DYNAMICS OF CHARGE DISTRIBUTIONS

7+ W, )| 1+ g2 (/) ~ DHG/a) — 1|

= o*(r, 0)/s. (28)

The charge contained within the surface of the
sphere of radius r, at the time ¢is Q(r, £). It is related
to the charge density ¢, through

QF, H = /r q(z, H)4nd’ dz.

(29)

In order to conmstruct the function g¢(r, ), we
calculate the charge in the volume element 4xr’dr.
Suppose only two shells with s numbers s, and s,
intersect at the time ¢. Then the charge in the said
volume element is

4xr® dr q(r, t) = 4xs] ds; q(s))

+ 4rs} ds, q(s,) — 4ar’a® dr Q, 8¢ — a) (30)
or equivalently,
r’qlr, 1) = [s* 9s/0r ¢o(®)].,
+ [6* 9s/3r go(9)]s, — Qod” 80r — @).  (31)

The initial charge distribution is g,. The values
s; and s, are the roots of the equation

r—r(s, ) =0. (32)
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More generally, if this equation has, say, N roots
then Eq. (31) appears as

o, ) = 3 (/) (05/00i9(6) — Qula/r)* o — a).
=1 (33)

Equations (28), (29), (32), and (33) are the desired
equations of motion.
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The most general Clebsch-Gordan coefficients to reduce the physically most important n-fold
product representations of the groups P, ' and P (Universal covering groups of the restricted and
full inhomogemeous Lorentz groups) are derived. They are used to answer the question: What can be
said about the S-matrix if only Lorentz invariance is postulated?

1. INTRODUCTION

EVERAL authors' ~® have constructed relativistic
angular momentum states to achieve a general
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“partial-wave decomposition” of the S-matrix. In
this work, we intend to approach this problem from
a quite general point of view. Namely, we want to
determine the most general Clebsch-Gordan coef-
ficients for an n-fold product of irreducible rep-
resentations of P! and P (i.e., of the universal cover-
ing groups of the restricted and the full inhomoge-
neous Lorentz group), if only representations of P!
are considered with character (m, ¢ = +1, s)(m =
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mass, e = sign of the energy, m > 0), and if we con-
fine ourselves to representations of P with the same
character, and for which, in addition, the square of
the time-inversion and the square of the space—time
inversion are represented by

(_ 1)23.

For the explicit construction of these representations
see Refs. 6-10.

We start from states which are represented by
square-integrable functions of the four-momentum
p on the mass-hyperboloid p* = m’, and which at
the same time are eigenfunctions of the spin operator

S:(p).

[For its definition see (2.18).] It is well known that
the spin operator of a particle in a coordinate system
in which the four-momentum p is measured is de-
fined only up to a transformation induced by an
element of the little group of p.

However, we want to start from states for which
the spin of the Ith particle is defined quite generally.
The only assumption we make is that the spin
operators corresponding to physically indistinguish-
able particles are equally defined. For the conven-
ience of the reader, we rederive many results which
can already be found in literature at different places,
e.g., the decomposition rules of the product rep-
resentation of P can be found in Refs. 3, 5, and 10.
The corresponding rules for P which are also given in
our paper, as far as the author knows, cannot be
found elsewhere. The works of Jacob and Wick® and
Wehrle* served as a guide for the author. The
present work may be looked upon as a generalization
of their work, in which the helicity formalism is
exclusively used.

We apply our methods also to the S-matrix which
we first represent as a sum of covariants of P} mul-
tiplied by invariant amplitudes. These may then be
decomposed into partial-wave amplitudes. Finally,
the connection between this approach and the M-
functions of Stapp''''? is given (see also Ref. 12).
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2. SOME FACTS ABOUT SL(2,0)

It is well known that there exists a one-to-one
correspondence between the Hermitian two-by-two
maftrices and the vectors of Minkowski space p,

p=0p,0,0) op.=dp, (21
where
PG =1 F=CD gy
o =( "), and o =( -
are the Pauli-matrices. It follows that
detp. = () — 9 = m’. (2.3)

We shall only consider the case where p lies in the
future cone.
By

Ap. A" = [A(A)p]., (2.4)

a two-one homomorphism between SL(2, C) (Group
of complex unimodular two-by-two matrices) and
the restricted homogeneous Lorentz group is estab-
lished. If we introduce the caret operation for any
two-by-two matrix by the definition

A = A, 2.5

(the bar indicates the complex conjugate), it follows
for A € SL(2, C)

A=A (2.6)

The caret operation is an outer automorphism of
SL(2, C), which, at the same time, is an involution.
Because

€= —iog"

p~ = [Op]., @7
its application to (4) yields
Almip).A" = [HA(4)p]-,
ie.,
MA(A)T = A(4), (2.8)

where II denotes the space inversion, Note that the
caret operation leaves the elements of SU(2, C)
(Group of the unitary unimodular matrices) in-
variant. Let V7 (m) be the mass hyperboloid belong-
ing to the mass m in the future cone. The relation
(4) then shows that to each p & V" (m) there exists
a transformation a(p) € SL(2, C) with the property

ma@a @) =p.  (m > 0);

Ya@)(00 + o)o' () =p~.  (m = 0).

The sets Q(p) of the transformations «(p), which
possess these properties form left cosets of the little

2.9)
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or isotropy groups of the matrices 1 {m > 0) and
1{o0 + 03) (m = 0), respectively, which corresponds
to the momentum (m, 0) and (%, 0, 0, %) in Minkow-
ski space. The isotropy groups are

Lim) = {SU@, C)C8LE@,C), m>0, 40
L) C SLE,0), m =0,
where L(0) means the group of transformations
(@) p(e), (2.11)
_ (1 a
r(a) = (0 1), (2.12)

ple) = (8‘;/2 e_?m). (2.13)

Specially important choices of the transformations.

a(p) are [we reserve parentheses for a general element
in Q{p), applying brackets and braces to the special
elements quoted in the following]

m>0
]
alp} = (%) = %ﬁ%@ﬁ; @.14)
with
w®) = +0n* + P},
and, form > 0,
alp] = plp] hipl. (2.15)
Here
-1 A 0
Hip) = (e b)i o) > O
U
(2.16)
where b is the Fuclidian length of p,
and
e for (0 < ¢ <730 < ¢ < 20),
plpl= 1 for =0, (217)
io' for =
¢, ¢ are defined by
p = P(sin & cos ¢, sin & sin ¢, cos J). (2.18)
In the case m > 0 one has
hip] = a{p(B3)} (2.19)

with p(3) = («(¥), 0, 0, p). In addition one derives
from (14) for » € SU(2, C)

alph’ = «{AG)P}. (2.20)

From (19) and (20) we conclude that

efp] = plp] hp] = «fp} olpl. (2.21)

3. SURVEY ABOUT THE PHYSICALLY MOST
IMPORTANT REPRESENTATIONS OF THE
INHOMOGENEOUS LORENTZ GROUP~+

Let A = (25) be a matrix of SL(2, C). It is well
known that, by

ez + v)) "Bz + 8
[+ Nl — N1

s4+N!

