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ABSTRACT

The processes of heat and mass transfer interactions between the gas and
liquid phases of a single component in cylindrical containers with axial sym-
metry are considered. In the general formulation attention is given to the
cases of external pressurization with and without liquid discharge as well as
to the nonvented condition. The governing equations are cast into finite-
difference form and numerical computations are carried out for the case of a
non-vented container having an imposed head flux, using ideal gas relations
for the vapor properties. Of specific interest is the calculation of the
pressure-time history of the container under these conditions.
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I. INTRODUCTION

A number of space missions of current interest will require the storage
of liquid propellants for long periods of time, varying from hours to months.
The ultimate goal is to maximize the quantity of useful propellant remaining
at the end of this period of time. In the limit this maximum corresponds to
the non-vented condition in which the original mass of propellant is retained.
Whether or not non-venting is practical depends on the maximum internal pres-
sure which results as a consequence of the thermal interaction between the
storage container and its ambient.

Higher pressures require increased structural weight of the container,
and a trade-off may become necessary between tank weight and propellant loss
due to venting in order to maximize the mass of propellant remaining. Each
case must be evaluated for the specific mission, storage time, environment
and propellant. An additional factor is the method of discharge from the tank.
Where the propellant discharges to the suction of a pump, some degree of sub-
cooling is necessary to avoid cavitation and, depending on the fluid, may re-
guire additional external pressurization just prior to discharge. The pres-
sure at which venting might take place would thus be less than the tank design
pressure.

The pressure in a tank containing two phase, liquid and vapor, is related
directly to the temperature at the liquid-vapor interface for a single com-
ponent system. For a binary system, the pressure depends not only on the
temperature at the interface but the relative liquid-vapor concentration of
the two components as well. Pressure changes take place owing to heat and
mass transfer interactions between the vapor, liquid and container walls.

The processes of heat and mass transfer interactions between the gas and
liquid phases of a single component in cylinderical containers with axial
symmetry are considered in this study. In the general formulation presented
first attention is given to the cases of external pressurization with and with-
out liquid discharge as well as to the non-vented case. Solutions are then
presented, utilizing numerical finite-difference procedures for the non-vented
case.

The initial conditions of the liquid and vapor are considered to be
those at equilibrium, with uniform pressure P, and saturation temperature T,
From these initial conditions, the walls of the container undergo a thermal
perturbation, such as a change in temperature or an exposure to an external
heat flux, either of which may be an arbitrary function of time and axial
location. The perturbations in the boundary conditions lead to a series of
non-equilibrium phenomena within the container. Natural convection currents
are set up in the liquid and in the vapor spaces. The liquid-vapor system



tends to adjust Yo the new non-equilibrium conditions within the container by
transferring masg and energy across the interface by either evaporation or
zondensation. The conditions at the liquid-vapor interface couple simultaneous
wransport processes in the 1liguid and gas phases. In the case of self-pres-
surizabion of non-vernted tanks the rate of pressure rise within the tank is
governed by the ra’e of heat and mass *%ransfer from the walls and the liguid
phase tc the gas phase. The interfacial temperature is essentially that of
equilibrium (saturation) conditions corresponding to the system pressure. At
the same Uime, the temperature of the liguid-vapor interface affects both the
interfacial mass and heat transfer, as well as the convective processes in both
phasges. These labtter processes influence the temperature gradients within
both phases and in turn will have an effect on the rate of pressure rise in
the ullage space. TIndeed, all the processes of heat transfer from the ambient
w0 both phases, the natural convection within the container, the interfacial
phenomena and the rate of ullage pressure rise are all mutually coupled. Such
interactions have been the subject of many experimental investigations.

Any analytical approach that would adequately describe the phenomena
taking place in propellant tanks must take into account these interactions.
This requires the calculation of the transient velocity and temperature pro-
flles in both the gas and liquid phases, as well as the corresponding concentra-
tion distributions in the case of multicomponent systems. Owing to the com-
plexity of these phenomena, no analytical studies have been presented which
consider thelr simultanscus interaction. The problem may be complicated further
with the presence of turbulence or boiling of the liquid near the tank wallsg,
as thelr nature is not yeb fully understood nor adequately described. It is
evident that gome assumptions are necessary for the construction of models
which reasonably represent the practical situations.

A review which covered much of the available literature on pressuriza-
tion, stratification and interfacial phenomena in propellant tanks is given
in Ref. (1). Therefore no further survey of the literature will be presented
here. However, several studies which are pertinent to the pregent one will
be mentioned. Thomas and Morse (2) and Knuth (3) have considered the phase
change of suddenly pressurized single-component liquid-vapor system. Yang,
et al., (4,5,6), have solved the phase change in a suddenly pressurized
single~component and binary liquid-vapor system. The model adopted in these
cages wag one-dimensional, with the origin of the x-axis at the initial posi-
ticn of the liquid vapor interface. Initially, the gas and the liquid regions
are at the same temperabure Ty. The conditionsg in the gas space are suddenly
changed to a pressure P, and temperature T,. The differential equations
describing the temperature and velocity transients in both phases are:

Mg =~ g S
4oy —8 = 1
St UL % 37 (1)
Iy 3Py
R ve-p (2)



These are coupled at the interface by the ccndition

T
op Bpg ug = ky 57 - Kg 5 (3)
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Thermodynamic equilibrium is assumed at the interface, 1.e., the interfacial
temperature 1s always at the saturation temperature corresponding tc the ullage
pressure. FExperience shows that this is a reasonable assumption (1). The
details of the solution as well as the differential equations describing “he
concentration distribution for the binary case are given in Ref. (1).

The effect of the changes in the properties of the fluids with temperature

on the accuracy of the results was investigated by 0'Loughlin and Glenn (7).
The same cre-dimensional single component model was employed to study the case
of interfacial phasge change with variable ullage pressure. Finite-differences
were used to solve Egs. (1) through (3). The pressure in the ullage volume
was elther constant or a specified functicn of time. For the case in which
the pressure decreases with time, the interfacial temperature alsc is reduced
with time. In this cage the liquid layers which may exist at a temperature
higher than the interfacial temperature are made equal to the saturaticn
temperature. The excess energy of this ligquid over that of the saburated
liguild is used to evaporabe some liquid inbo the vapor reglon. Likewise any
gupersaturated vapor *that may be present is allowed to condense a frachticn of
the vapor, thus providing the energy regquired to heat the supersaturated vapor
te the saturation temperature. This supersaturation is a regult of the ex-
pansion of “he gas during the pressure decrease prcocess, which is assumed
be isentropic. The results show that the variation in the thermal ccnducu$v;ﬁy
with temperature hag very little effect. This one-dimensional mcidel dces nob
account for the effect of wall heat transfer.

Epstein, et al., (8), usei finite-differences for the calculaticn of the

pressurization process. In this model, the axlal variaticn of temperature is
congldered while the radial variatlon is neglected. The wall te fluild heat
trapgfer wag accounted for by introducing an effective heat transgfer coef-

ficlent bebween the fluild and the wall. Also, effechtive thermal conductivities
and mags diffusivities bebween the adjacent fluid layers were used %o glmulate
the effects of random fluid moticon. Provigions for variable tank crogs-sechion
ag well as variable heat transfer ccefficilents were made in the program. The
effect of boliling near the walls was not considered, and momenbum effects

were neglechted. The principal advantage of this program is its simplicity and
the relatively small amount of machine %Lime required to advance the sclution

to a particular time level. However, the determination of the effective thermal
conductivities and heat transfer coefficients and their variation with loca-
tion require the determinaticn of a large number cf emperical constants, which
require ccnsiderable experimental experience with a particular sysbem.



Although some analytical models have been used to study liquid stratifica-
tion in self-pressurized propellant containers, none has considered the simul-
taneous interactions between the liquid and the vapor phases. Most of the
available studies of the pressure and temperature transients in the vapor space
are experimental in nature and have served to identify some factors influencing
the rate of pressure rise within the containers. The studies of Huntley (9)
show that liquid stratification causes the pressure to rise at a higher rate
than that calculated using the average or mixed mean liquid temperature. These
also showed that stirring the liquid causes a smaller rate of pressure rise,
while stirring the vapor resulted in a substantial increase in pressure. Higher
rates of pressure rise were obtained with smaller ullage volumes. Liebenberg
and Edescuty have shown similar results (10).



IT. FORMULATION

As mentioned earlier, the formulation of the most general case will be
given first. This involves external pressurization, liquid discharge and the
consideration of the vented and nonvented container. The heat capacity of the
container side wall is also included in the formulation. The heat capacity
of the end walls of the cylindrical contalner is neglected. The assumptions
and limitations will be mentioned ag appropriate and the results and problems
encountered in the solution of the unvented, non-discharge case will be given.

