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CHAPTER 1

Introduction

Classical model theory is the study of elementary classes: classes of structures
which, like groups, rings, and partially ordered sets, can be characterized by theories
in first-order logic; that is, by sets of first-order sentences. While the field might
be said, in retrospect, to have had its beginnings in the downward Lowenheim-
Skolem theorem (1915), the completeness and compactness theorems (1930), or,
more conventionally, in the work of Tarski in the 50s, it did not emerge in its modern
form until 1965, with the advent of Morley’s Theorem ([21]). This result settled the
question of categoricity for countable languages: if an elementary class (theory) in
a countable language is categorical in one uncountable cardinality—if there is, up
to isomorphism, only a single model of that size—then the class is categorical in
all uncountable cardinalities. To put it another way, we associate with each theory
T a spectrum (7T, k), with £ ranging over the infinite cardinals, which tells us for
each x the number of isomorphism classes of models of size k. Morley’s Theorem
gives all possible spectra for countable categorical theories: they are categorical
only in N, or in precisely the uncountable cardinals, or in all cardinals. Using the
machinery of stability theory, Saharon Shelah proved a generalization to uncountable

theories, where categoricity in any cardinal above the cardinality of the theory implies



categoricity in all such cardinals. The next natural question, “If T"isn’t categorical in
k, how bad can I(T, k) be?”, spawned Shelah’s project of classification theory (more
or less completed for countable theories in [24]) which has been an overwhelming
preoccupation of first-order model theory ever since.

There are reasons to move in a slightly different direction, though. While first-
order model theory has wide-ranging applications in mainstream mathematics (for an
early example, see Ax and Kochen’s work on Diophantine equations over local fields,
distilled in [19]), there are a number of perfectly natural mathematical structures that
it cannot properly analyze, by virtue of the fact that they cannot be satisfactorily
characterized in first-order logic. Naturally, any abstract theory of mathematical
structure that fails to encompass Banach spaces and the complex numbers with
exponentiation (to take two key examples, the the former being the subject of work
by Itai Ben Yaakov, C. Ward Henson, and Jose Iovino, and the latter being the
particular province of Boris Zilber, beginning in [27]) is poorer than one might like.
We are led, then, to consider the model theory of nonelementary classes—those
that must be described in, say, an infinitary logic (formulas may contain infinite
conjunctions and disjunctions, or infinitely many quantifiers), or a logic incorporating
the quantifier () (“there exist uncountably many”). The driving questions here are
similar to the classical case: can we obtain results about the categoricity spectra
analogous to Morley’s Theorem? What can we say about the proliferation of types
over sets of each cardinality; that is, the stability spectra? To what extent do the
tools and results of first-order stability theory generalize to these contexts? To
address these logic-specific questions all at once, we consider classes of structures
that simultaneously generalize classes of models of theories in all of the above logics.

Of the notions currently in circulation, abstract elementary classes—AFECs—seem to



exhibit the best balance of generality and richness of structure.

Although a thorough treatment of the definitions and basic facts that we need
in connection with AECs will be provided in Section 2.1, we give the roughest of
introductions here. As we will doggedly maintain in the sequel, one would not go
far wrong in thinking of AECs as the category-theoretic hulls of elementary classes:
we abandon syntax entirely, but retain the essential properties of the elementary
submodel relation. In particular, an AEC is a class of structures I in a given
language, closed under isomorphism, that comes equipped with a strong substructure
relation <x (a partial order on K), and satisfies (among other axioms—see [2], or
Chapter 2 below):

e Closure under unions of <j-increasing chains.

e Coherence: If My<xMsy and My C My <My, then My<c M.

e Lowenheim-Skolem: There exists a cardinal LS(K) such that for any

M € K and subset A C M, there is an M, € K with A C My<xM and

|My| < |A| + LS(K).

An elementary class equipped with the elementary submodel relation is an AEC, as
are classes of models of sentences of L, .,, L(Q), L., (@), and so on, given a suitable
choice of <x. Hence this is an ideal context in which to seek, among other things,
categoricity and stability spectra for the nonelementary classes we have chosen to
investigate. Accessible categories—the category theorist’s answer to the need for
such a context—are still more general but, as we will see, nonetheless provide us
with useful information in the relevant special cases.

To discuss stability (and stability spectra) in the context of AECs, we require
a notion of type. Given the purely algebraic nature of AECs, there is no chance

of resorting to the syntactic types to which logicians are most accustomed. One



defines an alternative notion—Galois type—as follows: in any AEC K with the
amalgamation property, there is a monster model €. For all intents and purposes,
we may regard any structure in I as being a substructure of €. A Galois (1-)type
over a structure M is the orbit of an element of € under the automorphisms of € that
fix M (the analogy with Galois theory is instructive). An AEC is said to be A-Galois
stable if there are at most A Galois types over each structure of size A. This notion
is certainly consistent with the syntax-free spirit of AECs and, as it happens, one
can still employ a near-classical toolkit of topological methods and rank functions to
analyze Galois types and Galois stability.

In Chapter 3, I define, for each structure M and cardinal A\, a topology on the
set of Galois types over M in which types over small substructures of M (i.e. size at
most A) take on the role played by formulas in topologizing sets of syntactic types.
In particular, a basic clopen set consists of all types over M that extend a given type
over a small substructure. The topological properties of the resulting space, X3y,
are closely connected to the model-theoretic properties of M and K. Critically, the
property of y-tameness of Galois types in a class K—for any distinct types p and q
over a structure M, there is a substructure M’<x M of size at most x on which their
restrictions differ—emerges as a separation principle, namely the Hausdorff axiom,
for the appropriate spaces. Beyond giving a new way of understanding purely model-
theoretic properties of AECs, these spaces, peculiar as they are (the intersection of A
open sets is open in X3,, for example, meaning that it is astonishingly difficult to be
an accumulation point, and that none of the X3, are compact), immediately give rise
to Cantor-Bendixson ranks, and motivate the definition of a family of Morley-like
ranks.

We give the definitions of these rank functions in Chapter 4, and provide a few of



the most interesting consequences of their application to questions involving Galois
stability. Roughly speaking, and recalling the analogy between formulas and Galois
types over small structures, we first define an ordinal-valued Morley-like rank RM*
(for each cardinal A\) on “formulas,” and then define it on “types” as a minimum of
the ranks of the constituent “formulas.” The RM* are monotonic, invariant under
automorphisms of €, satisfy a (slightly weak) unique extension property, and relate
nicely to the topological structure: for example, if RM? is ordinal valued on the
types over M, isolated points are dense in X3,. If RM” is ordinal-valued on all types
in an AEC IC, we say that K is A-totally transcendental, a notion that is the key to
a series of results concerning Galois stability in tame AECs. We begin with a proof
that stability in a cardinal ) satisfying A® > X implies A-total transcendence and, by
means of a series of results that use total transcendence to estimate the numbers of
Galois types over models, translate this into several upward stability transfer results.
The most interesting of these results, Theorem 4.26, establishes, among other things,
that a class IC that is stable in a cardinal X\ satisfying the condition above is stable
in any p such that cf(u) > A provided that K is stable on an interval just below
w. This is a significant generalization of a state-of-the-art result from [5]. In fact,
the theorem itself has a number of generalizations, many of which are of interest in
their own right. The most general form requires only weak tameness (the tameness
condition is required to hold only for types over saturated models), and a weaker
form of stability below x which, although less than natural in a model theoretic
sense, does crop up naturally in a category theoretic context.

This is the sole thread remaining to be woven into the picture. As we have noted
above and will note again, abstract elementary classes represent, in a sense, the most

recent stage of a long, slow drift toward category-theoretic viewpoints and methods



within abstract model theory. There is an answering movement from the other camp:
the last two decades have seen a new subfield—categorial model theory—emerge
from the work of a small group of individuals whose recent work is of a primarily
category-theoretic bent: Michael Makkai and Robert Paré (see, in particular, [20]),
and Jiti Adamek and Jifi Rosicky (see [1]). Their investigations have led them to
the notion of accessible category, and have brought them within a stone’s throw of
those working in our corner of abstract model theory. Indeed, if one considers the
accessible categories with directed colimits described in [22] (as we will, briefly here
and in detail in Chapter 5), it seems that we have at last found a point at which
model theorists and category theorists may shake hands. That the deep affinity
between AECs and accessible categories has as yet gone unremarked upon outside of
the current author’s work is surprising, and we will devote Chapter 5 to remedying
this situation.

The barest of outlines: recall that a Scott domain is a poset that contains a set of
compact elements (z is compact if and only if for every directed system {z; |i € D},
r < \,ep xionly if v < z; for some i € D), is closed under directed joins, and has the
property that every element can be obtained as a directed join of compact elements.
A M-accessible category (A a regular cardinal) is a generalization: it contains a set
of A-presentable objects (X is A-presentable if and only if each map from X into
a A-directed colimit factors through one of the cocone maps, and the factorization
through any such map is essentially unique, in the sense that any two factorizations
through a particular cocone map are eventually identified in the A-directed system),
it is closed under A-directed colimits, and every object can be obtained as a A-
directed colimit of A-presentables. For any AEC K, we regard it as a category in

the only natural way: the objects are the structures in K and the morphisms are



the <y-embeddings. The Lowenheim Skolem property for AECs guarantees that
every structure is the LS(K)"-directed union of its substructures of size LS(K), and
closure under unions of chains implies, by an easy exercise in category theory, that
IC is, in fact, closed under all directed colimits. In particular, then, any AEC K is
LS(K)*-accessible and, as we will see, a structure M € K is p-presentable for regular
> LS(K) if and only if |M| < p.

In [22], Jiff Rosicky devotes considerable attention to accessible categories with
directed colimits (without mentioning AECs) and, in so doing, arrives at several
notions and results that are of interest in our context. The full details of the corre-
spondence between his category-theoretic notions and the model theoretic properties
of AECs can be found in Chapter 5—here we focus only on what he calls weak \-
stability. For our purposes, if an AEC with amalgamation K is weakly A-stable, then
any M € K of cardinality A has a saturated extension of size A\. As it happens, this
is precisely the weaker stability condition required in the stability transfer result for
weakly tame AECs mentioned above. The remarkable thing is that any accessible
category is weakly stable (in the sense of Rosicky) in infinitely many, and arbitrarily
large, cardinals. We postpone a detailed discussion of the result until Chapter 5.
Suffice it to say, for now, that our result, in conjunction with that of Rosicky, gives
the beginnings of a stability spectrum for weakly tame AECs.

