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A model potential is assumed for describing the vibrational degrees of freedom associated with the 
Jahn-Teller effect in six-coordinated copper (II) complexes. The pseudorotational limit is characterized 
by a potential that is constant in the region between two concentric cylinders, but becomes infinite elsewhere. 
The energy spectrum is obtained for both angular and radial excitations. A square-well periodic angular 
potential is applied as a perturbation, yielding a localization of states. The results are used to describe 
the temperature dependence of the electron spin resonance spectra of copper (II) complexes with emphasis 
on the system NaCl: Cu (II) containing the hexachlorocuprate (II) complex. 

INTRODUCTION 

In 1937, Jahn and Teller provedl that a symmetrical 
nonlinear molecule in a spatially degenerate electronic 
state can distort in such a way that the electronic 
degeneracy is removed. Van Vleck (1939) considered2 

the coupling between the fourfold degenerate 2EIJ 

electronic ground state of an octahedral Cu(I1) com
plex (3d9) and the eg vibrational mode, and demon
strated that to a first approximation there exists a 
continuous series of nuclear configurations having the 
same electronic energy. These configurations are in 
general of only D2h symmetry, with three different 
Cu-ligand distances, although the two-dimensional 
nuclear configuration space includes special directions 
corresponding to tetragonally elongated or compressed 
octahedra exhibiting D4h symmetry.3 These higher
symmetry structures (Fig. 1) correspond to extrema 
in the electronic energy when cubic terms are included 
in the expansion of the energy as a power series in the 
nuclear coordinates.4 The well-known potential surface 
(Figs. 2 and 3) in nuclear configuration space is con
veniently described in polar coordinates rand tjJ (cor
responding to the two components of the eg stretching 
mode), as the potential is independent of tjJ if cubic and 
higher terms are neglected.2,3,5,6 

The effects of such Jahn-Teller coupling have 
been observed in the ESR spectra of Cu(I1) 
in crystals of ZnSiFs·6H20/,8 Mg3La2(N03h2' 
24H20,7,8 Mg3Bi2(N03h2' 24H20,7 MgO,9 AgCl,IO 
Ca(OHh,l1 and NaCl.l2 The interpretation of these 
spectra in terms of the Jahn-Teller effect has been dis
cussed by Abragam and Prycel3 (1950) and, more 
recently, by Ham14 (1968). In each case, the ESR spec
trum at a sufficiently low temperature is characteristic 
of a six-coordinated Cu(II) ion "frozen" into one of its 
potential energy minima (X, Y, Z, Fig. 3), while above 
a certain transition temperature (about 95°K in the 
case of Cu(II) :NaCI12) the spectrum becomes "iso
tropic" and represents an averaging over the possible 
configurations. One exception is Cu (II) : MgO, in 
which a third type of ESR spectrum, called a "tun
neling" spectrum is observed.9 

The theory of the dynamic J ahn-Teller effect In 

octahedrally coordinated d9 ions has been discussed1s 

by O'Brien (1964), who interprets the high-temper
ature spectrum as a result of the population of a higher 
vibronic level. The complex may be viewed as "tun
neling" from one potential minimum to another.12 A 
molecular orbital study3 of the CuC16-4 complex shows 
that the Jahn-Teller effect in this system is essentially 
static in the "radial" coordinate r but, at a sufficiently 
high temperature, relatively dynamic in the "angular" 
coordinate tjJ: the isotropic ESR spectrum represents 
an average over configurations corresponding to the 
entire range of tjJ but to an essentially fixed value of 
r (see Fig. 3). In the neighborhood of the radial 
minimum in the potential energy, the potential energy 
is found3 to be adequately represented as a function of 
tjJ by the equation 

V(tjJ) =tB[1-cos(3tjJ)], (1) 

where B is the "barrier height", equal to the potential 
energy associated with the tetragonally compressed 
structures at tjJ=7r/3, 7r, and 57r/3, and the potential 
energy minimum is V = 0, associated with the tetrag
onally elongated structures at tjJ=O, 27r/3, and 47r/3. 
The only symmetry requirement, however, is that V be 
periodic in (3tjJ). The ESR spectrum of Cu (II) : N aCl 
has been interpreted3 in terms of a value of B at least 
several hundred cm-I in magnitude for the CuCIs-4 

complex, significantly smaller than the Jahn-Teller 
stabilization energy of 2380 cm-1 (0.295 eVp at r= 
0.15 A, as indicated in Fig. 3. 

