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Applying Horie’s method, the matrix elements of spin—other-orbit interaction for configuration d have
been calculated. The magnetic interaction energy has also been calculated for Mn** by means of perturba-
tion theory. It is found that spin-other-orbit interaction plays a very important role for atoms or ions with
half-filled-shell configuration. Spin—spin interaction is also significant in certain terms.

I. INTRODUCTION

HE magnetic interactions for atoms which have a single unfilled shell of electrons outside a number of closed
shells can be written!
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where o is the fine-structure constant and {; is the spin—orbit parameter:
Ci=3%02 / r1(dU/dr)[ R(r) Jridr,
0

and the summations run over all electrons in the unfilled shell. If it is assumed that JCy is much smaller than
the electrostatic interaction, it is possible to calculate the magnetic interaction energy by means of perturbation
theory, using | 9.SLJM ) as the zeroth-order wavefunctions. According to Horie? and to Trees,? the matrix elements
of 3Cs and 3Cs, for I* configuration are given by

(PvSLIM | 8y | I/ S'L TM) = (— 1) SH/~IW(SLS'L; J1) (10 SL || 5,0 || I/ S'L), (4)
(o SLIM 30y | 10/ S'L' TM) = (—1)SH~IW (SLS'L'; J2) (v SL || 50, || I S'LY), (5)

where W (abcd; ef ) is the well-known Racah coefficient* and v is the seniority number also defined by Racah.b
The double-barred matrix elements of 3Cs for d" configurations (#=2, 3, 4, 5) have been calculated by Trees?;
while those of 3C4 for configurations d?, d%, and d* have been reported by Horie.?

II. CALCULATION OF (d%SL || 3Cs, || d%'S'L")

¥eo can be further divided into two parts, namely, the individual spin-orbit interaction [first term in (2)]
and the spin—other-orbit interaction [last term in (2) ]. The matrix elements

(v SLIM || §1 22 Liesi || 1 S'L/ T M)

1M. Blume and R, E. Watson, Proc. Roy. Soc. (London) A270, 127 (1962).
2 H. Horie, Progr, Theoret. Phys. (Kyoto) 10, 296 (1953).

3 R. E. Trees, Phys. Rev. 82, 683 (1951).

4 G. Racah, Phys. Rev. 62, 438 (1942).

§ G. Racah, Phys. Rev. 63, 367 (1943).
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were first calculated by Racah® by means of the irreducible-tensor-operator method and are given by

(I SLIM | &1 2 bivs | 10 'L TM) = (— 1)S+L=7¢ [1(14-1) (2141) 2 (I SL || VA || 1w/ LYW (SLS'L, J1),
(6)

where the elements (/0SL || yan I| I’ S'L’) are well tabulated in numerous books.® In calculating the double-

barred matrix elements for spin-other-orbit interaction, Horie? found that part of this interaction also behaves

as an effective individual spin—orbit interaction. These two similar interactions are then combined together and
defined as 3¢5 . For configuration d”, the elements (d"vSL || 3s® || d™'S’L’) take the following form:

(@S || 30 || do S'L') =¢' (a0 SL || (30) 12V 0 |/ dna’ S'LY), (7)
where
¢ =¢a—T(2n—3) My+42M,. (8)

M, and M; are the following radial parameters (for equivalent d-electron systems only):

/ / ~ Rd"’(rl) R (rs)riridridn, 9)

ri2r1 l
196 // rirs T Rf(’l ) RE(ra)ri’ridridrs. (10)

The matrix elements for the remaining part of spin—other-orbit interaction, defined as 3¢, ", can be obtained as
follows [Eq. (19) in Horie’s paper]:
SCSO(H)=5CSO—3CSO(D, (11)