8=\’

x)\:)! (8 _ }\I) H; Q;'X(A)%-:

= ; G 3.1

where A is one of the numbers of the set
I.i)={~s,—s+1,-0,1---8—1,s}

and the summation over X\’ is to be carried out over
the same set, the representation (s, 0)

4 — D'(4).
and the representation (0, s)
A — D'(4),

of SL(2, C) is defined. If A € SU(2, C) the two
representations coincide and become unitary,

Let K be that subgroup of SL(2, ), the elements
of which are either of the form

(G 2
G %)

Equation (1) then gives an irreducible representa-
tion of K if we restrict A\, A’ to the set of the two
numbers

or of the form

I(s) = {~s,s}.

We denote the matrix which represents the element
A € K in this representation by

D'(4)o.

6 2
(8 D) a=( 7).

We notice that the subgroup K, = K N SU@, C)
{(Mmeans intersection) is thus represented unitarily.
DA)(r=0+ DA € SLE, C)forr = 4+ 1,

We find

_fa O
for 4 = (0 a-’)’

D(4), = (3.2)
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4 € K for r = 0] defined in (1), and (2) is a matrix
operating in a N, (s)-dimensional vector space, where

N
2, F=0.

3.3)

Let $(m, s) be the Hilbert space of the matrices
with one column and N,(s) rows, the elements of
which are square-integrable functions defined on
the mass-hyberboloid V*(m). We define the scalar
product in H(m, s) by

0 = [, £B1 @ 1 0E Sm, 9,69

where the integration extends over V*(m) and the
symbol ? indicates the change to the adjoint (trans-
posed and complex-conjugate) matrix.

The unitary irreducible representations of the
orthochronous quantum mechanical Poincaré group
P', the universal covering group of the ortho-
chronous inhomogeneous Lorentz-group P' is de-
fined in $0m, s) by

U@Nw) = 1@), (3.58)
(UDN®) = D'(plp, ANf(A7(A)p),  (3.5b)
(U@MN@) = nx D' (pa®)-f(Tp). (3.5¢)

The unimodular factor gy is the parity. ®°( ), is
defined in (1) and (2). [In future we drop the index
r, keeping in mind that, in the casem > 0 (m = 0),
we have to take the matrix D'( ),, Dg( ), respec-
tively.]

The matrices p are defined as follows

P(P; A) = —l(P)Aa(A_l (A)p)r
o = o' (D)a(llp),

with arbitrary a{p) € @Q{(p). [The physical signifi-
cance of our choice of a(p) is seen below.] pn(p) has
the properties

@) € L(m),  pu@)paip) = 1.

Note that, for m = 0, pu(p) & L(0).
From (5¢) one derives

U =

These formulas are valid for cases m > 0 and

= 0, if one determines any matrix belonging to
the group L(0) modulus the invariant subgroup of
“the translations” r(a) as element of the group
DU(2, () which is defined as the group of the
matrices p(e) given in (2.13). [It is well known that
only those representations of L(0) have physical

(3.6)
3.7

3.8

3.9
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significance, in which the invariant subgroup of the
“translations” is represented by the unity.]
By doing this, p(p, A) as well as pr(p) in the case
= 0 become elements of Ky, so that D'( ), is
defined for both of them. For a(p) — ofp], we get

1o® for{o Se< T} and ¢ = 0,

- 0<e
oalp) = <o i
. 3 rl o< 2r '
—io f0r0<l’<ﬂ_ and ¢ = =,
For a(p) — aip}, we get
puip} = (8.11)

If we confine ourselves to the restricted group P!,
the space 9(m, s) remains irreducible in the case
m > 0, decomposing into two subspaces with the

elements
(). (f-?@)'

respectively, in the case m = 0.
Finally, we define the time-inversion antiunitary

by
DHUIDN®) 7

V(NN ®

_ (3.12)
= D'(pu(p)e) f(TIp) - nr
with
7= .31 [a]* = lnz* = (3.13)
Note that
5);');(6) == (‘— 1)‘*)‘ 5)3,-; (3.14)
so that it follows
V(T = (—1D™. (3.15)

Defining V(T) by (12), it is not hecessary to enlarge
the space to represent the time inversion. We do
not consider representations with different values
of U*(IT) and V*(7). These are found, for example,
in Ref. 7.
If we define V(IIT) by
Vr) = tv(r) =

3;}-3 V(TU@),  (3.16)

we get
Viur) = (—-1)'"-3& (3.17)
o
The freedom in the choice of a(p) € Q(p) is the

mathematical expression of the fact that the spin
vector of a particle in a coordinate system, in which
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the momentum p is measured is only determined
up to a transformation with an element out of the
isotropy group of p. If § is the vector of the total
angular momentum in our representation (vector of
the Hermitian represented infinitesimal rotations),
we get for the spin operator in a coordinate system
in which the particle has the momentum p,

5@ = Ua@Wipm)U™@) 5 g
- WM @).
Here
p(m) = (m,0) for m > 0,

p(O) = (%) 0,0, 1),
W,(p) = [p°"(m)] 70, p°J + pxN),

and N is the vector of the Hermitian Operators
representing the infinitesimal special Lorentz trans-
formations in the three directions of our coordinate-

(3.19)

system.
For a(p) — af[p] we get
Ss[p] = Ulelp])J.U " (elp))

(3.20)
= U'l(p[p])JaU—l(P[p]) = 3'”/‘3;

ie., the projection of the total angular momentum
on the direction of the momentum, the so-called

helicity.
For a(p) — a{p} it follows
-1 —DPs
Salp} [ -@0 P
+ PoJa + I)lNz - psz]
=J‘"(M‘ +mm>’
1 _psds —piJs
+nAM m+qm>
= (X xp)s, (3.21)
where
g=2__ 03 __ gy (32

m  m(m + w(k))

with suitable chosen f(R,p) turns out to be the
(Newton-Wigner) position operator.

Therefore, this choice of the transformation a(p)
is equivalent to the definition of the spin (in a
coordinate system in which the particle has momen-
tum p) as difference between the total and the
angular momentum.
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Concluding this section, we mention that, in the case
m > 0, the transformation

@) = 2'(a@)i@)

represents an isomorphism of the Hilbert space
9(m, s) and a Hilbert space equipped with the scalar
product

(3.23)

", 0) = [ 221w (&)o' = ¢, 0. 629

In this Hilbert space the unitary representation of
P! takes the well-known “(s, 0)-Spinorfield-form”

U@ @) = e™f®),
(UMD @) = D(AHf (A™(A)p),

wmNE = (&) mp)-m,
TDNG) = 97T

Equations (23)—(25) remain valid, of course, if a
caret is put over each matrix occuring in D°()
leading to the ““(0, s)-Spinorfield form” of the unitary
representation of PI. The space inversion maps the
so-defined representation spaces of Pl onto each
other.