Since the dynamic behavior of the system under 
consideration is primarily in the angular coordinate, 
the adiabatic approximation may be applied/,Is con
sisting of the assumption that the motion of the nuclei 
may be characterized by a potential energy correspond
ing to the energy of the much less massive electrons 
for fixed nuclear configuration. In the adiabatic ap
proximation, the total electronic-nuclear wavefunction 
of the system may be expressed as the simple product 

(2) 

where the electronic part V;. depends upon the in
stantaneous set of nuclear coordinates Q as well as 
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t, + x Y 
FIG. 1. Schematic drawings of the six special configurations 

of D'A symmetry, corresponding to special directions in the 
nuclear configuration space. The three equivalent tetragonally 
elongated structures X, Y, and Z correspond to potential energy 
minima, while the three equivalent tetragonally compressed 
structures X', yI, and Z' correspond to potential energy maxima 
(see Fig. 3). 

upon the electronic coordinates q and quantum num
bers ne, but the nuclear part V depends only upon Q 
and a set of quantum numbers nn.16 It may be shown3,5 

that ifJe(CP) is such that ifJe(O) = -ifJe(2'1r-); therefore, in 
order that ifJen be single-valued, V must be such that 
(for fixed rand nn) 

(3) 

THEORETICAL MODEL 

A simple model will be used, which approximates 
the above-described system for sufficiently low energies 
(more specifically, for energies which are small com
pared to the Jahn-Teller stabilization energy), and 
which exhibits (qualitatively) those characteristics of 
that system which give rise to its "dynamic Jahn
Teller" behavior. 

The potential surface of Figs. 2-3 is replaced by the 
potential well of Fig. 4, which, in the case B=O, con
sists of an infinitely deep right circular cylindrical well 
of outer radius b, with an infinitely high central "post" 
of circular cross section and radius a. Thus consider
ation is restricted to the annular region a~r~b in the 
nuclear configuration space; this restriction is justified 
as an approximation for low energies by the observa
tion of relatively static radial Jahn-Teller behavior. 
Within the region a~r~b, the angular dependence of 
the potential is introduced by setting V(r, cp) = -~Bin 
the regions 0~cp<7r/6, 7r/2~cp<57r/6, 77r/6~cp<37r/2, 
and 1h/6~cp<27r, and V(r, cp) = +!B in the remaining 

FIG. 2. The potential energy sur
face characteristic of the Jahn
Teller effect, in the two-dimensional 
nuclear configuration space, in the 
case of no angular barrier (B=O). 
The potential energy V is dependent 
on the radial coordinate r but not on 
the angular coordinate q,. See also 
Fig. 3. 

FIG. 3. Energy contours 
for the electronic ground 
state in the (r, q,) space for 
the hexachlorocuprate(II) 
complex in N aCl. Values of 
the potential energy are 
indicated in units of the 
"barrier height" B, with the 
potential energy taken to 
be zero at the minima along 
rays X, Y, and Z. Diagram 
adapted from Ref. (3), 
which gives a value of 
0.0048 eV for B, implying 
an energy of 61.5B= Y 
+0.295 eV for the octahedral 
configuration (r= 0). Fig-
ure 2 is another view of the 
same surface, neglecting 
the angular variation of the 
potential energy. 

¢.JT 
r=.2S 

.t Z' 

regions, 7r/6~cp< 71'/2, 57r/6~cp< 771'/6, and 37r/2~cp< 
1h/6; thus the angular dependence is analogous to 
that expressed by Eq. (1) and has the required peri
odicity in (3cp) , but the minimum value of V has been 
set at -!B rather than at 0. The barrier height B 
must have a positive value if the model is to exhibit the 
observed low-temperature preference for a tetragonally 
elongated structure. 

The wave equation for the model system may 
readily be solved exactly with B set to ° (no barrier, 
no angular dependence of V); the angular variation of 
the potential energy is introduced as a perturbation 
in order to obtain approximate solutions for the energy 
levels of the model system for specified barrier heights. 

SOLUTION OF THE UNPERTURBED SYSTEM 

The Schrodinger wave equation for the model system 
IS 

V2V+ (2J.1/fI,2) (E- V)v=O, 

FIG. 4. Simple model of 
potential well approxi
mating that of Fig. 3 (or 
Fig. 2). The adjustable 
parameters are a, b, and B. 
The walls are infinitely 
high. The floor is composed 
of flat sections and the 
potential energy zero is set 
so that anyone of these 
sections is at a height of 
either V= -B/2 or V= 
+B/2. The discontinuities 
in the floor of the well are at 
q,=7r/6, 7r/2, 57r/6, 77r/6, 
37r/2, and 11, .. /6, so that 
each flat section is bisected 
by a ray corresponding to 
one of the six high-sym
metry configurations pic
tured schematically in Fig. 
1. As in Fig. 3, the rays in 
the directions X, Y, and Z 
pass through minima in the 
potential energy, while 
those in the directions X', 
V', and Z' pass through 
maxima. 

