IV.5. Let [a,b] be a compact rectangle in R™. Let f : [a,b] — R be a
measurable function on [a,b]. Suppose 1 < p < oo, and o; € (0, 217) Vi. If f € LP([a,b])
and the LP limat
(4.13) tim (@07,f) )

(LP)
exists V. 0 < k <1 (i.e. for all vectors k € {0,1}" ) where € = (€1, ...,€,) and CIDZE’Zk

is given by (4.7), then there exists function ¢ € LP([a,b]) such that f(x) = I,""p(x),

for all x € [a,b]. Moreover, ¢ is equal to lim(ﬁo) Y 0<k<1 <<I>b’n ) ().
L) O3

€,a,k

Proof: Let f € LP([a,b]) and consider the function

(4.14) <ﬁr 1—041) > (#0) @

i=1 0=k=1
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It is easy to check directly that wé")(:c) € LP([a,b]) and when the limit exists,
lime_o o™ (z) := o™ € LP([a,b]). We will prove that f = "™, Since the oper-
ator I;"" is continuous in L? (see [24]) it is enough to show f = lim. [f‘;"gpgn) (x),

where the limit is taken in LP.

Step 1 Let us first focus on the region where x; < b; — ¢; Vi. We first show that over

this region,

(4.15)
by —xq bn—zn n
[;l_mgpgn)(x) — / ! e / " ICai (tl) f(tlﬁl + L1y eney tnen + Z’n)dtndtl,
t1=0 tn=0 i=1
where KCy, (t;) = F(a-)rl(1—a-) <til_(?_lu) , which has the property that

(4.16) / Ko, (t;)dt; = 1.
t;

=0

The right hand side of (4.15) can be rewritten as

b1 —xq bp—1—Tp_1 bn—zn

/ ' K (1) / " K (t) / £ F(brer + 1,y b + T

t1=0 tpn—1=0 tn=0

Q/%ﬁ(%_n%f@ + tn€n 4 ) dty | dtn_y...dt; x
— -_— €1+ 1, . by + Tn)dty [ dty_q... .
tn:l tn 1€1 17 Y 1 1 F(O{n>r(1 _ an)

Making the substitution ¥, = t,€, + x,, the term inside brackets becomes
(4.17)

1 b ftier + 21,y yn) 1 b fltrer + 21, oo Yn) (Yo — Ty — €,)2"

o -« Yn — o dyn
" Tn (yn - .Tn) " " Tn+en (yn - .an)

Using the fact that

(Z/—e—:lf)o“:/y_6 1 ds (z < y).

Ga(y—x) - (S—x)lfa(y_3)1+a

which follows from the indefinite integral

/‘ 1 gs = =8 (s—a)

(ool —o " T al )

Y
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(4.17) becomes

(4.18)

L f( s Yn e i t 2 Yn
— f( 1€1 + $1,1_;y )dyn—ozn/ / f( 1511_—2 L1y Y >1+a dsndyn
" Ja, (yn - xn) " Sn=Tn JYn=sn+te€ (Sn - xn) "(yn - 8"> "

Adding and subtracting the term

n=Tn (yn - xn>1_an (bn - yn)an " ea_n

/bnen fhe @0 y) 1 /b fhat o),
y Y

- n==n (yn - In)l_an

b

" tier + 1, ..., Yn

+/ f(11 1 y) dy,
Y

n=bn—én (yn - xn)l_an (bn - yn)an
(4.18) becomes
/bn : 1 {f(t161 + 1, ...7yn)+an /bn fltier + 1, .o, yn) — f(tier + 21, ..., Sn)dsn}dyn.
Yn==Tn Y s

n — l'n)l_a” (bn - yn)a” n=Yn+en (Sn - yn)l+an

So that the right hand side of (4.15) is equal to

by~ bn—1—-%n_1

1 / €1 €p—1 bn 1 f(tlel —|—3,’1,...,’yn)
—_— ICQ (tl / K:an, tn—1 /
D(an)T(1 = an) Jiy =0 () ty,_1=0 il ) [ yn=cn (Yn = Tn)t7on (bn = yn)on

n

b

. | ) — [t

o, f( 1€1 + Ty, 7y'r7.) f( 1€1 + Ty, 7S7l)d5n dyn dtnfl---dtl'
Sn=Yn+e€n (Sn - yn>1+an