A cylinderical container of diameter 2a, helght b and with wall thickness

0, is partially filled with a liquid as shown in Figure 1. The initial height
of the liquid is X,, and that of the vappor is b-Xs. The origin of the coordinate
gystem is taken at the center of the container base with x-positive in the
direction of the liquid. At any time t, the location of the liquid-vapor inter-
face is given by X = X(t). The fluid in both phases is initially at rest in

an equilibrium state at a uniform temperature T, and pressure Py. From these
initial conditions the tank side walls are subjected to an arbitrary heat flux,
aw(x,t). The tank ends are assumed adiabatic but this restriction can be re-
moved if desired. The differential equation describing the temperature-time
higtory of the tank wall cbtained by lumping the wall radially, but not axially,
is, Figure (2),

T el d2T
(pcgd 'a?)w -(k )p * (Bk "a?c§>w
+ qw(x}t:)) (L)

where the subscripts w and f refer to the wall and the fluid, respectively.
The first term on the right-hand side of Eq. (4) is the rate of heat flow from
the wall to the fluid, while the second term accounts for the net axial con-
duction. +t 1s usual to calculate the heat flow from the wall to the liquid
by introducing the heat transfer coefficient h according to;

(x %%}. = n(r, - T . (5)

However, the determination of the heat transfer coefficient for these cases
is difficult and subject to many uncertainties. Furthermcre, its a priori
use in studies of this kind is not relevant. The numerical procedure used in
this study allows the direct evaluation of the rate of heat flow from the wall
to the liquid, thus making the use of a heat transfer coefficient unnecessary.
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Figure 1. Container configuration and coordinate systemn.
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A reversed process may be used, however, toc determine a value for the heat
transfer coefficient under these transient conditions. From the rate of heat
flow from the wall to the fluid in the container as determined by Eq. (5),
the transient heat transfer coefficient h may be computed. This procedure
permits the determination of the variation of the heat transfer coefficient
with time and space during this transient process.

The differential equations governing the velocity and temperature distribu-
tion in both phases are developed as follows.
A. LIQUID REGION

The following assumptions are made:

1. Constant thermal conductivity and viscosity.

2. Incompressible fluid. Density variations are introduced only in the

body force term of the momentum equation. These variations are described by

p = poll +B(Tg - T)] (6)

5. The influence of visgcous digsipation is neglected.

Governing Equations

(i) x-momentum

_@l_l_.._ BU.+ aU. - ,E
o (P 1y D N
: <éx2 T or 5?%) (7)
(ii) radial momentum
v v 4, Oy . _ OP
p(é% T x T 5;) or
> _ v 1,
o T ETTE T2 )



(1ii) continuity

(iv) energy

oT oT

3t = Vx

Initial Conditions

T(x,r,0)

Boundary Conditions

Veloclty

oT

To u(X,T,O)

u(

u(o,r,t)

X—o)r;t)

where w4 is the rate of ligquid discharge.

u(x,a,t)

du(x,0,t)

or

V(X:a:ﬁ>

v(x,0,t)

v(o,r,t)

v (X,r,t)

ox

1

0, v(x,r,o)

(16)

(17)



Temperature

T(X,r,t)

I
3
n
—
e
—r

T(x,a,t) = T(x,t)

I (o,r,t) -

X

AM(x,0,t) 0

or

(20)

(21)

where Tg(t) is the saturation temperature corresponding to the system pres-

sure and T, is the wall temperature, Eq. (4).

B. VAPOR REGION

The differential equations for the vapor region are cbtained assuming
negligible changes in the viscosgity and thermal conductivity within the vapor

phase. The compressibility of the vapor is considered.

Governing Equations

(i) x-momentum

ov v ov\ _ _ oP
p<§€ T 3x T §%> B or

v v . 1dv, v 1 3 [
WG E D)3
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(iii) continuity

Dp du , oV vV

§g+p<5—x+§+; = 0 , (26)
(iv) energy

St oar, A\, D)
DCV<&+uax+Valn>+p Dt

) A A N
T GE FE we) (21)

(v) equation of state
P = zpRT (28)

where z is the compressibility factor which can be evaluated from P, V, T,
data or by using an equation of state which accounts for real gas effects,
Using the Van der Waal equation of state the following equation relating z
to the reduced pressure and temperature is obtained.

Pr o7 Pr 27 Pre
3 _ (X 2, &l _ - .
Z 8Tr + 9 Z + 61‘_ Tr2 Z 512 Tr} O, ( 29)

where P, and T, are the reduced pressure and temperature, respectively.

The value of z obtained from Eq. (29) is quite accurate for engineering

applications (11). Other equations describing z or tabulated values of z can
also be employed. However, calculation of z using an equation of the form of

(29) offers less difficulties from the programming standpoint.

Initial Conditions

T(x,r,0) = T4
p(X,I‘,O) = Po
u(x,r,0) = 0
v(x,r,0) = 0 (30)

11



Boundary Conditions

Velocity
u(b,r,t) = 0 (31-2)

or

VgD
u(o,r,t) = uy, = - Sepra? X (31-Db)

where w__. is the rate of mass flow of the pressurant and Pap is its density.
Equation (31-b) is written for the case of uniform velocity at the inleb dif-
fuser of the tank as in Fig. 3.

u(Xyo,T,t) = ug (32)
—-—M(}gm’) = 0 (33)
i
u(X)a’)ij> = 0 (514')
v(b,r,t) = O (35)
v(x,a,t) = 0 (36)
u(x,0,t) = 0 (37)
ov(X,r,*t) on
o = 0 (38)

where Ugs is the velocity of the vapor at the interface caused by simultaneocus
phase change and liquid discharge, Eq. (47). The boundary conditions given
by Egs. (19) and (38) assume a zero shear stress in both the liquid and vapcr
at the interface. These are reasonable and are made for the sake of simplifi-
cation. Another approximation would be to take the vapor velocity at the
interface equal to that of the liquid abt that point. The interfacial shear
stress would then be determined by the analysis. For flows with large radial
gas velocities at the interface, this latter boundary condition becomes more
realisgtic.

12



Temperature

T(X,r,t) = Tg(t) (39)

T(x,a,t) = Ty(x,t) (40)

91(—"8—1’:9—23—) =0 (L1)

éT—%}Ltl = 0 (k2-~a)
or

T(b,r,t) = Tgp(r,t) (4e-b) N

Equation (L2-a) applies for the case with no external pressurization, and
Eq. (L2-b) for arbitrary external pressurization.

C. LIQUID-VAPOR COUPLING AT INTERFACE

The processes in the liquid and vapor regions are coupled by Tg in
Egs. (20) and (39) and by ugi in Eq. (32), which is related to the rate of
mass transfer at the interface.

The rate of mass transfer by evaporation or condensation across the
liquid-vapor interface depends on the relative rates of heat transfer by dif-
fusion from each phase at the interphase. Congervation of energy at the inter-
face determines the rate of phase change as well as the interfacial.displacen
ment, according to;

hpgWy = foa ([ E%’{—rﬁ—)]jl - [k —a-g%c;iﬁljv} onrdr ,  (L43)

where wi is the rate of interfacial phase change. According to Eq. (43),
Wi will be positive if condensation takes place. The interfacial displace-
ment with no liquid discharge is then given by:

dXo
0y ﬂa2 EEE = W (uu)

13



Should it be desirable to include the process of liquid discharge, Eq. (Lk4)
would be written

~ 4Xg
e —= = - W i
Oy T 4 (45)
and
dX dX; | dXg .
w = o = —= + 2 L46)
. dt dt dt (e,
where
dxs
EE- = rate of interfaclal displacement due to phase change,
dXy . : : : e
e = rate of interfacial displacement due to liquid discharge,
aX A
dt = combined rate of interfacial displacement due to phase change and

liquid discharge.
Equation (46) is obbtained assuming that the liquid surface remains flat
during the discharge process. This is an approximetion which neglects the
influence of viscosity near the walls and surface tension effects. Such ef-

fects are negligible except for very low gravity levels and small Bond. numbers.

The vapor velocity Ugi at the interface is related to the rate of inter-
facial displacement due to phase change and discharge by,

Pg=Pgs\ X1 dXy ,
WUt = - t — Ll.?

D. SUMMARY OF FORMULATION

Taking a broad perspective of the foregoing formulation the following
observations might be made. For convenience the liquid and vapor regions are
considered separately, recognizing that they are coupled at the liquid-vapor
interface,

1. Liquid Region
Four unknowns exist: u,v, T, P, each of which are functions of x, r, t.

The four Egs. (7)-(10), together with the boundary conditions, are available
for the solution of these unknowns. The solution of this system of equaticns

1k



by finite-difference procedures has been attempted with no success. The

reason for this is believed due to the extremely small variations in pres-

sure within the domain, P(x,r,t), compared to the level of pressure. With

the assumption of an incompressible fluid (except for changes in density due

to temperatures in the body force term of the momentum equation) the pressure
terms occur only in the x-and r-momentum equations. The pressure distribu-
tion is not of particular interest except that it is a factor in the fluid
motion. Thils motion is influenced by the system pressure level only indirectly
in that it establishes the temperature boundary condition at the liquid-vapor
interface.

It is, however, possible to eliminate the pressure term by cross-dif-
ferentiating and combining the two momentum equations. Introducing the defi-
nitions of vorticity and stream function, the system of L equations with %4
unknowns is reduced to a system of 3 equations in 3 unknowns, temperature
T(x,r,t), vorticity ®'(x,r,t), and stream function V¥'(x,r,t). This procedure
will be outlined below, and has been successfully applied to a single uncoupled
domain (12,16).

