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ABSTRACT

A method is presented for calculating the failure strengths and failure modes of
composite laminates containing a pin loaded hole for materials exhibiting nonlinearly
elastic behavior. The analysis follows that proposed by Chang, Scott, and Springer for
linearly elastic composites with two notable exceptions: a) the shear stress-shear strain
relation in each ply is taken to be nonlinear with the form proposed by Hahn and Tsai,
and b) the Yamada-Sun failure criterion is modified to include nonlinear effects.
Numerical results, generated using a nonlinear finite element scheme, were compared
to data. These comparisons show that for laminates exhibiting nonlinear behavior the
present analysis provides the failure strengths and failure modes more accurately than
the previous method employing a linear stress-strain analysis.

1. INTRODUCTION

SEVERAL ANALYSES HAVE BEEN PROPOSED RECENTLY FOR CALCULATINGthe failure strengths and failure modes of composite laminates containing
pin loaded holes [1-15]. All these analyses were formulated on the basis of
linearly elastic material behavior. Indeed, it has been found [1-6] that the
analyses using linear stress-strain relations provide reasonable results for
laminates containing pin loaded holes except for ply orientations [±45] S and
[0/90] s, where differences up to 40% were noted. The discrepancies were felt
to be due to the fact that these laminates have strongly nonlinear elastic
behavior, which the previous analytical models did not take into account.

Nonlinear behavior of laminated composites has been observed in ex-
periments and is known to be strongly dependent on laminate ply orientation,
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loading direction, and environmental conditions. The primary cause of the
laminate nonlinearity was found to be mostly due to the ply shear stresses
once they became comparable to longitudinal tensile stresses [16-21 . The
nonlinear material behavior becomes especially significant for notched
laminates and, correspondingly, for laminates containing loaded holes. For
this reason, the problem of nonlinear material behavior is addressed in this
paper. In particular, an analysis is presented for calculating the failure
strengths and failure modes of composite laminates containing pin loaded
holes when the material exhibits nonlinear elastic behavior. The proposed
analytical procedure is illustrated through its application to composite
laminates containing a single pin loaded hole. However, the procedure is
general, and can readily be extended to composites with two or more holes by
combining the present method with that given in References [1-4 .

2. PROBLEM STATEMENT

Consider a plate (length L, width W, thickness H) made of N fiber-rein-
forced unidirectional plies. The ply orientation is arbitrary, but must be sym-
metrical with respect to the X3 = 0 plane. Perfect bonding between each ply is
assumed. A single hole of diameter D is located along the centerline of the
plate. A rigid pin is inserted into the hole (see Figure 1). A uniformed tensile
load P is applied to the lower edge of the plate. It is desired to find:

1) the maximum (failure) load (P,) that can be applied before the joint fails,
and

2) the mode of failure.

3. ANALYSIS

The analysis follows the procedure given in References [1-4] for com-
posites with linearly elastic material behavior. Accordingly, the analysis con-
sists of four major parts

Figure 1. Geometry of the problem.
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1) formulation of the stress-strain relationships
2) formulation of the failure criterion
3) formulation of a failure hypothesis
4) stress analysis

Below, those concepts and procedures are emphasized which are different
from those documented previously [1-4]. Details of the linearly elastic

analysis [1-4] are not given except when needed to understand the present
analysis.

3.1 Nonlinear Shear Stress-Shear Strain Relation

When a material exhibits nonlinear behavior, nonlinearities between shear
stresses and shear strains are more important than nonlinearities between nor-
mal stresses and normal strains. Therefore, only the shear stress-shear strain
relation is considered to be nonlinear in this investigation. The in plane stress-
strain relations in each ply can then be expressed as

where x and y are coordinates parallel and normal to the fibers, respectively,
and [Q] is the reduced stiffness matrix [4,25]. The function f is a relationship
between the shear stress and the shear strain. Different investigators sug-
gested different functions for f [16-17,19-21,26]. Here, the nonlinear shear
stress-shear strain relation advanced by Hahn and Tsai [16,17] is chosen. Ac-
cordingly, the shear stress-shear strain relationship is written as

where Gxy is the initial ply shear modulus and a is a constant that has to be
determined experimentally. The tangent shear modulus, defined as the slope
of the shear stress versus shear strain at each current position is

3.2 Failure Criterion

The Yamada-Sun failure criterion has been successfully utilized in the
analysis of linearly elastic composites with pin loaded holes [1-6]. This
--:...--:-- :- r~~~
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where X is either the longitudinal tensile strength of a ply (if o~ is in tension)
or the longitudinal compressive strength (if ar is compression). S is the actual
ply shear strength for the laminate.
As was noted, nonlinear shear stress-strain relation is important in deter-

mining the failure strength and the failure mode of certain types of pin-
loaded laminates. It is felt that failure of these laminates cannot be predicted
appropriately by only evaluating the current stresses, without regard to the
history of the shear deformation. Therefore, when such nonlinearities are im-
portant the history of the shear deformation has to be taken into account in
the failure criterion. To accomplish this, the Yamada-Sun failure criterion,
based on only current stresses, is modified by incorporating Sandhu’s strain
energy failure criterion [18,19]. As will be shown below, the modified
criterion can be applied when the material behaves in both a linear and a
nonlinear elastic manner. The modified failure criterion is thus expressed as

where yz is the ultimate failure shear strain in a ply.
Note that the modified criterion reduces to Yamada-Sun failure criterion

[27] if the shear stress-strain relation is linear. Equations (3) and (6) give

For linearly elastic material a = 0 and Equation (7) reduces to Equation (5).

