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Abstract

An analysis of the current on an infinite cylindrical antenna which
is excited across a circumferential gap of non-zero thickness and immersed
in a lossy, compressible, magnetoplasma with its axis parallel to the static
magnetic field, is described. Some numerical results are presented for the
antenna admittance for the sheathless case, where the uniform magnetoplasma
is in contact with the antenna surface. The admittance values are obtained from
a numerical integration of the Fourier integral for the antenna current, and are
given for plasma parameter values typical of the E-region of the ionosphere.

The admittance results obtained exhibit a maximum slightly above
the electron cyclotron frequency (fh), and in this regard are similar to those
obtained when the magnetoplasma is incompressible but separated from the antenna
by a free-space layer (the vacuum sheath). The conductance is found to exceed
the susceptance except in the frequency range encompassed by the upper hybrid
frequency and fh’ which is also approximately the range of inductive susceptance,
the susceptance otherwise being capacitive. The admittance is also found to ex-
hibit a minimum or slight kink at the plasma ‘frequency, a feature also found in
the imcompressible magnetoplasma results. It is concluded that of the plasma
compressibility, plasma anisotropy and the vacuum sheath, taken separately, the
latter two exert the strongest influence on the infinite antenna admittance.

A comparison of the theoretical results with experimental measure-
ments of antenna impedance in the ionosphere shows there to be a qualitative
similarity in the admittances. In particular, the experimental admittance is
found to have a minimum or kink at the plasma frequency, similar to that observed
in the theoretical results while an experimental admittance maximum is found
above the cyclotron frequency, indicating the influence of a sheath and/or the

plasma compressibility.



I. Introduction

With the opportunities now afforded by rocket and satellite ex-
perimentation in the ionosphere, there has developed today a great deal of
interest in the behavior of plasma-immersed antennas. This is in part due
to the necessity for predicting the influence of the ionospheric plasma on
telemetry antennas utilized in the rocket or satellite payload. Of as least
equal importance however, is the desire to use if possible, an antenna as a
diagnostic probe for determining some of the properties of the ambient ionos-
phere in which it is immersed. The present study has been undertaken with
the latter goal in mind in an attempt to gain a better understanding of the
relative importance of the various factors which may influence the admittance
of an antenna in the ionosphere. Among these factors are acoustical and sheath
effects which arise from the non-zero plasma temperature, and the plasma
anisotropy resulting from the ionospheric magnetic field.

The antenna geometry chosen for the investigation is that of an
infinite, cylindrical dipole driven at a circumferential gap of non-zero thickness,
a geometry which allows a rigorous boundary value problem approach to be used.
The antenna is oriented with its axis parallel to the static magnetic field in the
plasma. The case of the compressibleii isotropic plasma was reported on pre-
viously by the author (Miller, 1967a, referred to hereafter as I), and in a sub-
sequent report (Miller, 1967b, referred to hereafter as II) the incompressible,
anisotropic plasma was considered. In both I and II the actual sheath which
forms about a body at floating potential in a warm plasma was approximated by
a concentric, free-space layer between the antenna and the external uniform
plasma, a sheath model commonly referred to in the literature as a vacuum

sheath.

A "compressible plasma'' is used in this report to denote a plasma in which
the electron pressure wave, or electrokinetic wave, can propagate.
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In the present report, the treatments given in I and II are extended
to the more general case of the compressible, anisotropic plasma medium.

This means that the antenna can excite three mode types in the plasma, two of
which are basically electromagnetic (EM) in nature, and one a basically electron
pressure or electrokinetic (EK) wave, Since these waves are coupled as a re-
sult of the plasma anisotropy, none of them is purely electromagnetic or electro-
kinetic. By comparison, two EM modes are encountered in the development of
II, while in I there is one EM and the EK mode to be considered. A vacuum
sheath model will be considered here in formulating the boundary value problem,
but due to the extreme complexity of the numerical calculations, numerical re-
sults are given here for the sheathless case only.

A comparison of the admittance results obtained here with those
previously given in I and II will be made, in an attempt to demonstrate the re-
lative influence of the various factors considered on the infinite antenna admittance.
The relevance of the calculated results to some experimental measurements of
antenna impedance in the ionosphere will be discussed. It will be éhown that
the experimental and theoretical results are in qualitative agreement on some
significant features of the admittance variation with excitation frequency. As in

I and II, the RMKS system of units will be used unless otherwise specified.



II. Formulation,

The field behavior in the plasma is described by the time-dependent

hydrodynamic equations for the electrons (ion motion is neglected) together

with Maxwell's equations, as

Vx E(r,t) = -y a%— H(r,t) (1)
VxH@E D =€ & E(r,t) -qN(nt) Vit (2)
(L +vE0 V) Yo = -2 E@y - Vi

- g%(i—’g - r%l uo Vir, t) x Hix t) (3)
(& + V) VIN@ED+N@nV: Vit = 0 (4)
N () T (r,) "D = constant (5)
P(r,t) = kN (r,t) T (r,t) (6)

where Eand Hare the total electric and magnetic fields, V, N and P are the
macroscopic electron velocity, number density and pressure, -q and m are
the electron charge and mass, V is the electron collision frequency, E.o and
M, are the permittivity and permeability of free space, and r and t are the
space and time coordinates. The quantity v is the ratio of specific heats for
the electron gas.

The procedure followed here is the same as that used previously in
I and II, in that Egs. (1) - (6) are linearized by introducing time varying or
dynamic perturbation quantities which are small in comparison with the non-
time varying or static quantities. Again, since the resulting boundary value
problem depends on the sheath model used in the analysis, the vacuum sheath
and inhomogeneous sheath models will be treated separately below, The vacuum

sheath model is one where the actual sheath is replaced by a free-space layer



which separates the antenna from the external uniform plasma. The inhomo-
geneous sheath model is one where the actual sheath inhomogeneity is taken
into account, and the plasma extends to the cylinder surface. In either case,
the sheath is assumed to be of finite thickness and of radius p = s, forming

a concentric layer between the antenna surface of fadius p = ¢, whose axis
is coincident with the z-axis of a cylindrical (p,¢ , z) coordinate system, and
the external uniform plasma. The antenna is assumed to be excited by a
circumferential slot of non-zero thickness centered at z = 0, across which

a voltage eimt which is independent of the azimuthal coordinate ¢ is applied.
Contrary to the isotropic plasma case investigated in I, an azimuthal, as well
as an axial antenna current are excited, as a result of the static, axially-
directed magnetic field, While the problem is here formulated for the sheathed
antenna for the sake of generality, because of the extreme complexity of the
numerical calculations, admittance results will be presented for the sheath-

less case only.