2. Vapor Region

Since the assumption of an incompressible fluid is not a valid approxima-
tion in the vapor region, five unknowns exist: u, v, T, P, p, each of which
are functions of x,r,t. The five Egs. (24-28), together with the boundary
conditions, are available for the solution of these unknowns. As in the case
with the liquid region, the pressure distribution is of interest only insofar
as it gives rise to the fluid motion. The influence of the spatial pressure
variation within the vapor space on other properties can reasonably be neglected.
Thus, the pressure term can be eliminated from the two momentum equations by
combining them, and introducing the vorticity and stream function. The temporal
variation of pressure, however, still remains in the energy equation. As will
be demonstrated, the system is now described by 4 equations with 5 unknowns,
i.e., T(x,r,t), ©(x,r,t), ¥"(x,r,t), o(x,r,t), P(t). The additional needed
relation is furnished by the energy equation written for the entire vapor
space as a control volume. These procedures will now be described.

15



ITT. TRANSFORMATION OF THE PARTTAL DIFFERENTIAL EQUATIONS

The momentum and the continuity equations are combined to obtain the
vorticity equation and an elliptic equation relating the vorticity and the
stream function. This is accomplished in the same manner as described in
Ref. (12). The x-momentum is differentiated with respect to r, the r-momentum
equation is differentiated with respect to x and the two combined to eliminate
the pressure terms.

A, LIQUID REGION

Equations (7) and (8) reduce to:

o' ' o' 1 do AW B xwt QAW
¥ " TVyY T "o gé?”[aﬁ " +5'r2] ()

where ®' ig given by:

W' = % (g% - %§> (49)

Introducing the stream function V', defined by

S T (50)

T L3y 3T 1A [fofT 1T d°T |
g*???*?yyﬂa®*57+arg>, (51)

- TN Y- AR TR AF- VAR TR I N S LD I TN LA
at +I° T ax _T 14 'r - r r+@x2 +I° aIn +8T2>5 (52,)
62? lav 521 _

axg T +a§'§ = i’ (53)

The initial and boundary conditions must also be transformed appropriately.
Equations (51), (52), and (5%) are sclved numerically by finite differences
to obtain the temperature, vorticity and stream function distributions. From

16



Eq. (50) the velocity distributions can then be computed.

B. VAPOR REGION

Combining the momentum Eqs. (24) and (25) in the manner described above,
the following is obtained:

! o prDo 1 dudp,l Dvde
ot Uax VX T fﬁ Dt ~ pr Dt dr ' or Dt ox
2 - 2
g 9 dw' 3 ! yw!
“oror TV e TTY 32 (54)

where ®' is given by Eq. (49).

Equation (54) is the vorticity equation for this case. The first terms
within the brackets on the right-hand side of this equation account for the
compressibility effects due to density variation. Should the compressibility
effects be neglected, Eq. (54%) will reduce to Eq. (52). It should be noted
that the presence of these terms does not introduce any additional difficulties
as far as the solution of the vorticity equation is concerned. The difficulty
will be in combining the continuity Eq. (26) and Eq. (L49), in order to obtain
an equation similar to Eq. (53). However, this difficulty can be overcome if
the term dp/dt is neglected in combining the continuity Eq. (26) with the defini-
tion of vorticity. The rigorous justification for this approximation has not
vet been established. In this case Eq. (26) will be rewritten as:

d(pu) 1 dprv) _
e (55)

The continuity Eq. (55) is combined with Eq. (L9) by iniroducing “he
stream function V", which satisfies (55). This stream function " is defined
by

I .o Lot 6)
L B i (%6)

Substituting (56) and (L49) into (55), the following equation which
relates V" to w', is obtained,

82\1/” 1 awn agw.n 7 d ) ,
aZ T e S T pwovy (57)
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The last terms within the brackets in Eq. (57) account for the density
changes in the vapor region. The terms Jp/dr and Jp/dx are calculated in the
finite-difference procedure using the equation of state and the temperature
distribution from the previous time step. The coefficients u and v in u
do/dr and v Jp/dx will be taken equal to their values at the previous time
step, which is the same procedure used in calculating the non-linear terms
u JT/dx, v dT/dr, u I'/dx, and v I'/dr, thus in effect linearizing these
terms.

The spatial variation of pressure in the vapor region can be neglected.
Hence,

DP dp .
= = I (58)

Dt dt

The density terms in Egs. (54) and (57) are evaluated using the equation of
state (28), and the derivatives given by:

S _ P a(zﬂ o (59)

dr T RZ2T2 oT /p or 29)

d _ P S(zr)) dr »

& T pg2rl <BT/ dx (60)
P

Substitution in Eq. (54) gives:
ot o g o ém} o
ot  p dt o ZT oT Dt
I
T T rZT \ T D dr  rZT dr oT o

bu 1 (3(z1)) A Dv
ot 7T oT ox Db
P

2 .
dw! 3w Jyew! _
+ v '\axg + ¥ T arg (C‘l)
Substitution of Egs. (28), (59), and (60) into Eq. (57) gives:
a%n l awn a?wn 3 _:E_(Dv 5
e - mzT - f
or _or g
R29T2 ( p [or TV X (62)
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The terms u and v in Eqs. (61) and (62) could also be expressed in terms of
V" by Eq. (56). Substitution of the equation of state (28) into the energy
Eq. (27) gives:

(zp)y | DX _ 4f 2 R
0 CV+Ré-5-T—-—p prllie 5 T kT (63)

Taking the thermodynamic relation

Cp - Cy = T@Qp @%V (64)

and the ratio of specific heats

C
jadl R
2 -y (65)

and substituting into Eq. (63) and rearranging, another form of the energy
equation is:

DT _ 1 , RZT dP y 5 -
> ~ 510 Cp a + » 102 oveT (66)
/‘a(ZT)> (a(ZT))
o /7 x /.

It might be noted that the body force term in Eq. (61) cculd also be expressed
as:

g é(ZT) o g _
7T <i5T—;>p ¥ “rP 3 (67)

Since the assumption of ideal gas behavior 1s adequate for the vapor,*
Eqs. (61), (62), and (66) reduce, respectively, to:

D' o' dp @' DT g or 1 Jr

D -P @& "T DE ° “IT 3 T T or

(68)

1 oxDv, [ 330w
rT ox Dt %2 T

*For saturated Op vapor at atmospheric pressure, Z = 0.97, and [B(ZT)/GTJP =
1.015. For an ideal gas, Z = 1.00, and O(ZT)/dT = 1.00.
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51‘2 - dr + 3x2 = RT !
Pr oT or
T RT dxr T 6;, (69)
DT -1 TadP
ot = Z_;__ Pac T o VAT (70)

Equations (61), (62) and (66) (or (68)-(70) for ideal gases) together
with the transformed boundary conditions constitute the system of 3 equations
with 4 unknowns for the vapor space, ®'(x,r,t), V"(x,r,t), T(x,r,t), and P(t)
referred to earlier. The finite-difference solution of Egs. (61), (62), and
(66) for @', ¥" and T requires that a function for dP/dt be available. This
is obtained from the First Law of Thermodynamics written as an instantaneous

rate equation, taking the vapor space as the control volume. Referring to
Figure 3 this formulation is written:

d

EE fvg(t)(pgeg)dv = fAi hgspgs(ugi - ui)dA

+ [, h Ugpdd = dA-P% (71)
A, "gpPepUigp Ae.s, ¥ T

This formulation includes the following generalized variation:

eg = e(x,r,t)
pg = p(x,r,t)
Ugy = u(r,t)

hgs:pgs are uniform over the liquid-vapor interface
uj is uniform for a flat interface
hgp,pgpsugp are specified by the particular pressurization process.

q is the local heat flux on the control surface, and its integral includes
that from the tank wall and through the liquid-vapor interface.

Given property information on e, = fy(P,T), Py = £5(P,T), g = fB(P)’
pgs = fh(P)’ the desired term dP/dt can be extracted from the first term of
Eq. (71). The necessary properties can come either from specific heat data
plus an equation of state, or from tabulated values. It may be anticipated
that different computational procedures would be required for each of these.
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The procedure will be demonstrated for the case of self-pressurization,
that is with no liquid discharge, no external pressurization, and a flat inter=-
face. Thus, wy = O, Wp = 0, and Ugp = 0. Then,

ax o dXy ‘
a6 uj T (72)

and from Eq. (L47), assuming a uniform vapor velocity across the interface

Py

u. _u- = u-
gi i o1-0gs B (73)
For the coordinate frame selected
dav ax
_£g = —_— = . A.
at A at Ajuy (%)
For brevity
= d A
ot fAcoso 1 (75)
Substituting Egs. (73)-(75) into Eq. (71)
—dv'gf (pge)dV = q
dt Ty (t) "8 tot

P

BgsPgs 5;-pag ogs gt Ay + P Ajuy (76)

Using Leibnitz's rule for differentiation of integrals having variable limits
the first term of Eq. (76) can be written as

a Beg
It fvg(t)(pgeg)dv - fvg S TR
dp
: SPg . ,
+ ng ®s 3t av - pgsegsuiAi (77)

Substituting Eq. (77) in Eq. (76) and rearranging with the use of Eq. (47)
gives,
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+ th Ajuy (pgs=pﬂ) ('78)

For the case in which the use of an eguation of shate (28) is desired, the
entire left-hand side of Eq. (78) can be expressed as the following by means
of general thermodynamic property relations:

Cy P v {PCV 1
R at ‘v, 7o(ZT V.| R [o(ZT)
N SRR )
T /9P | 1 |o(ZT)
P bg |3(z1) ,
-8 ly 7Em [a_t J dqv (79)

The enthalpy terms in Eqgs. (78) and (79) can be expressed by:

T P RT d(2T)
h-h, = [~ Cop dT + [ Z - dp
R PR Pr P [ J
r : T Jp g (80)

S

where the subscript R refers to a low pressure reference condition.