3.3 Failure Hypothesis-Characteristic Curve

The same failure hypothesis is adopted here as was used for linearly elastic
composites [1-5]. That is, failure occurs when, in any one of the plies, the
combined stresses satisfy an appropriately-chosen failure criterion at any
point on a characteristic curve. The characteristic curve (Figure 2) is specified
by the expression

The angle 0, measured clockwise from the X2 axis, may range in value from
-n/2 to n/2. R, and R, are the characteristic lengths for tension and com-
pression. These parameters must be determined experimentally, as is dis-
cussed in Reference [6].
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Figure 2. Description of the characteristic curve.

In this investigation, the characteristic curve is used together with the
modified Yamada-Sun failure criterion. Accordingly, failure occurs when the
parameter e is equal to, or is greater than unity at any point on the
characteristic curve

The location (angle Of) at which e first reaches the value of unity (e = 1) on
the characteristic curve (Figure 2) provides an estimate of the mode of failure.
Failure is taken to occur in the bearing mode when Of is small (8f = 0°).
Failure is taken to be due to shearout when Of 45 °. Failure is taken to be
caused by tension when 9/ ~ 90 °. In summary,

At intermediate values of 0/, failure may be caused by a combination of these
modes.

3.4 Stress Analysis

In calculating the stresses in the laminate, the load is applied incremen-
tally. In each step, a small incremental load AP is applied until the failure load
PM (_ ~k = , (AP)k) is reached. It is assumed that the incremental load AP is so
small that during each increment the shear stress varies linearly with shear
strain and the deformations are small. The tangent shear modulus (the slope
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of the shear stress-shear strain curve) is calculated in each increment and the
value thus obtained is used as the updated slope for the next step.

Based on these assumptions, the equilibrium equation in the absence of
body force at the n-th increment can be written as

and the incremental stress-strain relations in the laminate are given by

where /E,~</&dquo;, the reduced moduli, are given by

Here hp is the thickness of the p-th ply, and ~Q $J^ is the transformed reduced
stiffness matrix for the p-th ply at the n-th increment [4,25], (see Appendix
A).
The subscripts i,j,k and arse related to r and s as follows

Note that due to the updated shear modulus, the transformed reduced stiff-
ness matrix /~7&dquo; is not constant, and so the reduced moduli ~E&dquo;,^J^ depend
on each increment. The incremental strains are related to the incremental
displacements [Au,]&dquo; by the expressions

By multiplying Equation (11) by an arbitrary differential function Aü., which
satisfy the displacement boundary conditions, and by taking the volume in-
tegral over the laminate we obtain

From this point on, the analysis follows the same line used in the case of
linearly elastic composites [1-4]. On the basis of the arguments presented in
References [1-4] a cosine normal load distribution is assumed to simulate the
pin reaction force. Thus Equation (16) becomes
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Vo is the volume of the laminate. AL and AR are the boundaries where either
load is applied or where displacements are restricted (Figure 3). ni is a unit
vector normal to the boundary, pointing outward from the boundary surface.
The incremental displacements [Auj,, can be calculated by using a finite

element method of solution. A suitable method of solution is described in
References [1-4]. Once the incremental displacements (AukJ&dquo; are obtained,
the incremental strains ~A~~,J&dquo; at the n-th increment can be calculated from
Equation 15.
The incremental stresses at the n-th increment, in the ply coordinate x, y are

given by

The matrix [T] is the coordinate transformation matrix [4,25]. The total
strains and stresses at the n-th increment are given by

-...~~- ...~~ --&dquo;’ --’ -1 - -L -~

Figure 3. Configuration of laminate with a load hole.
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The tangent shear modulus [TG] for the n + 1 increment can be obtained
by the approximation (see Equation 4).

4. SOLUTION PROCEDURE

The numerical calculations to determine the failure load and failure mode
of a composite containing a pin loaded hole are performed according to the
following steps.

1) An incremental load Ap is applied.
2) The components of incremental laminate strains Mii, AFZ~, AE,2 are

calculated.

3) The incremental ply stresses Ao~, Ao~ are calculated.
4) The total stresses o., and a~, are calculated.
5) The total applied load

is calculated.