We close with an astonishing result which, although merely a curiosity at present,
may have the potential to help in the analysis of categorical AECs—perhaps even
in generating new categoricity transfer results. Taking a key result from [22] and
translating into the AEC context, we will see that in any categorical AEC (categorical
in cardinality A, say), the sub-AEC consisting of structures of cardinality at least A

is equivalent (in the category-theoretic sense) to a highly structured subcategory of



the category of sets with actions of the monoid of endomorphisms of the categorical
model in K; that is, the monoid M = Homy (K, K), where K is the unique model
in IC of size A\. The straightforwardness of the correspondence between models and
M-sets suggests that this peculiar representation theorem may be put to some use
in the future, if only as a translation of familiar—but hard—problems in categorical
AFECs into radically new ones involving what are, theoretically at least, far simpler

algebraic entities.



CHAPTER 2

Preliminaries

We begin with a brief tour of the background material—basic definitions and
results—which will be used throughout this thesis. Section 2.1 lays out the model-
theoretic context: abstract elementary classes, the associated notion of Galois type,
and the host of properties thereof that will be invoked freely beginning in Chapter
3. Readers already familiar with these details may wish to skip to Section 2.2, which
introduces accessible categories—material that will be essential in understanding the

proceedings in Chapter 5.

2.1 AECs and Galois Types: Definitions and Basic Results

Naturally this exposition will not be exhaustive; readers interested in further de-
tails may wish to consult [2], and, for a presentation emphasizing the context in which
to situate these details, [10]. As suggested in the introduction, AECs can be seen as a
fundamentally category-theoretic generalization of elementary classes, where we ex-
cise syntactic considerations, and retain the purely diagrammatic, category-theoretic

properties of the elementary submodel relation. In particular:

Definition 2.1. Let L be a fixed finitary signature (one-sorted, for simplicity). A
class of L-structures equipped with a strong submodel relation, (K, <), is an abstract

elementary class (AEC) if it satisfies the following axioms:
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AOQ The relation < is a partial order.
A1l For all M, N in IC, if M<xN, then M C; N.
A2 (Closure Under Isomorphism)

1. If M € K, N is an L-structure, and M =, N, then N € K.

2. If M;, N; € K for i = 1,2, and there are L-structure isomorphisms

fi : M; — N; with f1 C f2, then if N1-</CN2, My =< Ms.
A3 (Unions of Chains) Let (M,|a < §) be a continuous < -increasing sequence.

L Upes Mo € K.
2. For all @ < 8, Mo=xU,s Ma-

3. If My=<xcM for all v < 0, then |, s Mo<xM.
A4 (Coherence) If My, Mi<xM in K, and My C; My, then My<c M.

A5 (Downward Lowenheim-Skolem) There exists an infinite cardinal LS(K) with the
property that for any M € K and subset A of M, there exists M, € K with

The prototypical example, of course, is the case in which K is an elementary
class—the class of models of a particular first order theory T—and < is the ele-
mentary submodel relation. Given that the axioms above were designed to capture
the fundamental properties of elementary classes and elementary submodel, it comes
as no surprise that (I, <) is an AEC, with LS(K) = |T'|. Naturally, the notion of
AEC is far more general. Given a sentence ¢ € Ly, K = Mod(¢), and < the
relation of elementarity with respect to a fragment A of L, containing ¢, (K, <x)

is an AEC with LS(K) = |A|. Similarly for models of sentences in L((Q), provided
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we are careful in our choice of <x, in which case we have LS(K) = X;. Notice that,
unlike in the elementary case, classes arising from such non-first-order logics need
not contain arbitrarily large models, even if they contain models in some infinite
cardinalities. For more concrete but nonetheless nonelementary examples: Artinian
commutative rings with unit form an AEC (under elementary submodel), as do the
classes of modules described in [3]. The class of Banach spaces is not quite an AEC,
not being closed under unions of countable chains, but the class of Banach spaces
and their metric subspaces (that is, the normed linear spaces) is an AEC.

We return to the task of laying out the basic terminology and notation. For any
infinite cardinal A, we denote by K, the subclass of K consisting of all models of
cardinality A (with the obvious interpretations for such notations as K<, and K- )).
We say that K is A-categorical if ) contains only a single model up to isomorphism.
For M, N € K, we say that a map f : M — N is a K-embedding (or, more often,
a strong embedding) if f is an injective homomorphism of L(XC)-structures, and
f[M]=<xN; that is, f induces an isomorphism of M onto a strong submodel of N. In
that case, we write f : M <—x N. Notice that we may now think of K as a concrete
category—a subcategory of the category of L-structures—an observation that first
appears in [12], is dealt with explicitly in [18], and will be the focus of Section 5.1 of
this thesis. In the meantime, we notice that the union of chains axiom, A3, gives us
closure of K not merely under unions of increasing sequences, but also under colimits
(direct limits) of chains of K-embeddings. By an easy exercise in universal algebra
(see, for example, Corollary 1.7 in [1]), this implies that K is closed under arbitrary

directed colimits.

Definition 2.2. Let K be an AEC.

1. We say that an K has the joint embedding property (JEP) if for any M, My €
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IC, there is an M € K that admits strong embeddings of both M; and Mo,

fi i M; —x M fori=1,2.

2. We say that an K has the amalgamation property (AP) if for any M, € K and
strong embeddings f; : My —x M; and fy : My —x M,, there are strong
embeddings ¢g; : M7 —x N and gy : My < N such that the following diagram

commutes:

M —— M,

f2

In category theoretic terms, the joint embedding property guarantees that the
AEC contains cocones on all diagrams of the form (e ), while the amalgamation
property guarantees that it contains cocones on all diagrams of the form (e < e — o).
Notice that both properties hold in elementary classes, as a consequence of the
compactness of first order logic. In this more general context, devised to subsume
classes of models in logics without any compactness to fall back on, both appear as
additional (and nontrivial) assumptions on the class. Indeed, it is often preferable
to assume less, working with classes that, for example, admit amalgamation only in
particular cardinalities. In our present investigations, however, we will assume the
unrestricted amalgamation property described above, as well as the joint embedding
property (unless otherwise indicated).

It is not immediately clear what we might embrace as a suitable notion of type
in AECs, as we have dispensed with syntax, and removed ourselves to a world of
abstract embeddings and diagrams thereof. The best candidate—the Galois type—

has its origins in the work of Shelah (first appearing in [25] and [26]). The allusion to
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Galois theory built into the terminology is instructive: just as the type of a complex
number x over a given number field F' (or, to be precise, its set of realizations) is the
orbit of  under Autyr(C), the group of automorphisms of C that fix £, we will come
to identify Galois types (in AECs with amalgamation) with orbits in a large model
under automorphisms that fix particular submodels. First, though, we present the

general definition, which makes sense in any AEC.

Definition 2.3. For triples (M, ay, N1), and (M, ag, N3), where M < N; and a; € N;
for i = 1,2, we say that (M,ay, N1) ~ (M, aq, Ny) if there are strong embeddings
fi + N; —x N such that fi(a1) = fa(az) and f; and fy agree on M; that is, the

following diagram commutes:

Ny —— N

f2

Mc——- N,

Our aim is to define Galois types as equivalence classes under ~. Here we are
faced with a potential difficulty: the relation ~ need not be transitive for a general
AEC. One could simply work with the transitive closure of ~, but we instead call
to the attention of the reader the easily-verified fact that the relation ~ is transitive
when restricted to the class of triples (M, a, N) where N is a model over which we
are able to amalgamate. Since we are assuming AP, this is no restriction at all: ~

itself is transitive and, moreover, an equivalence relation.

Definition 2.4. Let M, N € K, M<N and a € N. The Galois type of a over M

in NV, denoted ga-tp(a/M, N), is the set of all triples ~-equivalent to (M, a, N).

A simpler and more concrete characterization of Galois types is possible in our

context, but we first require a bit more model-theoretic background. In particular,
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we need a suitable notion of monster model.

Definition 2.5. 1. A model M € K is A-model homogeneous if for any N—<xM
and N’ € K., with N<N’, there is an embedding of N" into M that fixes N.

We say that M is model homogeneous if it is | M |-model homogenous.

2. A model M € K is strongly A\-model homogeneous if it is A-model homogeneous
and for any N, N'<,M with |N|,|N’| < A, any isomorphism from N to N’ ex-
tends to an automorphism of M. We say that M is strongly model homogeneous

if it is strongly |M|-model homogeneous.

Assuming amalgamation and joint embedding, we are assured of a supply of large
model homogeneous structures in K. Under additional assumptions about cardinal

arithmetic, the following result (Theorem 8.5 from [2]) suffices:

Theorem 2.6. For any u satisfying p<* = p and p > 2550) there is a strongly

model homogeneous (hence also model homogeneous) model of cardinality p.

In fact, this argument may be reworked so as to avoid any extra set-theoretic
assumptions. A sketch of such a modified argument may be found in [2], immediately
following the statement of the theorem above. As in first order logic, we fix a single
such large strongly model homogeneous model—the monster model of K—which we
denote by €. We regard all models M € K as submodels of € with |M| < |€|. Now,

we may effect the promised reinterpretation of the notion of Galois type. First:

Lemma 2.7. Triples (M, ay, N1) and (M, as, N3) are ~-equivalent if and only if there

15 an automorphism of € that fixres M pointwise and maps a; to as.

Proof: (=) There exist embeddings g; : N; <—x N for ¢ = 1,2 that agree on M,

and satisfy gi(a;) = ga2(ag). Consider the map g, o gi: it fixes M pointwise, and
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maps a; to as. By strong model homogeneity of €, there is an automorphism of €
that extends it.