For an ideal gas with constant specific heet expression (79) reduces tc:

%‘1 @—%)Vg (81)

Substituting expression (81) for the left-hand side of Eq. (78), writing the
enthalpy by a specific heat term, and rearranging, BEq.(78) reduces to:

d» _ R RTsy . )
@ CyVy %ot 7 v, Asu; (ogg=oy) (82)

For the case far from the region of the critical state, such that p; >> g
Eq. (82) can be written ag

P R wiRyTg |
dt T Cyvg Mot T TV (8)
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where wy is the rate of interfacial mass transfer (having a negative value

for evaporation) and is given by

pygo
EE ) Ajugi (8Y)

e L -
* (0y=Pgq
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IV. DIMENSIONLESS FORM OF THE EQUATIONS

The governing equations for the wall, liquid and vapor regions (4), (51),
(52), (53), (61), (62), and (66) are next made nondimensional, along with
the boundary conditions.

The substitutions necessary to nondimensionalize the differential equa-
tions are:

\
u o= oo U; v = 5 Vi T-T5 = B;agﬁ ©
8l
t = ai TS x = Dbl ; r = an
ayb
" = ';LL—' ws o= oy J (85)

The resulting dimensionless equations are given below.

A. WALL TEMPERATURE

The dimensionless equations describing the wall temperature, from Eq. (h)ﬁ
are given by:

X(t
(1) o<t<t; = —%—l
39y s (0Cp)y <8@) a2 (oC )y Xk, 3%,
ST T (o0 ) \3n/, P (oe.), KT NE
(pC.,)
v 2.2 —bd e pe g ¥(e,) (86)
b By (pcp)w £ |
(i1) ?%E—s§51
By e (ool E‘g(?ﬁa a2, (s | kg Oy
3 B (ec )y B o\ /i v8 (ec), Ko 32
(pc,)
a. za I S *
3T pciy; Pry * Gr¥(¢,t) (87)
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where Gr;(@,t) is the modified Grashof number and is given by:

gpalt
kl vy

GT;KC)t) = 5 qw(gst)

(iii) Boundary and Initial Conditions

d,(0,7) 8y
X 3

B. LIQUID REGION

(i) The energy equation, Eq. (51)

¥ .1 W % 1, e _ a2 130,
3TN I TR AN ;T 2y ;2

2R 1w ®

be 3g2 N O ¥p?
- B
R A

(iv) The Boundary Conditions

(1) Stream function boundary ccenditions

N(0,1,1)
e rAMs s
¥(0,m,T) 5 0

82W(§i5n37)

v(Es,m,) S5
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- A
¥(£,0,7) = %L%—a-"’—éfaj - 0 (97)

I(E,1,7) - 0 (98)
on

Il

W(E;l;T>

(2) Vorticity boundary conditions

[
(@]
—
O
\O
~

(J.)(l,T],T)

|
(@]
l.._l
o
(@]
S—

w(E,0,T)

Two additional vorticity boundary conditions are required at the tank
wall and bottom. An explicit expression for the vorticlty at any of these
locations is difficult to obtain. The method of solution used in this work,
which follows that of Ref. (16), overcomes this difficulty.

(3) Thermal boundary conditions

0(e,1,7) = ©.(¢,7) (101)
Q(Ei,n,T) = GS(T) (102)
0(0,1,7) _
Y 0 (103)
99(£,0,1) _ 0 (104)
on
where ©g is given Dby:
- & . gﬁgaﬁ
6,(1) = ¢ Ery |T4(8) - T4 e (105)
v
!

(4) Initial Conditions

o(t,n,0) = U(E,n,0) = V(&,1,0)

w(g,n,0) = V(&,m,0) = 0O (106)
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C. VAPOR REGION

(1) The energy equation, Eq. (66)

_5_9_+_1_%‘£g9 _.l_gigg i} 1 , RZ , (e+8) o
"~ pn on Of T on Of o d(ZT C
aT g l+(7il)Z/( (T ))V v P BT
2 32 2
+ A gg a- é_g + i ég + §~9 (107>
7/ Q) oy [pe 32 n O 32
1+(5=1)Z/( - )v ) m
where o = 8 P1® T, (108)
vﬂaﬂb
(ii) The vorticity equation, Eq. (61)
w1l W w1 o w vg |82 aEwﬁawa"a]i ool é(zﬂ 0
dr on on OF pn OF A Vi b2 3E2°N On an?J’algbZn(@+@ )\ T /p on
1 (z)) DU 1 9(z1)\ 36 DV @/dP
'nz(e+go)<§ar Jo o DT nZ(9+9')</\~ 5" E D <dT (109)

where B ig given by:

Pg = %E<§é%2;>P (110)

(iii) The vorticity-stream function equation, Eq. (62)

a2 2y 13k, @y _ P /gﬁzam >
b2 32 T on | 92 ZR(0%6,) \anz?) dl

_ @B yab\l P 5 v a@‘:l
Vzag@/zgR(9+Qo) _? ot

(111)

(iv) Boundary Conditions

(1) Stream function boundary conditions

V(L,n,T) = gyé%iﬂlll = 0 (112)

2
) W 2 PgsUgin

W(Ei;nﬂT) = (Q['p
pﬂaﬂ 21b

g58

(113)
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p
> /1 2w(§,0,'r5

v(E,0, = = 0 114

(607 = 5 (5 ()

W, - 2LLT (115)
(2) Vorticity boundary conditions

w(g,0,T) = 0 (116)

o(E5,n,7) = 0 (117)

(3) Temperature boundary conditions

0(&5,n,7) = 84(7) (118)
a@(léﬂzT) - 5 (119)
o(t,1,1) = o4,t,T) (120)
égi%ﬁgiil = 0 (121)
(L) Initial Conditions
6(£,1,0) = U(g,n,0) = V(&m,0) = ¥(£,m,0) = w(gn,0) = O
(122)

From the above results, 1t is clear that the temperature, pressure and
ve1001ty w1th1n the container are functions of the parameters Gr*, Pr,

K/ pC W kw/kﬁ Og/az), (Vg/Vg) (Bg/ﬁg), (a/b) and (a/8). Grx is
deflned in Eq (88).
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V. METHOD OF SOLUTION

A, FINITE-DIFFERENCE FORMS

The finite-difference method of solution used in Ref. (16) is adopted
here. A complete discussion of the application of difference methods for
the solution of the energy and vorticlty equations is given in this reference,
along with the problem of stability of the difference equations. A brief dis-
aission of the method of solution will be made here.

The basic concept in the application of finite-difference methods for
the solution of partial differential equations is the use of Taylor Series
Expansion to approximabe the derivatives at a point in terms of the value
of the function at that point and/or at its neighboring points. This may be
demonstrated as follows:

1. The time derivative is represented by

§€- _ f(T+Azi - £(1) + 0(AT) (123)

f f
2. The first order derivatives é‘ and é— can be approximated by

ox R

f £(x+ - f “
(1) %; = (x AX’R’Zi (x,R,7) + 0(Ax) (forward differences)
(124)
or
£ £ - - :
(i1) %; = (x,R,7) Axf(x bR, 7) + 0(sx) (backward differences)
(125)
or
of  f(x+ - f(x- :
(1ii) = (x AXLR’;ZX (x-0,R, 7) + O(Ax)2 (central differences)
(126)

3, The second order derivatives are replaced by finite~differences
according to the formula.
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Rf _ f(x+mx,R,7) - 20(x,R,T) + £(x-4%,R,T) 5 |
x2 (AX)2 + O(AX) (127)

The function f represents either © or @, and Ax is the sgpatial increment in
the x-direction. The lastterm on the righthand side of Eqs. (123) through
(127) indicates the order of the truncation error involved in replacing the
derivatives by finite-differences. It is clear that the central differences
offer a better representation of the first order derivative 9f than the for-
ward or backward differences. However, the form used to app@%ximate the
first order derivatives is usually determined by stability consgiderations.
Similar formulations can be written for the derivatives %% and %%50

The substitution of the above formulae in the energy and vorticity
equations produces a set of explicit difference equations. However, if the
values of the function f in Eqs. (124) through (127) are taken at the time
level T+AT instead of being taken at time level 7, the resulting finite-dif-
ference methods may require the use of small time increments and consequently
large machine time. Certain implicit formulations may permit the use of large
increments. The application of both explicit and implicit methods tc the pre-
sent problem has been extensively investigated in Ref. (16). It was concluded
that the lack of explicit boundary conditions for the vorticity at the solid
boundaries prevent the use of large time increments, i.e., implicit methods.
Therefore, 1t was decided to employ explicit methods.

It is clear from Egs. (124) through (126) that more than one explicit
finite-difference formulation can be constructed for each of the vorticity
and energy equations. The finite-difference formulation chosen for the solu-
tion of the present problem is dictated by stability, as well as practical
considerations, which will be shown below in studying the stability of the
finite-difference equations.

The method of solution used in the present problem can be summarized as
follows:

0 dw . .
1. The time derivatives * and > are approximated by Eq. (123).