6) The modified Yamada-Sun failure criterion is applied in each ply along the
characteristic curve.
a) If the failure condition (e > 1) is satisfied at any point along the char-

acteristic curve the iteration is terminated. The failure load p~= P) and
the failure mode are determined.

b) If the failure condition is not satisfied at any point along the char-
acteristic curve then the calculations are continued.

7) The tangent shear modulus in each ply at each element is updated.
8) The procedure is repeated (return to Step 1).
A computer code (designated NLJOINT) was developed to perform the

calculations. This code provides the failure strengths and failure modes of
laminates containing a single pin loaded hole, with different ply orientations
and different geometries. This code may be obtained from G. S. Springer.
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5. RESULTS

In order to evaluate the accuracy of the model, results generated by the
model were compared to data. Data obtained previously with Fiberite
T300/1034-C graphite-epoxy laminates were used in these comparisons. The
experimental apparatus and procedures used in the tests are given in
References [3,4]. The measured failure strengths and failure modes of
laminates having different geometries and different ply orientations are
shown in Figures 4-6. The ordinates in these figures represent the bearing
strength P, = P/DH, where P is the failure load and DH is the cross-
sectional area of the hole.
The bearing strengths and failure modes were also calculated using the

model. The material properties listed in Table 1 were used in the calculations.
All the properties in the table are from References [3,4] except for the value
of the constant a. For lack of any other information, the value of a was taken
to be the same as that measured by Hahn [17] for boron-epoxy composites.
The numerical results are included in Figures 4-6. The bearing strengths

calculated by the previous &dquo;linear&dquo; model and the present &dquo;nonlinear&dquo; model

Rgure 4. Bearing strengths of Fiberite T3010/ ll~t?4-C laminates containing a single loaded hole.
Comparisons between the data and the results of the previous linear model and the present
nonlinear model.
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Figure 5. Bearing strengths of Fiberite T3oIDl 1GL34-C laminates containing a single loaded hole.
Comparisons between the data and the results of the previous linear model and the present
nonlinear model.

Figure 6. Bearing strengths of Fiberite 730011034-C laminates containing a single loaded hole.
Comparisons between the data and the results of the previous linear model and the present
nonlinear model.
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Table 1. Properties of Fiberite T3OO/1034-C graphitelepoxy composite.

are indicated by solid lines and dashed lines, respectively.* The calculated
failure modes were not identified separately as long as they were the same as
those given by the data. In those cases where the calculated failure mode dif-
fered from the data, the calculated failure mode was identified by the letters
T, B, or S, next to the corresponding data point. These letters represent
failure in tension, bearing, and shearout modes.
As can be seen from Figures 4-6, for [(O/±45/90),],, [0/(:t45)J/9OJ]s’

[(0/(±45)2/90s)L, [(O/±45/90,)],, and [±30/±60/90] laminates the bearing
strengths calculated both by the previous &dquo;linear&dquo; and by the present
&dquo;nonlinear&dquo; analyses agree with the data (as well as with each other). This
result was expected in view of the fact that in these laminate configurations
the ply tensile and compressive stresses (for which the stress-strain relations
are linear) are much larger than the ply shear stresses. On the other hand, for
[0/90] S and [±45] laminates (in which ply shear stress dominated) the present
&dquo;nonlinear&dquo; analysis predicts the bearing strength more accurately than the
previous &dquo;linear&dquo; analysis. For these cross-ply laminates, the bearing
strengths calculated by the present analysis agree with the data to within 10 to
25 percent. The bearing strengths calculated by previous analyses agree with
the data only to within 10 to 40 percent.
The predicted modes of failure seem to be unaffected by the assumed

stress-strain relation for the laminates exhibiting linear elastic behavior. For
[0/90]S and [±45]S laminates, better predictions of failure mode were also
found by the use of the present &dquo;nonlinear&dquo; analysis.

Finally, it is noted that the failure hypothesis-characteristic curve proposed
previously [1-4] still remains a viable concept. More accurate results were
achieved not by modifying the characteristic curve but by modifying the
stress-strain relation.

6. CONCLUDING REMARKS

The model and corresponding computer code developed in this paper can
be used to determine the failure strengths and failure mode of composite

*In cases where the linear and nonlinear results are indistinguishable, only a solid line is shown.
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laminates containing a pin loaded hole even when the material exhibits non-
linearly elastic behavior. Hence this model should enable the use of even
those ply orientations which, because their unpredictable nonlinear behavior,
designers were reluctant to use previously.
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APPENDIX A

The Transformed Reduced Stiffness Matrix QIJ

The components of the matrix Q: appearing in (Equation 13) are
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in which

The superscript p denotes the material properties of the p-th ply, and the
angle P7 is measured from the xl-axis to the x-axis. EPx, EP., and Gp~. are the
longitudinal, transverse, and shear moduli of the p-th ply, respectively. JAP xy
and JAPy% are Poisson’s ratios for the p-th ply and satisfy the relation

~a~,J^ is the in-plane shear stress at the n-th increment.