(3.25)

4. PREPARATIONS FOR THE DECOMPOSITION
OF THE GENERAL P%ODPUCT REPRESENTATION
F + t

Let us first consider the set @,(m)(m = (m,, - -+ m,)
|m| = Y 1., m; > 0) of the oriented closed polygons
in three-dimensional space, which have n edges
labeled with “weights” m, - - - m,. Strictly given the
set of “weights ” m, -+ m, such a polygon is still
characterized by n vectors f, --- ¥, which satisfy
the subsidiary condition

38 =0. 4.1
il
We define the total weight of a polygon by
M= 3 (f+m) (4.2)

=]

Instead of characterizing the polygon by m and

(t, --- 1), we may also characterize it by n four-
vectqrs
k= (k- k), =[(f +md)" 1), (3
which fulfill the subsidiary condition

2 ki = (M,0) (4.4)

f=l
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or applying the mapping (2.1) by n Hermitian ma-
trices

ko = (buy ++ buw) (4.5)
satisfying the subsidiary condition
2 ku =M1 (4.6)

i=1

Consequently, the weights of the edges are then given
by the roots of the determinants of these matrices.

We call equivalent two of the elements of ®,(m)
if and only if there exists a rotation B,s,(p, &, x =
Euler angles) which transforms one of the elements
into the other. Hence ®@,(m) decomposes into equiv-
alence classes. Let us imagine that a system of rep-
resentatives of these classes is chosen. Assume that
it is given by polygons characterized by the vectors

Zb"zos

(131

ﬁ; = b.‘(ﬁ) (@‘ =1 . 'n), (4.?)
where & = (ky *** Ksp-a) 8re (3n — 6) inner (ie.,
rotation-invariant) parameters which parametrize
the system of representatives. We may choose as
K, (the square of) the total weight 3. In general, M
is a function of x:

M = M(x). 4.8
A possible choice of the parameters is
blbz e bn-l, 02; 03‘98 e 1}1:-1‘9’.-1: (49)

where ¢, 9. are the polar angles of b, relative to
b, (¢ is measured starting from the plane put up by
b, and b,; b; denotes the length of 5;).

It is possible to choose the Lorentz-invariant
parametrization

(b; bx) s (b: bn—l)) (bu bz) et (bu bn—l) 3
[bh b27 bz; b4] M [bn—a) bn-zy bn-l; bn]p

where

(4.10)

n

Z b,— 3

iw]

(by, b;) is the Minkowski scalar product of the
vectors b, and b,, and

[bl; bB) ba; b4] = E,pwbhbmnbsfbtiw

by = (Imi + 5%, 6, b=

(4.11)

stands for the volume in Minkowski space defined
by the vectors b, »- - b,.

In future, we use a general parametrization if we
do not explicitly refer to a special one. The domain
in wx-space, the points of which correspond to real

KUMMER

polygons, we denote by C,, and the submanifold
of C, defined by (4.8) we denote by C,.(M).

In the case n = 2, C, is the positive real axis. One
has

Bl="'hg=b

and one may choose as inner parameter b or 3. The
two quantities are connected by

M = (8 + m)t + (6° + m)?, (4.12)
ie.,
b = Admy, my, M), (4.13)
where
A(my, my, M) = (1/4M*)(m; + mz + M*
— 2miM* — 2miM*? — 2mim}). (4.14)

It is no loss of generality to assume that b, points
in the direction of the 3-axis in three-dimensional
space, so that

boy = (w‘(h)0+ ) w;(ﬁ()} - 5) T @)
oo (PO 0 )

We now want to parametrize one of the equivalence-
classes in ®,(m). It is evident that, in the casen > 3,
the three-dimensional rotation group (and in the case
n = 2, the two-dimensional sphere) yields a param-
etrization. However, the parametrization adapted
to our purposes is the following. We consider the
isotropy-group G, C SL(2, C) of the n-vector of
Hermitian two-by-two matrices

b= (boy ++- bow).
We find

DU, C), n=2

¥
_ (4.16)

cyclic group of the
two elements (1, — 1), n > 3.

Here we have assumed that b.,, b.. (in the case
n = 2) have the form (4.15) so that DU(2, C) is,
as above, the group of the matrices p(y) defined
in (2.13). We denote by

SU@, 0)/G, 4.17)

the manifold of the left cosets of the group @, with
respect to the group SU(2, C). In the case n > 3, G,
is an invariant subgroup; hence (4.17) is a group (iso-
morphic to the three-dimensional rotation group).

A parametrization of the manifold (4.17) is now
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seen to be equivalent to one of an equivalence
class of ®,(m), ie., if {p} is a system of rep-
resentatives of the left cosets, {p} yields a parametri-
zation of an equivalence class of ®,(m). Let p =

(p1, *++ pa) be an element of the product set
Vim) = V(m) @ Vi(m) ® -+ @ V'(m.),
(4.18)
and let ¢ denote
¢= 2 (4.19)

fu]
Then we have
¢ 2 mf* > 0.
Further we assume

a(g) € Q(9).
By the relation

(@pLa'(@) ! = ko,

we attach to eachp € V*(m) a polygon and therefore
a representative p € {p} and a point x € C.((¢]}).
On the other hand, if x € C,(¢*]) and p €
SU@?, C)/G., ¢ > |m|?, and b(x) is a representative
of a class in ®,(m), we get a vector p € V' (m) by
the relation

p~ = a(@)sb-(x)pa (9). (4.20)

In other words, there exists a parametrization of the
manifold V*(m) by the one-to-one correspondence

P9 oy, (4.21)

whereg* > |m|* > 0, p € SU(2, C)/G., x € C.(¢’1).
By x € C.([¢°])), a equivalence class of polygons in
®,(m) with total weight [¢’]® is fixed. We call it
the equivalence-class x. We consider now equiva-
lence-classes, which are related to the given one:

(1) The equivalence class of the mirror polygons,
which we denote by IIx. (Note that in the cases
n =2 3: Ik = x)

(2) Let v, be the subgroup of the symmetric
group v, of n elements which contains all the ele-
ments permutating those edges of a polygon in
-®,(m) which have the same ““ weights”, so that @,(m)
is mapped onto itself by each = & «/. The permuted
equivalence-class x we denote by =x.

Because the polygon characterized by Ilb(x) must
lie in the equivalence class ITx, and, similarly, the
polygon characterized by #b(x) in the equivalence
.class 7x, there exists transformations vy(x), v.(x) €
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SU(2, C) with the property

b(ITx) = v()[IIb(x)]~ v1(x) (4.22)
and

b(r) = v, () [7b()]- vh(x), (4.23)

respectively. They are only determined up to an
element in G,. Furthermore, because of

Ox) =%, mr)x = (T, 4.29)
we have
va(x) va(Mx) = p(xn) € G, (4.25)
ie.,
0L xa <4r for n=2, (4.26)
xa =0, 2x for n > 3,
and
Veu(m10) V2,(8) = p(rurs) Veuri(),  (4.27)
where
P Xxixs) € G (4.28)

Before continuing the general discussion, we give
the most convenient choice of b(x), v, (x) and vy(x).
For n = 2, 3, we have b(Ilx) = b(x); hence we may
choose b to be real and

v.(x) = ¢ forall x € C,. (4.29)

For n > 4, we could in principle choose vg{x) = 1 by
choosing IIb(x) as representative of the class IIx.
However, we shall see that the choice (29) is the
most convenient one for all n* It corresponds to
the choice Yb(x) for the class Ilx, where ¥ denotes
the reflection about the zz-plane.