T
2. The nonlinear terms Uég, V§9y U§£ andV-ég are linearized by consider-
ing the velocity components Uagnd 9Rﬁo gg known and are taken equal to their
values at time level 7. The order of the error introduced by this lineariza-
tion can be obtained from Taylor Series Expansion. If Uy and U are the values
of the axial velocity compcnent at time levels 7, and T, *tAT,, respectively,

then

% % . U, ..
U ~ Vo TG, TP (128)
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where

0B AT .

The last term on the right side of Eq. (128) represents the lineariza-
tion error and is of order O(AT).

5. The nonlinear terms U %g and U %% are approximated by backward dif-
ferences, Eq. (125), if the coefficient velocity U is positive and by forward
differences, Eq. (l2h), 1if U is negative. The same procedure is followed for
approximating the terms V % and V = according to the sign of the velocity
component V.

L. Central differences are used to approximate the first order terms
L ég Q.QE and L aw, No stability problemg will be encountered in this
’ TR ¥ 3
gaégc RAéRthe cen?grline where both R and %0 are zero, 1 99 ig replaced by
OR > R OR
its 1limit according to )

Limit = 2 - §E§1
. - > _ 1
oo B OB dR2' g=g (129)

2 2 2 2
5. The second order terms 9 g . 2 g > gag . Sag . : g and %E% are
represented by Eq. (127). ox R X R X

]
6. Although the first order derivative-§~| in Egs. (86) and (87)

can be represented by any of Eqs. (124), (12é9 =L op (126), the following
formula, which has a higher truncation error is used,

9 _ 110(&,1)-186(&,1n-An)+90(&,1-241)-20(&,n-34n)
o' n=1 6An (130)
Similarly
) .
éfi’ . 11@(Ei;ﬂ)'189(ﬁi=A§;ﬂ)+99(§i~2AE;n)“29(§i~5A§;ﬂ)
OF =g, T ' (131)
1 641

B. STABILITY OF FINITE-DIFFERENCE EQUATIONS

The stability of the finite-difference equations is an important con-
sideration in establishing the size of the grid and the time steps, and the
type of differencing used. The details are given in Ref., (16). As might be
anticipated, the size of the grid and time steps will also be governed by the
storage capaclity of the machine and limitations of time and cost. The neces~
sary requirements for stability are given by the following:
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" 0a2 0 us 5l vy ﬁw
~ + + 9. l
a @Aeﬁ T AN o) < (132)

7/

/282Pr 2 Pr IUi;JI IVi’jT\
Y ‘\bE(AE)E T EAY: Y / =t (2)

For Prandtl number less than unity, inequality (132) is more restrictive and
therefore should be used. For Prandtl numbers greater than unity inequality
(133) must be used.

C. COMPUTATIONAL PROCEDURES

The sequence of steps in establishing the numerical calculation is as
follows:

(1) A convenient grid size is selected, dictated by the machine storage
capacity.
(2) A suitable time increment is chosen. This may be altered during the
course of computation as necessary to maintain numerical stability.
(3) The temperature distribution is computed using velocities, temperatures
and pregsure from the previous time step.
(4) These temperatures are used to compute the vorticity at the interior
nodal points for the current time step.
(5) The stream function is computed at the interior nodal points.
(6) The vorticities at the solid boundaries are calculated.
(7) The velocity components are calculated.
(8) The rate of phase change at the interface is determined using the
computed temperature distribution, with Eq. (43).
(9) The pressure rise is computed with an equation such as (8%) using
the parameters from the previous time step.
(10) The above procedures are repeated successively.

A problem inherent in the use of numerical methods is the accurate determina-
tion of temperature gradients. In the present application temperature gradients
are computed in the liquid and vapor at the liquid-vapor interface to deter-
mine the rate of phase change, from Eq. (L43), and in the liquid and vapor at
the wall to determine the heat transfer to the bulk liquid and vapor, re-
spectively.

The general problem of the effect of grid size on the interfacial heat
and mass transfer is presented in some detaill here.

The formulation with Eq. (43) was used by a number of investigators
(2 through 8) to determine the rate of interfacial phase change for the case
of a suddenly pressurized one-dimensional model. However, the determination
of the temperature gradients by numerical differentiation of the calculated
temperature distribution in the case of self-pressurized containers may be
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difficult for two-dimensional problems. This would occur in cases in which
the temperature gradients near the interface, that cause the phase change,
are large. These large temperature gradients exist in a very thin layer near
the interface, as has been shown by experimental measurements (13,14). This
requires the use of a very small grid size in order to obtain an acceptable
approximation for the temperature gradients near the interface.

Computations have shown that the spatial grid size has a considerable
effect on the calculated rates of heat transfer at the interface. These cal-
culation have been performed for the one-dimensional problem described by
Egs. (1), (2), (3), and the results are shown in Figures 4, 5, 6. Figure L
gives the interfacial velocity and indicates that the effect of grid size is
large at early times. As time progresses the interface velocity becomes less
influenced by choice of grid size. This is also seen in Figure 5, which shows
that for suitably small grid size the rate of condensation approaches a value
independent of grid size. However, the influence on total mass condensed (or
evaporated) is a cumulative one, as also noted in Figure 5, and can give rise
to serious error in cases where the ratio of interfacial area to vapor volume
is large or for small times. Figure 6 shows the influence of grid size on the
computed temperatures for two different time periods of 10 and 100 seconds.

As the grid size decreases the finite-difference calculations of the rate of
interfacial phase change may be expected to approach the exact solution.

The example presented above dealt with an externally pressurized system,
and the severity of the temperatures gradients at the interface will depend on
the magnitudes of the pressure change and the superheat of the pressurant. In
the case of self-pressurized containers the liquid is considered initially
saturated. Any disturbances from these conditions such as imposed heat trans-
fer from the ambient will cause the liquid to become superheated. This is
an unstable nonequilbrium state, and the liquid will attempt to adjust to a
new equilibrium condition by convection and evaporation. The evaporation of
the liguid will cause the pressure in the ullage space to rise. The net ef-
fect will be to decrease the degree of superheat of the liquid, and increase
the mass of the vapor in the ullage volume. If the rate of heating is low,
the conditions in the liquid will be very close to equilibrium conditions.

In this case the degree of superheat will be small. This condition may be
expected to exist in high altitude flights with a well-insuluted container.
Under these circumstances evaporation takes place such that the pressure in
the ullage volume rises at a rate which keeps the liquid near an equilibrium
state. It thus might be anticipated that the temperature gradients in the
liquid and vapor at the liquid-vapor interface will be relatively small, and
the errors associated with reasonably sized grid spacing will be small. The
only true test available is to vary the grid size for given conditions and
compare the computed results.

In the case of the temperature gradients in the fluid adJjacent to the
wall two aspects must be considered when either the heat flux or the wail
temperatures are imposed. One is similar to the liquid-vapor interface pro-
blem in that the grid spacing should again be small enough to permit suf-

ficiently accurate representation of the temperature distribution in the
3l
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fluid, either liquid or vapor, and in general dictates that the grid spacing

be as small as possible. The degree of being sufficiently small will be dictated
in part by the magnitude of the imposed heat flux or the imposed temperature,

and the response of the transient convective process to these disturbances under
the prevailing effective gravity level. Again, the only true test available

is to vary the grid size for given conditions and compare the coupled results.

The other aspect to be considered is a physical one involving only the
liquid, but is also related to the problem of grid spacing. If the temperature
of the solid wall in contact with the liquid exceeds the saturation temperature
by some amount, dependent upon various parameters including liquid and solid
properties and the configuration, nucleate boiling will be initiated. This
particular heating surface superheat might be called the incipient boiling
point. If information on the incipient boiling point is available for the
revailing conditions, an imposed wall temperature below this point then repre-
sents no additional problem beyond that of having sufficiently small grid sizes,
as discussed above. For the case of a heat flux imposed on the outer surface
of the container, however, the resulting wall temperature is a variable depen-
dent upon a number of parameters such as wall thickness and heat capacity, fluid
properties, acceleration level and container geometry. Whether the wall temper-
gture will exceed the incipient boiling point will not be known a priori.
since the wall temperature is computed during the course of the computations.

The procedure by which the possibility of nucleate boiling is taken into
account is based on the following physical assumptions:

(1) should nucleate boiling begin, further increases in heat flux generally
result in relatively small increases in surface temperature as compared to
nonboiling convection. This has been observed widely (e.g., Ref. (15)).

(2) The vapor bubbles formed are transported by bouyant forces to the
ullage volume quite rapidly. The extent to which this may occur is as yet
uncertain, but may be anticipated to depend upon the degree of subcooling
present, the pressure and the effective gravity level. These are implemented
in the computational procedure by considering that should the tank wall
temperature, and hence the liquid adjacent to the wall, exceed the existing
saturation temperature by some arbitrary amount, this excess is eliminated by
the evaporation of the appropriate amount of liquid directly into the ullage
space., In effect, then, a portion of the vapor by passes the liquid-vapor
interface. The arbitrary amount referred to above, the symbol for which is
given as ATypsx might be considered as the incipient boiling point, and no
longer is arbitrary when sufficient information on its behavior is available.

They physical phenonmena described above is simulated in the computer
program as follows:

(1) The container wall temperature is calculated using Eq. (k).
(2) The liquid temperature is obtained using Eq. (51).
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(3) The calculated wall temperature in the liquid region is examined.
If it exceeds the saturation temperature by-more than the prescribed temperature
difference AT yyax, it then is reduced such that it equals the saturation temper-
ature plus the prescribed temperature difference.

