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ABSTRACT

Three nonlinear models for junction transistors are shown to be equivalent,
physically. Their differences lie in the state variables employed. The incremental behavior
of these models is compared with that of the Hybrid-n and high-frequency tee.

The computational utility of the voltage-controlled and the charged-controlled
models are compared for a switching circuit example. If a single model is used to describe
the transistor, all models are "strongly' nonlinear in one or more operating regions. In any
single operating region, however, an appropriate model choice leads to "almost linear"

equations.
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1. INTRODUCTION

This memorandum demonstrates the equivalence of three large signal tran-
sistor models: the model used in the NET-1 circuit analysis program, a model used by
D. A. Calahan in his computer circuit analysis course, and D. Koehler's charge-control
model (Refs. 1, 2, 3). These models differ primarily in the choice made for the controlling,
state variables. Despite their equivalence, the differing variable choices can significant-
ly influence the computational utility of these models in particular circumstances.

The "optimum" variable choice depends upon the transistor's operating con-
ditién (saturation, linear or cut-off regions) and upon the external circuit. In general
computer-aided analysis programs, it may prove impractical to change transistor models
in the course of the solution calculations, but such a step is practical and worthwhile in

hand calculated solutions.

1.1 Calahan's Voltage-Controlled Model

This model together with the defining nonlinear equations are given in Fig. 1.
Equations 1. 1 through 1. 4 represent first-order effects and will be essential to any large sig-
nal analysis. Equations 1.1 and 1.2 give the exponential behavior of an ideal semiconductor
junction, and Egs. 1.3 and 1. 4 describe nonlinear capacitances which account for the stored
charge aséociated with each junction. The voltage dependence of the transition capaci-
tances CTE and CTc and of the forward and reverse alphas, indicated by Eqs. 1.5
through 1. 8, are often second-order effects. The voltage dependence of the width of the
junction transistion (space- charge) regions is responsible for most of these nonlinear effects.
For purposes of comparison with other models it is convenient to write out the voltage

dependence of the emitter and collector currents.
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Fig. 1. Large signal, voltage-controlled transistor model
and defining equations

These are

?»VF d ?va
ip = IES e -1 + 5 (CTE+CDE)VF] 'aRICS e -1)

= I eth-l - a1 e}\vR-l IESA ekvF . E-V—I—?
ES RCS wp dt

d
+ & Crg Ve



and

)

These equations and Fig. 1 are for the PNP case. For an NPN transistor
ICS’ IES’ VR Vg should all be multiplied by minus one. The equations are first order,
nonlinear, ordinary differential equations in the junction voltages 4 and VR (VEB and
VCB). This model is therefore convenient for node voltage or state-variable formulations
of network equilibrium equations. Bulk resistances can easily be included in the emitter
and collector leads when they are significant.

It is of interest to examine the incremental behavior predicted by Egs. 1 and
2, even though one plans to use them for large signal calculations, since numerical integra-

tion techniques effectively reduce the nonlinear model to a sequence of linear models.

Writing each variable

IE = IE+1e
IC = IC+ic
Vp = VEB+ve
R = Vet Ve

as a quiescent value plus an increment, Eqs. 1 and 2 give

AV AV
EB CB
IE = IES(e - 1)- ap ICS(e - 1) , (3)

AV AV
EB CB
IC = -aFIES(e - 1)+ ICS (e - 1), (4)



and

A
i =(ar eVCB v+-LiiE (e +v Lre fk—a AL eWCBv
(¢ CsS c wR dt TC CB dvR dt F ES e’

Equations 3 and 4 are the familiar Ebers-Moll equations, relating the quiescent currents

to the quiescent voltages (Ref. 4). The incremental Eqs. 5 and 6 are conveniently rewritten

as
1 Olve
le © Te Vot (Cde + Cte) at "~ Emr Ve (7
and
1 dVc
‘e ° EX Ve *Cac * Cie) q 7 B Ve ) (8)
where
A 1
re = AV ’ (9)
A e EB
ES
A 1
c, £ , (10)
de wF re
dc
A TE
Cie = (CTE * VB —dvF_) ; (11)
VEB
A 1
Te = "V ’ (12)
Al o € CB
CS
A 1
C = R (13)
de wR rC



dc
A TC
Cie = (CTC * Ve @y, ) , (14)
Ves
a
A °R
gmr = ?— ) (15)
c
and
a
A OF
€mf © T ) (16)
e

The incremental circuit implied by Eqs. 7 and 8 is given in Fig. 2(a). In the saturation
region, this complete model may be required. The relationship between this model and
the more common "normal" operation incremental models is illustrated in Figs. 2(b) and (c).
If the emitter-base junction is forward biased by at least one-tent_h of a volt and the collector-

base junction reverse biased by at least the same amount, Egs. 3 and 4 reduce to

AV AV

_ EB o EB
Ip = Igge +ap Tng Iog e , (17)
and
Io ™ -~aplg - Tpg(l-agap) . (18)
In this region I C dc? and 1/ r, all approach zero, and the model reduces to Fig. 2(b)
where now
1
ro= e, (19a)
e ME
8t = M g% (19b)
and
A
C.= Cy » (20a)
c.2c, +cC
e” “detVte (20b)

If we change the input-controlling variable to i1 2 ve/ Te» this is seen to be the usual high-

frequency T-model without the ""excess-phase shift" correction (Ref. 5), On the other hand,



if the model is reoriented, one can easily convert it to the hybrid-= form shown in Fig. 2(c).*
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Fig. 2(a) Incremental voltage-controlled model;
(b) Simplified model for "normal’ operation; and

(c) Simplified model converted to hybrid-r form

*Here the voltage- controlled current source has been replaced by two equivalent sources,
and one of these is converted to the negative conductance of 8 mt mhos in parallel with T,
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2. THE NET-1 MODEL

This model and the appropriate defining equations are given in Fig. 3. In
comparing this with the voltage-controlled model in Fig. 1 several points can be noted.