(o SL || 3ot || 0 ' L) = =23 2 (@ [| UXP || D) (1] C® || D)
kK

X[ Y. (ISL||U® || I/ SL”) (Im" SL" || VW || I/ LYW (LK L'k; L''1)

o1, L1

+2 3 (mSL||U® || I’ SL”) (' SL” || VOB || ' S' LYW (LEL'K; L'1) M1 (12)

o/ LI

For the notation used in (12), see Horie’s paper. Expanding (12) for the d» configuration yields

(I SL || 3o || "' S'L') = (13a) 4 (13b) + (13¢) + (13d) + (13¢) + (13f ) +(13g), (13)
h
e —28[ L(L41) (2L+1) S(S+1) (25+L) J*Modss b1, (13a)

—30(70)12 3 (dwSL|| U® || dm’ SL”) (dm SL” || VOV || ' S'L)W(L2L'1; L'1)M,,  (13b)
o1 LI

—20(21) [ L(L+1) (2L+1) 2(dSL || VO || d' S'L')W (L1L'2; L1) My, (13c)

—280(105)42 3 (dSL|| U® || dw"SL") (d" SL” || VO || dr’ S' LYW (L2L'3; L"1) M, (13d)
o1 LI

—560(105)V2 3 (dSL || U® || dw"SL”) (" SL" || Ve || dmo/ S’ LYW (L3L'2; L"1) M, (13¢)
o LI

—1260(7)12 Y (dSL|| U® || dm” SL”) (do" SL || VOO || dm/ S'L)W (LAL'3; L") M,,  (13f)
o! LI

—2520(7)¥2 3 (d=SL || U® || dw’SL") (d' SL” || Va9 || dvo' S’ LYW (L3L'4; L"1) M. (13g)
P

6 J. C. Slater, Quantum Theory of Atomic Structure (McGraw-Hill Book Co., 1960}, Vol. 2.
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The matrix elements (d"vSL|| U® || d"'S'L’) and
(@ vSL|| Vin || d'S'L’) can be calculated by the
method based on the coefficients of fractional per-
centage.® Applying Formula (13), the matrix elements
(BvSL || 3@ || &' S'L’) can be calculated and the
nonvanishing ones are given in Table 1.

III. ANALYSIS OF MULTIPLETS OF ¢
CONFIGURATION OF Mnt+

The d° configuration of the spectrum of Mn** was
chosen for analysis” It is well known that diagonal
matrix elements for individual spin-orbit interaction
operator ({;Zili-&) vanish for atoms or ions with
half-filled-shell configuration? Therefore, it might be
assumed that the contributions from spin-other-orbit
and spin-spin interactions would be more important in

Tasre 1. Nonvanishing matrix elements of
(5w SL | 30,00 | d5%' S'L").

vSL o' S'E
4G 4G —10vV3 (109M o — 520 )
4G %G — (330)12 (M o+137M3)
4G %F 3(30)12(OM o+ 113M5)
4F 1 F —2(35)12(101M ;—8M>)
4F %G —15(10)12(3M o4 55M)
4F 2F (1412 (19M o+23M>)
HF %D —4VZ (4M o+ 533M>)
%D 4D —25VE(19M —2M3)
4D %R 16(10) 2 (M o-+67M)
4D %D 8(35)42 (M -+37M2)
4D %D —2(10)2(19M ¢+ 643 M)
4P 4P —T(10)V2(13M y—54M ;)
4P %D —12(7)V2 (M —23M>)
WP %P —2(14) V2 (M o+ 117M3)
54 27 —3(91)V2(39M o+ 68 M>)
N4 3 H [—9(53)V2/5](61 M p-+52M>)
5H %G [—24(55)12/5](3M o—4 M)
3G %G [—9(30)22/107(93M ¢ — 649M )
%G BF [—3(10)42/27(9M o+253M)
%G %G [— (30)12/2](157M,—901 M)
%G %F [—3(330)42/2) (3M(+131M3)
4 F 2% F [—5(14)42/21(4TM ¢+145M5)
%F %D 44T (M o+32M>)
2B %F [— (14)172/21(239M ,—307M )
%F 4D 4(70)2 (M y-+37M3)
%F %D —16(5)V2(M,—38M3)
3D 4D — T3 (11M o+ 2342
4D %D —4{70) V(M o+3TM )
%D %D —5(5)2(25M o242}
=D %P —6VZ (2M 5—61M)
%D %D — (8)12(61M o — 1868 M)
%P 2P —5(13Mo—576M3)