For n = 2, one has

b(rx) = b(x), (4.30)

where b(x) is given by (15), so that we may set

v.(¥) = e (4.31)

If » > 3, and if we disregard all cases where either
Ok =«

or (4.32)

x = Mk,

by recognizing that the set of the points x € C, with
one of the properties (32) has zero (Lebesgue) meas-
ure in xk-space (we shall see the reason why we
may neglect sets of zero measure in x-space later
on), we may choose

v.(x) = 1. (4.33)

* At least if one considers space and time inversion
simultaneously.
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We now claim that, simultaneously with the cor-
respondence (4.21), one has

AT (A)p « AT (A)g, p7(g, A)p,x,  (4.343)
TIp & Mg, pr'(Q)ev~"(x), Ix, (4.34b)
TP < ¢, pv7 (%), Tx. (4.34¢)

We show the validity of these correspondences in
the case of the space-inversion and leave the proof
of the other ones to the reader.

Application of the caret operation to Eq. (4.20)
yields

p- = a(@)eb-(p'¢ (),

ie.,
(p). = &(g)pri(x)b-(Mx)ra(r)&'(g)
= a(lig) p'(q) P’ ()b~ (TQ)ou(x) pu(g)e(TLg).

The last equation shows the statement (4.34b).
We now define the transformation

ap) = algp if peg px (435
With the help of (34), one easily derives
a(A(4A)p) = A7"a(p),
a(lip) = d(p)va' (), (4.36)

ap) = a(@)vy (x).

Now, let u(b;) be an element of L(m;) which may
depend on b; [L(m) was defined in (2.10)], and let

a(p) € Qpy)
[Q(p) is defined after Eq. (2.9)]. Then we define

ai(b) = er(b)u(b) € Q) (4.37)
and
r() = u (b)) pi(a”(p), A7 [a(p)Ip)[—(3.6)]
= [ai(b)] "o @) € L(m)). (4.38)

[As always, we have to determine the transforma-
tions of L(0) as diagonal matrices belonging to
DU, C), calculating modulus “the translations.”]

By a change of the representative p of the left
coset of G,,

0 < x < 4n, n =
p-—wm(x){ =2 >

one is led to the substitutions
a(p) — a(P)e(x),
) — {y(bl, 0@,

n =2,
-7 (P) ) n 3 (4 .39)

vV

~
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where
y(bi, ) = [3(b)] " p(—20eis(b)) = 9(bs, x).  (4.40)
Furthermore, one easily derives
r(A7(4)p) = r(®)ap:, 4), (4 41a)
r(ITp) = wn(x)r:(p) pu(p1), (4.41b)
r(p) = wi(Wra@), =€, (44lc)

where
wi(x) = [0 va(4i(b), b =
we(x) = [(®OD] 0. ()ai(bsr), b]
We give the proofs of (41b,c).
r(Ilp) = [a';(bltj)]_lvu(K)a_l(P)al(npz)
= [ai(B'D] 'on(x)d5(b.)#:(TIp) pu(P2) ;
r@p) = [ai(bD] v (x)a™ (Deu(p.2)
= [a'l‘(b?)]_lvr(k)a’;(bfl)rrl(p)
if and only if
ai(p) = a.lp) for = E4.. (4.43)
The validity of Eq. (4.41c) is founded on the
assumption (4.43). Note that, in the case m; = 0,
wi(x) & L(0), but wi(x)e & L(0) because of Eq.
(3.8), so that wg(x)e is to be determined as an
element of DU(2, C).
We now remark that, for arbitrary fixed a;(p;) €

Q(p:), we may choose u(b;) & L(m), always in such
a way that, for all [, '

ai(b) = albi], (444)
where o[p] is the transformation defined in Eq.
(2.15). With this choice of u(b;) and the choices

of vy, v, as quoted in Egs. (4.29), (4.31), and (4.33),
we get

wﬁ(x) = a[Yb[]_IE&[bz] = ia[b;]—léé[bl]
{ —sign, if b, points in the direction of the
= d: 3

b:l19); 4 49)
bi(7x).

negative 3-axis,
~+sign otherwise.

With the restrictions, we have already put on the
choice of b, in the case n > 3, it is always possible
to choose these vectors in such a way that no one
points into the direction of the negative 3-axis. How-
ever, this is not possible in the case #» = 2 in which
we have chosen B, pointing in the direction of the

positive 3-axis and b, = — B,. That is why we get
l=2,

—E€

+e

wn(x) = n=2

(4.45)
. otherwise.
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Furthermore, we get in the case n = 2
w,(x) = afb]ealllb;] = alb)] "ed[b:]pnlb:]
= a‘l[bl]&[b,]epn[bg].

According to Eqs. (2.16), (2.17), and (3.10), it follows
that

we(x) = —ioy, l=1,2, (4.46)
and (4.40) yields
Y(b1, x) = o ' [bi]e(—x)albi] = p(~x), @47

Y(bsy x) = (o) p(—x)ioy = p(x)-
Finally, we get in the case n > 3 with the choice (33),
wy(x) = 1. (4.48)

This choice given by (4.29), (4.31), (4.33), and (4.44)
corresponds to the construction of angular momen-
tum states by Wick, Jacob, and Wehrle. We refer
to it as the WJW choice.

We have not yet finished the necessary prepara-
tions for the decomposition of the direct product

@n(m) S) = ‘@(mly Sl)
® @(mh 82) ® e ® @(mn; Sn)y (449)

m= (my, > m,)s = (8, --- 8,). We have to study
the change of the relativistic invariant volume
element on V' (m) if we introduce the parameters
standing on the right side of (4.21). We start from
the invariant element of volume in p-space and write

d'p = &' Vpd'g = &' Vkd'e; g = Xop

where k = A7 (a(p))p. From

p° dp° = mdm,
it follows
dau
" d n
() - wa)
FLICIPE ga_q_
= M M,
wl(bl) et wn—l(hn—l) w(q)

where
wp) = +im’ + 91,
or, because of
M = 3 [mi+ 63,
i=1
we get
d3np

_ d3(n—1)k M si_a_q_
"’l(pl)‘ e w..(P.) wl(bl) e wn—l(bn-l)wn(bu)

w(g)
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The invariant volume element of the unitary group
SU@Z, C) is

dp = [164°]"" d cos ¢ do dx. (4.50)

We have normed it in such a way that the volume of
SU(2, C) is one. It coincides (up to a factor) with
the invariant volume element of the three-dimen-
sional rotation group. We therefore get (n > 3)