The transition capacities in Fig. 3 are assumed to have the specific voltage
dependence indicated; the NET-1 user selects three parameters for each capacity. The
diffusion capacities in Fig. 3 are incremental values, and they are written as functions of

the internal current components i and iEF‘ The choice of incremental values means

CF
that the current through the emitter diffusion capacity in Fig. 3 is

dv

— F
e = Cae @ -

whereas in Fig. 1the same current is

i

d
de ~ E(C

TE VP

The NET-1 model includes ohmic bulk resistance in each lead (REE’ RBB’
RCC) plus ohmic leakage resistance across each junction (RE and Rc)' This model also
introduces two emission constants ME and MC to allow for junction voltages and incre-
mental resistances which are greater than predicted by the ideal e’w factor.

The equivalence between the NET-1 model and the voltage-controlled model
is established by writing the emitter and collector currents in Fig. 3 as a function of Vg
and VR for the case of RE and RC infinite. Kirchhoff's current law at the emitter node

gives

C,, vy - 21)

Now, substituting Eqs. 3.3 and 3. 4 into Eqs. 3.1 and 3. 5; and then using Eq. 3.1 to

eliminate i1 in Eq. 21 gives
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EF 1-aRaF | ]
[ AVR ]
I M
CO C
i = e -1 (3.4)
CF l-aRaF L i
A vo
c. = + (3.5)
de MEwF EF l-aRaF
I
by . CcO
C = i + — (3.6)
de MCwR [CF 1- aRaF]
Ng
Cte = Dl/(VZE - VF) (3.7)
Nc
Cie = Dy/(Vyo - VR (3.8)
ap = aF(vF) (3.9)
ap = ap(vg) (3. 10)

Fig. 3. Large signal, transistor model used in NET-1 analysis program
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Similarly one finds for the collector current

AvR AVF
(.o |\ M ) rmo \ Me_,
(o) 1- apop 1- aFaR
AVR
+{5 wk(Ilc-%_w y eMC ) %:—R +-dgt (C, vg) - (23)
\M¢ g R ¢
If we let ME = MC = 1, and write
I
£ _EO (24)
Es = T-a.ay)
F'R
I
1. 2 20 (25)
Cs (1- Qp aRi ’
Equations 22 and 23 are identical with Eqs. 1 and 2.
As presented in Fig. 3, the NET-1 model is neither voltage- or current-
controlled. The current sources i‘l and i2 are controlled by two current variables iEF

and iC F (which are proportional to the normal and inverse minority-carrier charge den-
sities in the base region) as are the diffusion-capacities; but the transition capacities and
the current gains are written as functions of the voltages. If Egs. 3.3 and 3. 4 are used

and v

to eliminate the voltages v in Egs. 3.7 through 3. 10, then one is left with a

F R

model which is completely current-controlled. Since the controlling currents are pro-

portional to stored charge, this is also the charge-controlled model.



3. THE CHARGE-CONTROLLED MODEL

Koehler's charge-controlled equivalent circuit and defining equations are
shown in Fig. 4. In this circuit the relationships equivalent to Eqs. 3.5 and 3.6 or
Egs. 1.3 and 1. 4 have been replaced by stores SN and SI' These new circuit elements
are defined by two relations: (1) the voltage across the store is always zero and (2)
the current flow through the store, out of the straight-line side, is the rate of change of

the stored charge [qN(t) and qI(t) in this circuit]. The normal and inverse alphas oy
0

and a; can be considered constants or expressed as functions of Ay and g
)

The currents iE and iC are obtained by applying Kirchhoff's current law at

the emitter and collector nodes.

dq q q
. N N 1 d
i, = —— + -0 — + = (C V) (26)
I b
E dat TEN o TCI dd ‘*"TE F
and
dq q q
. 1 1 N d
iy = e b= =0, —— + =(Crn V) . (27)
C dt TCI N0 TEN dt'"TC R

Comparing these equations with Eqs. 22 and 23 or Egs. 1 and 2 for the pre-
vious models, one is struck by their simplicity and "lack" of nonlinearity. If the alphas
are assumed constant, the only nonlinear terms which affect the system dynamics are due
to the currents flowing to the transition capacities CTE and CT c In the saturation
region Vg and VR can be expected to be relatively constant (they will change only
26 millivolts for a 2. 3:1 change in q; or qN); hence these nonlinear current terms often
will be negligible. As Ay and q; pass through zero, however, these currents become
the dominant ones. The beauty of Koehler's charge-controlled model is the simplicity and
linearity of Eqs. 26 and 27 in the saturation region. Its equivaience with the voltage-

controlled model of Fig. 1 is easily demonstrated by using Eqs. 4.1 and 4. 2 to eliminate

Ay and qy in Egs. 26 and 27. Solving Egs. 4.1 and 4.2 for Ay and dq gives

10



I, 7 AV
a®) - _EQ:El‘T_(e F-l) (28)

aut) = y=——\e -1 . (29)