-

v 

(4) 
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where \)f=\)f(r, t/J) describes a state of the system, E 
is the total energy associated therewith, V= VCr, t/J) 
is the potential energy, h denotes Planck's constant 
divided by 271', and}L is the effective (reduced) mass of 
the system (equal to three times the mass of one 
ligand) . In the polar coordinates rand t/J, the Laplacian 
operator V'2= (a2/ar2) + (1/r) (a/ar) + (1/r2) (a2/at/J2). 
For B=O, V is independent of t/J, and in the region 
a~r~b, V =0, independent of rand t/J; so in this region, 
Eq. (4) reduces to 

(a2\)f / ar2) + (l/r) (a\)f / ar) + (1/r2) (a2\)f / atJ>2) 

+k2\)f=0, (5) 

where k2=. 2}LE/h2. With the expression of \)f as the 
product 

The eigenvalues klml of k determine the eigenvalues 
E lml of E, the total energy, through the relationship 

Elml =h2klm N2}L (14) 

(from the definition of k). In general, the boundary 
conditions on the radial wavefunction will suffice to 
determine the corresponding eigenvalues of klml , and 
thus the energies Elml of the states \)fm and \)f -rn' De
fining Rlml(a) and Rlml(b) by (13) and setting both 
equal to 0, one obtains the equation 

Jlml (klmla) Y lml (klmlb) =Jlml (klmlb) Y lml (klmla), (15) 

which may be transformed into the convenient form 

\)fer, t/J) =R(r)cfJ(t/J) , 

the wave equation may be reduced to the form 

(r2/R) (d2R/dr2) + (r/R) (dR/dr)+k2y2 

(6) where M=. I m I, K=.ka, and (3=.b/a. By use of the 
known identities 

=-(1/cfJ) (d2cfJ/dtJ>2). (7) 

With the definition of m2=.-(1jcfJ) (d2cfJ/dtP2) , this 
equation is separated into angular and radial wave 
equations, 

(d2cfJ/dtJ>2) +m2cfJ=0 
and 

r2( d2R/ dr2) +r( dR/ dr) + (k2r2- m2)R = 0. 

(8) 

(9) 

The angular Eq. (8) has the general solution (normal
ized) 

and 

J1/2 (X) = (2/7I'X)1/2(sinx) , 

J-1/2 (X) = (2/7I'X)1/2(COSX) , 

and the recursion formula 

the Bessel functions may be expressed as 

(17) 

(18) 

(19) 

(20) 

JM(x) = [PAf(X) sin(x)-QM(x) cos(x)](2/7I'X)I!2 (21) 

(10) and 

imposition of the condition of Eq. (3) introduces the 
restriction of the angular quantum number m to the 
values ±1/2, ±3/2, ±5/2, etc.; i.e., to half-odd
integral values. 

The radial Eq. (9) is solved (for the region a~r~b) 
by defining p=.kr: (9) is transformed into 

p2(d2R' /dp2) +p(dR' /dp) + (p2-m2)R' =0, (11) 

where R'(p) =R(r). Equation (11) is Bessel's equation 
of order m, and a general solution is 

Rm'(p) = C1Jm(p)+C2Ym(p), (12) 

where J m is the (cylindrical) Bessel function of the 
first kind, of order m, Y m is the (cylindrical) Bessel 
function17 (Neumann function) of the second kind, of 
order m, and C1 and C2 are arbitrary real constants. 
Since Eq. (9) includes m only in the form of m2

, 

Rm'(p) may be taken as equal to R-rn'(p) , and it will 
suffice to solve 

Rlml (r) = Cdlml (kr) +C2Y lml (kr) , (13) 

imposing the boundary conditions R(a) =R(b) =0, 
and the normalization condition 

lb R2(r)rdr= 1. 
a 

Y M(X) = [ -QM(X) sin(x) -P.w(x) cos(x) ] (2/7I'X) 1/2, 

(22) 

where pJ[(x) and QM(X) are polynomials in x-I, the 
coefficients of which may be determined by repeated 
application of Eqs. (19) and (20) upon (17) and 
(18).18 Substitution of (21) and (22) into Eq. (16) 
leads, after manipulation, to the equation 

tan[KM({3-1)]= F M(KM , (3), (23) 
where 

F}I(X, (3) = PM(X)QM({3X) -PM({3X)QM(X). (24) 
. PM(X)PM({3x)+QM(X)QM({3X) 

Thus, with {3 set, the eigenvalues of KM for a given M 
are KJf •1, K M ,2, ''', the first, second, ... solutions of 
Eq. (23). It has been proven19 that there is an infinite 
series of such solutions KM,n for each value of M. 
The numerical solution of Eq. (23) is very tedious for 
large values of M, but may be performed inexpensively 
and in a simple manner by means of a digital computer. 
Approximate solutions for the first several eigenvalues 
of Klf may be obtained graphically by taking the 
abscissas of the intersections of the graphs of 
{tan[K11({3-1)]1 and FM(KM, (3), versus K M. 