II. 1. The Vacuum Sheath,

In analyzing the vacuum sheath model, Egs. (1) - (6) are required
to describe the fields in the uniform magnetoplasma region external to the
sheath, while only (5) and (6) are required for the sheath region itself with
N(r,t) = 0 there, We consider first of all the plasma fields, and linearize

(1) - (6) by introducing

E(r,t) = e(r,t) (7a)
H(r,t) = H2 +h(r,t) (7b)
Vir,t) = v(r,t) (7c)
N(r,t) = N+n(r,t); |nk<|N]| (7d)
P (r,t) = P+plr,1); |pl<|P| (7e)
T(r,t) = T+T(0; |TIK<| T (79)

so that (1) - (6) become

ng(g,t) = -uo% h (r,t) (8)

Vinmt = € 2 et -aNv(xn (9)

2y = -1 elnt) - Vulnt) - o5 Valr, 1) (10)
-3 V(o) x (u HZ)

~g~t (e, ) + N Ve vz, t) = 0 (11)

Note that the static and dynamic pressures are given by

P = kTN

P v kTn
so that when v is set to zero, the dynamic pressure is also zero and the
plasma is incompressible since the electrokinetic (EK) wave does not pro-

pagate. If instead, the plasma is of zero temperature, then the total pressure



is zero, The plasma may thus be of non-zero temperature and may or may
not be compressible, but is always incompressible when the temperature is
zero., In the results to follow, we assign a value of 3 to v, so that vkT = mvrz,
with V.. the rms electron velocity. If we Fourier analyze the variables with

respect to time appearing in (8) - (11) by using the transform pair

80)
0
_ 1 iwt ~
elr, t) = 5= / e e(r,w) dw
I
-
00)
B, w) = e e(r, 1) at
-
then we obtain
\iE(r, @) =-iou _h(r,) (12)
Vxh(r, @) = io € elr, ®) - gNV(r, w) (13)
iwUH(r, ) = -4 Er,0) - -1/Hr, 0) (14)

-4 5
= u Hv(r, o) x2
iw’ﬁ‘(g w) + N "{;(_x;, w) =0 (15)

where U = 1 -iV/w = 1-iZ

After a further Fourier transform with respace to z, given by

00
Cr,0) = 4 /eiBZ”§<p,B,w) ag
-
loe)
=~ -iBZN
elp,B ,w) = /e e(r, w) dz
-Q0



we can solve for the electron velocity from (13) - (15) to obtain

2
= 1 = Bvr =
V2 T T imeU %z T NOe ® (16a)
i

B 1 i %€ (- Y _\ avly _

v o= 55 e + — € |+ 5— 1 (16b)
®  gN(1Y?/U%) | wU ® i P U

. | o 2€ | Y igv.?2 ]

=~ _ p O]/; ~ r =~

v = 55 ep - — e(p + n (16c¢)
P gN(1=-Y*/U%) | wU iU wU

where the explicit dependence of the transformed quantities onf and w is
hereafter understood, and the prime denotes differentiation with respect to

p. Note that the fact has been used that the field quantities are independent

of the azimuthal coordinate ¢, since the source is independent of » . Also
2
w2 = N
p €om
qHy
“h T Tm
2
W
x = P
2
W
w
v - h
w
The velocity expressions may be inserted into (13) to get
Vi = iw€ (€% -k-VD (13a)



where

“I
1»61 -t 0 1
. R ‘
€ - € S 0 ; (17a)
~
L 0 0 3 |
k, 0 0
k = k 0 0 (17b)
0 0 kg
and
XU
co=1- (17c)
1 522
A (17d)
U°-vy
B I v (17e)
2
U
k, = ?vrsz 5 (17¢)
C w(U“-Y7)
K i q——————VTZY (17g)
- g
€ 2(Ul-v?)
qu2
ky = — (17h)
Cow U

Upon taking the curl of (12) and the curl and divergence of (13)
together with the use of (15), we may obtain, after some simplification,

the following coupled wave equations



prs 20 2% . XYoo= | qY r
VR + (K “C.-Bh +igg  Soee + Y B R )T = (18)
p Tz Eo ~3 Z o) U2 7 U ooU
K 2V 2
2= 2 = i E ~
vp eZ + (KEO 63_5 2) eZ +.l—:§-g- (]_— 20 r )n = 0 (19)
~ 0 w U
2. 2 . 2 )
= B v ig T XY™ __ iwu o
o S =R 5% e, +——=—h =0 (20)
P ~0 1 w"y qv_"U k]_
2_ 1 a. (.2 2 _ 2 -
where vp o ap e Kmo “HsT o

It is of interest to see that Hz appears in only two of the three wave equations.
As a check, the system of equations (18) - (20) should reduce to the incom-
pressible plasma equations given in II when v,.—> 0. Thus when the electron

temperature becomes zero, (18) - (20) become

X

e

2= 2 2\ .o XY =~ Y = _ 1
vp h, +(KEO 63 B )hZ tigt e e + qw n 0 (21)
U U
2= 2 _ 2, = . q = _
\éez+(KEo €,-80%,+ig LW =0 (22)
0
€ = Bxy? =, =
n - eZ+1qu€ h, =0 (23)

€5 u(u?-v?)
It may be seen that T is not zero unless Y = 0, a result also shown by
(13) and (15) which yield

€o V §+ q;r? = 0
and since from (13a) we get
Ve(€e =0

we then find

\/-

|o
¥
o



Equations (21) - (23) may be simplified to
¢

= «r 2€ 6'2 2! o A~
: € 4. Bl = _
Vp h + LKEO 1(1+€ 5) - B | b, BuC € & e =0 (24)
1
) A
V2% 2 B o= € = _
A e, + ‘KEO 5\1 5e, + Bwuo ———-61 hZ = 0 (25)

with the details shown in Appendix A, The expressions (24) and (25) are
identical to the wave equations obtained in II for the anisotropic, incom-
ressible plasma.

Returning now to the compressible plasma equations (18) - (20),

we introduce

ez 1
B s | Tl - z-¢ (26)
hlﬁ N ] | 3 ]
so that
(Vp2+g-)T G =0 (27)
where
i 2 2 . o ) 22,2
KEO 63- B ; 0 ; iB g(1 KEo V.. [w U)/€O
_ _ 2 B2 . 82 2,2
C ig €OXYw/U2 ;D Kp ot s qey(1-B %y 2e*U) /U |(28)
. 2 2 2:.2 . ! 2 2, 2 -
—1B€Ow XY /qu U ; 1wuo€/k1 ; q(€1-3 V. Jw U)/ﬁokl
Multiplying (27) from the left by T we obtain
(V21 hcT) G =o0 (29)

solution for the coupled plasma fields may be obtained if the matrix

A
L. C: T can be diagonalized. If the columns of T are the eigen vectors of C,

It

defined by

10



c- 1. /\jT(j) (30a)

3 !
where :I‘_J is the j th column of T and )(j is the corresponding eigen value,

then

cox-g [z 2, 18] ()‘11(1)” PEEIPEIE

Multiplying from the left by T 1 we get

rt.cr -1t [&1‘”@1‘2’%1‘3)}
But
1) |2
L T =0
_ 0
and similarly for 1—1-1(2) and _’I_‘—l- 1(3) so that
Tlheor- A (30b)
where
A, 00
%—\. =0 A, i
] 0 0 S_J

Solutions for the individual G's are thus

(V2Ay)G =0 ; j=1,23 (31)
p N
and may be written, for the cylindrical geometry, as
G - AjHo(z) o) (32)
where HO(Z)is the Hankel function of the second kind and order zero, and the
Aj’s are the wave amplitudes to be determined by the boundary conditions. In

order to ensure the proper behavior or the solutions at infinity, the roots of

)\j having a negative imaginary part must be used.