(<) Let f be such an automorphism. Let N<x€ be any model containing the set
Ny U f[Nq]. The embedding f | Ny : Ny <, N and the inclusion Ny < N witness
that (M, a1, N1) ~ (M, ay, Ny). O

We may now give the simpler (but still equivalent) definition of Galois type:

Definition 2.8. Let M € K, and a € €. The Galois type of a over M, denoted
ga-tp(a/M), is the orbit of a in € under Aut,;(€), the group of automorphisms of €

that fix M. We denote by ga-S(M) the set of all Galois types over M.

In this interpretation, the above-indicated connection with Galois theory is some-
what clearer. In case K is an elementary class with < as elementary submodel, the
Galois types over M correspond to the complete syntactic types over M: map each
complete type to its set of realizations in €, and each orbit under Aut,, (&) to the
complete type over M of one of its members. In general, however, Galois types and
syntactic types do not match up, even in cases when the logic underlying the AEC

is clear (say, K = Mod(¢), with ¢ € L, ). A crucial definition:

Definition 2.9. We say that an AEC K is A\-Galois stable if for every M € K,

ga-S(M)] = A.

To put Galois stability in its proper context, we note that |ga-S(M)| > |M]| for
all M, since each element a € M gives rise to a distinct orbit under automorphisms
of € fixing M (namely, the set {a}), hence also to a distinct Galois type over M.

Moreover,

Proposition 2.10. Let K be an AEC with amalgamation. For any M € K with

M| > LS(K) + | L(K), |ga-S(M)| < 21,
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Proof: Let M € K be of cardinality A > LS(K) + |L(K)|, and let ¢ be a Galois
type over M. The type ¢ is the orbit of some element a € € under Aut,;(€). By the
Downward Lowenheim-Skolem Property, a is contained in a strong extension M’ of

M of cardinality A. As this holds for all types over M, we have
|ga-S(M)| < {M" € K| M"=cM}| < |K)|

Because the signature L(K) is finitary and A > |L(K)|, there can be at most 2*
L(K)-structures of size A, let alone elements of K. Hence |ga-S(M)| < 2*. O
To summarize, for M € K of sufficiently large size, |M| < |ga-S(M)| < 2M|. We

run through a few more basic definitions and notations:
Definition 2.11. Let K be an AEC with amalgamation, and € its monster model.

1. For any M, a € €, and N<xM, the restriction of ga-tp(a/M ) to N, denoted
ga-tp(a/M) | N, is the orbit of a under Auty(€). This notion is well-defined:

the restriction depends only on ga-tp(a/M), not on a itself.

2. Let N<xM and p € ga-S(N). We say that M realizes p if there is an element
a € M such that ga-tp(a/M) | N = p. Equivalently, M realizes p if the orbit

in € corresponding to p meets M.

3. We say that a model M is A-Galois-saturated if for every N<,M with |[N| < A
and every p € ga-S(IV), p is realized in M.

Y

Henceforth, the word “type” should be understood to mean “Galois type,” unless
otherwise indicated. Moreover, when there is no risk of confusion (namely in Chap-
ters 3 and 4 below) we will omit the word “Galois” altogether, speaking simply of
types, A-stability, and A-saturation. We retain it for the present, however. Now, we

will have occasion to use the following fact (Theorem 8.14 in [2]), which holds under

the assumption of AP:
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Proposition 2.12. For A > LS(K), a model M € K is \-Galois-saturated if and

only if it is A-model homogeneous.

Proof: We sketch the argument, to give a sense of the extent to which certain
classical arguments (back and forth, unions of chains) carry over to AECs. The “if”
direction is easy: Suppose M is A-model homogeneous, N<M with |[N| < A, and
consider a type p € ga-S(N), say ga-tp(a/N). We must check that p is realized in
M. By the Lowenheim-Skolem Property (and the fact that A > LS(K)) N has an
extension N'<x€ with N’ O N U {a} and |N’| < A\. By A-model homogeneity of
M, there is an embedding f : N’ <, M that fixes N. One can easily see that
ga-tp(f(a)/N) = ga-tp(a/N), meaning that f(a) is the desired realization of p in M.

Now, suppose that M is A\-Galois-saturated, that N<xM, and NN with
IN'| = i < A. To establish the result, we must construct an embedding of N’
into M over N. Enumerate N’ \ N as {a;]|i < u}. We construct an increasing se-
quence of maps f; : N; >~ M;, i < p, where N<xN;, N<xcM;<,M, and a; € N, for
each ¢ < u. The union of the f;, restricted to N', will be the desired embedding. Set
Ny = N, and let f be the identity on Ny. Take unions at limit stages. Suppose we
have defined f; : N; —x M;. If a; € N;, define N;.1 = N;, M; .y = M;, and f; 11 = f;.
Otherwise, proceed as follows: By strong model homogeneity of €, f; extends to an
automorphism f; of €. Notice that the type of fi(ai) over f; [N;] = M;<xM must be
realized by some b € M, by A-saturation, in which case there is an automorphism
g € Autyy, (€) that takes f;(a) to b. Let M, ; be a strong submodel of M of cardinal-
ity A that contains M; and b, let N, = ffl 0g Y M;y1], and let fiy = go fi | Niy1.
O

As in the result above, we will typically work at or above LS(K). Classical results

linking stability to the existence of saturated models that arise from union of chains
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arguments also transfer to this context. For example:

Proposition 2.13. If X\ is a reqular cardinal, A\ > LS(K), and for every N € K.,
|ga-S(N )| < X, then every M € K of cardinality A\ has a saturated extension M' € K

which 1s also of cardinality .

Proof: Let M € K,, and take a filtration of M of length \; that is, a continuous
<x-increasing sequence (M;|i < X) with M = |J,_, M; and |M;] < XA. We define
a <x-increasing sequence (M |i < X) such that, for all ¢ < X\, M;<cM] and M/,
realizes all types over M. The model M’ = |J,_, M/ will be the desired extension.
The construction proceeds as follows: set M| = M,. At stage i + 1, let M/ be a
model of cardinality less than A containing M/ U M, ;. By our assumption about the
number of types over models in Ky, there is a model of cardinality less than A that
extends M and realizes all types in ga-S(A/;). Make this M, ;. At limit stages, take
the union: M/ = {J i< Mj. By regularity of A, the union M; will be of cardinality less

than A. That this works is clear: given any N<xM' := |J,_, M/ of cardinality less

<X
than A, N C M/ for some i by regularity of A\. By coherence (Axiom A4 of AECs),
N=< M/, meaning that for any p € ga-S(N), all of its extensions to types over M/
are realized in Mj, ;. As there is at least one such, p is itself realized in M, and
therefore in M'. O

As in first order classification theory, one of the central preoccupations of those
working with AECs is the identification of “dividing lines,” in the sense of Shelah:
properties of classes which, when present, guarantee nice structural properties that
disappear—at least in particular examples—when one finds oneself on the wrong side
of a dividing line, only to be replaced by new misbehaviors; that is, “nonstructure.”

Certain of these properties for AECs (excellence, as described in [11], and the exis-

tence of good or semi-good frames, as considered in [23] and [16], respectively) echo
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classical dividing lines (simplicity, stability, and superstability), but we here concern
ourselves primarily with a property that has no particularly natural classical ana-
logue, first arising in the middle of a proof in [26] as a mysterious but necessary
hypothesis: tameness. Roughly speaking, tameness of an AEC means that types are
completely determined by their restrictions to small submodels, a condition slightly
reminiscent of the locality properties of syntactic types. A possible intuition (an
important one, in the sense that it motivates many of the definitions in Chapters
3 and 4) is the following: we may regard types over small models as playing a role
analogous to formulae in first order model theory, in which case tameness guarantees
that types are determined by their constituent formulae.

As usual, there are multiple formulations. We begin with the most general version:

Definition 2.14. 1. We say that K is (x,A)-tame if for every M € K, if p and

p/ are distinct types over M, then there is an N<xM, |N| < x, such that

pIN#p |N.

2. We say that K is weakly (x,\)-tame if the condition above holds for every sat-

urated M € IC,.

As one would expect, we say that a class is (x, < A)-tame if it is (x,x)-tame for
all K < A, and so on for other such variations. We say that a class is (y,00)-tame if
it is (x,A)-tame for all A. The case of (x,00)-tameness is of sufficient importance to

warrant a notation of its own:

Definition 2.15. 1. We say that K is x-tame if for every M € K, if p and p’ are

distinct types over M, there is an N<xM, |N| < x, such that p [ N #p' | N.

2. We say that IC is weakly x-tame if the condition above holds for every saturated

MekK.
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A few words about the significance of the assumption of tameness: although it
holds automatically in elementary classes (as well as in homogeneous classes, among
other settings), it fails in some natural mathematical contexts—[4] and [6], for ex-
ample, construct examples of non-tame AECs from Abelian groups. Moreover, it is
independent from the other properties one associates with well-behaved AECs. It is
established in [6], for example, that given an AEC with amalgamation, there is an
AEC without amalgamation with precisely the same tameness spectrum. Its utility
more than justifies the loss of generality involved in its assumption, though: it plays
an indispensable role in establishing all of the existing upward categoricity transfer
results (such as those of [13], [15], and [26]), and the downward transfer result in-
cluded in Chapter 14 of [2] hinges on weak tameness. The dependence is, if anything,
more pronounced in the analysis of the stability spectra of AECs: tameness appears
as a hypothesis for nearly all of the partial stability spectrum results of [5], [14], and
this thesis, although weak tameness occasionally suffices here and in [5]. At present,
attempts to produce results of this nature for non-tame classes have not met with
any success.

We close with a very brief introduction to two additional locality properties of
Galois types (readers interested in a more detailed discussion than that provided

here may wish to consult [2]).

Definition 2.16. Galois types in K are (k,\)-local if for every continuous =<j-

increasing sequence (M;|i < k) with M = J,_, M;, |[M| = X, if q,¢ € ga-S(M)

are distinct, there exists an ¢ < k such that ¢ [ M; # ¢' | M.
The final property we introduce is the following:

Definition 2.17. Galois types are (k, \)-compact in K if for every continuous -
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increasing sequence (M;|i < k) with M = (J,_, M;, |[M| = A, and increasing se-

quence of types p; € M; for i < k, there exists a type p € ga-S(M) with p | M; = p;

for all 7 < k.