7 Atomic Energy Levels, C. E. Moore, Ed. (Natl, Bur. Std. Circ.
No. 467, 1952), Vol. 2. .

8 E. U. Condon and G. H. Shortley, Theory of Atomic Spectra
(Cambridge University Press, Cambridge, England, 1935).
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Tasre II. Term values of the 3d® configuration of Mn*? (cm™).8

Term Obs Calc Diff
5.5 0.0 0.0

4G 28 845.6 26 845.6 0.0
HP 29 200.0 29 200.0 0.0
%D 32 351.2 32 238.2 —113.0
%I 39 101.0

3D 41 303.0

LF 42 397.9

LT 43 617.9 43 746.9 129.0
%01 46 503.8

%G 47 575.2

kY 50 656.7

%S 55 279.0

%D 61 268.0

%G 68 754.5

%P 83 047.5

%D 89 533.1

8 B=919.94; C=3230.12; 0=74.778. Mean deviation=1:64.5 cm™1.

determining the component order of a term. In addition,
all the terms (ground term and the quartets) which
have been observed have lower energy than the ones
arising from configurations 3d%s, 3d*4p, and so on.
(This is in contrast with, for example, the ¢° configu-
ration of the spectrum of Cr*.) Consequently, configu-
ration interaction may be relatively small. So far none
of the doublet terms arising from &* (in Mn* *) have
been experimentally observed and it is hoped that their
position could be accurately estimated from these
calculations, thus assisting in any experimental research.

The analysis of the electrostatic interaction energy
has been done by Laporte,® and also by Racah.t The
formulas for the term values used here have been taken
in the same form as was given by Racah. In addition,
a correction of the form eL{L-+1) has been added to
every term. The necessity for this was pointed out
first by Trees, and also by Racah," and a correction of
this form produces greatly improved agreement between
theoretical and experimental term values in many
spectra of the ion group. The data have been fitted by
the method of least squares and the results are given
in Table II. The mean deviation is 64.5 cm™L.

Radial parameters {4, M,, and M, for Mnt+ have
been evaluated analytically wusing nonrelativistic
Hartree-Fock radial functions by Blume and Watson.2
These values have been used here in solving the follow-
ing secular determinant:

det | (EvSLIM | 3, | d9'S'L' J'M")
—(E— E(v, S, L) )8y 035011 877 03210 | =0,

9 Q. Laporte, Phys, Rev. 61, 302 (1942).

© R, E. Trees, Phys. Rev. 85, 382 (1952).

i G, Racah, Phys. Rev. 85, 381 (1952},

2 M. Blume and R. E. Watson, Proc. Roy. Soc. (Londen)
A271, 565 (1963),
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TaBLE III. Analysis of the d° configuration of the spectrum of Mn** (cm™1).»