Considering f(ti€; + 21, ..., y,) as a function of ¥, only, and letting

oW (trer + 21, oy Yn)
1 [f(t161+x17"'7yn)
(1l —ay) (br, — )2
b
n ¢ ) — ft S
+Oén/ fltier + 21, un) — f(tien + 21 8>dsn1,

n=Yn+€n (Sn - yn)1+an

the right hand side of (4.15) is equal to

(ﬁ rmrh = ai)) /t:O (t?l = (2 - 1)a+1>

n—1"%Tn—1

P tai_l _ tn_ _ 1 On—1 o
.. / ' ( n—l (t 11 )+ ) [b_7190£1) (tlel =+ L1y eeny yn)dtldtn_ldyn,
tn—1=0 n—

(4.19)
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where [;" 15 is the mixed fractional integral, that is the single parameter Riemann-
Liouville fractional integral taken over only the nth axis. Using the fact that mixed
fractional integrals of LP([a,b]) functions are in L*([a,b]) if a; < % Vi (see [24]), ap-
plying Fubini’s Theorem and repeating the above arguments in each of the remaining

n — 1 coordinates gives (4.15).

In view of (4.15) and (4.16),

"o (x) - f(x)

(4.20)
/ / <H Kai(ti)> [f(tlel + 21, ey tpn + Tp) — f(21, 0 2p) | dby.dty
=0\ =1

for x € [a1,b1 —€1) X+« X [an, by — €,).

Step 2 Next we show |[|1;" “n M| r(R(e)) — 0 as € — 0. Specifically we will examine

the norm over individual regions making up R(e€), as

(4.21) 1250 (@) | o(riey < ZZ 1250 o (e 0

(=1 r=1
where each term in the sum satisfies

n

(422) H[lﬁngpgn) ($)||LP(R£(6)) S (H 1 — ) Z ||[a n(I)e Cl{j )“Lp (RL(e))

i=1

where ®"" f are the individual terms (integrals) making up ot () and each j €

€,0,7

{1,...,2"} represents an element of the set of vectors 0 < k < 1, that is all vectors

ke {0,1}".

For notational simplicity we will look only at the region RY"(¢), where b, —¢; < z; < b;
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for i = 1,...,m. All other terms are handled in the same manner. The substitution
¢ = b; +x; — t;, Vi yields

b1 bu PN f (b —l—x — 1,y by + T —
IO‘"CDZG’Z / / ciogf (b1 Lo ¢ )dqn...dql.
il [T (b — @)t

Applying the Minkowski inequality for integrals [10],

HIQ nq)e aijLp(RT(f))

1 (/‘bl /‘bm /‘bm+1—6m+1 /‘bn—én
F(O&) r1=b1—€1 Tm=bm—€m J Tm4+1=0 Tn=0

/bl /bn ®523f<b1+$1_91a>bn+$n—%)d :
q1=71 qn==n H?:l(bz - Qi)l_ai

1 / / bm+1 /bn /th / /qm+1/\(bm+1 €m+1)
F q1=b1—e1 Gm=bm—€m J gm+1=0 qn z1=b1—€1 Tm=bm—€m J Tmy1=0

/Qn/\(bn €n) CI)bn f(bl + 21— q, - b + Tn — qn)
oG-

=

Gn-.-dqq dq:n...dxl)

dx,.. dxl) dgy,...dq

< /. R A N
- (b — g )t T Wn A | R S | e (R e
() q1=b1_c, (b1 — @)t =0 (bn — qn)? J (R7"(€))
1 a1 a (779 n
=Ty e b 1925 f llr ey e
1 e Am+1 «
(423) S F(a) 61 .. mmbm+1 b n||®€a]f||Lp([a7b]) _ 0 as € —s 0

Similar arguments show that for any 0 < k£ < 1, ||}~ n<I>bakaLp (Re(ey — 0 for all

R!(€) making up R(e). This result along with (4.21) and (4.22) gives

T

Hfz?_"sog Lo (r(eyy = 0 as e — 0.