In a sense, this notion provides a measure of the extent of compactness in AECs.
Whereas types in elementary classes are (0o, 00)-compact, by the compactness of
first order logic, far less is true in a general AEC. It is true, though, that in any AEC
with amalgamation, types are (X, 0o)-compact (Theorem 11.1 in [2]). We will make

use of this result in Section 4.2.

2.2 Accessible Categories

Of the basic properties that we retain in passing to abstract elementary classes
from classes of structures born of syntactic considerations (classes of models of first
order theories, sentences in Ly, L, .(Q), and so on), two stand out as being of
particular importance. First, the union axioms ensure that the class is closed un-
der unions of chains, giving us the structure needed to run certain nearly-classical
model-theoretic arguments, a few examples of which we saw in the previous sec-
tion. Moreover, the Downward Lowenheim-Skolem Property for AECs guarantees
that any structure M € K can be approximated by submodels of small size (can be
obtained, in particular, as the directed union of its submodels of cardinality at most
LS(K)) meaning that an AEC K is, in fact, generated from the set of all such small
models, Krgy. Although accessible categories—the category theorists’ preferred
generalization of classes of structures, both elementary and nonelementary (see [1]
and [20])—involve a slightly greater degree of abstraction and hence greater general-
ity, they are also characterized by precisely these two traits: each accessible category

is closed under certain highly directed colimits (if not arbitrary directed colimits),
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and is generated from a set of “small” objects.

To flesh out what we mean by “small,” we require a notion of size that makes sense
in an arbitrary category. Since, in particular, we do not wish to restrict ourselves
to categories of structured sets, our notion will need to be more subtle than mere
cardinality. The solution to this quandary—presentability—first appeared in [8], and
has subsequently been treated in a more accessible fashion in [1] and [20], the latter
being a particularly good source of concrete examples. We begin with the simplest

and most mathematically natural case:

Definition 2.18. An object N in a category C is said to be finitely presentable if

the corresponding hom-functor Homg (N, —) preserves directed colimits.

Less cryptically, N is finitely presentable if for any directed poset I and diagram
D : (I,<) — C (that is, for any functor D whose domain is I regarded as a category,
where the objects are precisely the elements of I and there is a morphism i — j
precisely when i < j) with colimit cocone (¢; : D(i) — M );cr), any map f: N — M
factors through one of the maps in the colimit cocone: f = ¢; o g for some ¢ € I and

g: N — D(i), as in the diagram below.

WQ

N

Moreover, this factorization must be essentially unique, in the sense that for any two
such, say g and ¢’ from N to D(i) with f = ¢; 09 = ¢;0 ¢/, there is a j > i in I such
that D(i — j)og=D(i — j)og'.

Examples:
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1. Consider the Scott posets mentioned in the introduction of this thesis. We may
regard any such poset as a category (in the manner of I above) in which, as
one can easily see, colimits correspond to joins, and vice versa. In this case,
the defining characteristic of a compact element—z is compact if and only if
whenever x < \/Z.e ; ; with the latter a directed join, z < z; for some i € [—
guarantees that we have precisely the kind of factorization described above,
meaning that any compact element is finitely presentable. Clearly, the converse

also holds.

2. In Set, the category of sets, an object X is finitely presentable if and only if it

is a finite set.

3. Let X be a finitary relational signature, and Rel(%) the category of ¥-structures
and maps that preserve the relations R € ¥. An object M in Rel(X) is finitely
presentable if and only if |M]| is finite and there are only finitely many -edges

in M: ZREE |RM| < No.

4. In Grp, the category of groups and group homomorphisms, an object G is
finitely presentable if and only if it is finitely presented in the usual sense: G
has finitely many generators subject to finitely many relations. To see that any
finitely presented group G (with finite generating set X C G, say) is finitely
presentable, let G' = Colim,c; G; be a directed colimit in Grp with colimit
cocone (¢; : G; — G'), and let f : G — G’ be a group homomorphism. The
set f[X] C G’ is finite and, since G’ is a directed union of the images ¢;[G;], we
must have f[X] C ¢;[G;] for some i € I. For each # € X, choose an element
a, € ¢; (f(x)) C Gj, and define a map from X to G; that takes each € X

to the associated a,. As the generators of G are subject to only finitely many
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relations, directedness of the colimit ensures that there exists a j > ¢ such that
the images of the a, under the diagram map G; — G satisty all the relations
appearing in the presentation of G. The corresponding map of X into GG; extends
to a homomorphism ¢ : G — G; with the property that ¢; o g = f, as required.
This factorization can be shown to be essentially unique. The converse is left
as an exercise.

As shown in [1], the same holds in any variety of finitary algebras.

Many more examples can be found in [1]. One more word about the category Grp:
every object of Grp—every group—can be obtained as the directed union (colimit)
of its finitely generated subgroups, hence as a directed colimit of finitely presentable
objects. Moreover, Grp is closed under arbitrary directed colimits. This means, in

short, that Grp is a finitely accessible category. The precise definition:
Definition 2.19. A category C is finitely accessible if

e C contains only a set of finitely presentable objects up to isomorphism, and

every object in C is a directed colimit of finitely presentable objects.
e C is closed under directed colimits.

Finitely accessible categories abound in mainstream mathematics: the category
Grp; Rel(X), under the conditions described above; Set, the category of sets; and
Pos, the category of posets and monotone functions. It should be noted that these
examples are not merely closed under directed colimits, but are also cocomplete;
that is, they are closed under all colimits. Categories satisfying this stronger closure
condition are called locally finitely presentable but, given that most of the categories
we consider in the sequel are not cocomplete, we will have little to say about this

special case.
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The notions of finite presentability and finite accessibility generalize in a natural

fashion. Let A be an infinite regular cardinal. We first recall:

Definition 2.20. 1. A poset [ is said to be A-directed if for every subset X C [
of cardinality less than A, there is an element ¢ € I such that for every z € X,

T <1.

2. A colimit in a category C is A-directed if it is the colimit of a A-directed diagram;

that is, a diagram of the form D : (I, <) — C, where [ is a A-directed poset.
Generalizing finitely presentable objects, we define:

Definition 2.21. An object N is said to be A\-presentable if the corresponding functor

Hom(N, —) preserves A-directed colimits.

We may unravel this definition just as we did when considering finitely presentable
objects: N is A-presentable if for any A-directed poset I and diagram D : (I,<) — C
with colimit cocone (¢; : D(i) — M);es, any map f : N — M factors through one of
the maps in the colimit cocone: f = ¢; 0 g for some i € I and some g: N — D(i) (as
in the diagram following Definition 2.18 above). Moreover, this factorization must
be essentially unique, in the same sense as before.

For any category C and infinite regular cardinal A, we denote by Pres,(C) a full
subcategory of C consisting of one representative of each isomorphism class of \-
presentable objects; that is, Pres,(C) is a skeleton of the full subcategory consisting
of all A-presentable objects.

One should note that it is customary—and sometimes advantageous—to phrase
things in terms of M-filtered (rather than A-directed) diagrams and colimits, but the
two characterizations are fundamentally equivalent. See, in particular, Remark 1.21

in [1]. Now, the crucial definition:
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Definition 2.22. 1. Let A be an infinite regular cardinal. A category C is -

accessible if

e C is closed under M-directed colimits

e C contains only a set of A-presentable objects up to isomorphism, and every

object in C is a A-directed colimit of A-presentables.
2. We say that a category C is accessible if it is A-accessible for some .

A natural question: If a category is A-accessible, will it be accessible in regular
cardinals ¢ > X and, if so, in which of these cardinals? As it happens, there is a
sufficient condition for upward transfer of accessibility, although it is rather subtle.

The following result appears as Theorem 2.11 in [1]:
Theorem 2.23. For regular cardinals A\ < p, the following are equivalent:
1. Each \-accessible category is p-accessible.

2. The category of A-directed posets with order embeddings (which is A-accessible)

15 p-accessible.

3. For each set X of less than pu elements the poset of subsets of size less than A,

P_\(X), has a cofinal set of cardinality less than .

4. In each \-directed poset, every subset of less than p elements is contained in a

A-directed subset of less than p elements.

Definition 2.24. For regular cardinals A\ and p, we say that A\ is sharply less than

1, denoted A\ < p, if they satisfy the equivalent conditions of the theorem above.
A few examples to give a sense of the relation <:

1. w < p for every uncountable regular cardinal .
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2. For every regular A\, A < AT,
3. For any regular cardinals A and p with A < p, A <1 (2#)7.

4. Whenever y and A are regular cardinals with ¢ < p for all 8 < p and a < A,

then A < p.

See 2.13 in [1] for more examples. The critical point, perhaps, is that for each set of
regular cardinals L, there are arbitrarily large regular cardinals p with the property
that A < p for all A € L.

Of course, we are chiefly interested in accessible categories in their capacity as
very general environments in which to study abstract model theory. It is high time,
then, that we zero in on the connection between accessible categories and more
conventional classes of models, and consider the additional axioms we may wish to
impose on accessible categories to ensure that they suit our fundamentally model-

theoretic purposes. To begin, we notice:

Proposition 2.25. (Rosicky, [22]) Given a first order theory T in language L(T') and
Elem(T') the category with objects the models of T and morphisms the elementary
embeddings, then for any regular p > |L(T)| + Xy, Elem(T") is u-accessible, and

M € K is p-presentable if and only if |M| < pu.

Accessible categories are far more general than this, of course, and encompass
categories of models of basic sentences in any infinitary logic L, x, where we say
that a sentence is basic if it is a conjunction of sentences of the form Vz(¢ — 1),
where ¢ and 1) are positive existential (that is, built from atomic formulas using
only conjunction, disjunction, and existential quantification). Moreover, they also
encompass many of the natural classes of mathematical structures that provided the

initial impetus for the study of nonelementary classes: for example, the category of
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Banach spaces with contractions as morphisms is an accessible category.