Differentiating Eq. 28 and then substituting into Eg. 26 one obtains

AV dv AV AV
. F F F R d
ig = “ESTENe '_d—t—J'IES e -1 -anICS(e -1 +a_t(CTEVF ,
(30)
and similarly for Eq. 27
Av dv. AV AvV
o R Yr R ) ] F .\ 4
i = AICSTCI e =t ICS (e -1 aNOIES (e 1) + T (CTC vR) .
(31)
If
A 1
A 1
o1 < oy (33)
A
oy = o (34)
)
A
o = ap, (35)
()
these equations are identical with Eqs. 1 and 2. Further, comparing Eqs. 28 and 29
with Egs. 1.1 and 1. 2 one sees
N EN F w
F
i
A 1 = ._I_l_ (37)

11
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Fig. 4. Charge-control, large signal equivalent circuit

Making the usual split of the dependent variables into quiescent and incre-

mental values, Eqs. 26 and 27 can be split into two sets of equations

Q Q

= e N - 'aI 1
EN o "CI
Qv
=N Tt T
o EN CIl

(38)

(39)



and

dq q q. dv

;oo 1 no_ - &

e =@ * TEN aIO Tor + Cte at (40)
dq. q. q dv

i o= b _n _¢c

e ® * ot “No Ten * Cie & - (41)

Similarly expanding Eqs. 4.1 and 4. 2 in power series and retaining only two terms gives

1 ' QN(l-aNoaIO) ( )
\' ==f¢n |1 + ———s— 42
EB A TENIEO
1 QI(I ) aNo an) )
Van = = In |1 4 —————| (43
CB TCIICO
and
q
Ve T Ty Tn (44)
EN
9
Vc = rC : TCI N (45)
where
r
r, 2 3 1 - ~ ng . (46)
X N EO N
T + 1-a,, @
EN N 1T
0o o
and
A 1 Tc1
r = ~ . (47)
° (2 Ico rQp
T t1-a_ @
Cl N
oo

In Egs. 40 and 41, Cte and th are as defined in Egs. 11 and 14.
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Equations 38 and 39 emphasize the linear relationship between the stored
charges and the external currents while Eqs. 42 and 43 exhibit the usual logarithmic
dependence of the voltages upon these charges. Using Eqs. 42 and 43 to eliminate

QN/ TEN and QI/ o1 in Eqs. 38 and 39 yields the familiar Ebers-Moll Egs. 3 and 4.

If we let

>
O
=1

i (48)
1 TEN
N
y = T_CI ) (49)
Equations 40, 41, 44 and 45 can be combined into
T dv
.1 EN e ;
o =3 Vet ~-r—+Cte & - % I (50)
e e
and
T dv
.o 1 CI c :
e T Y%t | T G )@ W 1 (51)
c c 0

Comparing these equations with Egs. 7 and 8, taking cognizance of Eqs. 32 through 35,

and Eqgs. 10 and 13, one sees that they correspond exactly with the exception of the "cross-
coupling terms' which are voltage controlled in Egs. 7 and 8 and current controlled in
Eqgs. 50 and 51. The incremental model implied by Eqs. 50 and 51 is given in Fig. 5(a).

In the special case of "normal' operation this reduces to the high-frequency ""T" circuit
shown in Fig. 5(b). Here, as in Fig. 2, the diffusion and transition incremental capacities

have been combined into single elements Ce and Cc'

Comparing the normal operation, incremental models of Figs. 2(c) and 5(b)

14



with commonly used incremental models one observes two omissions: (1) base width mod-
ulation effects [r, e and r. in Fig. 2(c) and r, and the i v, generator in Fig. 5(b)],

and (2) an excess-phase shift factor. It should be recognized, however, that the large

el TS
e’ bb Te
+ v - - v +
e C
(a)
T “N 11
\
i (
C, Top! 1\cc
+ Y - - Vo +

(b)

Fig. 5(a) Incremental current-controlled model and
(b) Simplified model for '"normal" operation region
%@  Teo
T l1-a. a
C1 _ N0 I0

signal models will include the major base width modulation effects, if the voltage depen-

dence of the alphas is included. For example, when this is done in the charge-controlled

model, the incremental Eqs. 40, 41, 44, and 45 become

dq q q. ) dv Q aaI 'aaI
L n n_, i,¢ 1 0 0
e = @& T 72 L7 te d® ~ T

EN c1 ct \%r ¢ ¥r ¢

15
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oa 0
dg. q. a, av, Qy N, N

. i i c o
i == +t=—-a, — +C, —— = |90V + -v_ |, (41a)
c dt TCI ‘ N0 ’TEN tc dt TEN dvR c avF e
q a(“N "‘I)
n -1 o o
Ve T T TtV oV, " Ve o (442)
CN ( -y o ) R
0o o
and
dfa.. a
qi -1 (NO IO) 45
chrcT +A1 . v -ve. (45a)
CI < '“No"‘10> F

The new terms in Eqs. 40a and 41a can be represented in the model of Fig.
5(a) by slight changes in the values of Ty Yoo Oy and a and they are usually negligi-

) ()
ble when the junction in question is forward biased. In the normal operating region, how-

ever, Eq. 41(a) reduces to

oa
q dv Q N
't = N -7'—P—+th—d—tc_'rN ' avo.vc' (41b)
o EN EN C
which can be written
dvc 1
lc = -aN 11 + th T +?'c-r VC s (52)
where*
, A -1 _ -1
Te = Q aaN - aaN : (53)
TEN avR E avR

This is the usual collector resistance of the low frequency T-model; it is typically in the
megohm range and varies inversely as the quiescent emitter current IE (Ref. 6).