11



The eigen values of C are solutions, with I the identity matrix, to
- -

which is explicitly given by

3+ agkg+ a1l+ a, = 0

where
g = ~(Cyt Cpt Cyy)
a1 = C11Cga% CgpCa3t C33C
"C13C31 = Cy3C3y
39 = Cy3C99C31T €11C03C327 C39C13Cyy
"C11C22C33

Finally, the eigen vectors 1;' are obtained from (30a). Since there are nine
homogeneous equations in the nine elements of T represented by (30a) it is
clear that a non-trival solution is possible only if some of the elements of

T are arbitrary. Since in addition, the nine equations break up into three
sets of three unknowns, each set (j = 1, 2, 3) involving the three elements of
each eigen vector ij, it is clear that three of the elements of T are arbitrary.

For convenience, we set the TJ1 elements equal to 1, so that

4.
1}

2 (A;7C11)Cyg+ Cy g+ C21} / {Cl?;()\j_CZZ)}

=l
i

3 O\j'cll) / Cy3

where j = 1,2, 3

e

= Pt
2 hZ and n

The quantities now serve as potentials from which the

other field components may be found, as

12



G 2 ~ 1 I
De‘O = Cn -if AeZ —1couOBhZ (33a)
DQ".., ) . P . oz !
€y = C n+ifBe, -1quAhz (33b)
~ B =1
Dh, = DBS, fuu, | (34a)
|
o] iz
® —L -iB C n +(D-B “A) e, —quBhZ /1wuo (34Db)
where
- R2._ 2 ¢
A B KEo 1
_ 2 !
B = KEO C
D = A2+ B2
o 2 !
C = - Kp, (Ak1+ Bk )
c” K_. 2 (Ak
- - EO ( k - Bkl)

Now that the field quantities in the compressible magnetoplasma
have been obtained in terms of the potentials ’gz, ﬁz, and ;; or equivalently
in terms of the Gj, the boundary value problem for the vacuum sheath model
can be specified. Seven scalar boundary condition equations are required
for this purpose since there are three amplitude coefficients to be determined
for the plasma fields, and four for the vacuum sheath where there are both
inward and outward propagating transverse electric (TE) (eZ = 0) and trans-

verse magnetic (TM) (hZ = 0) fields. The sheath fields may be generated in

terms of potential functions also, where

e =V x(2) (35a)
m 1 i :Qj N
e = g—VxVx(h 2 (35b)
. Eo
and h - VX:S'

15



The subscripts e and m refer respectively to the TE and TM fields, and
upon using the superscripts I and R to denote the fields propagating in the

+p and -p directions in the sheath, the potentials are of the form

~

IR IR (1, 2)
s - A > 3
e, m em o (g (36)
. 2 2 a2
with )kEo = KEo B

We use the usual boundary conditions of continuity of the tangential
electric and magnetic fields at the vacuum sheath-uniform plasma interface
(p=s) and vanishing of A’éiD on the surface of the perfectly conducting antenna
(p=c), which is a total of five scalar boundary condition equations. The final
two equations involve the field at the exciting circumferential gap on the
antenna surface, and the normal electron velocity at the sheath-plasma
interface, A voltage em“C excites the antenna, being applied across a circum-
ferential gap of thickness 8 centered at z = 0. The axial electric field vanishes
everywhere on the antenna surface except at the gap where it is assumed equal

to the gap field, which for & small compared with the excited wave-lengths, is

TR
given by -e™ '8 . Thus

S le.pe) = - 8la-w) 2 SiB“( rg—/g) (37)

+ 2w6(w—w')s (B)

The boundary condition on the electron velocity at the sheath-plasma interface,

is written as, for the sake of generality,

Vp = YBn (38)

where Y is the surface admittance (Cohen, 1962), and may be non-zero for

an absorptive - type boundary (Balmain, 1966).

14



The seven scalar boundary condition equations are then written

2
A
Eo I R _ -
B (Apflopt A 1) = S (g) 21 O (w-w') (39)
o
I/ R ' _
AJH v AJH , =0 (40)
2
“*Eo I R _ o~
K (Am HSZ+ Am Hsl) h ez(S’B @) (41)
Eo
I R ! _os=
_’kEo (AeH52+ Ay Hsl) - e@(s,B,w) (42)
.Y 2
1/\Eo 1 R =
7 K. (AeHs2+ Aq Hsl) - hz(S’B’w) (43)
o Eo
—i/\Eo (AI H s ARy ) = A’E (s, B, w) (44)
—_— m s2 m sl o T
Mo
2 iXE o ~
L O (€ (s,B,0) - (5,8 ,0) (45)
(U“-Y“) U p iU
iqv 2 d = 7 ==
+ r _— n(p:B ,(D) = YBn(S’B ’w)
wU dp p=8
where )
_ (n) /)
HXn B Ho (AEOX) ’

the prime denotes differentiation with respect to argument, and

7?o ) '”o/ 60 )

15



The system of equations (39) - (45) is quite complicated, particularly
when the dependence of the various plasma fields upon the Gj solutions is
considered. Some simplification can be effected by using (39) and (40) to
eliminate two of the coefficients, thus leaving five equations in five unknowns
to be solved. The extreme complexity of solving this system of equations
indicat ed the utility, for now at least, of attacking the sheathless case
instead. This has the advantage of providing a check solution for a possible
subsequent numerical treatment of the vacuum sheath problem, while at the
same time being sufficiently less involved as to be numerically feasible to

treat.

16



I1. 2, The Sheathless Case.