1 dp  _
2" wl(pl) e wn(pn)

where w(q) = [0 + M*(x)]? also depends on x and
A, (x) stands for the expression

3
A dp 2’1 (qq S, (@5

___];_63("_1)]6. M(K) )
2" 3p Ok wi(B;) - - wa(b,)

Note that A,(x) is not dependent on p because
d*" Pk is rotation-invariant, i.e., it is constant on a
equivalence class of @,(m). If we now choose that
parametrization of the equivalence classes of®,(m)
which is given in (9) and which we denote by x,, we
find

A.(¥) = (4.52)

n—1
@k = 16n" ]] 6. d cos 8, da(e;)

t=1
X L dQ(en_1) dp dbl M db,.—; (4.53)
(Compare also Ref. 4), where d2(e) = d cos dde¢

is the element of volume of the sphere in three-
dimensional space. Hence, the result is

~ %+ bl 1
An(Kﬂ) = 2»—5 ;‘I—Ilwi(bi) M(KO) 'w"(b”) ’ (4-'54)
where we have to set

We notice that, by choosing this parametrization,
A,(x) has the same value on the equivalence class
of the mirror polygons as on the original one

A (Oxy) = Au(x0), (4.56)
and, on the permuted class, it has the value
Aure) = b7 be-in? Aa(wo). (4.57)
In the case n = 2, we get
1 dp, d’ps d’q A
= = b) dQ(e) db
4 o (P)wa(P2)  2w(q) +(8) da(e) (4.58)

_ dq
oty As) da(e) M,
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with A(]b]) and A(M) given by
EZ
A1) = 5 e

M(5),
(4.59)

The last equation is a consequence of

cLM(l L

M
@~ \e®m T ;};(‘ni)" = B

In the case n = 2, the mirror and the permuted
equivalence class of polygons coincide with the ori-
ginal one, on which A is a constant.

5. DECOMPOSITION OF AN N-FOLD
PRODUCT OF SPACES

We now consider the space (4.49), where the as-
sumption |m| = D> "_, m; > 0is made. The elements
of 9,(m, s) are column matrices f, g, with N, (s,)*
N, (s} -+ N, (s.)(r = sgn m,) rows, which de-
pend on p : j(p), g(p), and the scalar product is
defined by
- & 14

G0 = [, ooy —agyz @@ ED

The representation of P in §,(m, s) is, according
to (3.5) and (3.12), given by

UN® = ),

UN® = 9°(e(p, ANIA (D),

UADNH®) =.9°(ou()fITIP) nn,

VDNE = DTN @) -n,
where D°(p;(p)) is defined by

D%(pn(p) = D"(pun@)) @ - -+ & D" (pun(p.) (5.3)

and D°(o(p, 4)) in a corresponding way. (X means
Kronecker product.) Moreover,

(52

g = o **° T,y n="T"'"" T (5-4)

Now we define a representation of v/ in $,(m, s),
where «/ is that subgroup of the symmetric group
of n elements, which permutes equal particles among
themselves by

(UGENH® = Ca)f@p),
or, more explicitly,
(UE"Mieon® = CLI0E s wa ()
= frm'"rnn(ﬂ'p)-

(5.5)

KUMMER

By this equation the matrix C' is defined. The sub-
space of $.(m, s), which carries the physically cor-
rect representation of the group v/, we denote by

7(m, s). The elements belonging to this subspace
satisfy the relation

(UEINE) = @2, (5.6)

where n(r) is the signature of the fermion permuta-
tion under 7. We now define

2%p) = DM ® --- Q@ D"(@),  (G.1)
where r,(p) was defined in (4.38).
Moreover we define
F(p) = 2%(p)f(®). (5.8)
Hence, we find according to (4.41)
U @) = 2"@UADNE) = FA (4,
(U@MF)(p) = 2°()(UIN ()
= D°(wi' («)FIPp) - ny,
UGEF) D) = 9°@CE)fp), (5.9

or, because of
DECE) = Ca )N
[where
2.0 = ) ® - ® D))
and (4.41c), we have
UER) @) = Ca )9 (W, () Fp).

Besides the space $,(m, s), we now consider the
space of the column matrices  with N, (s;)- -+
N, (s.) rows, which are square-integrable functions
on the set

(5.10

{Q7 Py “} qz 2 lmlg;
p € SUE, 0)/G.; x € Cg'h,

and which, in addition, have the following properties
[in the case n = 2, we may drop the dependence of
@ on x because x = , is determined by M = (¢*)?]:

n=2:px) € DUEZ, O,

(5.11)

#(g, po(x)) = Db, xN&g, p),  (5.12)
with y(b,, x) defined in (4.40);
forn > 3
#g, —px) = (=D)""'%(g, p, %), (5.13)
where |s| = D", s; and
Dy, x) = D"(y(by, x)) ® D" (y(bs, x)). (5.14)
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We denote the space of these functions by &,(m, s).
The scalar product in it is defined by

@ ¥ = f dpf d* %

j;+u(:) 2(50((1) #'(g, o, W¥(g, p, ®)

= ,£ gzlm“d*q f dp f d™%8(g) 8(¢" — M*(x))

X @f(Qy P “)12;(‘2: Py K)a (515)
where
_ 1 g =0,
bl = {0 % < 0.

It is invariant under the substitution
¢ — D(y(b, )¢
because y(b;, x) is unitary.

According to (4.39), the definitions (5.8), and (3.1),
the properties (5.12) and (5.13) are exactly the ones
possessed by the functions F(p), if they are com-
prehended as functions of g, p, and x. Hence, there
exists a one-to-one correspondence between the ele-
ments of $,(m, s) and that of §,(m, s). To make
it an isomorphism between the Hilbert spaces,

$.(m, s) = §,(m, s),

we have to set

&g, p, ¥) = AXWF(p). (5.16)
with 4,(x) defined in (4.52) and (4.59). Indeed, we
now get

(@, \z') = (F, g) ={f, 9.
According to (4.34), Eq. (5.16) induces the following
representation of P and v/ in &,(m, s):

(U@)@)(g, p, ¥) = €7¢(g, p, %),

(U(A)‘;’)(q, P “) = @(Abl(A)q: P_I(Q, A)P: “);

(UMe)(g, », %) = nuBu(x)

X D*(wn'(x)¢(Mg, pu'(9)prn'®), ITx),
UGE™e) e, e ®) = B.)CE)

X 98(’“’:1(“))‘7’(9'1 Pv:l(“); 7"“):
where

_ _éa(ﬁ)_]‘. - [_4_4_(5)_]*
Bn(“) = [A,,(HK) s Br(“) = A,,(1r1c) .
If we now make the WJW choice of the adjustable
quantities given in (4.29), (4.31), (4.33), (4.44) and
assume & parametrization of the equivalence classes
of ®,(m) for which

(5.17)
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Bp(x) =1

{this condition is for example satisfied for the parame-
trization, given in (4.9)], we get