The added terms in Eqs. 44(a) and 45(a) can be represented by voltage-controlled

* Recall Eqs. 26, 27, 4.1 and 4.2 are all written for a PNP device and therefore
is negative. 9 R
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voltage sources in series with ro and r, in Fig. 5(a). These generators will have negli-
gible effect when the junctions are reverse biased, but their influence can be observed at

the forward-biased junctions. In the normal operating region, for example, Eq. 44(a) is

usually written

Vo = Tolp ot Be Ve o (54)
where
-0fa,, a
m é 1 . ( NO IO) (55)
ec -
A(l og 9 ) BVR
0o o
To the extent that the diffusion processes, in the base region, are linear Hog? rc', r, and
ay are related by the equation
o
Hec rc' aNo
- = . (56)*
e 1- QNZ

Figure 6(a) gives the "normal” T incremental equivalent circuit when these
space-charge-layer widening effects are included. If the alpha voltage dependences are
included in the voltage controlled circuit, the complete hybrid-r circuit shown in Fig. 6(b)
results. Equivalently the hybrid-7 model parameters can be derived directly from the T-

n

model of Fig. 6(a) (Refs 7, 8). The relations are

r
e
e = Toag (57)
NO
re
r,, =— (58)
ce Fec ’
aNO Fec aNO
8 - — 1 — T (59)
e e

*This useful relationship is pointed out in the Mullard Reference Manual of Transistor
Circuits, 1st edition, 1960, pp. 82-83; but it does not appear to be very generally
recognized.
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r., = T r '(1+a ) (60)
b'c uec(l-aN )rc c N0 ’
o
1 -
r
e
Cb'C = CC ) (61)
and
vae = Ce . (62)
a.. i
N 1
r HecVe Q °
e + -
(o) NG
E 1 1L——'\/V\r—-——0——0
1 C ! C
|(_€ ¢
A Tpb! N\
+ Ve - - vc +
B
(a)
Thre
WV
T
B bb' J[ Cb’c C
O—"\\\—¢ O
+ I\
Thre A v
vae ‘ rce
€m
E
(b)

Fig. 6. T and hybrid-= equivalent circuits including base-width
modulation effects
The one effect all of these large signal models ignore is the excess-phase
shift factor. At the incremental model level, Fig. 6(a), this effect may be approximately

included by multiplying oy by a pure phase shift factor.*
)

*m is a real constant which usually is in the range 0.25 to 1.0.

18



Fo (63)

When this is done and the T-model is converted to the hybrid-m, only the values of m and

Cb'e are modified;
a . ms
N w
g = _9° e F s (593)
m r
e
and
~ 2
Cpre = Coll+ maNo) . (62a)

The excess-phase shift correction given in Eq. 63 represents a pure time delay
of m/coF = MTey seconds. This effect could be introduced into the large signal models
by delaying the transfer current generators. For example, in Fig. 1, the current-controlled

current generator would be

R
(64)
m
: F
aF 1F(t) - dF IF (t - T)
F
and in Fig. 4
o ) qI(t) - ) q'[ (t_ mRTCI)
Io Tcr Io TcF
(65)
N F TN T
o EN o EN

One can reach some general conclusions about all three large signal models.
First, they are essentially equivalent, differing only in the choice of controlling, or state,
variables. It will be shown in the next section that this may not be a trivial difference in
large signal calculations.

Secondly, if fixed values are assumed for the normal and inverse alphas, all

models neglect base-width modulation and excess-phase shift effects. When the voltage

19



dependence of the alphas is introduced, the predominant base-width modulation effects are
reproduced.* The excess-phase shift effects could be included by adding suitable time
delays in the appropriate transfer current generators which represent the collected cur-
rents.

To the writer's knowledge workers in the area of large signal transistor cir-
cuits have not added the excess-phase, time delays. If the analysis program employed is
a time domain program, this should be relatively easy tb do, and it would appear that the
effects might well be significant for fast switching circuits and high-frequency high power

amplifiers or oscillators.

*This is the normal capability in the NET-1 model, for example.
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4. CHOICE OF A LARGE SIGNAL MODEL

The relative merits of various incremental models of junction transistors
have been discussed at great length in the literature* (Refs. 7 and 9). The two most popular
models are the hybrid-pi and the high-frequency tee. Despite the protestations of various
writers concerning the fundamental nature of one model or the other, there can be a
complete equivalence between their two models. This equivalence is given in the previous
section in Fig. 6 plus Egs. 57 through 62(a). Each model, in its greatest generality,
contains eight parameters which are related rather directly to physical processes in
the transistor. At the higher frequencies two parameters Fee and rc', in Fig. 6(a)
and Thre and Te in Fig. 6(b) can be neglected, leaving only six parameters. For those
applications which are insensitive to the excess-phase shift, only five parameters are
left in either model; and in each case one of these is predictable without measurement

(r and gm).

e

For large signal analyses, as has been pointed out, two models have been
used which correspond closely to these small signal cases. The large signal version of the
tee model is the charge- controlled tee model, and the large signal version of the hybrid—ﬂb
is the voltage-controlled model. These two large signal models are equivalent, and one
should expect them to yield the same results if the nonlinear differential equations are
solved exactly. In practice, however, such equations are usually integrated numerically.
Such a solution involves breaking down the nonlinear equations into a sequence of linear
equations. The allowable ""step' size in such an approximate solution can vary markedly
between the two "equivalent’” models. This difference can reflect directly into cost per
computation run and hence can be of considerable engineering importance.