(4) Part of the heat added to the liquid region appears as enthalpy in
the wall and liquid and the rest is used for evaporating some of the liquid.
The portion of the heat transferred to the liquid and resulting in evapora-
tion is determined by setting an energy balance according to

X a
é 2na gy (x,t)dxdt + 6 enrq, dr

a X Ty X Tw
= ok + o2 —
.% ‘% 20 4Cp T St dxdr 4) 2nadoyco % dx + wihp,
(134)

where g, is the rate of heat flow from the interface to the liquid and is
given by,

= (s
a, = ¥ &—>X:X (155)

Equations (134) and (135) are used to determine the rate of evaporation
from the interface, wj.

If the difference between the wall temperature and the saturation temper-
ature is less than the specified maximum, AT, .y, then the procedure above is
bypassed and computations proceed as described earlier. An implicit assump-
tion in the use of this procedure is that the laminar flow conditions described
by the momentum and energy equations are not affected. This may be reasocnable
if the container is relatively large compared to the '"bubble boundary layer"
region next to the wall. In other words, if the vapor bubbles remain in the
vicinity of the wall, the major bulk laminar motion of the liquid will not be
influenced by their movement to the ullage space. An accurate physical descrip-
tion of this behavior requires additional analytical and experimental investiga-
tion in incipient boiling and the departure and motion of vapor bubbles under
low gravity fields with various patterns of subcooling.

D. COMPUTER PROGRAM
The computer program listing with the assumption of ideal gas behavior
is given in Appendix A and a simplified flow sheet is shown in Appendix B.

The MAD (Michigan Algorithmic Decoder) language is used here. In Appendix C
are listed the meanings of the symbols employed, and Appendix D lists the
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required program inputs. Appendix E presents the results for a single time
step during the course of computations of a typical run, and includes the
input conditions used.
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VI. COMPUTATIONS

Computations were carried out using the program listing of Appendix A,
varying several different parameters so as to demonstrate general trends.
As a review, the general assumptions incorporated into this particular program
are listed below.

A. GENERAL ASSUMPTIONS

1. Cylindrical tank having flat ends.

2. Acceleration or body forces act along the axis.

3. Two dimensional conditions prevail, with variations only along the
axls and radially.

L. Iaminar flow conditions within the entire container.

5. The vapor behaves as an ideal gas.

6. The liquid has constant properties except in the body force terms.

7. The tank side-~wall is uniform in thickness and has constant pro-
perties. The wall is lumped in the radial direction but axial conduction
is taken into consideration.

8. The imposed heat flux on the outside of the tank wall is uniform, but
may differ in those portions in contact with the liquid and vapor.

9. The ends of the tank are adiabatic, and the heat capacity of the ends
is neglected.

10. The grid size varies in the liquid and vapor region as liquid fraction
changes, in order that a nodal point always exist at the liquid-vapor inter-
face.

11. Initial conditions of uniform temperature and zero velocity exists
within the container.

12. The Bond number is sufficiently large that a reasonable approximation
to a flat liquid-vapor interface exists.

B. VARIATIONS POSSIBLE IN PROGRAM

By relatively minor modifications to the program, some of the above
listed general assumptions can be relaxed, providing additional flexibility.
In any case, however, axial symmetry must be maintained.

1. The imposed heat flux can be varied axially and with time.

2. BSpecified initial conditions of temperature and velocity can be
utilized.

3. Bpecified heat flux to the tank ends, including variations with radius
and time, and including heat capacity can be incorporated.

L. If the description of the physical process warrants, imposed temper-
atures of the container walls can be Utilized, with variation axially and with
time.
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5. Axial variation of tank side wall thickness and variation of specific
heat with temperature can be accounted for.

6. Radial variations in the tank wall temperature can be taken into
consideration. This may be particularly derirable if the wall is of composite
construction.

Although the influence of variations in liquid properties with temperature
and pressure can be incorporated with minor changes, the use of real gas pro-
perties in the vapor space will require major modifications to the program.

Major modifications also are necessary to handle the spacewise variation
of grid size in either the liquid or vapor domains.

C. VARIABLES

The variables listed below were maintained constant for the computations
presented here:

1. Grid size: 21 Radial x 31 Axial Nodel Points

2. Tank Diameter: 5 feet

3, Tank Height: 10 feet

L, Tank Wall: Aluminum—O0.01 feet thickness

D. Fluid: Liquid and Gaseous Oxygen, initially saturated at 15 psia,
with zero velocity.

The grid size was made as small as possible for reasonable computational
times on the IBM 7090 computer. It might be noted that decreasing the grid
size by one-half would result in an increase in computational time by a factor
of approximately 16.

The relation between real physical system time and computational time
depends on a number of factors, buvt primarily on a/g level and heat flux.
This arises from the stability requirement on the computational time interval-—
the higher the fluid velocity the smaller the time steps, hence the greater
computer time required to cover a given amount of real time. For example, at
a/g = 1072 and q/A = 1 BIU/hr-ft2, 30 minutes of computational time results
in 200 minutes of real time, for a ratio of approximately 7 to 1. On the
other hand, at a/g = 1071 and q/A = 1 BTU/hr-ft2, this ratio was 1 to 3.

The parameters listed below were varied in order to demonstrate their
influence on the pressure rise and the mass of liquid evaporated:

1. AT ypaxt O to L°F. This is the maximum permissible wall superheat.
The value of zero corresponds to neglecting the
the heat capacity of the container walls.

2. g/A: 1 to 72 BTU/hr-ft2 imposed on wall. The heat flux to the

liquid and wvapor portions of the tank was made the same.

3. Ullage Fraction: 33% to 67%.

L. a/g: 10™% to 10-5.
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D. RESULTS

1. Influence of AT ..

To demonstrate the influence of the specified maximum wall superheat,
AT e On the computed pressure, computations were carried on for several
values of this parameter at a relatively high and low heat flux.

Figure 7 shows the pressure rise and total mass evapcorated for the heat
flux of g/A = 72 BTU/hr-ftg. A continuing effect of AT ., upP Lo 4°F is noted.
The computer output listed finite nonzerc values of the quantity designated
DMB, indicating that evaporation was by-passing the liquid-vapor interface.

It is anbicipated that a sufficiently large value of AT, .. exists such that

a further change in it would produce no change in the pressure-time behavior.
This resulting wall temperature would probably be considerably above the
incipient boiling point, so that the results would have no physical significance.

Figure 8 shows the corresponding results with a relatively low heat flux
q/A =1 BTU/hr-ft2. No differences accrue when ATwmax is changed from 1°F to
2°F, indicating that the "natural" wall superheat is less than 1°F for the
given ccnditions. This is also demonstrabed by the fact that the quantity
DMB is zero for AT ypax of 1°F and 2°F. The results for ATympax = O correspond
to the case where the heat capaicty of the wall is neglected. After 120
minutes, it is noted that the rate of pressure rise is approximately the same
for both cases where the wall heat capacity is considered and neglected,
although the pressure level is somewhat different. It is alsc nobed in the
lower part of Figure 8 that the total mass evaporated levels off for AT pmax = O-
This also occurs with the high heat flux shown in Figure 7, and it 1s believed
will occur with the low heat flux case for ATymax = 1°F, in Figure 8, ab
longer pericds of time. Even though the rate of evaporaticn levels off, the
rate of pressure rise continues. This is attributed to the increasing effect
cn pressure rise of the heat trangfer to the ullage space as compared to the
heat transfer to the liquid.

2, INFLUENCE OF HEAT FLUX

Figure 9 shows the influence of heat flux on pressure and masgs evaporabed
for the case with AT ypax = O°F, which corresponds to rieglecting the wall heat
capacity, An additicnal heat flux of g/A = 1 BTU/hr-ft2 was used, but the ef-
fects were too small to be shown on Figure 9 because of the scale. A cross-
plot of Figure 9 is shown on a log-log scale in Figure 10 for various time
periods, with this additional data showing the effect of heat flux. It is
noted that the pressure rise is approximately a linear function of heat flux.
Whether this would hold for other values of initial ullage cannot be stated
at this time. It might be anticipated that these results would be modified

at the early periods of time with values of Nrwmaxfﬁher than zero.
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5. INFLUENCE OF ULLAGE FRACTION

Figure 11 shows that the influence of initial ullage volume on pressure
rise and mass evaporated for the case where g/A = 1 BTU/hr-ft2, a/g = 1077,
and ATymax = 1°F. In this case the wall superheal never reaches the specified
nmaximum value of AT ypmax = 1°F, and hence all of the evaporation takes place
at the liquid-vapor interface. In terms of the computer program the quantity
DME is always zero.

Figure 12 1s a crossplot of Figure 11 for three levels of time. It is
noted that the rate of pressure rige increases as the initial ullage fraction
increases. This is contrary to the trend observed in an experimental study
(9), and may indicate that the level of heat flux is an additional factor
governing the effect of ullage volume. Added to the upper part of Figure 11
are +the cases for 100% ullage, as computed from Eq. (83), and 0% ullage con-
gigtent with the assumption of an incompressible 1liquid. The behavior of the
intermediate values of ullage is consistent with these limits.