(U(a)@)(Qs P ¥) = éi“&(q: £ %),
(U(4)¢) g, pyx) = (A7 (A)g, p (g, A)p,%),

(5.18)
(Ue)(g; p,%)
= (=D"""Me (Mg, pu'(@ee?, TN ng,
where
o= e pi={EN D
M — X, n = 2;
and, for n = 2,
UEHEha(g ) = (=DM aalg, ),  (6.19)

forn > 3,

(UE@) (g, py¥) = B.(QCE")é(g, o, m); © € 7.
This means that the states belonging to the physi-
cally correct representation of the group have the
property
n=3 B,(K)C(W-l)é(q, Py 7"‘) = ’1("")‘?5((1; P, “)-

(5.20)

In the case n = 2, if the two particles are equal,

A, ) = Granlg, pe ) (=DM ). (6.21)

Because of (4.47), the property (5.12) of ¢ takes the
form
—i{hs=ha} X =

Ay pPOO) = € &aale, ).
We now execute the transformation

#(g; Do) = @7 + D} [ doa(g, 0, Do), (5.23)

(5.22)

which possesses the inverse
#a 0,0 = T @7+ 18 ;0 D3(p), (5.29)

and which defines an isomorphism between £,(m, s)
and a new Hilbert space, with a scalar product
defined as

s n—8 d3
X $'(q; Iha;x) $(g; IAa;¥)

=3[ [ dog e~ M)

Joh Y Cau

X 3'(g; Ine;x) d(g; Ihoix).  (5.25)
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The transformed relations (5.13), (5.22), and (5.21)
are

n >3 :3(g; a0l — (=177} =0, (5.26)
n =2 :5a.(g JA)A — e RTIN =0, (5.27)
#(g; Iha) = Cme(g; J, N, —o)(—1)""*-n(m), (5.28)

and the representation of P! gets the demanded
form in which it decomposes into irreducible parts,

(U@@)(g; Ira;x) = e*°¢(g; JAa;n), (5.29a)
(U(A)¢)(g; Jra;x)
= D (p(g, (A (A)g; INa;x),  (5.29b)

(U@)a(g; Jra;x)

= ag(=1777"""™N D (pn(P)¢-a(Tlg; IN, —o;TIK),
(5.29¢)

(V(T)e)(g; Ira;x)

= @7 + 1) [ dp DT (g, o,) Do) n

= D (ou(@e@(g; JNo; ) -ny. (5.20d)

If we denote by the symbol §,(z) the set of points
in z-space on which the function

&(g; Jho;%)

may be arbitrarily defined [defining ¢ on the fol-
lowing sets is, of course, equivalent with defining
f2(p) on the sets:p € V'(m); A € ., ® I, (s)]—
with the restriction that (@, ¢) is finite—we get
according to (5.26) and (5.27)

3.9 = {g; ¢ > Im|*}
3.(J) = (J;2J =2 |s| mod 2}, (5.30)
., LW II®I.6); >3
Fy(o, d) = k=1
o =X —2A;2E 1, (s)
& I.,(5); [\ — N < J); n=2
3.0 = C.l()Y].

The set I,,(s,) & I,,(s,) forms a rectangle (s, = s,)
or a square (8, = §,) in the \As-plane.

J,(2) consists of those points of this set simul-
taneously lying between or on the straight lines
given by the equations

>‘l—)‘2=J, AQ_A1=J.

MARTIN KUMMER

[In the case n = 2, we may drop the dependence of
¢ on x and ¢ because x is determined by M =
(¢>?} and o by 2]

The space of these functions ¢ equlpped with the
scalar product (5.25) we denote by R,,(m s).

If two or more of the particles are equal, and if
v, is, as above, the group of those permutations
which interchange equal particles among themselves,
the functions ¢, in addition, have the property

B.()CEe(g; Iho; ) = n(m(g; Jao; ) (5.31)
forn > 3, and
CaNe(g; IN(=D" @) = ¢lg; JN)  (5.32)

forn = 2.

The space of these functions equipped with the
scalar product (5.25) we denote by &7 Y(m, s) and the
set on which the function comprehended as a func-
tion of x may be defined arbltranly [up to the re-
striction (¢, §) < =] we call §%(z).

Let 7 be a set of points in 2-space. We introduce a
measure on these sets by the definition

u#(r) = number of points contained in .

We call a set =, smaller than a set =, if and only if

u(r) < I'-(Tz) .

We do the same in x-space except we take as measure
the Lebesgue measure u(x). 3%(3) belongs to the
set of the smallest subsets 7 of #,(3.) which have
the property
U 7 =4.)
TE7a’

(the symbol \_J means “union”). An analogous state-
ment holds for §,(x).

In the case n = 2, we only have to consider 31
which may be chosen as that subset of the square
formed by §,(2) lying on the upper side of the diag-
onal given by the equation A, = \,, the diagonal
included or not depending on whether the upper or
lower sign holds in the equation

@ (=177 = +1. (5.33)

Comparing (5. 29) with (3.5) and (3.12) we remark

that the space $.(m, s), although reduced with

respect to the group P!, is still not reduced with

respect to P. But, because
VAT) = (—=D*,

vimr) = (-n*

(5.34)
(if all the 5y’s are real),
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it should be possible to perform an additional trans-
formation in such a way that Il and T are represented
in agreement with (3.5¢) and (3.12) (see Ref. 7).

The transformation we are looking for is given
by

#(g, IN; odxl) = 1{da(g; JAo; %) + bada(g; JAo; Tx)

+ B&(=DTTT Moo (g IN, —05 %)

+ &0-a(g; I\, —o; )]} (5.35)

Here £ = (£, £;) are two new parameters both of
which, in general, can take the values (+1, —1).

¢ has again the properties (5.26), (5.27), and, in
addition, it satisfies the relations

‘P(Q; J)‘; o, Ilx, Z) = Eﬁ(q; J)\; ao'xi);
o(g, J\; —o, —AxkE)
= £&(—1)77 1 (g, IX; odkE).

By R.(m, s), we denote the space of the functions ¢
with all these properties equipped with the scalar
product

eon=S5 [

JN ok

(5.36)

d’q
2w(q)
X (g, JX; adxB)¥(q, J\; odxE).  (5.37)

Here summation and integration extends over the
domain

{(JN; 07) E B (IN; 00); 8 = 138 = 1},
We now see that

@ ) =@ ¥

holds. Hence, in sum,we get the following sequence
of isomorphisms:

©a(m, s) = §,(m, s) = .OQ,(m, s) =~ R.(m,s). (5.38)

We are therefore allowed to identify all these spaces.
Because of (5.29¢, d), we deduce from (5.36)

(U(Me)(g, IN; odxk)

= npk; D (pn(@)e(Mg, JN'; oxE),
(V(T))(g, IN; o)

= nsk2 Dix(pu(@)e)o(llg, JN; odxE),

which indeed is in agreement with (3.5¢) and (3.12),
if we make the substitutions

o — nnfy,

W@ — ¢(g, IN; odxE).

Ny — nrfy,
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The subspace of ®,(m, s) which carries the correct
representation of the permutation group we denote
by £7(m, s). Because space inversion and a permuta-
tion of the edges of a (three-dimensional) polygon
are interchangeable, we get

v = Ilxx,
and, therefore
B,(Il¥) = B.(x),

if we choose the parametrization x in such a way
that 4,(lTx) = A,(x). Hence the space &7%(m, s) is,
according to (5.31) and (5.32), characterized as a
subspace of R.(m, s) by the following additional
properties of ¢:

= 2 1 9(m(—1)""p(g, IN; MNE)
= (g, JN; MME);
n > 3 : B, (we(q, I\; o, 7, 7xE)
= n(m)e(g, JN; odxE).