When there is no sheath (or equivalently for the vacuum sheath case,

when s = c¢), then the nine boundry condition equations (39) to (45) simplify to

T (e.B L0 = S@) 218 (w-w) (46)
Bolc,B,®) = 0 (47)
21—1% wE;e%p(c,B , W) +B§¢(C,B ,w)" = YB;;(C,B,w) (48)

-

In the calculations to follow, we take YB: 0 (i.e., the rigidity boundary

condition) so that in the following development the right hand side of (48) is
. =~ = k2

set equal to zero, The substitution of the potentials €, hz and n into (47)

and (48) leads to, with the prime denoting differentiation with respect to p,

-=' . <o a2

cn+ 153382 -1wquhZ = 0 (49)
=l 2 2= ', . =

-C'n + IB{A_D/(B —KEO Efez + 1wuoBhZ = 0 (50)

where the potentials are understood to functions of p,f and w evaluated at

p=c. It is convenient to eliminate %l and %Z'from one of the two equations

in which they appear, so that (49) and (50) become

F.h + F2 . - 0 (51)
Fe =0 (52)

where

F, = iwuo(BC——AC_‘—)

1

f oy
F, = iB‘LBC++ C {LA—D/(B2-KEOZ)] ] )
Fo= -wu B B+ A f A-D/(BZ-KEoz)]

-4

which together with (46), (26) and (32) serve to obtain the Aj wave amplitudes,

L7



Upon introducing the following notation

1

_ (2) , —
= TinO 01 jc)

H..
1]

(2)- 13
Hy = T H, (.\[{jo)

the boundary condition equations may be written

(F.H.. +F.H ')A1+(F1H b PH ')A2+(F1H Y F.H..)YA.=0 (53)

1Hop T FoHyy 99 T Folig a3 T Follyg) Ag

1 1 1 1 1 1
(FHgy # FaHyy ) Ayt (F Hgg + Follig ) Apt (FyHgg + FoH g ) Ag =0 (54)
H Ay +H Ay +H GAL = S(8) 2m Olw-w) (55)

There does not appear to be any advantage in analytically inverting
the Eqns. (53) to (55) because of the complexity of the coefficients; the
inversion was consequently done numerically. The @ -component of magnetic

field, required to obtain the axial antenna current, is then obtained as

= I 1
htp (c,g,w) = 1w f) [ClA1 + C2A2+ C3A3 5 (56)
T J
where
N 2 1 1 . +H 1
C; = (D-p"A) H; - gou BH,, -ifC Hy,
while the z-component is given by
B ) = H. A, +H. A +H. A (57)
LGB0 = Ho Ay + HogAgt Hyglhg

The antenna surface current in the z-direction is obtained from

18



IZ (z,t) = h (c,z,t) 2mc

®
@ o
=7§T [ el(oo‘c+Z)h(p (C,B’wl) dp dw'
-
QO
:2Ceiwt /cos(ﬁz) Ew(c,B,w) dg

= I (z,0) lvt (58)

Similarly, we obtain the surface current in the azimuthal direction as

I(p (z,t) = 21rcK(p (c, z,t)

= —ZTrchZ (c, z,t)

(00)
3
it

_ %// ei(w!t +BZ)H'Z(C’B ,w') dB dw'

-0
@

e ] cos(® 2) b (c,B, ) dB

-0

= I(p (z, w) elet

(59)
where for purposes of comparison with I_, we have multiplied the ¢-directed

surface current per unit length by 2mc. Also

h

Z(C,B ,w') o & (w-w') HZ(C,B , W)

E‘P(C,B ,w') 2™ (S(w-w')—l’ch(C,B , )

19



The antenna admittance Y, is for unit excitation voltage given by
12(5/2,w) = Y(w) = G(w)+iB (w) (60)

and is obtained by a numerical integration of (58). A discussion of the
numerical integration technique used is given in I. The accuracy of the
admittance results to be presented should be better than one percent, unless
otherwise indicated. Limitations on the accuracy are due principally to
replacing the integration in (58) by a summation and truncating the inte-

gration at a finite value of 8. The error associated with the former may

be adjusted by specifying the convergence accuracy of the numerical inte-
gration, while the latter error is adjusted by specifying the allowable trun-
cation error as discussed in I. An earlier termination of the integration
then desired may sometimes result from computer overflow in which case
the specified smallness of truncation error may not be achieved.

The evaluation of the admittance values for the present case of the
compressible magnetoplasma was considerably more time consuming than
required to obtain the results given in I and II primarily because finding the
eigen values of the wave equations requires obtaining the complex zeros of a
complex cubic equation. A typical admittance value for I and II required
about one minute of 7090 time for its calculation, whereas in the present
case, this time may be on the order of 3 or 4 minutes. The convergence
test was used in evaluating the antenna admittance, or IZ (& /2,w), so that
as mentioned in II, the values obtained for I(P (6/2, w) may not be as accurate

as those given for 12(5 /2, w).
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II. 3. The Inhomogeneous Sheath

For purposes of completeness, the equations requiring solution for
the inhomogeneous sheath model are included here, though no numerical
computations are included in this report for the inhomogeneous sheath.
When the inhomogeneous sheath is considered, then the linearized variables

introduced in (7) are modified by

E(r,1) = E() +e(r,t); [e]e<|E (7a)
N(r,t) = N(x) +n(r,t); |nl<<|N (7a)’
P(r,t) = P()+plr,0; |pl<< P (7€)’

so that in place of (10) we obtain

_a.__ = _q T V n(r t) v
At — =~ m mN (r)
V P(r, t) - u v(r, t) xHZ (10)'
mN(g) m
while (11) is now
3 n(r, 1)+ N(o) Vesle, t) + vz, t) - VN(@D) = 0 (11)"

2t

1
We note that (10) can be also written as

Svir ) = -Lewt) -V, b) -——n(r V() ! VKT Vnlr, t)
- qﬁuo v(r, t) x Hz

which more clearly demonstrates the result of a non-zero temperature or

non-zero v on the electron equation of motion.
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1 !
It may be shown that using (10) and (11) in (9) leads to (13a) in

the same way as before, but where now

k1 0 k2

: 1

é_ = k 0 k2

i 0 0 k3

and where
K, - -iXUI;T - V nie)L - —iXE(r_)g i
qp(U”-Y") BN(r)(U~-Y")
ky, = -ik,

Thus the effect of the inhomogeneity is to introduce two additional terms in

the k matrix,

We find from (3) that

q _ VPx) _  kTVNE) _ kT
.I;IE(I:) = -m = 'W = - E éa—ﬁlnN(p) (618.)

since N is a function of p only so that with

-V Do) (61D)

E(p)

we find

N(p) = N_exp(a((p)/kT) (61c)

with Noo the electron density in the uniform plasma. We will assume

that()b (r) varies as

M
;
. _ S-p |
Do) = P [;‘%; sespgs (61d)
where M is an adjustable parameter and
, m
Q)C = - == log T\ (61£)
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with m, the ion mass (see Self; 1963). It should be noted that these equations
for the static sheath electric field and electron density are approximations at
best for even the magnetic-field-free case. However, they seem to be a
reasonable first order attempt to include the sheath inhomogeneity in the
analysis.