The determination of the K eigenvalues completes 
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the determination of the system's energy spectrum: and 

(25) 

The number of nodes in the radial wavefunction 
R(r) is n-l. 

The solution for the radial wave function RM,n(r) is 
completed with the evaluation of the constants CI and 
C2, through the relation 

CIJ M(KM,n) +C2Y M(KM,n) =0 (26) 

and the normalization condition. 

NATURE OF THE ENERGY SPECTRUM OF THE 
UNPERTURBED SYSTEM 

The unperturbed system (i.e., the system with B=O) 
is characterized by the three parameters a, {3, and J.L. 

With J.L and a specified, only KM,n must be evaluated 
in order to determine [by Eq. (25) J the energy EM,n 
of the level characterized by the quantum numbers M 
(= I m J) and n. KM ,n is evaluated by solution of Eq. 
(23), which requires specification of M, {3, and (im
plicitly) n,18 but does not involve a distinction between 
the states wm,n and w......".,n. Each energy level is there
fore doubly degenerate in the unperturbed case: for 
fixed a, {3, and J.L, and for a specified value of n (a positive 
integer), the energy EM,n depends only upon M, the 
absolute value of m, and thus corresponds to exactly 
two states, WM,n=~MRM,n and W-M,n=~-MRM,n. 

Comparison of Eq, (21) with Eqs. (17) and (18) for 
M = 1/2 reveals immediately that FI/2(X, (3) [in Eq. 
(24) J is identically zero. The eigenvalues of KI/2 are 
therefore determined by Eq. (23) to be simply 

KI/2,n=mr/({3-1) , (27) 

Application of Eq. (25) shows that the energy of any 
state with M = 1/2 is simply that energy associated 
with the corresponding eigenstate of a system con
sisting of a single particle of reduced mass J.L in an 
infinitely deep one-dimensional square well of length 
(b-a): 

(28) 

An asymptotic expression for KM,n, which is a good 
approximation for large values of n (and thus of K), 
was presented in 1894 by McMahon20 ; in terms of the 
variables defined thus far, his formula for solution of 
Eq. (16) reads: 

KM,n=o+ (p/o) +[(q- p2) /03J+[(s-4pq+2p3) /05J 

+ ... , (29a) 
where 

0=KI/2,n = mr/ ({3-l) , (29b) 

p= (N-1)/8{3, (29c) 

q=4(N -1) (N - 25) ((33_1) /3 (8{3)3({3-1), (29d) 

s=32(N -1) (N2-114N + 1073) 

x ({35-1)/s(8{3)5({3-1), (2ge) 

N= 4M2 = 4m2, (29f) 

It is clear from the form of Eq. (29a) that, for any 
choice of permissible values of M and {3 (M must be 
half of an odd positive integer and (3 must be greater 
than 1), n may be chosen sufficiently great so that 
KM,n approaches K I/2 ,n with any desired degree of ac
curacy. This assertion may be verified by examination 
of the behavior of the function FM(x, (3) for any speci
fied values of M and {3 in the limit as the argument x 
(corresponding to K) is allowed to increase without 
bound.9 The corresponding approximate expression for 
the energy EM ,n is readily obtained by squaring the 
sum on the right side of Eq. (29a) (neglecting terms in 
0-6, 0-8, etc., which are not completely specified by 
McMahon's formula), and applying Eq. (25): 

EM,n = W/2J.La2) [02+2P+0-2(2q- p2) 

+o4(2s-6pq+2p3) + ... J, (30) 

where 0, p, q, and s are defined as in Eq. (29b) through 
( 2ge). If the terms in 0-2 and 0-4 are also regarded as 
negligible, EM,,, may be expressed (approximately) as 

EM,,,"'"' W/2J.La2)(KI/2,n2+ LM), (31) 
where 

(32) 
Then 

the difference between E I/2,n and EM,n is, in this ap
proximation, simply the energy difference associated 
with the corresponding excitation of a system satisfy
ing Eq. (to) alone, which system resembles the familiar 
system consisting of a single particle allowed to move 
freely on a ring; in this case, the analogous particle 
would have a reduced mass of J.L and would be con
strained to move on a ring of radius (ab) 1/2, the geo
metric mean of a and b. 

Equation (33) becomes, in general, a poorer ap
proximation to the actual value of EM ,n as n is de
creased (although the equation is obviously exact for 
any n in the trivial case M =!). More specifically, 
for M ~!, the validity of the above approximations, 
based upon Eq. (29a), decreases with decreasing 0; 
that is, with decreasing n or increasing {3. For a fixed 
value of n, the validity of the above approximations 
also decreases with increasing M. The range of use
fulness of Eq, (29a) could be increased by the inclusion 
of terms in 0-7 , 0-9 , etc. 