After After After
Individual complete complete | E(3)—
Experi- spin-orbit spin-orbit magnetic experi-
mental interaction | E(1)—  interaction | E(2)—  interactions | E(3)— mental
Term J value E(1) term value | E(2) E(1) | E(3) E(2) ] value |
5.5 2% 0.0 —20.0 20.0 —19.0 1.0 —19.0 1.0 19.0
%G 5% 26 823.8 26 827.7 17.9 26 785.8 41.9 26 785.8 0.0 38.0
4} 26 850.9 26 833.4 12.2 26 830.5 2.9 26 830.4 0.1 20.5
3% 26 839.1 26 821.3 24.3 26 851.2 29.9 26 851.1 0.1 8.0
2% 26 856.0 26 801.5 41 26 875.5 74.0 26 857.6 17.9 1.6
4P 2% 29 168.2 29 094.7 105.3 29 094.2 0.5 29 093.6 0.6 74.6
13 29 241.8 29 125.9 74.1 29 134.3 8.4 29 136.2 1.9 105.6
3 29 207.6° 29 168.1 31.9 29 180.4 12.3 29 178.1 2.3 29.5
4D 33 32 307.4 32 320.4 30.8 32 302.8 17.6 32 304.7 1.9 2.7
2% 32 383.6 32 407.8 56.6 32 407.9 0.1 32 403.2 4.7 4.6
13 32 384.00 32 402.0 50.8 32 418.4 16.4 32 418.4 0.0 34.4
3 32 371.1 19.9 32 398.9 27.8 32 405.5 6.6
21 63 39 101.0 0 39 101.0 0 39 101.0 0.0
3 39 050.2 50.8 39 084.3 3.1 39 084.3 0.0
%D 2% 41 017.7 285.3 41 029.3 11.6 41 029.4 0.1
13 41 161.7 141.3 41 178.7 17.0 41 178.5 0.2
LF 3% 42 405.8 7.9 42 390.6 15.2 42 390.5 0.2
2% 42 665.4 267.5 42 670.3 4.9 42 670.6 0.3
4F 43 43 571.7 43 570.1 47.8 43 542.1 28.0 43 540.9 1.2 30.8
33 43 601.6 43 600.1 17.8 43 601.1 1.0 43 603.7 2.6 2.1
2% 43 667.9 43 685.8 67.9 43 705.1 19.3 43 705.5 0.4 37.6
13 43 674.1 43 758.6 140.7 43 790.7 32.1 43 787.9 2.8 113.8
LH 53 46 572.4 68.6 46 349.1 23.3 46 549.1 0.0
43 46 362.6 141.2 46 389.9 27.3 46 389.8 0.0
%G 43 47 771.3 196.1 47 758.8 12.5 47 758.8 0.0
1 47 591.5 22.3 47 603.5 6.0 47 603.3 0.2
%F 33 50 681.3 24.6 50 669.3 12.0 50 669.3 0.0
3 50 663.2 6.5 50 677.5 14.3 50 677.6 0.1
%S i 55 278.3 0.7 55 278.3 0.0 55 278.3 0.0
%D 21 61 308.7 40.7 61 291.6 17.1 61 291.6 0.0
13 61 284.3 16.3 61 305.8 21.5 61 305.8 0.0
%G 4% 68 759.5 5.0 68 754.1 5.4 68 754.1 0.0
33 68 772.5 18.0 68 778.0 5.5 68 778.0 0.0
P 1% 83 050.0 2.5 83 055.1 5.1 83 055.1 0.0
i 83 060.2 12.7 83 049.0 11.2 83 049.0 0.0
2D 23 89 548.5 15.4 89 533.5 5.0 89 533.5 0.0
13 89 538.1 5.0 89 529.2 8.9 89 529.2 0.0
Average 56.5 15.4 1.2 34.9

8 £r=342 cm™t; M0=0.205 cm™1; M2=0.016 cm™1.

where E(v, S, L) are the term values. Experimental
term values have been used for the quartets.

Since the selection rules for 3C, are AJ, AM =0, the
above determinant can be broken up into six smaller
determinants, namely, J=3(4X4), J=11(7X7), J=
21(10X10), J=3L(7X7), J=43(5X5), and J=
51(3¢3). The results are tabulated in Table IIL.

b These levels have been observed by O. Riquelme (private communication).

From Table IIT it can be seen that the average
individual spin—orbit and spin—other-orbit contribu-
tions are 56.5 and 15.4 cm™, respectively. This indicates
that, for atoms or ions with half-filled-shell configura-
tion, spin-other-orbit interaction plays a rather
important role in explaining the multiplets ordering, as
observed from their atomic spectra. Even though the
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average spin-spin contribution is only 1.2 cm™, it
could be significant in certain terms (e.g., the quartet
terms of d%).