A certain amount of structural information may be lost in thinking of our cate-
gories of models as being simply accessible. In particular, if we regard a category
of the form Elem(7T)—with T a first order theory in language L(7T)—as being ac-
cessible in a regular cardinal A > |L(T)| + R, we are accounting explicitly only for
the closure of Elem(7") under A-directed colimits. Since A > Ny, then, we are not
accounting for closure under directed colimits nor, consequently, for closure under
unions of chains. As the latter property is essential for our purposes, we will hence-
forth focus our attention on those accessible categories that do possess arbitrary
directed colimits. Categories of this nature were first considered in [22], and most
of the notions presented in the remainder of this section have their origins in that
paper.

As a start, [22] introduces category-theoretic analogues of two familiar properties:
joint embedding and amalgamation. Joint embedding for a category C amounts
to little more than a restatement of the corresponding property for AECs given in
Section 2.1: for any objects A and B in C, there is an object C' with morphisms
A — C and B — (. The amalgamation property is precisely the same as well: for
any object A of C and morphisms f; : A — By and fy : A — Bs, there is an object
C with morphisms ¢; : By — C and ¢, : By — (' such that the following diagram

commutes:

B —7 ¢
f 1 g2
A Bs

/2
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There follow a sequence of definitions from [22], for which we endeavor to provide
suitable motivation of a more conventional model-theoretic nature. When we return
to these notions in Chapter 5, we will work out explicitly what they mean in the case

that interests us most: abstract elementary classes. First,

Definition 2.26. A category C is A-categorical if it contains a unique (up to iso-
morphism) object N which is AT-presentable, but not p-presentable for any pu < A*.
C is said to be strongly A-categorical if it contains a unique (up to isomorphism)

At-presentable object.

Consider the elementary case, where C = Elem(7"). Recall that for p > |L(T)|+
Ng, an object of Elem(T") is u-presentable if and only if it is of cardinality less
than u, by Proposition 2.25, meaning that Elem(7") is A-categorical if and only if
it contains (up to isomorphism) exactly one model of cardinality less than or equal
to A, but not less than p for any regular g < A. This implies, readily enough, that
Elem(T) is A-categorical if and only if it contains exactly one model of cardinality
A; that is, it is A-categorical in the usual sense. The category Elem(T') is strongly
A-categorical if and only if it contains exactly one model of cardinality at most A (up
to isomorphism). More abstractly (and crucially, for the work in Section 5.4 below),
a category C is strongly A-categorical when Pres)(C) is a one object category; that
is, a monoid.

Another notion that is obviously of model-theoretic provenance:

Definition 2.27. Let A be a regular cardinal. An object M in a category C is said
to be A-saturated if for any A-presentable objects N, N’ and morphisms f: N — M

and g : N — N’, there is a morphism h : N’ — M such that the following diagram
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commutes:

N - M

This looks more like a homogeneity condition (and, to give a preview of what is
to come in Chapter 5, a great deal like the A-model homogeneity defined above). As
one would expect, though, in an elementary class Elem(7"), for any A > |L(T")| + X,
an object in Elem(T") is A-saturated in this sense precisely when it is A-saturated in

the classical sense—it realizes all complete types over subsets of size less than \.

Definition 2.28. Let A be a regular cardinal. A morphism f : M — N in a category
C is said to be A-pure if for any commutative square

9

C D
u v
N

f

in which C' and D are A-presentable, there is a morphism h : D — M such that

hog=u.

Abstractly, any split monomorphism is A-pure. The converse, while true in Set,
does not hold in general. A necessary and sufficient condition for A-purity can be
given provided we are working in a category of structures: let X be a A\-ary signature,
and Y —Struct the category of -structures and homomorphisms (preserving rela-
tions only in the forward direction). Given N in ¥—Struct and M a X-substructure,
M is a A-pure substructure if for every positive primitive formula ¢ in L, ) (that is,

for every ¢ of the form Iy (z,y), where ¢ is a conjunction of atomic formulas) and
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ae€ M, M = ¢la] if and only if N |= ¢[a]. The reader may wish to consult [22] for
the justification of this claim, and for more concrete examples. In the finitary case,
this notion bears a certain resemblance to the concept of purity familiar from, say,
group theory, where one says that a subgroup H of a group G is a pure subgroup if
every element of H that has an nth root in G also has an nth root in H (of course,
if it has an nth root in H, it has one in G as well). More suggestively, H is a pure
subgroup of G if for each positive primitive formula of the form ¢ = Jy(y™ = x) and
a € H, H | ¢la] if and only if G | ¢[a]. A priori, w-purity is a more stringent
condition, but the essential flavor is the same.

More generally, we consider what, in a category of the form Elem(T), it might
mean for an elementary inclusion M < N to be A-pure. First, notice that any
complete type p over a submodel C' of M is realized somewhere (if not in M itself),
and we may take a model D containing a realization a of p which is also of size less
than A. If there is an embedding of D in N that makes the diagram in Definition 2.28
above commute (with the other maps in the square being the inclusions), then the
image of a in N is a realization of the original type p. By A-purity of the inclusion
M < N, there is an embedding of D in M that makes the upper triangle commute—
this again means that the image of a in M under this embedding is a realization of
p. That is, A-purity implies that any type over a submodel of M of size less than A
that is realized in N is already realized in M. This is, of course, only a necessary
condition, but may be useful as intuition. We will return to this issue in Chapter 5,
at which time we will carry out the argument (for AECs) in full detail.

We introduce another concept, which is of interest in certain contexts:

Definition 2.29. Let A\ be a regular cardinal. An object M in a category C is said

to be A-closed if every map with domain M is A-pure.
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We note, however, that in any accessible category satisfying the amalgamation

property, saturation and closure coincide. That is, we have:

Theorem 2.30. (Rosicky, [22]) If C is a category with the amalgamation property,

an object M is \-closed if and only if it is \-saturated.

As we are now able to speak meaningfully of A-saturation, and have access to the
notion of A-purity which we may think of, in rough terms, as a condition involving
the realization of types, it is reasonable to think that we may be able to come up with
an analogue of stability for accessible categories (or, in fact, for arbitrary categories).
One such analogue, introduced in [22], will be the subject of a great deal of attention

in Chapter 5:

Definition 2.31. Let A be a regular cardinal. A category C is said to be weakly
A-stable if for any At-presentable N and morphism f : N — M, f factors as N %

ML M, where M’ is \*-presentable, and h is A-pure.

To get a sense of what this involves, we again consider the category of models of a
first order theory, Elem(T"). Weak A-stability of Elem(7") would mean that for any
N with |[N| < X (A*-presentable, that is) and elementary extension M, there is an
intermediate extension N’', N < N’ < M, with |[N’| < X and such that the inclusion
N’ < M is A\-pure; that is, every type over a subset of N’ of cardinality less than A
that is realized in M is also realized in N’. In other words, N has an extension of
size at most A\ that is A-saturated relative to M. It is relatively easy to see, then,
that if the theory T' is A-stable in the standard type-counting sense of the term, the
category Elem(T) is weakly A-stable.

We will have a good deal more to say about weak A-stability in Chapter 5. For

now, we call to the reader’s attention the following remarkable fact (Proposition 2
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in [22]):

Proposition 2.32. Let C be a A-accessible category, and p a reqular cardinal such
that A<y and |Pres,(C)™"| < p (where Pres,(C)™" denotes the set of morphisms
in Pres)(C), the skeleton of the subcategory of A-presentable objects in C). Then C

is weakly p<t-stable.

From the discussion of the relation of sharp inequality above, this means that any
accessible category is weakly stable in infinitely many, arbitrarily large cardinals.
As we will see in Section 5.3, this surprising result, in conjuction with one of the
theorems from Section 4.3, will give us the beginnings of a stability spectrum for

weakly tame AECs.



CHAPTER 3

Galois Types and Topology

Let IC be an abstract elementary class. We assume throughout that K contains a

monster model, say €. All work is done in, and all types are orbits of elements of,

the model €. For any A > LS(K) and M € K, consider the set
Sy ={N=xM : [N| <A}
We define a topology on ga-S(M) as follows: for each N € S3; and p € ga-S(N), let
U, n C ga-S(M) be given by
Upn ={q€ga-S(M) : ¢ | N =p}
Claim 3.1. The U, n form a basis for a topology on ga-S(M ).

Proof: It is easy to see that any ¢ € ga-S(M) is contained in one of the U, y. In
particular, for any N € Sy, ¢ € Uyin.y-

Suppose now that ¢ € Uy, n, N Up, n,; that is, that ¢ | Ny = p; and g [ Ny = pa. As
A > LS(K), there is a model N<xM containing Ny U Ny which is of cardinality at
most A, and which is therefore contained in Sy;. Obviously ¢ € U, n y. Moreover,

for any ¢’ € Ujvnv (hence satisfying ¢/ [ N = ¢ [ N),
/ /
¢ TNM=({ TN INM=(@IN)INi=qN =p

and, similarly, ¢’ [ No = ps. Hence ¢ € Uyn.n € Uy, vy N Up, n,, and we are done. O

34
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Notation 3.2. We denote by X7, the set ga-S(M) endowed with the topology gen-

erated by the sets U, n.

Consider the special case in which K is an elementary class equipped with the
elementary submodel relation. Recall that the Galois types over a model M € K
correspond to the complete first order types over M. Hence we have a more familiar
topology to which to compare those just defined: the syntactic topology. Given
the profoundly abstract context in which we defined our topologies, one would not
necessarily expect any relation whatsoever. As it happens, there is a relationship.

Moreover, it is a remarkably simple one:
Proposition 3.3. The topology of X3, refines the syntactic topology on S(M )

Proof: Take any basic open set in the syntactic topology, say Uy, the set of types
over M containing the formula ¢. We wish to show that this set is also open in X3;.
To that end, let ¢ be a type in Uy. Let N be an elementary submodel of M of size at
most A that contains all the parameters in ¢, and consider the basic open set Uy iy n-
Certainly g € Uy n,n. For any ¢’ € Uy v, ¢’ has the same restriction to N as ¢, and
must therefore contain the same formulas with parameters in N as ¢ does. Hence
¢ € ¢, and ¢’ € U,. Since this holds for arbitrary ¢’ € Uy n,n, we have Uy v C Uy,
thereby establishing the proposition. O

There is actually another topology on syntactic types to be considered in this
context, which has been little considered but is implicit in the notion of Ny-isolation
defined in Section 3.1 of [7]. In this case the topology is induced not by formulas, but
by restrictions to finite subsets of the domain. In particular, for any set A, we define

a basis of open sets for S(A) as follows: for each finite B C A and type p € S(B),
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take

Uy,={q€8(A)|q| B=p}

where we here mean restriction in the syntactic sense. The induced topology is, on
its face, more closely related to those of the X7,. In fact, by a pair of arguments

much like the one given above,

Proposition 3.4. The topology induced by restriction to finite subsets refines the

syntactic topology, and is refined by the topologies on the spaces X3;.