It is further noted from Figure 11 that after an initial starting transient
of approximately 100 minutes that both the pressure and mass evaporated become
essentially linear functions of time.

L. INFLUENCE OF ACCELERATION LEVEL

The effect of acceleration or body force level on the pressure rise
and mass evaporated is shown in Figure 13. Again, the wall superheat never
reaches the gpecified maximum value cf ATwmaX=:l°F. As might be anticipated,
increasing the acceleration level increases both the pressure rise rate and
the interface evaporation rate, owing tc the increaging convective velocities
induced in both the liguld and vapor.

Figure 13 alsc demonstrates, as discussed earlier, the relation bebween
computational time and real time. In each of the three cages shown the com-
ptational time was 30 minutes. The increased fluid velocities associated
with the larger body forces result in smaller incremental time steps from the
stability requirements. If the body forces present in a particular physical
application are considerably smaller than a/g = 10’5, as in deep space probes,
it can be anticipated that the behavior for long pericds of real time can be
described with reasonably small amounts of total computer time.

5. REPRESENTATIVE TEMPERATURE PROFILES

In Figure 14 a-e are plotted the axial temperature distribution for
several levels of time, for five differvent radial locations from the center-
line to the wall. All temperatures are expressed as the temperature increase
above the initial temperature.
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The relatively rapid increase in temperature of the ullage space as com-
pared to the liquid region is noted. In fact, about one half of the liquid
undergoes no change in temperature at all during this period of time. The
temperature gradients near the centerline are such that condensation may be
taking place there simultaneously with evaporation toward the walls. Of
particular interest is the superheated layer of liquid existing just below the
liquid-vapor interface at the later time periods in Figures 14 b-4d.

The influence of the stagnation region in the tank is observed in the
lower part of Figure 1lle.

In Appendix E the computer input and output are reproduced for the case

represented in Figures 14 a-e, for computational step number 154, which cor-
responds to a total elapsed real time of 192 minutes.
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APPENDIX A

COMPUTER PROGRAM LISTING
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L Tou9-10.)

READ AND FRNT RESULT?.
. CONST,CONST 1 - =
“_'.‘T PRINTDATA || CONSTZ, CONST 3, e S
PR, PRY v N:
T

waren = | [ wonsfsroa] | [srmrmo

L. Wall L LV, in.

cr=0 H BEITAG =+-- H HFG="--: H NT=NT+1 HP1?PRESS

Lot RO(L,)) = H W NH)=--

e e e = ]—ruu,n=-~ H vinez =-- H vew =
1] V. V. L.-V. int. V. V. V. V. int,
_SHAX>S § = w(1,3) =H W(P+4 J) = H W, J) HV(I .l) e HV(P HETE
(e
F ) F
0= .
SHAX=S PRV>4 s s=o —<SHAX<S

BOO="- T
= S=1en H DT=.8/SHAX
Bo= - SHAX=S T=.8/SHA
V.

——[ DTDXL(J):---H TD(I,J):T(I,J)_H WO(,J)=W(l,J) H RO() = --.HTr(P+1,N+1)=---—H T(I,N+1)=<']—FI'(1,N+1):}——{ T(1,N+1)=...H TIKE=TIHE+DT J-
V. T

Entire Region Entire Region Entire Region Top Surface
_.1 DTDXG(J):...H VL) =« H UsU =4+ H Dme:H QW="--- H palL =.-- H m:...Hmwu‘r:.,. H RQIN=+-+
L4V, V. Wall

—*IV TM+4,J) ==+ H TSAT=H(PRESS) j—l P1=PRESS HPRESS: .o H D =" H DMT = - .‘.—H DME = *-* H DalpT =~ H DQILDT = -
—-[ TN = H T0,0) = ‘H T(J) == H T,y = HW(I,J) =H SF(M+4,4)=0 HNE1=0
T E
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—— F
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V.int.

= -~]—D{KH,J)=~- va,‘])su-HVTz,D:--- H‘sm{f,n:b I—-

'PUNCH FORNAT
A,PRESS, PO,

X,NT,TIME,U,
T(I 3),SF(1,3)

NUG=0 | NuL=g RAL=_0,—

@@
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PRINT RESULTS
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Symbols preceeding the expression indicate the following:

*¥ - Input data
*¥ - Printout

Symbols followlng the expression indicate the following:

[0] - Integer

[1] - Dimensionless or units

(150) - e.g., - This expression appears in statement number 150 in
the program of Appendix A.

A
T XA - [ft] - Tank radius
*AOVERB - [1] - A/B
AQVERB2 - [1] - (A/B)Z
AL - [1] - (67)
A2 - [1] - (68)
A3 - [1] - (63)
A5 - [1] - (226,359)
A6 - [1] - (222,348)
A1(J) - [1] - (35)
A2(J) - [1] - (76)
A3(J) - [1] - (77)
Ak(J) - [1] - (37)
ALPHA - [ft°/sec] - Thermal diffusivity of liquid
ALPJAW - [ft2/sec] - Thermal diffusivity of wall
ALPHAV - [ft2/sec] - Thermal diffusivity of vapor
B
B - [ft] - Total tank height
BJ - [17 - (71)
BJ1 - [1] - (6k)
BO - [1] - (72,132,135)
BOO - [1] - (131,134)
BEITA - [°F~1] - Volumetric coeff. of expansion-liquid
BEITAG - [°F~1] - (55) - Volumetric coeff. of expansion-vapor
c
C =~ [1] - Temporary storage
c1 - [1] - (167,316)
c2 - [1] - (317)
c3 - [1] - (318)

Th



{®}

1o

*CP
*CPV
*CV
*CPW
CT
CT2

*CODE

**¥CONST

**CONST1

**CONST2
**CONST?3

[1]
[1]
[1]
[1]
[1]
[1]
[1]
[1]
[1]
[1]

[1]
[1]

[°F]
[1]

(1]
(1]
[1]
[1]
[1]

[1]

[BTU/1bm-°F]
[BTU/1bm-°F]
[BTU/1bm-°F]
[BTU/1bm-°F]

[1]
[BTU]

[0]

[SECONDS ]
[°F-1]

[SECONDS™1]
[°F]

- (78)

- (80)

- (278)3711')
- (173,302)
- (174)

- (175)

- (176)

- (178)

- (179)
- (180)
- (181)
- (172)

(20,225)

(20,225)

(18L4,242,321)

(36)

(458)

(459)

(23)

~J

\J1

Coefficient for computing TSAT
as function of pressure
Exponent for computing TSAT

as function of pressure
Temporary storage

Temporary storage

Temporary storage

Coefficient of Rayleigh number
correlation-liquid

Coefficient of Rayleigh number
correlation-vapor

specific heat-liquid

specific heat-vapor-constant pressure

specific heat-vapor-constant volume
specific heat-wall

Property term for vapor (=1 for
ideal gas)
Property term for wall

= 2 for a new run

= 1 for continuation

of prior run ves READ FORMAT INPUT
conversion constant for dimension-
less time

conversion constant for dimension-
less temperature

1/CONST

1/CONST1

il

Temporary storage



R}

DR
D2R
DR1
DR2
DR3
DRL
DR5
DR6
DRT
DRZ
*%*¥DX
DX1
DX2
DX3
DX5
DXT

- DX8

DXR
DRX
DYY
DY1
DY?
DY5
DY7
DZ
DZ1
DZ2
D27
DZ3
DZ5
DZ7
DZ8

*¥DMT
**DMBT

*%DMIT

[1]
[1]
[1]
(1]
(1]
(1]
(1]
[1]
[1]
[1]
[1]
(1]
[1]
[1]
[1]
[1]
[1]
[1]
[1]
[1]
[1]
[1]
[1]
[1]
(1]
(1]
[1]
(1]
(1]
(1]
[1]
(1]
[1tm]

[1bm]

[1bm]

[1bm]
[1bm]

[1bm]

i

(218)

(219)
(311)

(312)

Radial grid space
DR/2

DR2

(DR/DZ)2

Axial grid space-liquid
DT/DX

DX?