In order to make obvious, for the purposes of the 
current study, the orders of magnitude of the energies 
of the lower levels of the system under consideration, 
Eq. (25) may be expressed in the following forms: 

E= (0.0697) (K2/ma2)eV; (34) 

E= (1.1165X 10-13) (K2/ma2) erg. (35) 

In Eqs, (34) and (35), m represents the mass of one 
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FIG. 5. Lowest energy eigenvalues as functions of barrier 
height B, for Case I (~= 2.0). Eigenvalues EM} of' unperturbed' 
system (B =0) indicated by circles: from bottom, M = 1/2, 3/2, 
5/2, 7/2, 9/2, 11/2, 13/2, 15/2, 17/2. Solid lines represent de
generate or nearly degenerate levels; broken lines represent non
degenerate levels. 

ligand in atomic mass units (physical system) and a 
represents the dimension a of the potential well, in 
units of 0.1 A. Using the same dimensionless mass and 
length, the energy E1/2•1 of the lowest level may be 
expressed in a simple fashion: 

El/2•1 = (0.6878 eV) /[mrfi2(~-1)2J, 

vectors 'I' of the 'perturbed' system may be expressed 
as linear combinations of the 'Pl. In theory, the entire 
infinite set of basis vectors '¥l must be used for ex
actness; it will be assumed, however, that a small set of 
basic vectors corresponding to low energy levels will 
suffice for an approximate solution, at least for suf
ficiently small values of the angular barrier B. 

The <!iagonal elements of the matrix (i I (Ho+ V) I j), 
where HO is the Hamiltonian for the unperturbed sys
tem, are simply the energy eigenvalues Bio, since, 
with the potential energy zero set so that the potential 
energy assumes values of B/2 and - B12, the integral 
(jl VIj)=O. The basis vectors were '¥m.lo, where m 
was allowed to range over all half-odd-integral values 
from -17/2 to + 17/2, inclusive. These are the eigen
vectors corresponding to the lowest energies, in general, 
for values of ~ in the neighborhood of the values used, 
2.0 and 3.0. Although 'I'm} attains comparably low 
energies if m is quite small, the matrix elements in
volving interactions between these states and those 
for which n = 1 are quite small compared with those 
matrix elements involving two states of the same value 
of n. 

The general off-diagonal matrix element in the matrix 
to be diagonalized is (m I V I m'), which is the product, 
since V = V (cI», of the integral 

= (1.1019X 10-12 erg) /[;m:a2(~-1)2]. (36) and the overlap integral 

Also, 
(37) 

At this point, the values of a, ~, and J.I. remain ar
bitrary. For the numerical calculations, the values 
initially chosen were a=0.1A (a=1.0), J.I.=104.9 
amu (physical scale), corresponding to six identical 
Cps ligands, and ~= 2.0. The dimensions a and b were 
chosen for simplicity and rough conformity to Fig. 3. 
With these choices of values for the parameters, 
a2(~-1)2=1.0, ;m:=34.98, and thus, from Eq. (36), 
energy of the lowest level is EI/2.1=3.15X10-14 
erg, =0.0197 eV. 

The eigenvalues K M •n were evaluated for this case 
(~= 2.0) for all permissible values of M from t through 
19/2 and for all permissible values of n from 1 through 
10. Some eigenvalues of K M •1 were also evaluated for the 
case ~=3.0, using the same values of a and J.I.. The 
values calculated for the two cases are listed in Ap
pendix B and Appendix C, respectively. The cor
responding energy eigenvalues for n= 1 are listed in 
Appendix D and presented graphically at B=O in 
Fig. 5 (Case I) and Fig. 6 (Case II). 

INTRODUCTION OF THE ANGULAR BARRIER 

Since the eigenvectors '¥/ of the 'unperturbed' 
problem form a complete orthonormal set, the eigen-

The integral involving the angular wavefunctions 
iJ>mo and iJ>m'o is zero unless m=m'±3, since the function 

6 0------------------------
~ 

~ 0 __ ---------------------

<!J 

~ 4hor----------------------
I 
o -= 
w -------

~--------=======-------
2 o~---------------------

o 
o 2 

B/E~,I 
FIG. 6. Lowest energy eigenvalues as functions of barrier 

height for Case II (~=3.0). Eigenvalues EM,lO of 'unperturbed' 
system (B =0) indicated by circles: from bottom, M = 1/2, 3/2, 
5/2, 7/2, 9/2, 11/2, 13/2, 15/2, 17/2. Solid lines represent de
generate or nearly degenerate levels; broken lines represent non
degenerate levels. 
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V= V(I/» is periodic in (31/»; when m=m'±3, 

12 .. (CPmO)*VCPm,Odl/>= ~, 
o ~ 

regardless of the values of m and m'. The overlap in
tegral 

was evaluated numerically and found to be very nearly 
1.0 in all cases involved in the matrix elements required. 
The matrix elements were therefore taken to be 