It is very nearly a special case of our topologies, in fact, but not quite: the
purported bases for the X3, are sure to be bases only if we work with A > LS(K)
(to ensure that the intersection axiom holds), hence with A infinite. As a result, we
cannot—in our framework—generate a topology from the types with finite domains.

Turning away from the elementary case, and refocusing on the spaces that will
be our primary concern here, notice that if |M| < A, the space X3, is discrete.
We will be concerned exclusively with the more interesting case, when |[M| > .
Ideally, there would be some connection between the spaces X3, obtained as we vary
the parameters M and A. In reality, there is: this scheme for topologizing sets of
types over models M € K—the assignment (M, \) — X3,—is functorial in both

arguments. We begin with functoriality in the first argument:

Lemma 3.5. Given any M, M’ € K, M=<xM’', the natural restriction map Ty ar

ga-S(M’') — ga-S(M ) is a continuous surjection from X3, to X3y

Proof: To see that the map ryp s : ga-S(M') — ga-S(M) is surjective, notice that
for any p € ga-S(M), p = ga-tp(a/M) for some a € €. Hence p = ga-tp(a/M) =

rar v (ga-tp(a/M’)). To verify continuity, take any basis element U, v C X3;. We
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then have
i (Upw) = {a€ga-S(M') 1 ¢ | M [ N =p}
= {gceaS(M') : g N=p}
= Up,N
where the latter is now the basic open set in X3, (since N € S}, C S3,, this makes
sense). At any rate, r;jx v (Up.n) is certainly open in X3/, so we are done. O
One can easily see that ryp s @ ga-S(M') — ga-S(M) is not merely a continuous
surjection, but in fact a quotient map.
We now turn to the assertion of full functoriality in the first argument. Let
M, M € K, and let f : M — M’ be a K-embedding. We obtain an induced
map f*: ga-S(M') — ga-S(M) as follows: the map f extends to an automorphism

f:€— € The map f*is given by the following composition:

Tarr, g
—

ga-S(M’) ga-S(fIM)) = ga-S(M)
g=(a, M) — (o f[M]) — (f'(a),M)
It is simple enough to verify that ¢ is independent of the choice of f, and that it is

defined on types.
Proposition 3.6. The map f* is a continuous surjection from X3, to X3;.

Proof: Naturally, f[M]<xM’, so Lemma 3.5 above implies that the first map in this
composition is a continuous function from X3, onto X ;‘[ > S0 it suffices to consider
only the second, which we are calling ¢.

The map ¢ has an obvious inverse on representatives and, by an argument essentially
indistinguishable from that given for ¢, this ¢! is a well-defined map from ga-S(M)
to ga-S(f[M]). It follows that ¢ is bijective.

To verify continuity, consider an arbitrary basic open set U, x C X3,. Take ¢ € U, v

with representative, say, (a, M). Notice that f[N]=<xf[M], |f[N]] = |N|] < A, and
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thus f[N] € S}, Hence ¢ = ¢7'(q), the type represented by (f(a), f[M]), is
contained in the basic open set Uy fn,sin] © X;‘[M]. That is, o~ (Upn) C Uy ifn].£1N]-
Given any ¢” € Uy/|sn,sin], on the other hand, we have ¢” [ f[N] = ¢ [ f[N], which
is to say that given any representative (b, f[M]) of ¢”, there is a g € Auty(€) with
g(b) = f(a). Notice that the images ¢(¢') = ¢ and ¢(q") have representatives (a, M)

and (f~*(a), M), respectively. By the now familiar yoga, f~'gf € Auty(€) and

Frgf(F ) =fgb) = f'(fa)) =a

meaning that (f~'(b), M) and (a, M) are equivalent over N, from which it follows
that ¢(¢') | N =q | N =p. So ¢(¢) € Uyn, ¢ € ¢ *(Upn), and ultimately
Ugisivgiv) C ¢ H(Up,n). Coupled with the reverse inclusion established above, we
have ¢~ (Up, n) = Uy vy, 51v)- Finally, we conclude that ¢ is a continuous map from

X)\

i O X3

Now, the map f*: X3 — X3,, being a composition of continuous surjections (actu-
ally, a quotient map and a homeomorphism), is itself a continuous surjection (quo-

tient map).

Notice that when f : M — N is simply an inclusion, f* is precisely the restriction
map 7y . In particular, for any identity map Idy : M — M, Idj}, is the identity
map on X7,. Moreover, it takes minimal effort to see that for any K-embeddings
f:M— Nandg:L— M, (fg)" = g"f*. Hence we do indeed have functoriality of
the sort claimed above. O

As it happens, the far easier fact of functoriality in the cardinal parameter proves

to be considerably more interesting. First:

Proposition 3.7. For any pu > X, the set-theoretic identity map Id, » : X%, — X3,

18 continuous.
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Proof: Consider a basic open set U,y C X3, where N € S3; and p € ga-S(N).
Since A < p, 83y € 8%/, and we therefore have N € S4;. Hence U, y is in the basis
of XY, and certainly open. O

What this means is that for each M € I, we obtain a well-behaved spectrum of

topological spaces ranging from X]IC/IS

®) to X ]I\]/‘[J | (at which point the spaces become
discrete, as we noted earlier), all of which are connected by continuous bijections;

that is, we have

D DU U

As we will see, there is a close correspondence between topological properties of the
spaces in the spectrum and model-theoretic properties of the model M and of IC, the

ambient AEC.

3.1 Isolated Types and A-Saturation

We begin with a very simple example of such a correspondence between topology
and model theory which, while far less significant than those found in the ensuing
sections, captures some of the charm of this setup. In particular, we discover a
sufficient condition for isolated points to be dense in X};: saturation of M in a

cardinal A > u. We also extract a partial converse. To begin,

Claim 3.8. A type q € X3, is an isolated point if and only if there is an N € Sy,

and p € ga-S(N ) such that q is the unique extension of p to a type over M.

Proof: If ¢ is isolated, {q} is open. Thus ¢ € U,y C {¢} for some basis element
U, n. Naturally, we then have {¢} = U, n; that is, ¢ is the unique extension of p, as
claimed. The converse is trivial. O

We might say that in the above situation, p isolates ¢. By the final section

of this chapter, we will be able to give a far more interesting (and far less trivial)
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characterization of isolated points in the spaces X7, but this will do for the moment.
We turn, then, to the connection between types isolated in X3, and types realized

in M, and draw out a few simple consequences:
Claim 3.9. A type of the form ga-tp(a/M ) with a € M is isolated in every X%,.

Proof: Say ¢ = ga-tp(a/M) with a € M. Take N € S}, such that « € N, and
consider the type p = ¢ [ N. We must verify that ¢ is the unique extension of p
in ga-S(M). Clearly ¢ is such an extension. Given any other, say ¢ = (a’, M), we
have ¢ [ N = ¢ [ N, and thus there is an automorphism h € Auty(€) such that
h(a’) = a. Since a € N, though, this means that a = @’. Hence ¢’ = ¢, and we are

done. O

Proposition 3.10. If M is A-saturated, isolated points are dense in XY, for all

w< A

Proof: Suppose M is A-saturated. Consider a basic open neighborhood U, y in X},
with @ < A, where N € §}; and p € ga-S(N). By A-saturation of M, p is realized in
M, meaning that there is an element a € M such that ga-tp(a/M) | N = p. Hence
ga-tp(a/M) € U, n and, from the claim above, ga-tp(a/M) is an isolated point of
X3;. We have shown, then, that any basic open set in X%, contains an isolated point,
from which it follows that isolated types are dense, as claimed. O

In words: if a model M is A-saturated, then isolated points are dense in all of the
spaces in the spectrum for M below X3,. There is a partial converse to this result:
if the types of elements of M are dense in the spaces X}, on an interval just below

A, M is A-saturated. To be precise:

Proposition 3.11. If there is a cardinal k < X such that {ga-tp(a/M)|a € M} is

a dense subset of each X4, with k < pu < X\, M 1is A-saturated.
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Proof: Let p € ga-S(N), N<xM with |[N| = x < A. Take p > x with k < p < k.
By density of {ga-tp(a/M)|a € M} in X},, there is a type ¢ € U,y of the form
q = ga-tp(a/M), where a € M. The fact that ¢ € U, x implies that ¢ [ N = p, which
is to say that ga-tp(a/N) = p. This means, of course, that p is realized in M. O

As a special case:

Corollary 3.12. If {ga-tp(a/M)|a € M} is a dense subset of X3, M is \*-

saturated.

Whereas Proposition 3.10 allowed us to translate a model-theoretic condition into
information about the spectrum associated with the model M, these results go in the
opposite direction: given particular information about the spectrum (here, that the
types of elements of M are dense in the spaces just below X3,) we are able to deduce
something about the structure of the model itself (here, that M is A-saturated). In
the ensuing sections, we will further analyze the ways in which the spaces X7, encode
information about K and the models contained therein, obtaining correspondences a

good deal deeper than the toy results above.

3.2 Separation and Tameness

In fact, we turn immediately to the correspondence that forms the centerpiece of
this chapter, and which motivated the definition of the topologies on the spaces X3;.
Recalling that types over small models play the role of formulas in generating the
aforementioned topologies, and also recalling our intuition that tameness means that
distinct types over potentially large models may be distinguished by such “formulas,”
it should come as little surprise that tameness translates into a separation condition.

In particular:
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Claim 3.13. The AEC K is (x,\)-tame if and only if for all M € K\, X5, is

Hausdorff.