It may be seen in (61) that N(p) is independent of T, at least explicitly
and could apparently be an arbitrary function of p, but since in reality the

sheath thickness is proportional to the electron Debye length ]?Z , Where

Vr/('\/gwp) =VkT/m /wp

: 2
~
*vLOkT/N q

2

i

then s—=c as T—=0 so that the electron density variation would be confined
to a decreasingly thinner region with decreasing temperature. Thus in con-
sidering either the vacuum sheath or inhomogeneous sheath models, a realistic
sheath thickness presupposes consideration of a realistic electron temperature
regardless of whether or not the compressible plasma model is being con-
sidered,

Since the first order differential equations are more convenient to
deal with in a numerical analysis, we present here the first order differential

equations which apply in the sheath., They are
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T = -=e -ig€e+ (62¢)
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~ 1 - _r 1=
- } _1 62d
h(p iw ‘oé 3¢, iB Q 5 h(p ( )
2e
o= Y = = Y & ig “e
= - = - = +
h, “€T €p T O€3e(P TRy h(p WLt ¢ (62€)
2 2
~ €0(U7-Y%) o 2% Y &~ _gE =
— 1 e X__
§ - 5% " X, =45 Q (626)
iU mv ..
2 2 =
+ip () b,
19}
where
= 2%, ! ooy
Q = -qv, n/iw = - q¥kTn/iw m

These equations (62) reduce to those given in II for the inhomogeneous
incompressible plasma by setting ¥ and E equal to zero. It is necessary
to set E equal to zero in the dynamic equations given here to recover those
in II since the equations in II were obtained by dropping at the outset the
pressure term in the dynamic electron equation of motion, with the result
that no term in E% arises in II, as does appear here in (62f). This occurs
since in II the plasma is considered of zero temperature in the dynamic
equations, but of non-zero temperature in the static equations in order to
provide an inhomogeneous electron density distribution in the sheath, If the
plasma is incompressible (i.e., ¥ = 0) but of non-zero temperature, then

P

(62f) reduces to a linear relationship among'é'p, ’é'('p , Tf(p and Q and (61)
represents a fifth-order differential equation. When in addition, E is set
to zero in (62f) the results of II are then obtained. Finally, when Y is zero,

the Equations (62) reduce to those for the inhomogeneous sheath of 1.
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The boundary value problems for the inhomogeneous sheath may be
formulated in a fashion similar to that of I and II. The tangential electric
and magnetic fields, the normal electron velocity and the electron number
density are required to be continuous at the sheath-uniform plasma interface,
yielding six scalar boundary conditions, where the fields in the uniform plasma
are solutions to (21) to (23). The boundary conditions at the antenna surface
are the same as those used for the sheathless case above, given by (46) to (48),
in which the field quantities are now solutions to (62) to obtain a total of nine
scalar equations. The Fourier coefficients for the transmitted fields in the
uniform plasma may be eliminated from the boundary condition equations at
the sheath uniform plasma interface as before, to obtain six scalar equations

which determine the six constants of integration of (62a) to (62f).
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III. Numerical Results

Because of the complexity of the boundary value problem for the
infinite antenna in a compressible magnetoplasma, the previous discussion has
been restricted, at least so far as any detail is concerned, to the sheathless
case. Consequently, the numerical results to be presented here are also
limited to the sheathless case. The plasma and antenna parameter values
used in obtaining the results to follow have been chosed to conform to the corre-
sponding values employed for the previous calculations presented inI and II .

For the purpose of comparison and to demonstrate the change from
the free-space antenna admittance brought about by the immersion of the antenna
in the plasma, Fig. 1 shows the free-space antenna conductance GO and sus-
ceptance BO as a function of frequency over the range 250 KHz to 10 MHz, with
the exciting gap thickness 5a parameter, ranging from 10-1 to 10_3c:m and an
antenna radius c of 1 cm. It may be seen in Fig. 1 that the free space conductance
is independent of the exciting gap thickness and the susceptance is only slightly
dependent upon the gap thickness, a feature discussed previously in more detail
in I. In addition, over the frequency range used, the conductance exceeds the
susceptance by a factor of about 5. In the subsequent graphs, the antenna radius
will be 1 cm and the gap thickness 0.1 cm.

We now present in Fig. 2 the admittance when the antenna is
immersed in the compressible, magnetoplasma medium with fp = 1.5 MHz,

4 1

fh = 1.0 MHz, U= 10 sec , T=1, SOOOK, 5: 10_1cm and c=1 cm. The vacuum

sheath thickness, in units of the electron Debye length D{/ , 1s denoted by X on

these and subsequent graphs; because this is the sheathless case, X=0. Above

the upper hybrid frequency ft: f§+fi,

in Fig. 2 to be in approximately their free space ratios and increasing toward

the conductance and susceptance are seen

their free space values as the frequency is increased. There is a conductance
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Figure 1. The free-space infinite eylindrical antenna admittance as a function

of frequency with the exciting gap thickness, § , a parameter and a
radius, ¢, of 1 cm.
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Figure 2. The infinite antenna admittance as a function of frequency for the
compressible, magnetoplasma and the sheathless case with a radius
of 1 cm, an electron plasma frequency of 1.5 MHz and electron
cyclotron frequency of 1.0 MHz.
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minimum and susceptance zero at f.= ft’ the susceptance changing from

capacitive above ft to inductive immediately below it. As the freqﬁency is

decreased below f,, a susceptance minimum or "kink'' occurs at fp, while

the conductance has a rather sharp minimum just below fp' A rather broad

susceptance maximum occurs between fp and fh’ where a somewhat sharper

conductance maximum also is seen. Further decreasing the frequency below

fh results in a slowly decreasing conductance, and another susceptance zero,

below which the susceptance is again capacitive. The low frequency part of

the susceptance curve is marked with superimposed crosses since the sus-

ceptance values obtained here are estimated to be accurate to no better than

10 per cent; this coding will be used on subsequent graphs for the same purpose.
In Fig. 3 the infinite antenna admittance results are presented for

the same set of parameter values as used for Fig. 2 with the exception that the

values of fp and fh have been interchanged, fp now being 1.0 MHz and fh 1.5 MHz.

The admittance above the hybrid frequency is similar to that for the previous

case, there again being a conductance minimum and susceptance zero at ft' As

the frequency is decreased below f_, the susceptance and conductance both ex-

hibit maxima between ft and f, , with the conductance maximum occurring closer

h)
to ft than the wider susceptance maximum. The susceptance again passes

through zero close to f,, below which it is capacitive., Another conductance

h’
minimum or kink is observed at fp and a susceptance minimum is seen below
fp in a fashion similar to the results of Fig. 2 near fpexcept that the roles of the
conductance and susceptance are interchanged in the two graphs. The conductance
for f sufficiently less than fp is nearly independent of frequency.