(m I (11°+ V) I m')=EMo 

=B/~ 

=0 

if m=m'; 

if m=m'±3; 

otherwise. (38) 

The resulting matrix was diagonalized numerically 
by digital computer, using values of a and IJ. as above 
(0.1 A and 104.9 amu, respectively). Values of the 
energy eigenvalues of the perturbed system were ob
tained for (3= 2.0 (see Fig. 5) and for (3= 3.0 (see Fig. 
6) . B was varied, in each of these two cases, from zero to 
3E1/2}. Note that if the scales of Figs. 5 and 6 were 
equalized, both being given in absolute energy values 
(ergs), the graphs would appear nearly identical. These 
graphs present a strong qualitative similarity to the 
corresponding graph (appropriately transformed) 
given15 by O'Brien's more complex model. 

As the barrier height B is increased, those energy 
levels characterized by quantum numbers M such that 
2M/3 is not an integer remain degenerate; those energy 
levels having values of M such that 2M/3 is an integer 
are split, and the twofold degeneracy of the 'unper
turbed' system changes to threefold degeneracy as a 
limiting case for very large values of B. If B is allowed 
to increase without bound, threefold degeneracy must 
be approached as the potential well comes to resemble 
three identical and noninteracting 'boxes.' 

APPLICATION TO ESR SPECTRA 

As previously mentioned, the ESR spectra of six
coordinated copper(II) complexes are associated at 
low temperatures with "localized", or statically dis
torted, complexes, with a transition at higher tem
peratures to "delocalized" complexes. The latter are 
characterized by their pseudorotation along the angular 
coordinate 1/>. We earlier showed3 that the angular 
barrier must be at least several hundred cm-1 in 
magnitude for the CuCIs-4 complex in Cu(II) :NaCl 
in order that the ground-state splitting be not more 
than about 0.03 cm-I , a quantity proportional to the 
anisotropy in the g tensor multiplied by the magnetic 
field strength used in the ESR experiment. This is the 
condition that must be satisfied in order to observe 
"localized" complexes at low temperatures. 

The transition to "delocalized" complexes can be 
interpreted in terms of the results of the previous 

section. For Case I, defined by radii of a=O.l A and 
b=0.2 A, a barrier of 321 cm-I yields a ground-state 
splitting of only 0.03 cm-I, with the doubly degenerate 
level lying low. This result is comparable with our 
previous value of B, obtained3 with a localized harmonic 
oscillator basis. For this barrier height, the next two 
levels occur at 144.9 cm-I (nondegenerate) and 
147.0 cm-1 (doubly degenerate) above the ground 
state. Thus, relative to a completely localized initial 
description, in which all levels would be triply de
generate, this level displays an "inversion" splitting of 
2.1 cm-I , which is 70 times the ground-state splitting 
and considerably larger than the anisotropy in the 
Zeeman interaction. The population of these states 
should then lead to the appearance of a "delocalized" 
spectrum. If for simplicity we ignore all higher states 
and consider only the lowest six, it is simple to show 
that the nondegenerate state at 144.9 cm-I achieves 
a 5% Boltzmann population at 103°K. and a 10% 
population at 243°K. Since the population of each of 
the two states at 147.0 em-I is not much less than this, 
the population of each of the nearly triply degenerate 
ground-state levels is about 28.3% and 23.3%, re
spectively, at these two temperatures. The popUlations 
of 5% and 10% were selected somewhat arbitrarily, 
but do indicate that a barrier of 300 cm-I does not 
preclude having a sizeable population of excited, de
localized states at temperatures of about l00oK. 
The key assumption made in this analysis that the 
high-temperature ESR spectrum is associated in part 
with the thermal population of excited vibrational 
states of the complex, rather than being described 
by a thermally activated "hopping" process that 
basically involves ground-state complexes.21 The latter 
process might well, of course, involve the same excited 
states, located at an energy of roughly half the barrier 
height. 

SUMMARY 

In summary the J ahn-Teller effect for doubly de
generate electronic states coupled to doubly degenerate 
vibrational modes is described in terms of a model 
potential which is constant in the region beween 
two concentric cylinders but is infinite elsewhere. 
Although applicable to any system of this type in which 
the J ahn-Teller stabilization energy is sufficiently 
great that the "upper-branch" of the potential energy 
surface can be ignored, the specific case considered is an 
octahedral complex of Cu(II) ions with Cl- ligands. 
Since the Jahn-Teller mode in this case is the Raman 
active eo stretching mode, the spectrum of states cor
responding to the radial excitations is experimentally 
accessible. Although the actual spacings are probably 
closer to those of a harmonic oscillator than to our 
cylindrical square well, the latter offers an appealingly 
simple picture of both the radial and angular aspects of 
the J ahn-Teller effect.22 