Proof: (=) Suppose that K is (x,\)-tame, and that M € K,. Let q,¢ € X},
q # ¢. By tameness, there is an N € S}, with the property that ¢ | N # ¢ | N.
Certainly ¢ € Uy vy and ¢ € Uy n n. Furthermore, U,y ny N Uy vy = 0: if we had
¢" € Uynn NUyin ., then we would have ¢ | N=¢q [ Nand ¢" | N =¢ | N,
whence ¢ | N = ¢' | N, contradicting our choice of N.
(<) Suppose X7, is Hausdorft for all M € K. If ¢,¢ € ga-S(M), ¢ # ¢/, then there
are open sets U > ¢ and U’ > ¢ with UN U’ = (. Given the way the topology
was defined, we have, moreover, that for some Ny, Ny € Sy, p1 € ga-S(Ny), and
p2 € ga-S(N2), ¢ € Uy, v, and ¢’ € Uy, n,, with Uy, vy NUp, N, = 0. In particular,
¢ & Uy, n,, meaning that, whereas ¢ [ Ny =p1, ¢ | N1 #p1. Soq | N1 # ¢ | Ny.
Since the same argument works for any M € K of size A, the class K must be
(x,\)-tame. O

In reality, though, the separation axioms T0 and T1 are equivalent to the Haus-

dorff axiom in all X3, regardless of the semantic properties of the class:

Proposition 3.14. Let K be an AEC, M € K, and X > LS(K). The space X3, is

Hausdorff if and only if it is TO.

Proof: (=) Trivial.

(<) Suppose X3, is T0. Given distinct ¢,¢' € X3;, then, there is an open set
U C X3, containing ¢ but not ¢'. Indeed, we may take U to be a basis element, U, x.
That is, there is an N € Sy, and p € ga-S(M) such that ¢ | N =p but ¢ | N # p.
Hence U,y and Uy y,n are disjoint open neighborhoods of ¢ and ¢', respectively. O

It follows, of course, that in such spaces the T1 axiom amounts to the same thing
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as the two in the previous proposition. So,

Corollary 3.15. The AEC K is (x,\)-tame if and only if for all M € Ky, X}, is

T0 (T1, Hausdorff).

As a consequence, we have, among other things, the following topological spectrum

result:
Claim 3.16. If K is (x,\)-tame, XY}, is Hausdorff for all M € Ky and p > x.

Proof: The antecedent holds if and only if for any M € K,, X}, is Hausdorff.
For any u > x, the map Id,, : X}, — X3, is a continuous injection, from whose
existence it follows that X%, is also a Hausdorff topological space. O

Notice that the less parametrized notion of y-tameness corresponds to the prop-
erty that for every M € K, X}, is Hausdorff (T0O, T1). Functoriality and basic
topology (as in the proof of Claim 3.16 above) guarantee that y-tameness implies
that the spaces X}, are Hausdorff for all x> x. This also means that K is p-tame
for all i > x, as one would hope.
Actually, we can say a bit more along these lines. The basic open sets U, y are, in

fact, clopen:

Upn)¢ = gaS(M)\Upn = {q € ga-S(M) : ¢ | N # p}
Upretea—sovnimn Up v
where the final union is, quite obviously, open in X3,. This means, of course, that

every X3, has a basis of clopen sets. Hence, by Claim 3.13,

Proposition 3.17. An AEC K is (x,A\)-tame if and only if X}, is totally discon-

nected for every M € ICy.

By the same token,
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Proposition 3.18. If K is (x,\)-tame, X%, is totally disconnected for every M € Iy

and (> x.

Naturally, there is an analogous result for y-tameness, where we simply remove the
restriction on the cardinality of the model M. Here again we have found an elegant
correspondence between model-theoretic properties and the properties of spaces in
the topological spectra for individual models: tameness ensures that the spaces are
totally disconnected. In short, they are very nearly Stone spaces, with compactness
being the only (potentially) missing ingredient. The natural question—whether they
are in fact compact—will be addressed in Section 3.4 below. First, though, we need

a bit more information about the spaces X3,.

3.3 Uniform Structure

Up to now, we have studiously ignored the fact that the sets ga-S(M) support a
natural notion of closeness: types with the same restriction to N € 83, might be said
to be N-close, and might be reckoned to be closer still if they are N’-close for some
N’ € 8, with N<xN’. In fact, this way of thinking gives a uniform structure on
ga-S(M ), with respect to which we may speak sensibly of Cauchy nets, convergence,
and completeness. The great virtue of this perspective is that it provides a formal
grounding for the intuition that (roughly speaking) (k, A)-compactness and (k, A)-
locality relate to the convergence behavior of (Cauchy) sequences of types. Indeed,
since the topology induced by this uniform structure is precisely the same as the one
employed in the previous section, nothing is lost by these considerations. In fact, a
considerable amount of additional information about the X3, is gained.

Given M € K., and A > LS(K), we define a uniform structure on ga-S(M) as
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follows: for each N € 83, define
Un ={(¢,¢) € ga-S(M) x ga-S(M) |¢ | N = ¢ | N}

Notice that N< N’ implies Uy C Uy.

Let B be the set of all such Uy. We now define:

Uz, = {U C ga-S(M) x ga-S(M)|U D Uy for some N € Sy, }
That is, U3, is the uniformity generated by B. Of course, we must verify
Claim 3.19. B is the basis for a uniformity on ga-S(M)

Proof: Each Uy € B, obviously contains the diagonal Ay, C ga-S(M) x ga-S(M).
Moreover, the converse of any Uy is simply Uy itself, and is therefore included in
B. We must also check that for any Uy there is a V € B with the property that
VoV C Uy—mnotice that Uy o Uy = Uy, meaning that we can simply take V' = Uy.

Finally, let Uy and Uy+ be elements of B. We must show that there is an N € S]’\\J
such that Uy» € Uy N Upys. Let N” be any submodel of cardinality at most A that
contains the union of N and N’. Whenever (¢,¢') € Uyr, ¢ | N" = ¢ | N,
from which it follows that ¢ | N = ¢ | N and ¢ [ N' = ¢ | N’, in which case
(¢,¢) e UnNUy.O

The uniform topology on ga-S(M) is defined as follows: V' is open only if for every
q € V there is a U € Uy, such that the set Ulg] = {¢' € ga-S(M)|(¢q,¢') € U} is
contained in V. For any such U there is an N € Sy, such that Uy C U, and we then
have Un[q] C V. Noticing that Uy|[q| is precisely U,y n, we have found a basic open
set of X3, containing ¢ and completely contained in V. As we can do the same for
any ¢ € V, it must be the case that V is open in X3,. Reversing the argument, one
discovers that the uniform topology is exactly the same as the one defined above.

By a familiar result (see [17], for example), we have
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Corollary 3.20. For any M € K and A > LS(K), X3, is completely reqular.

Now that we have a notion of closeness in X3;, we may discuss Cauchyness and
convergence: a net {g, |n € D} (D a directed set) is Cauchy if and only if for every
U € Uy, there is an n € D such that for all 4,5 > n, (¢;,¢;) € U. Equivalently, such
a net is Cauchy if and only if for every N in S, there is an n € D such that for
all i,j > n, (¢;,q;) € Un; that is, ¢; [ N = ¢; | N. Similarly, a net {¢,|n € D}
converges to ¢ € X3, if and only if for every N € Sy, there is an n € D such that
for all i > n, (g;,q) € Uy; that is, ¢; | N = ¢ [ N. We now turn to the promised

examination of (k, \)-compactness in this framework, after a quick lemma:

Lemma 3.21. Suppose K is (x,< A)-tame. If for any M € Ky the space X%, is
complete for some p in the range x < p < cf(k), then for any increasing chain
(M;)i<n with union M and increasing chain of p; € ga-S(M;), there is a type q €

ga-S(M ) with q | M; = p; for all i < k.

Proof: For each i < k, choose ¢; € ga-S(M) extending p;. This gives a net {g; |i <
k}. Indeed, it is Cauchy: for any N € S};, we must have N C M; for some ¢ (since

|IN| < u < cf(k)). For any m,n > i,

G | Mi = (gm | M) [ M;
= pm | M,
= Pi
= pa I M;
= (gn [ My) | M;
= ¢ [ M;
Hence for any m,n >4, ¢ | N = gn [ N, S0 (¢m,@n) € Uy, and the net is Cauchy.

By completeness of XY, it must therefore converge in X}, meaning that there is
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some ¢ € X, with the property that for all N € S}, there is i < k such that for all
n>1,q N=g,|N. We wish to show that ¢ | M; = p; for all i < k.
Fix i < k. Given any N<M; of size at most u, N € S§; and we therefore know

that for large enough n < k and, in particular, for some n > i,
qIN=¢. | N=((gn [ Mp) | M;) | N=(pn | Mi) | N=p; | N

Since this holds for absolutely any N < M; of size at most p, tameness implies that
ql M;=p;. O

From the lemma, we have

Theorem 3.22. [Completeness, (k,\)-Compactness] If K is (x, < \)-tame and for
all M € Ky there exists p with x < p < c¢f(k) such that X%, is complete, then K is

(K, X)-compact.

The fact of the matter is that there does not seem to be any semblance of a con-
verse (a measure of completeness following from a measure of type-theoretic com-
pactness). This is attributable to the fact that completeness of X3, is related to

collatibility of arbitrary directed systems of types, not chains. To be precise,

Proposition 3.23. The space X%, is complete if and only if for any compatible
system of types py € ga-S(N ) over substructures N of size no greater than u, there

is a type q € ga-S(M ) with the property that g | N = py for all N.

Proof: (<) Suppose that {g,|n € D} is a Cauchy net. Given any N € Sf,, the
fact that the net is Cauchy implies that the g, eventually have the same restriction
to N. Let py be this common restriction. I claim the types obtained in this fashion
constitute a compatible system. This is simple enough: let N, N’ € S§;, N<cN'.

The ¢, eventually restrict to py on N’, hence also eventually restrict to py: [ N
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on N. By our initial choice, it must be the case that py | N = py. There must,
therefore, be a type ¢ € ga-S(M) with ¢ [ N = py for all N € S};. For any such N,
it is clear that ¢ eventually agrees with the net there, so (¢, ¢,) € Un for sufficiently
large n. Hence ¢ is a limit of the net.