If we denote the set in z-space on which the function
¢ may be arbitrarily defined [up to the restriction
(¢, p) < ] by d.(x), we find

3.0 = {g; ¢ > |m|*},
3.(J) = {J;2J = 2 |s| mod 2},

3.0 = 1.(J).

3,(s, X) belongs to the set of the smallest subsets
7 of §,(c:%) with the property

T \UIIr = 4o, ).

(6.39)

(Note that the effect of II on a ““point in spin-space”
is defined by Ii(o, &) = (—a, — A).)

9,(x) belongs to the set of the smallest subsets 7
of 8,(x) with the property

r UllIr = 8,(0) = C.([¢"1).

Because of our definition of &,(m, s), two functions
¢, which differ only on a set of zero measure in
x-space must be considered as the same element of
f.(m, s). That’s why 9,(x) is only determined up
to a set of zero measure, and, consequently in the
case n > 4, we may assume that ¢ is zero on all
points with the property

(5.40)

50 that ¢.(x)contains no such points. In the case
n = 3, all points x have the property (5.40), or,
expressed differently,

3(1) = ds(x) = Ca(lg"1H)

IIx = x
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holds. In addition, we have
$aEs) = {&; &= x1 for n2>4;
£ =1 for n =2, 3};
dak) = {&; & = %1 for (o,%) = 0;
£ =517 for (0,%) = 0}.
(5.41)
#,(2) may be chosen as the set of points of 3,00

lying on the upper side of the diagonal (\;, = —X;)
of the rectangle which is formed by the points of

I.(s) @ I,,(s2)

and on one half of the diagonal itself [the point (0, 0)
included, if it belongs to §,(A), which is exactly the
case if s, and s, are integers].

In analogy to the sets 37 (z) we introduce the sets
87(z). 91(3) may be chosen as #,(2) N F1(R). (N
means intersection), where the last two domains
are chosen as indicated above. From (5.36a) and
(5.36b) we deduce

1(me(q, IN; MM = Ee(g, IN; =N, —Nod),

and consequently
&) = {&; & =1 for N # —N;
£ =@ for N\ = —N}. (542

#7%(s, &) for n > 3 belongs to the set of the smallest
subsets 7 of 4,(s, &) with the property
U gr = ‘5,,(0‘, J')y
g€ s’ (1)
where v/(II) stands for the group v/ supplied by the

element II which commutes with the elements = of
v4. Note that the effect of = on ‘“‘a point in spin-
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n =3,
n=3

T C 71'»:
g 'Y:»(II):

™ = K,
gx = x,
oceur in #%(x).

It is now easy to derive the decomposition rules
of the space with respect to the groups P!, P, re-
spectively.

Case n = 2: The number 2"’ (M, J) of repre-
sentations (M, J) of the group P equals the num-
ber of points contained in 3,(2) and 31(3), respec-
tively, depending on whether the particles are of
different kind or not. In formulas,

n(M, ) = u(@d,(2)) if the particles are different,
, @1()) if the particles are equal.

If the particle are different and both have masses
different from zero, this number is (s, > s,):

(2s, + 1)(2s, + 1), J > s + s,
(2s, + 1)(232 = 1)

WM, ) =4 —Gt+a—De+a—J+D,
s — 8 < J <8 + 8,

@J + 1)(2s, + 1), J < 8 — 8.

(5.43)

(Compare this with Refs. 3, 5, and 10.)

If it is even (which is always the case unless both
of the particles have integral spin) half of it belongs
to &, = -1 and half of it belongs to & = —1.In
the exceptional case, one of the representations
(M, J) belongs to

fo= ()7

and ¥(n(M, J) — 1) to & = +1, & = —1, re-
spectively. If both particles are equal with mass
different from zero, the numbers n” (M, J) are

(corresponding to & = 0),

J < 2s

J > 2s
A@D(—D"" =41 (@2s+ D+
(=17 = —1 (2s + 1)s

space’’ is defined by
w(a,d) = (o, 7).

Analogous to #%(e, &), 87(x) is defined. By the
same reason as in the case of 4,(x), #%(x) is only
determined up to a set of zero measure. That is
why we may assume that no point of the submani-
folds in x-space defined by

(J+DEs+ 1~ IV + D] (5.44)

2Js — 3[J(J — D]

If we denote by d(J) the number of points in 9%(2)
simultaneously lying on the straight line given by
the equation A, = —X; we see that

(M, J) — d(J))

of the representations (M, J) belongs to ¢, = 41
and the same amount belongs to £, = —1. The rest,
namely d(J), belongs to
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L= 11(7")-

The numbers d(J) are given in the following table.

2s J J > 2 J < 2s
even even 3(2s+1+1) i(J 4+ 141
even odd 3(2s+1+1) (W x1) (5.45)
odd even 2(2s+ 1) 3J
odd odd 1(2s+1) 1+ 1)

The plus and minus sign in the first two lines simul-
taneously holds with the corresponding sign in the
Eq. (5.33).

If we assume the correct connection between spin
and statistics, i.e.,

a(m) = (=%,

then the numbers of representations (M, J) be-

(5.46)
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and we have to complete it by the following state-
ments:

n > 4{1 belongs to & = ((—1)"7""', 1)}
1 belongsto ¥ = (—(—1)7""*', —1).

n =3,

Note especially that

s@ie, ) = @7+ I+ 1. (G47)
Now let us consider the space $(J,) of the functions
flo, %, %)
defined on the domain
(e, %, %), (5.48)

and assume that $(5,) is equipped with the scalar
product

T [ @t — w2, Hee,2, 9,

longing to & = 41, § = —1, respectively, are
2s even even odd odd
J even odd even odd

J<2% (TG (§+1) Js

_g=1

R T

=1 4
J>2s (s+1)* s(s+1) 1(2s+1)° §—1
J<2s (T+1s—2- s=f2 seenuin-L Jetp-L
fi=— 1
J>2s s(s+1) § 1(2s+1)(2s+3) (s+3)?

For n > 3, to each point x & ¢!’ (x) there exists
m”,  n=3,
26, n>4
representations (M, J) of P, where
= u@{" (o, 2)).

If not all of the numbers s, are integral,

(7)
Hy

147 belongs to ¥ =

1,1
14" belongsto ¥ = (—1,1)

1" belongsto ¥ = (1, —1),
1" belongsto &= (—1,1).