Step 3 As f € LP(a,b),

| fller(re)) — 0 as e— 0.
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Upon combining this with (4.20) and using the properties of mean continuity of L?

functions and the dominated convergence theorem, we obtain that

127 = Sl < N0 = iy + [ - Uﬁwﬂ
t1=0

dt,...dty — 0
LP(a,b)

X Hf(t161 + 1z, by + ) — f21, 0, 20)

as € — 0 and the desired result follows.

4.4 Inverse stochastic transfer principle

In this section we describe the inverse transfer principle and the operator for the
class of functions Lg ,([0,7]"), which allow us to represent multiple stochastic inte-
grals with respect to Brownian motion in terms of multiple stochastic integrals with

respect to fractional Brownian motion.

First, for Hurst parameter H € (%, 1) and for (ti,...,t,) € [0,T]™, let us recall from

22], the following continuous, isometric operator Fgf})T : L3, ([0, T]") — L*([0,T]")

defined by
(Fg)T(f>> (t, o ty) = (CH)" (ﬁl(tj);_zf)

(4.24) X (If_‘iv”(lf[lsf—%y(sl,...sn)> (t1,...tn)

where

C(2HTH A HIE - m)\
Cn = T(2—2H) ‘

Next, let us recall the following (direct) stochastic transfer principle of Perez-Abreu

and Tudor.
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Theorem IV.6. (Stochastic Transfer Principle) ([22]) For arbitrary

fe L3, (0.7,
(4.25) 5" (f) = 1V (U f)

where IB" (+) is the nth order Wiener integral with respect to BY | taken over [0, T]"
and I,(-) is the multiple stochastic integral taken over [0, T|" with respect to the

standard Brownian motion WtB f[o 1 '(t,s)dBH.

In order to define the inverse stochastic transfer principle, let us introduce the

operator 1"(137)}_1) : L2([0, 7)) — L%Ln([(),T]”),

(C5705) (1) = (Ol)n (ﬁ(tﬂ_H)
(4.26) ( H—;n(ﬁ ) 817".571)) )

We also make use of the following definition:

=

Definition IV.7. Define L3 ;([0,T]") to be the class of functions f : [0,7]" — R
such that f € L?([0,T]") and

(4.27) {%(Hx) (et i) @

(L?2) =1

exists V.0 < k < 1 where ® is given by (4.7). Here H denotes the vector H =
(H,...,H) so that H — % = (H — %,

(21 ) T2 f (21, ..., ).

3), €= (e1,...,€,) and ff (@1, ..., x,) =

Note A trivial example of a function f such that limit (4.27) exists is given by

f(zy,.yxy) = C(xq - -xn)%’H, where C' € R.

Theorem IV.8. (Inverse Stochastic Transfer Principle) For functions f €

L3 ([0, T1%), the following equality holds:

(4.28) ) =z ),
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where I" () and ZB" (-) are as described in Theorem IV.6.

Proof First note that f € L%([0,T]") implies f3 € L*([0,T]") since 2l 7 s

7

N|=

bounded on the compact interval [0,7] for each i. The existence of (4.27) and

1
boundedness of xf{ 2 on [0,7] imply the existence of

e—0

(L?)

lim (@Tg " fH> (),

for all 0 < k < 1. Let us therefore define

A0 = () 2 (W05 pfi) @)

0=k=1

From Theorem (IV.5) it follows that f}; = hmf_,zo I Hfﬁ "<p§3?2. By continuity of the
L?)

fractional integral in L? it follows that f}; = (]7{{ hm(ﬁo) go(n)).
L

Next we define the term

(4.29)

o) = () 2 ()" (005 ufi) @) e e 0

0=k=1 =1
Note that the L? limit of qb* . HT( ) exists as € — 0, as a consequence of (4.27). We
can write f;; in terms of qb*n : qb* CHp AS

i) = 74 m (T[w) " o2 | @)

e—0

(L2) =1

2 (TLw) " o | (@)
i=1

e—0

(L?)