The threefold angular perturbation, necessary for 



708 D. G. WILSON AND L. L. LOHR, JR. 

interpreting ESR spectra of Cu(II) complexes, is also 
introduced as a square-well potential rather than the 
more familar cos(3<t» form. Ground-state "inversion" 
splittings calculated using the angular square well 
potential are similar to those calculated using harmonic 
oscillator basis functions together with a cos (3<t» 
potential.s,15 For example, the present result of 0.03 
cm-I for radii of a=O.l A and b=0.2 A, and a barrier 
at 321 cm-I, compares with a value of 0.05 cm-I ob
tained using our harmonic oscillator energy expressions3 

with a fixed radius of (ab)I/2=0.1414 A and the same 
barrier and reduced mass as in the square-well case. A 
possible application of the square-well angular po
tential is to systems perturbed by an external applied 
stress3,12 or by random internal crystal strains. Although 
the equivalence of the minima is destroyed in such cases, 
the form of the angular potential remains sufficiently 
simple that matrix elements are trivial to calculate. 

APPENDIX A: REMARKS ON THE SOLUTION 
OF EQ. (23) 

Examples of PM and QM[P=PM(X) , Q=QM(X)]: 

For M=1/2: 

P=l, 

Q=O; 

for M=3/2: 

for M=5/2: 

for M=7/2: 

for M=9/2: 

Q=l; 

Q= 15x-2-1; 

P= 105x-c 45x-2+1, 

Q= 105x-L lOx-I. 

In general, P always contains a highest term in X-I 
which is of a higher degree by one than the highest 
term in X-I in Q. Thus if the function FM(x, (3) [see 
Eq. (24) ] is multiplied in both numerator and de
nominator by x2M-I, the numerator becomes a poly
nomial in x of degree 2M-2, while the denominator 
becomes a polynomial in x of degree 2M; thus, as x 
increases without bound, FM(x, (3) approaches zero for 
any value of (3. 

APPENDIX B: SOME EIGENVALUES OF K FOR (3=2.0 

The following are solutions KM,n of Eq. (16), with (3=2.0, for half-odd-integral values of M from 1/2 through 
19/2, and for integral values of n from 1 through 10, correct to five places after the decimal point. See also Fig. 7. 

n\M 1/2 3/2 5/2 7/2 9/2 

1 3.14159 3.28601 3.55579 3.92252 4.35840 
2 6.28319 6.36068 6.51307 6.73556 7.02183 
3 9.42478 9.47720 9.58127 9.73553 9.93792 
4 12.56637 12.60589 12.68461 12.80190 12.95687 
5 15.70796 15.73966 15.80288 15.89731 16.02248 
6 18.84956 18.87600 18.92880 19.00766 19.11261 
7 21. 99115 22.01383 22.05915 22.12697 22.21713 
8 25.13274 25.15260 25.19228 25.25171 25.33076 
9 28.27433 28.29199 28.32729 28.38016 28.45052 

10 31.41593 31.43182 31.46360 31.51121 31.57461 

n\M 11/2 13/2 15/2 17/2 19/2 

1 4.84100 5.35385 5.88541 6.42787 6.97604 
2 7.36468 7.75663 8.19030 8.65866 9.15513 
3 10.18591 10.47664 10.80707 11.17405 11.57441 
4 13 .14838 13.37508 13.63550 13.92804 14.25106 
5 16.17779 16.36251 16.57582 16.81682 17.08455 
6 19.24300 19.39850 19.57860 19.78275 20.01034 
7 22.32939 22.46349 22.61910 22.79585 22.99334 
8 25.42928 25.54708 25.68395 25.83963 26.01385 
9 28.53827 28.64327 28.76537 28.90439 29.06012 

10 31.65369 31.74838 31.85856 31.98409 32.12482 
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APPENDIX C: SOME EIGENVALUES OF 
K FOR {3=3.0 

The following are the first sixteen solutions (in order 
of magnitude) KM,n of Eq. (16), with (3=3.0, for half
odd-integral values of M. Column e gives maximum 
uncertainties; an asterisk (*) indicates that the value is 
correct to five places after the decimal point. 