To illustrate these general remarks a specific example will be used. The

*R. L. Pritchard, loc, cit., gives an excellent summary as of 1956; see also Elementary
Circuit Properties of Transistors, SEEC, Vol. 3, Wiley, 1964, pp. 212-217.
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circuit in Fig. 7 is one which is commonly specified for measurement of the storage time of
a switching transistor. Assuming the circuit has reached equilibrium in the saturated con-
dition before t = 0, the problem is to calculate the storage and turn-oif transients. For

this example, the transistor parameters are taken to be

ap = 0.98 = oy
o
a, = 0.50 = a
R I0
Ebb -11 volts -10 volts
500 1K

C
+10v,. H

- o
t=0 _ +—o

Fig. 7. Switching transistor test circuit

9 1 1
W = wp = 10° rad /sec = =—— =
F R ’TCI TEN
Crc = Crg = 2P
I = - 1078 amps
cs © Es

For simplicity both the alphas and the transition capacities are taken as constants.
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4.1 Voltage-Controlled Model in Saturation Region

Using the voltage- controlled model of Fig. 1, with v, and vy as the depen-

R
dent state variables, the equilibrium equations are obtained by writing Kirchhoff's current

law at the collector and the emitter:

c . ICSK e)\vR dVR q e)\vR_ AT eth- N, VF+ECC-VR
TC w dt CS FES R

R C
(66)
and
. +IESJ\ eva ﬁ__t éAvF_l . eva_l) Vg Vp- Eoo
TE " oL at. = 'ES *%R'cs tTTR,
F C
v+ E
__%__Q . (67)
th

Here Eth is the Thevenin voltage seen looking into the external circuit from the base-
emitter terminals of the transistor, and Rth is the Thevenin resistance at the same point.
In the steady state, prior to t=0, E

= -11 volts and Rt = 1000 ohms. When Vin(t)

th h
jumps to +10 volts, the Thevenin voltage is 10 minus the initial voltage on the coupling
capacitor; and the Thevenin resistance is 500 ohms.

These equations have been integrated numerically for the particular case

presented in Fig,. 7.* The initial equilibrium values were found by a Newton-Raphson

solution of the equations with the derivatives set to zero and with E th= " 11 volts and

R, = 1000 ohms. Taking X = 40 volts™ 1, the initial values are

VF(O ) = 373 mv
VR(Oﬂ) = 363 mv

v, (07) = -5.687 volts .
Cy

Therefore for t= 0

*This problem was assigned by Prof. D. A. Calahan as part of his course in computer
analysis of electrical networks; the writer used solutions obtained by N. E. Abbott and
R. J. Talsky.
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Eth = +4.313 volts ,

and Rth = 500Q. (The changé in Ve is negligible for the times of interest.) Writing
1

VF(t) and vR(t) as these initial values plus changes vf(t) and vr(t), Eqs. 66 and 67

reduce to
40Vr 40vf
dv -20.06 e +30.01 ¢ +Vv,-v._-9.99
T LA (662)
dt 40Vr -9 ’
(2 +804 e ) x 10
and
40vf 40vr
de -30.07 e +10.03 e +v_-3v,+0.618
_ T f
& 10v ; ’ (672)
(2 + 1228 ¢ f) x 10°

where now vf(0+) = Vr(0+) = 0. Table I summarizes the results of some numerical inte-
grations of Eqs. 66(a) and 67(a) for the first two nanoseconds of the solution. The first
three pairs of columns give the results of Euler integration with time-~step sizes of 1,
0.5, and 0.2 nanoseconds. The last pair of columns give the results of a Runge-Kuita
integration with a 0. 1 nanosecond time step, and this is taken as the "exact'" solution.
Since the exponential terms decrease 9.5 percent every time Vg or v, change by 2.5
millivolts, it is clearly desirable to choose a step size small enough to limit Avr and
Avf to this value or less. Here a uniform At of 0.1 nanosecond would probably be adequate
for most purposes. A more sophisticated integration--such as the Runge- Kutta method--

allows much larger step sizes; in this example, a step as large as 1 nanosecond did not

seriously change the Runge-Kutta result.

4.2 Charge Controlled Model in Saturation Region

Consider now the same example using the charge controlled model of Fig. 4.
Again, the appropriate equilibrium equations can be obtained by applying Kirchhoff's cur-

rent law at the collector and the emitter terminals.
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Euler Integration

Runge-Kutta

At=1 At=0.5 At=0.2 At=0.1
t in v v v v v v v v
Nanoseconds r f r f r f T f
0 0 0 0 0 0 0 0 0
0.1
0.2 -0.010 |- 3.158 [ - 0.432 - 3.154
0.3
0.4 . -0.90 |~ 6.083 ||- 1.558 - 6.128
0.5 - 0.0249 |- 7.895 - 2.325 - 7.561
0.6 -2.395|- 8.947 [[- 3.210 - 8.966
0.7
0.8 -4.371|-11.567 |- 5.300 -11,712
0.9
1.0 - 0.0497]-15.78 |~ 5.080 |-14.173 |-6.827[-14.111 | - 7.759 -14.401
1.1
1.2
1.3
1.4
1.5 -12.160 |-20.066 -15. 557 -21.077
1.6
1.7
1.8
1.9
2.0 -18.49 |-23.86 -26.256 -28.033
All voltages are in millivolts
Table I. Numerical integration of Eqs. 66(a) and 67(a)
(1 + —————-———CTC ) EI—q—I
May + ICS/wR) dt
1+ quF
ECC +X1 {n 3 EwS
1+ [ R
fes
TYRYTIpYpady t R, ; (68)
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and