And hence

Fla) = (z1--a) 7 1 fhy (2, oy 20)

= (IT=)° If__é’"(ﬁui>H_;1ei§(}¢@(u) ()

i=1 i=1 (L2)
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* \N - : Hfln €\ — n
s =@ (T]=)" (ot (Hul) (lgrg (Ci) o) () | (@)
i1 (L2)
So the existence of lim(HQo) (bine) (x) implies that for any f € L?([0,T]"), there exists
L
¢ € L*([0,T]") such that

(431)  fl@) = (C)" (ﬁxi)é‘H< H‘%”(Huz) ><x>.

It follows that ng)}_l)f(x) = ¢(x) and f(z) = FgL)ngS(x) Vz € [0, T]". Using the fact

that

(4.32) IWo(x) = T o(),

we obtain that

(4.33)

B B n B n B n) H ~ o (=
V() = VP (Ohe) = IV (DS e) = IV (Do) = T8 (¢) = T2 (D) f),

n

where the third equality follows from (4.32) and the fourth follows from direct appli-

cation of (4.25). Since ¢ € L*([0,T]"), by Theorem IIL18, ¢ € L, ([0, T]") so that

75" (¢) and IV B(ng)Tqﬁ) are well defined.

4.5 An example in the context of nonlinear filtering

As an application of Theorem IV.8, we look at the nonlinear filtering problem
described in[5]. Consider the following nonlinear filtering problem for a random
process X = (X, t € [0,T]), where T < 0o, and X is not observed directly. Suppose
that a noisy process Y is observed instead and that the observation model, which is

of interest in many engineering and economics applications, is given by:

t
(4.34) Yt:/ h(X,)ds+ BE, te[0,T]
0
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where h is a suitably regular and integrable nonlinear function, B¥ = (B[?) is a
fractional Brownian motion with Hurst parameter H € (%, 1) and the signal process
X is assumed to be independent of the observation noise B. The goal is to charac-
terize the optimal filter, or, in other words, to study the best mean-square estimate
of the signal, conditioning on FY := o{Y; : 0 < s < t}, the o-field generated by the

observation process.

Recall from Chapter III, the following representaion of the optimal filter holds:

S (3] 1006 0)] )

(4.35) E[f(X:)|F ] = Z;ioélgvy,t (E{(d(}())@p]) :

where the series converge in L?, (-)®? denotes the pth order tensor product and II‘,’V Yt
denotes the pth order multiple stochastic fractional integral of the Ito type with re-

spect to the Brownian motion WY, with the integral taken over [0, ¢].

By truncating the sum in (4.35) it is possible approximate the optimal filter by
s (B[ 6o )
. )
S (E|coye] )

(4.36) E[f(X)|F] =~

From a practical point of view however, this representation is not easy to implement,
since it requires that we compute the trajectory of (WY, ¢t € [0.T]) using the kernel

Kﬁl, whose form changes at each point ¢ in the parameter space [0, 7.

We can use the Inverse Stochastic Transfer Principle to represent the integrals in
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(4.36) as multiple fractional stochastic integrals with respect to observation process

Y. Namely, provided
B(FX)O.00)) () € Lia(OTP) Y=LV, V€ 0.7

we can approximate (4.35) by

SN <P§§}f‘”E {f (Xi)(0.(X ))®p] )

T [ eeeor])

where I;/ 't denotes the pth order multiple stochastic integral of the Itd type with

respect to the observation process Y, with the integral taken over [0, ¢].

The approximation (4.37) allows for numerical implementation of the representations
given by (4.35). The Inverse Stochastic Transfer Principle gives multiple integrals
with respect to the observation process so we can directly use the observation pro-
cess to obtain the integrals as opposed to those in (4.35) which require continuously
updating the kernel Kljl to obtain the process WY . We should note however, that

(=) depending on

in this case we will need to continuously update the operator F%’,t

the spatial parameter t.
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