The significance of the admittance curves shown in Figs. 2 and 3

can perhaps be more fully appreciated when compared with some of the admit-

tance results of I and II. Therefore, for ease in comparing these results, we

29



10
|
10°1 I
B I
- [
i |
|
= |
o N |
s / ‘ : | _~+8
0 = +B | /
a B / | |/
O : |
— + l
[ |
u l fo = 1.0 MHz
+ |
_5 | fh = |.5 MH 2z
L+ 4 .
107 / v = 10%sec”!
| \ + T =1500°K
- I 5 =0lcm
\+ + ¢ =10cm
B L | X =0
|(56 M+ + | | |
0 05 1.0 1.5 20 25 3.0

f (MHZz)

Figure 3. The infinite antenna admittance as a function of frequency for the
compressible, magnetoplasma and the sheathless case with a radius
of 1 cm, an electron plasma frequency of 1.0 MHz and electron
cyclotron frequency of 1.5 MHz,
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present in Figs. 4 and 5 the results corresponding to Figs. 2 and 3 respec-
tively for the sheathless case, but for the incompressible plasma. The most
obvious difference between the compressible magnetoplasma and incompres-
sible magnetoplasma admittances is the fact that in the latter case, there is

a very pronounced admittance maximum at fh’ while in the former case the
admittance maximum is reduced in amplitude and shifted upward in frequency
from fh‘ In other aspects, the incompressible and compressible magnetoplasma
admittance curves resemble each other, having other admittance maxima and
minima of very similar nature.

It is very interesting to observe that when compared with the incom-
pressible, sheathless magnetoplasma admittance results shown in Figs. 4 and
5, the additional effect on the admittance of the magnetoplasma compressibility
shown in Figs. 2 and 3 is very similar to that resulting when the incompressible
magnetoplasma is separated from the antenna by a vacuum sheath, t/he results
for which are shown in Figs. 6 and 7. The sheath thickness used here is 5 D)Z
calculated for an electron temperature of 1, 500°K. A comparison of the admit-
tance curves for the three cases considered shows that the vacuum sheath also
shifts upward in frequency and reduces in amplitude the admittance maximum

which occurs at f, for the incompressible sheathless case, as was discussed

h
above in presenting results for the compressible magnetoplasma model. Outside
of this main difference, the admittance results for the three models are quite
similar, It is thus apparent that at least from the viewpoint of the infinite
antenna admittance, the magnetoplasma compressibility and vacuum sheath are
factors, which taken separately, produce changes from the antenna admittance
for the sheathless, incompressible case of very similar character.

This equivalence of the plasma compressibility and the vacuum

sheath may be further illustrated by presenting comparable results for the

isotropic (magnetic-field-free) plasma, as shown in Fig. 8 and 9. The results
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Figure 4. The infinite antenna admittance as a function of frequency for the
incompressible magnetoplasma and the sheathless case, with an
electron plasma frequency of 1.5 MHz and electron cyclotron fre-
quency of 1.0 MHz.
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Figure 5. The infinite antenna admittance as a function of frequency for the
incompressible magnetoplasma and the sheathless case, with an
electron plasma frequency of 1.0 MHz and electron cyclotron fre-
quency of 1.5 MHz,
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Figure 6. The infinite antenna admittance as a function of frequency in the in-
compressible magnetoplasma with a vacuum sheath thickness of 5 Dj’,
an electron plasma frequency of 1.5 MHz and electron cyclotron
frequency of 1.0 MHz.
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Figure 7, The infinite antenna admittance as a function of frequency in the in-
compressible magnetoplasma with a vacuum sheath thickness of 5 D¢ ,
an electron plasma frequency of 1.0 MHz and electron cyclotron fre-

quency of 1.5 MHz.
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of Fig. 8 are for the sheathless case and those of Fig. 9 are for the 5 DE
vacuum sheath (the elect ron temperature used for calculating the sheath
thickness is again 1, 500°K) with fp equal to 1.5 MHz. The incompressible
plasma curves are denoted by T=0°K. It may be seen in Figs. 8 and 9 that

as for the magnetoplasma case, the plasma compressibility and vacuum

sheath, taken separately, change the admittance from the sheathless, in-
compressible case in very similar fashion. In particular, an admittance
maximum occurs below the plasma frequency (at roughly half the plasma
frequency for the cases shown) whenever there is a sheath or the plasma is
compressible., Thus we wee that in the isotropic plasma, as for the anisotropic
case discussed above, a similar influence is exercised by the plasma com-
pressibility and vacuum sheath on the infinite antenna admittance. Conse-
quently, while admittance results are not given here for the compressible,
sheathed, magnetoplasma case, it appears, based on the results thus far shown,
that this model would not be expected to be very significantly different from

the sheathless case already considered. Part of the explanation of the antenna
admittance on the plasma anisotropy, plasma compressibility and the vacuum
sheath comes from the nature of the current waves excited on the infinite antenna
for these various plasma models. This topic is of sufficient interest and depth
to justify a separate discussion, to be given in a subsequent report.

Although not as significant a physical quantity as the axial antenna
current, the circumferential current has some significance, since it is deter-
mined by the TE mode axial magnetic field, which is of course zero when the
plasma is isotropic. It may thus be viewed as an indicator of the magnetoplasma
anisotropy as seen by the antenna, when compared with the axial current, which
comes from the TM mode circumferential magnetic field; the magnitudes, of the
two currents serve to indicate the degree of excitation of the two electromagnetic

modes,
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Figure 8. The infinite antenna admittance as a function of frequency in an iso-
tropic plasma for both the compressible (T=1, 500°K) and incompres -
sible (T=0°K) cases and zero sheath thickness with an electron plasma
frequency of 1.5 MHz.
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Figure 9, The infinite antenna admittance as a function of frequency in an iso-
tropic plasma for both the compressible (T=1, 500°K) and incompres-
sible (T=09K) cases and a vacuum sheath thickness of 5 D g with an
electron plasma frequency of 1.5 MHz.
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Thus we present in Figs. 10 and 11 the circumferential antenna
current, at z= 5/2, for the same plasma parameters used for Figs. 2 and 3
respectively. The quantity plotted is I=R + i I, the current density Kq) multi-
plied by 2mwc, so that a direct numerical comparison with the axial current is
meaningful. It is interesting to see that the circumferential current magnitude
is generally 1 to 2 orders of magnitude less than the corresponding axial current.
As might be expected, the circumferential current is largest near fh’ appearing
to reach its maximum value at the same frequency as does the axial current.
It is also interesting to see that the circumferential current exhibits minima

or "kinks' at f=fp in a fashion similar to that shown by the axial current,
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Figure 10. The circumferential current as a function of frequency for the com-
pressible magnetoplasma and the sheathless case with an electron
plasma frequency of 1.5 MHz and electron cyclotron frequency of
1.0 MHz.
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Figure 11. The circumferential current as a function of frequency for the com-
pressible magnetoplasma and the sheathless case with an electron
plasma frequency of 1.0 MHz and electron cyclotron frequency of
1.5 MHz.
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IV. Comparison with Experimental Results