C dq
1+ TE N =
)&(qN + IES/wF) dt

a

1+ ? F
ES

E += £fn
cc 2 4 “g 1 IR

1+ E,, += In|1

Tog th T X Tos
T Ypdy T ARYRYr - R il Rp :
(69)

In writing Eqs. 68 and 69, Eqs. 32 through 35, 24 and 25 have been used to make the com-
parison with Eqs. 66 and 67 evident. On the face of things, one might conclude that there

is little to choose between Eqs. 68, 69, or Eqs. 66 and 67; both are rather "messy' pairs

of nonlinear differential equations. Notice, however, that the importance of the nonlinear
terms depends on the operating range. For example, the only nonlinear term on the right-
hand side of Eq. 68 is simply the collector-emitter voltage divided by RC. Clearly, this

term will be negligible in the saturation region (qI > 0). On the right side of Eq. 69 an

additional nonlinear term is just v RB , and we know that even a 100:1 change in

EB/
qN(t) will only require a 100 millivolt change in VBE" The same exponential law which
produced such rapid changes in the coefficients of Eqs. 66 and 67 with voltage, is working
for us!

The only other nonlinearities in Egs. 68 and 69 are in the coefficients of

qu/ dt and qu/ dt. These nonlinear effects will be negligible provided

C 1
TC CS
ot >> —=- = (70)
R
and
C 1
TE ES
qN(t) >> ~ 'J; (71)

For the problem at hand CTC/A = CTE/A =5x 10-14 coulombs while ICS/wR and

IES/ wp are both 10”7 coulombs. Further, the initial values of the stored charges are
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]
1l

) I Av(07)
qN(O ) is(e F - 1) 3.07x 10 11 coulombs

Yp

and

2.01x 10" 11 coulombs

[t}
i

) I Av, (07)
a0) %(e R -1)

R

Conditions in Egs. 70 and 71 imply that the storage (or diffusion-capacity) current is much
greater than the transition capacity current. In the present example the stored charges
can drop to one percent of their initial values before the transition capacitors represent
five percent of the total.

In summary, while the voltage-controlled Eqs.66 and 67 are very nonlinear in
the saturation region, the charge-controlled equations, are almost linear! The fact that
the storage time can be calculated closely, by solving linear differential equations was

pointed out orginally by J. L. Moll (Ref. 10).

In the present example, writing the stored charges as their initial values
plus changes qn(t) and qi(t) and substituting the numerical values reduces Eqs. 68 and

69 to

3.07x 1071 4 ¢

~q, +0.98q +2.5x 107 fn 7
dq. ' 2.01x 10" "~ +q,
1 1
at =3 (68a)
2,49 x 10 -9
+ x 10
%

14 ———3
2.01x 10

n

and

3.07x10" 14 ¢
n

2.o1x10'11+qi

dt 1.629%107°
q

11 14 142n 1

-, +0.5q, - 1. 928x10” " "-2.5x10 " 4n - 5x10” (3. 07x10%+ 10

7
qn)

n

3.07x10° (69a)

1+
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Linear approximations to these equations are

9 99 6
10 -—d-t— = -ql +0.98 qn ( 8b)
and
dq :
9 n -11
10 o - 9t 0. Sqi -2.005x 10 . (69Db)

Solving these linear equations with the specified initial value one finds

p'e 10-11

3t —1.7t)

(-3.849 + 4.674 ¢ 2% _0.825 ¢ coulombs (72)

q;(t)
and

0.3 -1.7t 11

b, 0.589 e ' "ty x 107 coulombs (73)

q.(t) (-3.927 + 3.338 ¢

n

for Iqi(t)l > 0.0201 x 10_11 coulombs and t in nanoseconds. Table II compares these
solutions with the results of the Runge-Kutta Integr'ation‘ of Eqs. 66(a) and 67(a).

The voltages are related to the charges by Egs. 4.1 and 4.2 which for the present problem

reduce to
1011 qn
Vf = 25{n 1+ ——ST.
and
1011 q
Vr = 25{n 1 + —Z—W-

In calculating Table II a slide rule was used to evaluate the necessary exponentials and
logarithms. Clearly, the agreement between the numerical integration of the nonlinear
equations of the voltage- controlled formulation and the linear approximation to the charge-
controlled equations is excellent over the saturation region of operation. For this exam-

‘ple, the transistor remains saturated for 3. 1 nanoseconds.
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Linear Approximation Eqs. 68(b) and 69(b) Solutions

Runge-Kutta
Integration of
Eqs. 66(a) and 67(a)

Charge in Picacoulombs Voltage in mv

Voltage in mv

Time in

Nanoseconds qi(t) qn(t) Yr Vi Vr Ve
0 0 0 0 0 0 0
0.2 - 0,3443 | - 3.639 |- 0,434 | - 3.153 || - 0.432 | - 3.154
0.4 - 1,213 | - 6.677 |- 1.556 - 6.13 | - 1.558 | - 6.128
0.6 - 2,418 | - 9.260 |- 3.200 | - 8.91 | - 3.210 | - 8.966
0.8 - 3.849 | -11.503 {- 5.315 | -11.76 | - 5.300 | -11.712
1.0 - 5.362 | -13.460 | - 7.760 | -14.42 |- 7.759 | -14.40
1.2 - 6.957 -15.218 | -10.620 | -17.11 | -10.591 | -17.06
1.4 - 8.546 | -16.794 |-13.83 | -19.77 | -13.80 | -19.73
1.6 -10.101 | -18.220 | -17.46 | -22.50 §{ -17.43 -22.43
1.8 -11.646 | -19.547 | -21,65 | -25.35 |f -21.55 | -25.19
Table II. Comparison of linear charge-controlled and nonlinear

voltage-controlled equation solutions

4.3 The Linear and Cut-Off Regions

4.3.1 Using Voltage- Controlled Model.

in the saturation region.