(=) Suppose we have a compatible family of types py. For each py, choose an
extension qy € ga-S(M). The gy form a net (the index set here is not merely
directed, but p*-directed) which, T claim, is Cauchy. The proof is identical to the
one given in the chain case above, and is therefore omitted. By completeness, the net
has a limit ¢ € ga-S(M). The proof that this ¢ satisfies ¢ [ N = py for all N € S},
is also similar to the one above, although we needn’t concern ourselves with matters
of tameness: since ¢ is a limit of the net there is, for every N € S};, an N’ € S}
with the property that for all N">=xN’, g [ N” = qxy [ N”. In particular, we can

take such an N” that contains both NV and N’. We then have

qI N = qu [N

= (g [N") I N
= pn [N
= DN

So we are done. O

The connection between topology and locality is a good deal simpler. To begin,

Lemma 3.24. Let M € K. If there is a pu < cf(k) such that XY, is T0, then for
any increasing chain (M;);<. with union M and increasing chain of p; € ga-S(M;),

if two types q,q" € ga-S(M ) satisfy q | M; = ¢’ | M; for alli <k, ¢=¢.

Proof: Take any such increasing chain of structures, and corresponding chain of

types. Given ¢ and ¢’ distinct, there is a basic open set U, y in X}, that contains ¢
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but not ¢’. That is, g [ N # ¢ | N. Naturally, N C M; for some i < k, meaning
that ¢ [ M; # ¢’ | M; as well. O

With no effort at all,

Theorem 3.25. [Separation, Locality] If for every M € ICy there exists a p < cf (k)

such that X%, is T0, K is (k, \)-local.

Once again, there isn’t really a nice converse to the theorem above, for the same
reason as before. As before, it seems that satisfaction of the separation axioms in
individual X7, is a matter of the unique or nonunique collatibility of directed systems

of types over structures N € S§,. To be precise,

Proposition 3.26. The space XY, is T0 if and only if for any compatible system of
types pn € ga-S(N ) over structures N € Sy, there is at most one type q € ga-S(M)

with the property that q | N = py for all N.

Proof: This proposition is a trivial rewriting of the earlier result regarding the
equivalence between separation and tameness. O

To further drive home a point made in the first section—that the assignment
(M, ) = Xy

is nicely functorial—and to provide additional evidence that (k, \)-compactness and

(K, A)-locality have implications on the topological side, we have

Theorem 3.27. Let K be (k,A\)-compact and (k,\)-local. If M = \J,_. M; is a

continuous increasing chain with |M| = X, then for any p < cf(k),
Xty = Limyo, X2,

in the category of topological spaces (uniform spaces).
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As we will have no further use for this result, we omit the argument (which is both
long and entirely straightforward). It is noteworthy, perhaps, that if one removes

the locality assumption, one still obtains X4, as a weak limit of the diagram.

3.4 Noncompactness

As one would expect, given the paucity of compactness available in AECs, the
spaces X3, need not be compact. As it happens, the picture is a good deal worse:
more as an artifact of this particular way of topologizing types than as a consequence
of any lack of logical or Galois type-theoretic compactness, we have a wholesale failure
of compactness in the X3,. Indeed, as we will see, they cannot even be countably

compact if the ambient AEC is sufficiently tame. To begin, we notice:

Proposition 3.28. Let K be an arbitrary AEC, M € K, and A\ > LS(K). The space

X3, is not compact.

Proof: Suppose that X3, is compact, and consider the open cover {U,n|p €

ga-S(N)} for some fixed infinite N € S3;. We must have a finite subcover, say

{Ule\[, .. '7Upr1N}

Notice that for any p € ga-S(N), there is at least one type ¢ € X3, with the property
that ¢|N = p. Notice also that this ¢ lies in U, y, but not in U, y for any other
P € ga-S(N). It follows that, if the set above is to be a cover, every p € ga-S(N)
must appear in the list {p1,...,p,}; that is, ga-S(/N) must be finite. But of course
lga-S(N)| > |N| > Ry. Contradiction. O

In light of the foregoing, we must abandon all hope that (x, A)-compactness will
translate in a straightforward way to compactness of any particular X%,. As it

happens, though, things are less dire than one might think. In particular,



o1

Theorem 3.29. [Topological Compactness, (k, X)-Compactness| Suppose K is (k, \)-
compact, and let M € Ksy. Given any family of basic open sets Uy, n, € X4, i < K,
where the N; form a continuous <ic-increasing sequence with union of cardinality X,

if the family has the finite intersection property, (\;_. Up, n, is nonempty.

1<K
Proof: The argument hinges on the easily established fact that if the U, n, satisfy
the finite intersection property, it must be the case that p; [ N; = p; forall 7 < j < k.

By (k, A)-compactness, there is a type p over N = | J._. N; such that p [ N; = p; for

1<K
all i < k. Naturally, N<xM, by one of the union of chains axioms. Let ¢ € ga-S(M)

be an extension of p. Clearly, ¢ [ N; = p; for all i <k, so ¢ € ;... Up;.n,- O

i<k

The condition in the conclusion of the result above is not particularly natural,
topologically speaking. Consequently, if we seek a result in the other direction (say,
a condition resembling compactness on the various spaces X}, which is sufficient to
guarantee (k, \)-compactness of K) what we get is also less than natural. Recall,
though, that we have, at the very least, the implication captured in Theorem 3.22,
from completeness of the X%, to compactness of Galois types in K.

We now turn to the matter of countable compactness, or the failure thereof. For

this purpose, we make extensive use of the following extraordinary property of the

spaces at hand:

Proposition 3.30. For any M € K and A > LS(K), the intersection of any \ open

subsets of X3, is open.

Proof: Let {U;|i < A} be a family of open subsets of X3, and let ¢ € ,_, U;.
We wish to show that there is a basic open set containing ¢ that is itself contained
in ;-\ Ui. For any i < A, there is a basic open set U, n, with ¢ € U, n, € U,.

Since [;ox Upi,nvy € (Vi Ui, it suffices to find a basic open set containing ¢ that is



52

contained in (),_, Up, n,. The union of the N; is of cardinality A so, by the Downward

<X
Lowenheim Skolem Property, there is a submodel N <, M that contains it. By

coherence, N; —x N for all . Consider the basic open neighborhood Uy iy n. It

certainly contains ¢. For any ¢’ € Uy n n, moreover,
¢ I Ni=¢d ININi=q[ N[N =qlN;=p;

Hence ¢’ is contained in [ U,,.n; and, since this holds for any ¢’ € Uy n.n, Uginn C

<A ~ C
Ni<x Up,.n,, and we are done. O
Recalling from Corollary 3.20 that the spaces X3, are completely regular, we are

led to consider the following generalization of the notion of p-space, familiar from

general topology:

Definition 3.31. For any infinite cardinal A > Ny, we say that a topological space
X is a py-space if it is completely regular and the intersection of any collection of up

to A many open sets is open.

The normal notion of a p-space (covered in [9], for example) occurs in the special
case that A = N5. Now, as we pile separation conditions on a py-space, interesting

things happen. The general topology first, then implications in the current context:

Proposition 3.32. Let X be a T'1 py-space. Any set S C X with |S| < X is closed

and discrete.

Proof: We begin by showing that such an S is closed. This is easy: from the
assumption that X is T'1, it follows that for every x € S, the singleton {z} is closed
in X. As S is a union of at most A such closed sets, it is itself closed in X. To see
that S is discrete, fix an element z € S. Since X is T'1, for every y € (X \ {z}) there

is an open neighborhood U, of z in X that does not contain y. Take the intersection
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of all such Uy; that is, U := ﬂye(s\{z}) U,. Because X is a py-space, U is open in X.
Naturally, it contains x, but misses all the other elements of S. As {z} = SNU, {x}
is open in the subspace topology on S. The result follows. O

More or less immediately, we have:

Corollary 3.33. Let X be a T'1 py-space. No subset of X of size less than or equal

to A has an accumulation point in X.

Proof: Let S C X, with |S| < A. Suppose that S has an accumulation point x € X.
By Proposition 3.32, S is closed, meaning that the accumulation point x must lie in

S. By the same result, though, S is discrete. Contradiction. O

Corollary 3.34. Let X be a T1 py-space. Then X is countably compact only if it is

finite.

Proof: Recall that a topological space is countably compact only if it is limit point
compact (see, for example, [17]). If X is infinite, it contains a subset S of cardinality
No. Since |S| < A, the proposition immediately above ensures that S has no accu-
mulation point in X. Hence X is not limit point compact and, consequently, not a
countably compact space. O

Now, fix an AEC K. We know that X3, is a py-space for all M € K and \ >
LS(K). Given what we have discerned of the relationship between tameness and the

separation axioms—including T1—in the spaces of types, we may now infer:

Proposition 3.35. Let KC be (x,\)-tame. Then for any M € Ky and any p > x,

X1, is not countably compact.

Proof: Suppose that X}, is countably compact for some M € K, and p > x. We

learned in Section 3.2 that (x,))-tameness of I implies that the space X4, is T1. By
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Corollary 3.34, then, X4, is finite. But this is absurd: |X;| = |ga-S(M)| > |M| = A,
and is therefore infinite. O

We know, then, that in the topological spectrum for any model of size \, we will
not find any countably compact spaces above the tameness cardinal x. It is strange
that our desire for tameness of Galois types should preclude the possibility of even
a modicum of topological compactness, but this is undoubtedly a sacrifice worth
making.

We close with another consequence of Proposition 3.32:

Proposition 3.36. Let K be (x,\)-tame. Then for any M € Ky and any i > X, a
type q € X4, is an accumulation point of a set S C X4, only if every neighborhood

of q contains strictly more than \ elements of S.

Proof: Let U be a neighborhood of ¢ with |U N S| < A. The intersection is discrete,
meaning that there is a neighborhood V' of ¢ that does not meet U NS in any other
point. But then U NV is a neighborhood of ¢ with (UNV)NS = {¢}, meaning that
g cannot be an accumulation point of S. O

In short, it is very difficult to be an accumulation point of types. This fact
motivates the definition of the family of ranks for Galois types with which we will

occupy ourselves in the next chapter.



CHAPTER 4

Morley-like Ranks for Tame AE