(DX/DR)?
1/DXR
2(DR)2

Axial grid space-vapor
DT/DZ

Dz2

Dz/2

Net phase change in time DT. (minus sign for
evaporation)

Phase change in time DT from energy balance on
tank wall and liquid system (plus sign for
evaporation)

Phase change at L-V interface in time DT (minus
sign for evaporation)

Cumulative total of DME (minus sign for evapora-
tion)

Cumulative total of DMB

Cumulative total of DM (minus sign for evapora-
tion)
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(Lw)

fea]

=

*%%DT
*DTS

*DTW
DTDRW(I)
DTDXG(J)
DTDXL(J)
DQIL
DQILDT

*¥DQIDT

**¥DQWDT

**¥DWDT

DQT

DQL
DQs

*DELTA

EJ(J)
EJL(J)
*EPSLON

[1]
[°F]

[°F]

[1]

[1]

[1]

[1]
[BTU/sec]

[BTU/sec]

[BIU/sec]

[BTU/sec]

[BTU]

[BTU]
[BTU]

[feet]

[1]
[1]
[1]

[1]
(1]

i

(292)

(291)

(205,448, 454)

(199)
(198)
(212)
(216)

(217)

(21k)

(31k)

(308)

(306)

(299)

(85,282)
(81)
(289,385)

(279,375)

Time step interval

Max. permissible liquid superheat
at node adjacent to wall

Max. permissible superheat of wall
in contact with liquid

Temperature gradient in fluid at
wall

Temperature gradient in vapor at
Liquid-vapor interface

Temperature gradient in liquid at
liquid-vapor interface

Mean temperature gradient in liquid
at L-V interface

Heat transfer rate in liquid at L-V
}ggﬁggace (plus for heat transfer to
Heat transfer rate in vapor at L~V
interface (plus for heat transfer
out of vapor)

Heat transfer rate to vapor from
wall (plus for heat transfer to
vapor)

Work rate by vapor control volume

Sum of heat transfer to wall in
contact with liquid and to liquid
at L-V interface in DT (plus for
heat transfer in)

Enthalpy rise of liquid in DT

Enthalpy rise of wall in contact
with liquid in D7
Wall thickness

Maximum fractional change in stream
function between iterations before
iteration is terminated

Temporary storage

(171,254,348) Temporary storage
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[

*G

GAM

=

*¥HFG

**¥HG(T)

**HL(I)

|

I1

1y

1=

*KG
*KL

=

*M

M2
M5

M5
M6
M7

1=

*N

*N1

[ft/secg]

[1]

[0]
[BTU/1bm]

[BTU/sec-ft2-°F]

{BTU/sec~ft2~°F]

(0]
[0]

(0]

[BTU/sec-ft-C°F]
[BTU/sec~ft-°F]

[0]

(1]
[1]
[1]
(1]
[1]
[1]
[1]

(0]
[1]

(281)
(51)
(45L)

(4148)

(L28)

i

Acceleration corresponding to effective

body force acting on container
Ratio of specific heats-vapor

Index

Latent heat of vaporization correspond-

ing to TSAT
Local heat transfer coefficient of
vapor based on AT between wall and
centerline
Local heat transfer coefficlent of
liquid based on AT between wall and
centerline

Axial nodel index number
Mid vertical height of liquid

Radial nodel index number

Thermal conductivity-vapor
Thermal conductivity-liquid

Number of vertical divisions in liquid

(M+1 = L-V interface)
Liguid-wall property
Liquid-wall property
Vapor-wall property
Vapor property

Initial temperature
Pressure rise ratio in DT
Vapor-wall property

Number of radial divisions (N+1 =
wall)

Minimum number of time steps before
punch isg permitted
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=

N2
N>

*NC

*NE

NP
NP1
*NR

**NT
*NMAX

*NEW

*¥NEWV
**¥NUG
**¥NUL

2
*P
*PO
Pl

**PRESS

*¥PR
*¥PRV

Q
QI
QW
*QSURFG

*QSURFL

[0]
[0]
[0]

[0]

[0]
[0]

[0]
(1]
[0]

(o]

[£t2/sec]
[ftz/sec]
(1]
[1]

[0]
[1bs/in2]

[1bg/in®]

(1]
[1]

[1]
[1]

[BTU/sec-ft2]

(466, 1468)
(48, 467)

(437)

(270,367)

(269,270)
(366,367)

(433,435)

(433,134, 1435)

(285,381)

(50)
(465)

(49,22L)
(221)

(10)
(11)

(213)

(208)

[BTU/sec—ft2] -

Control number for establishing time
steps between printouts.

Control number for establishing time
steps between printouts

Minimum number of time steps NT before
fractional temperature changes between
time gteps is computed

Maximum number of iterations per-

mitted in computations of stream
function

counter on iterations on stream function-
liquid

counter on iterations on stream function-
vapor

control for printout instruction

control for printout instruction

Index steps of grid spaces for which
fractional change in stream function
with iterations is computed

Time step number

Maximum number of time steps NT
permitted before program is ter-
minated

kinematic viscosity-liquid

kinematic viscosity-vapor

Mean Nusselt number-vapor

Mean Nusselt number-liquid

Total number of vertical divisions
Initial system pressure
Pressure previous time step

Current system pregsure
Prandtl number-liquid
Prandtl number-vapor

Mean temperature gradient in vapor

at L-V interface

Mean temperature gradlent in vapor

at wall

Imposed heat flux on container

exterior on vapor portion

Impoged heat flux on container exterior
on liquid portion
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*¥R1
R2

RMAXX

*¥RAG

**¥RAL
*RGAS

*¥RQIN

RALPHA

RNEW

S
SMAX
**SF(TI,J)

**SFI(J)

**T(T,J)
TO(I,J)
**TAU
*TAUL

**TIME
TINIT

i

[1]
[1]

[1]

[1]
[1]
(1]
(1]
[1]
[1]
[1bm/£t7 ]
[1bm/ £t ]
[1bm/£t2]
[1]
[1]

[1]

[1]
[1]

[ft-1be/1bm-°R]

[1]

[1]
[1]

(1]
[1]
(1]
[1]

[1]
[1]
[ seconds ]
[seconds]

[1]
[°F]

(Lk42)
(4h1)

(287,383)

(139,142)
(143,14L)
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]

Maximum value of R2

Fractional change in temperature
between time steps

Fractional change in stream
function with iteration

Local vapor density
Liquid density
Wall density

Ratio of current pressure to initial

Meximum value of change in stream
function with iteration-liquid

Maximum value of change in stream
function with iteration-vapor

Mean Rayleigh number-vapor
Mean Rayleigh number-liquid
Gas constant-vapor

Fraction of total heat trans-
fer rate to vapor part of tank
going into vapor

Ratio-thermal diffusivity of
vapcr to liquid
Ratio-kinematic vigcosity of
vapor to liquid

ghtabllity criteria

Maximum value of S

stream function

vapor stream function at L-V
interface

Current temperature

Temperature of prior time gstep
Current time

Basic multiple of time for which
printout occurs

Current time

Initial saturation temperature
corresponding to initial pressure



|3

e

1<

=

1>

I

(I

TSAT

**U(I,J)
*%U

uG
**UL(J)

Uo(I,J)
*¥UR

**¥V(I1,J)
vo(I,J)
**¥VG(J)

**KYK

ZOVRZ

1

[°F] -(20,225)

[1]
[1]

[1]
(1]

[1]
[1]

[1]
[1]
(1]

(1]
(1]

[1]

[1]

[1]
(1]

(147,203,313)

(99,315)

(200)

(396)
(460, 462)

- (395)
- (111,415)

Current saturation temperature cor-
responding to current pressure

Axial component of velocity
Mean velocity of liquid-vapor interface

Mean velocity of vapor at liquid-vapor
interface

Local L-V interface velocity due to
interface phase change

Temporary storarge of U(I,J)

Mean axial velocity at mid-point of
liquid (serves as check on continuity)

Radial component of wvelocity
Temporary storage of V(I,J)

Radial velocity of vapor at L-V at
interface

Vorticity
Vorticity of prior time step

Liquid fraction in container

A/B

Compressibility factor
= 7/2, = 0.5 for ideal gas
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COMPUTER PROGRAM DATA INPUTS
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P - Total number of vertical grid spaces

M - Number of wvertical grid spaces in liquid

N - Number of radial grid spaces

CODE -~ = 2 for a new run

= 1 for continuation of prior run via READ FORMAT INPUT

N1 - Minimum number of time steps NT before PUNCH FORMAT DDATA is permitted

NC - Minimum number of time steps NT before fractional temperature changes
between time steps is computed

NMAX - Maximum number of time sgteps NT permitted before program ig terminated

NE - Maximum number of iterations permitted in computations of stream function

EPSLON - Maximum fractional change in stream function between iterations be-

fore iteration is terminated

NR - Index steps of grid spaces for which fractional change in stream function
with iterations is computed

DT - Initial estimate of dimensionless time step

TAUl - seconds - Basic multiple of real time for which printout occurs

A - feet - Tank radius

APVERB - Ratio of tank radius to height

X - Initial fraction of liquid in tank

QSURFG - BTU/sec—ftg-Imposed heat flux on container exterior on vapor por-

tion
QSURFL - BTU/sec-ft2 - Imposed heat flux on container exterior on liquid
portion
G - ft/sec2 - Acceleration corresponding to effective body force acting on
container

PO - lbf/in2 - Initial system pressure

DTW - °F - Imposed maximum permissible temperature difference between con-
tainer wall and saturation

DTS - °F - Imposed meximum permissible temperature difference between liquid
nodes adjacent to container wall and saturation

CPW - BTU/1bm-°F - specific heat of container wall

ROW - 1bm/ftJ - Density of container wall

ALPHAW - ft2/sec - Thermal diffusivity of container wall

DELTA - ft - container wall thickness

ALPHA - ft2/sec - Thermal diffusivity of liquid

ROL - lbm/ft? - Liquid density

CP - BTU/lbm - °F - Specific heat of liguid

KL - BTU/sec - ft - °F - Thermal conductivity of liquid

BEITA - °F 1 _ volumetric coefficient of expansion of liquid

C5 - Coefficient for computing TSAT

C6 - Exponent for computing TSAT

NEW - £t°/sec - kinematic viscosity of liquid

ALPHAV - ft2/sec - Thermal diffusivity of vapor

CPV - BTU/lbm.- °F - Specific heat of vapor, constant pressure

CV - BTU/1bm - °F - Specific heat of vapor, constant volume

KG - BTU/sec - ft - °F - Thermal conductivity of vapor

RGAS - ft-1bg/lbm - °R Gas constant of vapor

Z - Compressibility factor
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