It is illuminating to continue the comparison of the two models into the normal,

R

"edge'" of the linear region

vr(t) = -0.363 volts

29

The previous sections have com-
pared the voltage- controlled and the charge- controlled transistor models for calculations
In this region the charge- controlled equations are "almost" lin-

ear whereas the voltage- controlled equations are "strongly' nonlinear.

or linear operating region. In this region: v_ and q; are less than zero, but VR and ay
are still positive. The voltage-controlled Eqs. 66(a) and 67(a) and the charge-controlled

Egs. 68(a) and 69(a) are written in terms of incremental voltages and charges. At the




qi(t) = -2.01x 10" coulombs .

The Runge-Kutta integration of Eqs. 66(a) and 67(a) gives for the time to reach this point

(the storage time)

Ts = 3.23 nanosec ,

and at this time
vf(3.20) = 0.0492 volts

and therefore

qn(3.23) = -2.64x 10" coulombs .

As the operating point moves into the linear region, vr(t) is going to become more nega-
tive, and therefore the terms in Eqs. 66a and 67a which depend exponentially on vr(t) are

negligible. These equations then reduce to

40v

dv 30.01 e +V,-V_-9.99

dt 2x107°

and

40vf

dv -30.07 e +v_-3v,+0.618

f _ r f
& T v o (665)
(2 ;1228 € f) x 107

These are still ""strongly' nonlinear in Vs but no difficulty is to be expected if the numeri-

cal integrations, begun in the saturation region, are continued into the linear region. The

edge of the "cut-off'" region is defined by the point
vf(t) = -0.373 volts .
This solution of Eqs. 66(a) and 66(b) reaches this point at t = 4. 69 monoseconds, and

vr(4.69) = -4,63 volts .
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This is less than half way to the cut-off equilibrium value of - 10 volts! This brings out a
point, which does not seem to have been recognized in the literature; there can be a sub-
stantial difference between the time required to reach "cut-off, "' as defined by both junc-
tions being reverse biased, and the time needed to bring the collector current down to 10
percent of its saturation value.

For times greater than 4. 69 nanoseconds the remaining exponential terms in
Egqs. 66(b) and 67(b) become negligible, and the voltage- controlled equations reduce to the

pair of linear equations

dv V.- Vv, -9.99
r f r
—_ = ——————— (66¢)
dt 2x107°
and

dvf ) V- 3vf+ 0.618 679
-1 = c
dt 2 x 10°

These equations are linear because of the assumption, for this example, that the transition
capacities CTC and CTE are constants. The expected voltage dependence of these ca-
pacities would make the equations nonlinear.

Continuing the integration of Eqs. 66(c) and 67(c) one finds that the collector cur-
rent reaches -1 milliampere at t = 10.7 nanoseconds. Therefore the turn-off time for the
collector current is 10.7 - 3.2=17.5 nanoseconds while the transistor junction cut-off time
is only 4.69 - 3.23 = 1. 46 nanoseconds!

4.3.2 Using Charge-Controlled Model. Turning to the charge-controlled

Egs. 68(a) and 69(a) as

q;(t) -~ -2.01x 10711 coutombs
one would expect that the linear approximation Eqs. 68(b) and 69(b) would no longer be valid,
since two of the neglected logarithmic terms in Eqs. 68(a) and 69(a) approach infinity!
Nevertheless, solving Eq. 72 for the time required for qi(t) to reach -2.01 x 10'11

(1-0.498x 10'6) coulombs (this corresponds to v.=0. 363 volts or VR = 0) gives
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TS = 3. 16 nanoseconds

and at this time, Eq. 73 gives
q,(3.16) = -2.61x 107* coulombs .

These values agree very closely with those obtained from the numerical
solution of Eqs. 66(a) and 67(a). Thus, the linear approximations, Eqs. 68(b) and 69(b),
are seen to be useful right up to the very edge of the linear region. Certainly it is un-
reasonable to expect Eqs. 68(b) and 69(b) to continue to be accurate in the linear region.
If one chooses to continue the solutions with the charges as state variables, the resulting
nonlinear equations must be integrated numerically.