M n K e 

1/2 1 1. 57080 * 
3/2 1 1. 73717 * 
5/2 1 2.02066 * 
7/2 1 2.36711 * 
9/2 1 2.74070 * 

11/2 1 3.12287 * 
1/2 2 3.14159 * 
3/2 2 3.24 ±0.02 
5/2 2 3.43 ±0.02 

13/2 1 3.50557 * 
7/2 2 3.69 ±0.01 

15/2 1 3.88605 * 
9/2 2 4.02 ±0.02 

17/2 1 4.26370 * 
11/2 2 4.38 ±0.02 
19/2 1 4.64 ±0.01 

n 
20 ~6 

16 ~5 

~4 
12 

~~ K 

B 

4 

0,L-~1~3--S~~7~9~*11~13~1~S~'7~1~9-
2 222 2 2 2 2 T T 

M 
FIG. 7. Solutions K M .n of Eq. (16), with /3=2.0, for the 

lowest ten values of M(M=1/2, 3/2, "', 19/2) and the lowest 
six values of n(n=1, 2, ",,6). Each open circle represents an 
eigenvalue of K M .n and thus a doubly degenerate energy level, 
the energy of which is given by Eq. (25). To a first approxima
tion, for /3 differing slightly from 2.0, the graph will remain ac
curate if the ordinate be taken as (/3-1)KM .n . 

APPENDIX D: LOW ENERGY EIGENVALUES 
(n= 1) FOR {3=2.0 AND {3=3.0 

The following are energy eigenvalues EM} of the 
'unperturbed' system (B=O), for a=O.l I, JL= 104.9 
amu (phys.), for values of (3 of 2.0 and 3.0, and for 
half-odd-integral values of M from 1/2 to 17/2 in
clusive. See also Figs. 5 and 6. 

M EO({3= 2.0) EO({3=3.0) 

1/2 3 .15X 10-14 erg O. 79X 10-14 erg 
3/2 3.45 0.96 
5/2 4.04 1.30 
7/2 4.91 1. 79 
9/2 6.06 2.40 

11/2 7.48 3.11 
13/2 9.15 3.92 
15/2 11.06 4.82 
17/2 13.19 5.80 

* Alfred P. Sloan Research Fellow. 
1 H. A. Jahn and E. Teller, Proc. Roy. Soc. (London) 161, 

200 (1937). 
2 J. H. Van Vleck, J. Chern. Phys. 7,72 (1939). 
3 L. ~: Lohr, Jr., Inorg. Chern. 6, 1890 (1967). 
• U. Opik and M. H. L. Pryce, Proc. Roy. Soc. (London) 

A238,425 (1956). .. 
5 H. C. Longuet-Higgins, U. Opik, M. H. L. Pryce, and R. A. 

Sack, Proc. Roy. Soc. (London) A244, 1 (1958). 
6L. L. Lohr, Jr., Proc. Natl. Acad. Sci. (U.S.) 59, 720 (1968). 
7B. Bleaney, K. D. Bowers, and R. J. Trenam, Proc. Roy. 

Soc. (London) A228, 157 (1955). 
81. B. Bersuker, Zh. Eksp. Tear. Fiz. (U.S.S.R.) 44, 1239 

(1963) [SOy. Phys. JETP 17, 836 (1963)]. 
9 R. E. Coffman, J. Chern. Phys. 48, 609 (1968). 
10 T. F. Tucker, Jr., Phys. Rev. 112, 725 (1958); also see D. C. 

Burnham, Bull. Am. Phys. Soc. 11, 186 (1966). 
11 R. G. Wilson, F. Holuj, and N. E. Hedgecock, Phys. Rev. 

B I, 3609 (1970). 
12 R. H. Borcherts, H. Kanzaki, and H. Abe, Phys. Rev. B 2, 

23 (1970). 
13 A. Abragam and M. H. L. Pryce, Proc. Phys. Soc. 

(London) A63,409 (1970). 
!( F. S. Ham, Phys. Rev. 166,307 (1968). 
15 M. C. M. O'Brien, Proc. Roy. Soc. (London) A281, 323 

(1964) . 
16 A. S. Davydov, Quantum Mechanics (Pergamon, New 

York, 1965), pp. 472-8; M. Born and R. Oppenheimer, Ann. 
Physik 84,457 (1927). 

17 Since m is restricted to 'half-add-integral' values, J_m could 
have been used in place of Y m. 

18 See Appendix A. 
19 A. Gray and G. B. Mathews, A Treatise on Bessel Functions 

and Their Applications to Physics (Macmillan, London, 1922), 
2nd edition, pp. 57, 116. 

20 J. McMahon, Ann. Math. 9, 23 (1894). 
21 For discussions of relaxation in six-coordinated Cu (II) 

systems, see D. P. Breen, D. C. Krupka, and F. I. B. Williams, 
Phys. Rev. 179,241 (1969), and F. I. B. Williams, D. C. Krupka, 
and D. P. Breen, ibid. 179,255 (1969). 

22 For reviews of Jahn-Teller phenomena, see M. D. Sturge, 
Solid State Physics, edited by F. Seitz, D. Turnbull, and H. 
Ehrenreich (Academic Press, New York, 1967), Vol. 20, pp. 
91-211; and F. S. Ham, Electronic Paramagnetic Resonance, 
edited by S. Geschwind (Plenum, New York, 1969). 