While this study has been devoted to an investigation of the plasma-
immersed, infinite cylindrical antenna because of a number of theoretical
considerations, the ultimate goal of coming to a better understanding of an
actual antenna immersed in the ionospheric plasma has not been forgotten.
The rationale which has been followed is that the medium influence which is
apparent in the change of the infinte antenna admittance from its free space
behavior, would provide a general indication of the corresponding behavior of
the finite antenna in the same plasma medium. In line with this, it was antici-
pated that some swept-frequency experimental impedance results would be
available from a rocket-borne antenna which would provide some extremely
useful data for comparison with the theoretical findings presented here, as well
as with some simpler theories of finite antenna impedance in the literature,
It may be mentioned that there is a scarcity of systematic ionospheric impedance
measurements now available for comparison with theory. With the exception of
a series of rocket flights by Heikkila et, al. (1966), most published impedance
data is for a series of fixed frequencies, which means that an impedance vs.
frequency plot for a constant set of plasma parameters is not available. The
above-mentioned experiment was designed in part to fill this gap.

The first rocket which carried this experiment was successfully
launched to an altitude of 290 Km, and about 75 swept-frequency impedance
records, from 800 KHz to 8 MHz, together with other related data, have been
obtained from it. This data is presently being reduced and analyzed, and in-
cludes in addition to the impedance measurement, a transmission experiment,

a relaxation resonance experiment, a conventional Langmuir probe and

simultaneous ionosonde record, which should be extremely useful in assess-
ing varoius diagnostic techniques for electron density measurements, as well
as interpreting the impedance results. These results will be reported on in

the near future.
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Some comments can be made however, about the numerical results
obtained here compared with some of the experimental data presented in the
literature. We refer in particular to the experimental impedance results of
Heikkila et. al. (1966) mentioned above, for a spherical antenna, as well as
the data published in a series of articles by Stone, Weber and Alexander
(1966a, 1966b, 1966¢c) for a cylindrical antenna. There are some features
exhibited by the experimental impedances which appear to correlate with the
theoretical admittances presented above.

For example, one of the prominent features of the theoretical admittance
curves for the magnetoplasma case is a rather sharp minimum or "kink" which
occurs in either the susceptance or conductance, whichever is the larger, or
possibly both together, at the plasma frequency. The results of Heikkila et.
al. show a consistent susceptance discontinuity at the plasma frequency (though
none is seen in the conductance), with values for fp obtained from this indicator
agreeing well with other independent measurements. A similar behavior is
exhibited by Stone et. al's. impedance results when fp< fh’ there being an
abrupt change in the reactance and pronounced resistance peaking at f= fp. When
fp> fh on the other hand, only the resistance shows a noticeable increase at
f=fp. It should be remarked that the results of Stone et. al. are for fixed fre-
quencies and shown as a func tion of antenna altitude (or equivalently, as a
function of the plasma frequency) so that an exact comparison with the
theoretical results presented above, where the frequency is varied, is not
possible. There is however, a qualitative similarity between the quoted
experimental results and the infinite antenna theoretical results presented
here as well as numerical impedance values obtained from the theory of

Balmain (1966) for a finite antenna, which is discussed more fully in II.
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A second characteristic which the theoretical admiictance results exhibit,
an admittance maximum shifted upward from fh by either the vacuum sheath
or plasma compressibility, is also observed consistently in the measurements
of Heikkila et.al. This behavior of the measured admittance has ledBalmain
et. al. (1967) to conclude, from the application of a quasistatic theory for the
antenna impedance, that a positive ion (or vacuum) sheath is responsible for
the observed upward shift of the admittance maximum from fh' As has been
mentioned above, the findings from the infinite antenna analysis show that
this shift may be due to either a sheath or the plasma compressibility. It
seems likely that for an actual antenna in the ionosphere, the shift may be
due to a combination of both effects acting together; it is impossible to now
say which would exert the greater influence on the finite antenna. However,
the infinite antenna results indicate that the sheath may be more effective in
this role than the plasma compressibility.

Finally, the infinite antenna findings show that an admittance minimum
is to be expected at the upper hybrid frequency ft’ and more specifically, the
susceptance changes sign there. This behavior, it should be noted, has not
been found to be shifted in frequency by the vacuum sheath or plasma compressi-
bility. The results of Stone et. al. do posses a susceptance zero and con-

ductance minimum in the vicinity of f,. On the other hand, the measurements

.
made by Heikkila et. al. do not consistently exhibit a susceptance zero at

ft’ but they do however, consistently show a minimum in the admittance
magnitude at ft (according to Balmain, et. al. (1967)).

Thus, while the amount of experimental data available in the literature
for comparison with our theoretical findings is limited, we see that what
there is appears to agree in some fairly significant details with the theoretical
results. It is hoped that when the data from the rocket shot mentioned pre-

viously is reduced that a more detailed comparison between experiment and

theory will be possible.
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V Conclusion

This report has presented a theoretical development and numerical
calculations for the admittance of an infinite cylindrical antenna excited at
a circumferential gap of non-zero thickness and immersed in a lossy,
compressible magnetoplasma, with the static magnetic field parallel to the
antenna axis. Numerical values for the antenna admittance have been
obtained by a numerical integration of the Fourier integral for the antenna
current evaluated at the exciting gap, and are presented for plasma parameter
values typical of the E-region of the ionosphere. A vacuum sheath model and
inhomogeneous sheath model have been considered in the analysis, but due
to the complexity and thus time-consuming nature of the calculations, the
numerical results are given for the sheathless case only. In addition to
giving results for the antenna admittance, which requires evaluation of the
axial antenna current, some results have also been presented for the circum-
ferential current. Finally, the most significant aspects of the calculated
admittance are compared with some experimental measurements made with
antennas operated in the ionosphere.

The infinite antenna admittance results presented here for the sheathless,
compressible magnetoplasma case show that, compared with the incompressible
magnetoplasma results, the plasma compressibility in the former case and the
vacuum sheath in the latter case influence the antenna admittance in very
similar ways. In particular, an admittance maximum which occurs at the
electron cyclotron frequency when there is no sheath and the magnetoplasma
is incompressible, is shifted upward in frequency and reduced in magnitude by
both the vacuum sheath and plasma compressibility. This effect is more pro-

nounced when fp> fh then for the converse situation. Other than this significant
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change, the sheathless magnetoplasma admittances for both the compressible
and incompressible cases are very similar.
The antenna susceptance is found to be, broadly speaking, inductive

when fh< f<ft and capacitive otherwise. Besides the admittance maximum

near fh , a second maximum occurs just above fp when fp> f., with a rather
sharp minimum in both the conductance and susceptance at fp. When fp< fh’

there is a susceptance maximum only just above fp, with a conductance mini-
mum just below this.