4. 3.3 Combined-Voltage and Charge-Control. An alternative, at this point,

is to go back and make a new selection of variables. Returning to Fig. 4, as qI(t) becomes

negligible, Kirchhoff's current law at the collector node of the charge controlled model gives

(see Eq. 27)
aNo d
“ln = alt) - = (Crn Vi) (74)
C TEN N dt TC R
and at the emitter node
dag q
N N d
_IC - 1B d_t + _TE + a (CTE VF) (75)
N
In the circuit of Fig. 7
-V, +V.+ E
i = R RF cc ’ (76)
C
and
o Bytp
'lB = T—- . (77)
th

As long as the transistor is in the normal, or forward operating region,

0. 324 volts < Vg < 0. Over most of this region Vo will lie withing 50 millivolts of
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0.324 volts. This suggests neglecting the change of Ve in this region. When this is done,

Eqgs. 74 through 77 reduce to

a
v N E + 0,324
d R o) CcC ’
= (Cron V) + o= = = Gy (t) = ————— , (18)
dt ‘""TC R Rc TEN N Rc
and
d;ltN . 1 qN(t) ) ;R i -ECCR- 0.324 X -Ethl; 0. 324 19)
EN c c th

For the present example, CTC is a constant, and these equations are linear in the vari-

ables VR(t) and qN(t). Introducing numerical values gives

dv
R 9 21 9
i 0.5x 10 VR - 0.49 x 10 Uy = -4.8384x 107 (78a)
and
dq
N 9 3. -2
*HF- + 10 qN - 10 VR = 4.02x 10 B (79a)

with initial conditions vR(0+) =0, and qN(0+) =3.07-2.61=0.46x 10_11 coulombs.*

The solutions of this pair of equations are

t' 3

oot Y
102 g(t) = -463.7 + 467.559 150  o.741¢ 2 coulombs (80)
and
¢ 3,
" 150 gt
volt) = -464.1+460.4a1e 0 _0.341¢ volts (81)

where t' is expressed in nanoseconds, Equations 78 and 79, and hence their solutions,
apply as long as qN(t') > 0. Using Eq. 80 one finds that qN(t') reaches zero at t'= 1,27

nanoseconds, and

vR(1.27) = -3.65 volts .

*Here, the time origin has been shifted to the instant at which the transistor enters the
"linear" region. This is 3. 23 nanoseconds after the application of the base voltage step.
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This "cut-off time' is 15 percent shorter than the value calculated by the
voltage-controlled Eqs. 66 and 67, and the voltage drop is about 27 percent less. It is
clear that over this traversal of the transistor's normal operating region the exponential,
exp (—lts'—o-), in Eqs. 80 and 81 is well approximated by the first two terms in its power

series expansion so that

3.
12 -3t
10 qN(t') ~ 3.859 - 3.117Tt'+0.711 e (82)
and
3 .,
-yt
VR(t') ~ -3.0061t'+ 0,341 <1 -e ) (83)

as longas 0 St'= 1.5,

These solutions predict an almost linear time dependence for both qN(t) and vR(t). This
essentially linear time behavior is observed in the vbltage— controlled equation solu-
tions. Beyond t= 3.23 + 1. 27 = 4, 5 nanoseconds, the assumption of a fixed Vg is no
longer valid and as a result, Eq. 4.1 must be used to eliminate Vg in Eq. 75. The re-
sult is a nonlinear differential equation in qN(t),

However, the voltage-controlled Eqs. 66 and 67, in the cut-off region

became linear

dv.
-9 %R B
2x 10 —d—tr'-'—+VR-VF = -10 (66d)
and
-9 dvF
2x10 W + 3VF - VR = 1,687 . (67d)

The solutions of these equations with the initial conditions vR(O) = -3.65 and vF(O) =0.324

are

-0, 2929t" -1.7071¢"

+0.081 e

-14,313+ 10,582 e volts , (84)

vR(t")

and
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e—O. 2929t -1,7071¢"

vp(t") = -4,313 + 4, 4489 +0.1881 e volts . (85)

The collector- emitter voltage is the difference of these two junction voltages

Vog(t) = ~10 + 6,133 ¢ 0- BB _ g7 -1 7071 volts (86)

In all three of these solutions t'" is the time in nanoseconds measured from the instant at
which vR(t) = 0. Equation 86 is a direct indication of iC(t) since VoE = ECC - iC RC.
Equation 86 predicts the time required for ic to reach -1,0 ma, t" = 6.19 nanoseconds,
which corresponds to a total time t = 4.5+ 6.19 = 10,69 nanoseconds from the time of
application of the base voltage pulse. Figure 8 summarizes the numerical example pre-
sented here. The solid curves are plots of the numerical integration of the voltage-con-

trolled nonlinear equations, and the crosses represent the values obtained with the three

linear sets of equations,
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5. SUMMARY

The example of Sec. 4 brings into focus some of the situations which may
be encountered when a particularly large signal transistor model is used to predict circuit
behavior over a wide range of operating conditions. This example carries the transistor
through all three operating regions: saturation, normal (or linear), and cut-off. If one
wishes to describe the transistor by a siﬁgle model, then either the voltage-controlled or
the charge-controlled models lead to ""strongly'' nonlinear differential equations over two
of the three operating regions. In the saturation region the voltage-controlled formulation
leads to strongly nonlinear equations while the charge-controlled equations are ""almost’
linear. In the cut-off region the voltage-controlled equations are almost linear, and the
charge-controlled equations are strongly nonlinear. Finally in the normal operating re-
gion both the charge-controlled and the voltage- controlled models yield strongly nonlinear
differential equations. In this region, however, one can obtain a set of almost linear
equations by choosing as variables one charge and one voltage (qN and vR).
In computer analysis programs one may prefer a single model for all regions
of operation, This makes the analysis of nonlinear differential equations inevitable. I
one is willing to change models, whenever a transistor transitions from cut-off-to-normal
or normal-to-saturation, for example; then three linear models may be accurate enough
for many calculations. The linear models are particularly attractive when hand calcu-

lations are involved and in giving the circuit designer a "feel" for the circuit behavior.
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