The major sources of error in the calculation probably
occur by virture of the fact that configuration inter-
action has been completely ignored. The radial param-
eters used here were calculated using the Hartree-Fock
wavefunction tabulated by Blume and Watson. These
values might well be in error since correlation energy

2911

is neglected. However, the relative contributions from
different interactions should be accurate. Also the
matrix elements may be in error owing to the error in
the choice of basis wavefunctions.
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Absolute-zero-angle cross sections for excitation of helium to the 21P level have been calculated with the
Bethe theory, using Lassettre’s generalized oscillator strengths (for 11.5—2!P) normalized to the optical
oscillator strength of Schiff and Pekeris. Absolute-zero-angle cross sections (in the 25-1000 eV energy region)
for transitions to several other helium states were obtained, using (a) the calculated cross section for exci-
tation to the 21P level and (b) already measured cross-section ratios (obtained from energy-loss spectra) or
known optical oscillator strengths. These cross sections, which are not very accurate for small incident
electron energies due to application of the Bethe theory, have been used to determine generalized oscil-
lator strengths for the transitions 1}!S—31P, 412, 51P, 6P, 21§, and 3'S. It is pointed out that in the
calculation of generalized oscillator strengths possible errors in the zero-angle cross sections used may
cancel out, which is illustrated for the transition 11.5—3'P. “Quadrupole” matrix elements have been
derived for the 11.5—21S, 315 transitions. In most cases the agreement with both experimental and theoret-

ical results of other investigations is very good.

I. INTRODUCTION

OR the past 35 years measurements and calcula-
tions on excitation cross sections for electron-
helium collisions have been carried out by various
investigators. In the early thirties Whiddington and
Woodroofe,! Womer,? and van Atta® measured impact
spectra of several gases, yielding among other things
ratios of zero-angle scattering cross sections. Their
experiments, however, were severely limited by a lack
of energy resolution and poorly defined collection
geometries. With their apparatus it was not possible,
for instance, to separate the 215 and 2'P states of
helium, and the change of collection geometry did not
allow satisfactory determination of the energy de-
pendences of the cross-section ratios. The development
of high-resolution electron spectrometers has con-
siderably enhanced the state of affairs. Silverman and
Lassettret recently measured the electron-impact spec-
! R. Widdington and E. G. Woodroofe, Phil. Mag, 20, 1109
(13‘;5.)'1,. Womer, Phys. Rev. 45, 689 (1934).
3L. C. Van Atta, Phys. Rev. 38, 876 (1931).

4S. M. Silverman and E. N. Lassettre, J. Chem. Phys. 40,
1265 (1964).

trum of helium at energies higher than 200 eV and for
different scattering angles. From this data they
deduced for several transitions in helium generalized
oscillator strengths as a function of momentum transfer.
It is known that these oscillator strength curves
measured at relatively high energy are of great im-
portance and may be used, for instance, to calculate
total cross sections.

Electron-impact spectra of helium, providing zero-
angle cross sections for several discrete transitions
relative to the 11.5—2!P transition, have been pre-
sented® at the Fourth International Conference on the
Physics of Electronic and Atomic Collisions. These
measurements covered an incident energy region from
80 eV down to near threshold. The low incident energies
also made it possible to observe the triplet excitations,
which only have significant cross sections close to
threshold. The energy resolution of the apparatus® was
better than 0.1 eV, which is good enough to completely
separate all =2 states as well as the 335 and 31§

8 G. E. Chamberlain, H. G. M. Heideman, J. A, Simpson, and
C. E. Kuyatt, Proc. Intern. Conf. Phys. Electron. At. Collisions

4th, 1965, Quebec, Canada (1965).
¢ J. A. Simpson, Rev. Sci. Instr. 35, 1698 (1964).