Above the upper hybrid frequency, the antenna admittance is not greatly
affected by the plasma compressibility, anisotropy or vacuum sheath, while
only when all of these factors are absent is there no admittance maximum below
ft'

the first two appear to exert the greatest influence on the infinite antenna ad-

Of these three factors, the magnetic field, sheath and plasma compressibility,

mittance when immersed in a plasma.

A comparison of the theoretical admittance values for the infinite
antenna which have been given here with some experimental measurements
performed in the ionosphere, reveals that the theoretical and experimental
results are qualitatively alike in some significant details. The location of an
admittance maximum above the electron cyclotron frequency, an admittance
minimum or kink at the electron plasma frequency, and an admittance mini-
mum at the upper hybrid frequency are all features that appear in both the
experimental and theoretical results. The theoretical study which has been
carried out thus appears to incorporate in it at least some of the more important
physical processes which act on an actual antenna in an ionospheric-type plasma
and may thus provide more insight into the interpretation of the rather exten-

sive experimental program of impedance measurements which has been started.
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At the same time, the relative success of the theory thus far used in accounting
for the pertinent aspects of the expected experimental measurements should
give more positive indication of what are the major physical processes in-
volved, and what modifications could be incorporated in the théory, e.g.,
considering an inhomogeneous sheath, to bring the theory and experiment into
closer agreement. Finally, it would be hoped that the major physical processes
thus established may be used in developing a theory for the plasma-immersed
finite antenna, possibly by a direct formulation of the problem in an appropriate
finite geometry, or by extending the infinite antenna analysis through the use

of multiply reflected currents ona finite antenna, as done by Chen and Keller

(1962) for free space.
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Appendix A

The reduction of the non-zero temperature magnetoplasma equations
to those for the zero temperature magnetoplasma when the limit T—=0 is used in
the former equations is shown here. The warm plasma equations are given in
the text by (18) to (20) and when the limit T™»0 is used, these equations reduce
to (21) to (23). Our problem is to reduce (21) to (23) to the form derived directly
from the zero temperature equations, as was done in II, the equations for which
are given by (24) and (25).

Upon substituting (23) into (21) and (22) we obtain

VPR + (<2 6, Bh F e XY

U2

wi€o [ 1BxXY?

!
+ e, - iwu € hj =0 (A1)

U €, U(U2-v?2)

. . 2
2% | (2 2y = , iB | iBXY® &~ . o =
YVpe+(K €,-B)e + = e -iwu €h |= 0 (A2)
z Eo "3 zZ €4 U(UZ—YZ) z o~ 'z

These reduce to

2
' Y
V.2 2 2,5 2 € = Y ~
p"h + (KL, €,-87)h_ -K Y = h +1if X =1l1+ e =0 (A3)
z Eo* 3 z Eo (1U z “Co U2 61([]2—Y2 z
) 2 2 2, € € =
Vp et (KEO€3—B )ez -if Yﬁé—l e + Bwuo ——1 hZ = 0 (A4)
The gz term in the flvz equation can be written as
2 Y€
iBe X Ly | 1+ ——b— = 1BE 0K ——
U él(U -Y )»_ “l(U -Y™)
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and thus

b
1

—2 2 g2, .. YE | = € = _

o + KEO€3 B (1+1 ﬁ?i) ll ez + Bwuo El hZ = 0 (A5)
: 7
o . YE _
o2 2 . . YE | a2 3 =
!va+KEo (‘“3 i U—El) B %hz+ 1Bw€OX E‘__—{UZ—YZ) e, = 0 (AB)

.|
1

It was shown in II that a direct derivation of the zero temperature

magnetoplasma equations from

VX_G_ = -1wuok_1
VXE = 10)6O§ €
produces
<1
72+ K2, -B2 63} e+ Bou S h -0 (A7)
Ve ™ BEots £, | o gz
|
P 2 ~
2, .2 2| = s (3w
V24K (€ %_)-B h B, 1 E - o (A8)

Some of the terms in these equations are identical and thus check. The others

must be shown to be the same. Now

. !
v 1 e
1+1i 54— = = | €. +1i ————}
Uey T4 Mt T
1), x o, xy?
G wiy?) vty
S P T
20U
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so the differential equation for gz checks. In addition,

.ot wXY
k)
(U°-Y*%)
SO
Y€ o
. -3 ! -3
iBwf X ——m5—5 = - B wk —_—
0 (U2-Y2) o €y

L YE vl | Y€
€3 U1~ €1 1+1U€1

and since

then
! 1 2
€ o,y o, €
5 Uy L ¢
so that the ’Hz wave equation also checks for both derivations.
Another limiting process of interest is the case of the uniaxial
plasma, where Y— co. In this case then (18) to (20) simplify in the following

way. Since Y multiplies the gz and Hz terms in the hZ equation, then in order

that Hz remain finite, the terms multiplied by Y must cancel. This means

that 2 9
5 _iqUu B v = (A9)
z B(OX w2U

50



which may also be deduced from the equation for 7. We then obtain, since

n and 'éz are linearly related, only two wave equations, which are

V2Bt (Kg £y BHE, = 0 (A10)

w U s =0 (A11)

Because of the limit Y—=o0, it may be verified from (14) that
;\? and :\7/(‘) become zero, as also does §¢ . Consequently, the only boundary
condition remaining to be satisfied is that on 'gz, and the number of modes
radiated by the antenna reduces from three for the compressible, magneto-
plasma to one for the compressible, uniaxial plasma which is the TM mode,
the wave equation for which is given by (A11). The radial propagation constant
for this mode is a rather complicated function of 3, o 68’ w and KEo

If the zero-temperature limit is now taken in the uniaxial equation,

then the only wave equation affected is (A11) which becomes

2= 2 2y ~ = _

Vpez+ (KL, -B%) €5, = 0 (A12)
This equation is the same on that obtained from (25), which applies for the
incompressible magnetoplasma, when the limit Y—s00 is taken in (25). However,
the equation for ﬁz obtained when Y-=co and then v-=0 and given by (A10) differs

from that when first vr—~>0 and then Y—= 0 since (24) becomes, for Y—= 0,
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2= 2 _ 2. = _ 1
v h +(KEO B)hz =0 (A10)

This differs from (A10) in the fact that 63 multiplies K]2530 in (A10) but not

in (A12).

The explanation for this apparent discrepancy lies in the fact that
when Y = oo, regardless of the value of A ﬁz is zero. This may be shown
by noting from(14)that for an infinite static magnetic field, /‘;)p and ’x}; ,
as well as g(p are zero. Then the z-component of (12) is zero on the left

hand side, showing that rﬁ"z is also zero. The TE (with respect to the static

magnetic field direction) mode cannot be excited then in an uniaxial plasma.
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