If all the numbers s, are integers, u'”’ in the table
above has to be replaced by
-1,

(7)
M

where the summation and integration are extended
over the domain (5.48). We also consider that sub-
space H@E7) of @(5,,) whose elements satisfy the
relation

Br(“)f(al T, 7”‘) = U(W)f(a) A, K): n 23,

1@ (=D f@Y) = (), u =2
Let us denote by
{(v| H"(m, s, JM) |o, 2, x) (5.49)
a complete orthonormal system of functions of the
space H(3¢") which may depend also on the vari-
ables m, s, M, J. In the future we shall suppress
this dependence to make the formulas look less

cumbersome. Completeness and orthogonality are
expressed by the relations

T [ @ sd ~ @O E (0,5, 9
kY
X <V'I H” oy %, %) = 8u.r,

(5.50a)
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; 3¢ — MGy H™ o, 2, %)

X (| H o/, 0/, &) = 8 °(x — ') & 8s0r-
(5.50b)

In (5.49) the parameters v “counting the members of
the system’ may partially be discreet, partially con-
tinuous. Accordingly we have to replace the sum in
(5.50b) partially by an integral and the Kronecker-
symbol on the right-hand side of (5.50a) by é-func-
tions. If we start from f, (m, s) and perform the
transformation

2@ % = T [ @ o — )

X (u| H lo, %, x)a(g; JAo;%),  (5.51)

where summation and integration again extend
over the domain (5.48), then the space f.(m, s) of
the functions ¢ equipped with the scalar product

@D = T3 [ aad@ I 9da N ) 652

is operator-isomorphic to the original one with re-
spect to the group P! and therefore splits into
irreducilgle spaces with character (M, J) in the same
way as £.(m, §).

It is easily seen that (5.51) is the most general
transformation with this property. The most gen-
eral C-G coefficient of the group P! is therefore
defined by

@(g; N )
_ 1_ dyp ( MJ
; f 2” wl(pl) e wn(pn) v qX

and is consequently given by the expression

MJ ms 4 ’ -1
(+%7]25) = o0 ~ o7 + DA

X Z Qi'a(P) 53{0(;))(\’] H™ |3~': a, ")-
A0

ms

m)m )
(5.53)

(5.54)

Here ¢/, p, and x have the values determined by p
through the relation (4.21). In an analogous way
we determine the C~G coefficients of P considering
only representations for which

V¥T) = (—1)* and V*(IT) = (—1)*(if g is real).
We only have to replace the functions
G HEy) [V, 6, x)

in (5.54) by the following linear combinations of
these functions:

KUMMER

(v| H (%) |0
= HKv| H |o, %, %) + &(v| H |0, 2, O]
+ Elfz(—l)l‘l_lm_“’[hl H?™ !_"'r =3, “)
+ &(v| H |—0o, =%, Ox)]}.  (5.55)

If we make the identification of all the spaces
isomorphic to each other [see (5.38)], the transforma-
tions which reduce the space $.(m, s) are seen to
be orthogonal. That’s why we know without direct
calculation that the C-G coefficients satisfy the
relations

sz fad(

ms

p(”l“)) <V

= 2 JT o) S5 — B,

MJ | ms
qk p(Z)l(z)

1 a
)2 B Py rosen
X( M,J, ms> (v M,J, ms)
“oan |/ \" e | P

= al’l’l 54(q1 - q?)'afxin.ahll'

The analogous relations are satisfied by the C-G
coefficients of P.

6. THE PHYSICAL MEANING OF THE
QUANTITIES ON WHICH THE FUNCTIONS
% DEPEND.

In this section, we want to find the physical mean-
ing of the quantities % and o on which the functions
3.(q; j\o; x) depend. For this purpose we consider in
$.(m, s) the representation of Pl which is iso-
morphic to that one taking place in $(m,;, 81,
namely

U@N® = @),

(6.1)
(U(N® = D" (s, ANFAT(A)ip),
where A™'(A)p is defined by
AT™MA)p = @1« Piery AT (A)Pes Piar =+ Pa)-

It follows immediately

U(4) = II UL(4).

The infinitesimal translations in the representation
U we call P,.
Now let

v(Pi) = auP)va”'(p2)
be an element of the little group of p.,;.
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It follows
p(1, v(p))) = v,

and therefore
(Ui@NF)@) = D" r(p)ry @)F®),
especially
(Uilea@i)ry* @) pGOri(p)e” (02)) F) ()
= D"(p0F([®).

If we go to infinitesimal transformations p(x), we
get from the last equation

W;')A'g(r,(p)a'l(p,))F(p) = MF(p), (6.3)

where WP is the operator defined in (3.19) with the
difference that § and M have to be replaced by
X" and N, the infinitesimal Lorentz transforma-
tions in the representation U, of P!,

From (6.3) we deduce immediately: The functions

¢:(g; Jho; ®)
are eigenfunctions of the operator

W AN (P)eq” (P)

(6.2)

(6.9
to the eigenvalue ;. Here the replacement
P — P,

in the expression r;(p)a;'(p:) is defined by corre-

sponding power series. No difficulties arise from the

indefiniteness of the order of the different operators

because the P; commute. In general the operator

(4) depends on all the momenta operators P, - -+ P,.
However, if we make the WJW choice

au(bl) = a[b;],

and if we confine ourselves to the center-of-mass
system, this operator becomes very simple. In this
case we get

a,(p,)r,'l(p) = palb,] = alp.]p(x(p)),

where x(p) in general depends on all the momenta
P:. But if we introduce this expression in (6.2), the
p(x(p)) drops out and we get

(UilelpdeGdea [pdF) (@) = D" (p0)F (),

i.e., 91(qi; jho; x) [where ¢, = (M, 0)] is eigenfunc-
tion to the value \; of the operator

WA ),

which is the helicity operator as we have seen in
Sec. 3. Now let’s start from the equation
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(U(pop(x) po)&)(grs pop(X’), ¥ =&(qs, pop(X’ + %), ¥).

Here

po = pp(—x") = po(p),
where p is determined by p through the relation
(4.21). If we set by definition

ir

. 1 -
¢(Qky Po, O, K) = Z; . dx’ ‘P(qln POP(X’); K))

we get

(U(POP(X)P;l)é)(qh Po, T, ‘K) = 9“"@(%: Po,y 7, K):

or, if we go to infinitesimal transformations p(x),

SH(P)J’(% Po; 05 ¥) = 03(Qs, po, T, ¥). (6.5)

Here n(p) is the vector we get if we apply the rota-
tion

Alpo (@)

to the unit vector pointing in the direction of the
positive 3-axis. If we again replace the momentum
p; in n(p) by the corresponding operator in the
representation U,, we may complete the transforma-
tion (5.23) in (6.5) without difficulties. We then ob-
serve that o in 8(¢; jAc; x) has the meaning of the
total angular momentum in the center-of-mass sys-
tem relative to an axis which is connected with the
momenta of the n particles in a definite way. The
situation is similar to the case of a top: ¢ corre-
sponds to the angular momentum relative to the
figure axis and N to the one relative to an axis fixed
in space.

7. APPLICATION TO THE S-MATRIX
We consider the S-matrix of a process
a” + & + -+ a.)
a4 a® 4 +al. ()

Let m{” be the mass, s{” the spin of the particle,
ai? pi? its momentum, and \{* the third component
of its spin (for definition of this quantity in a co-
ordinate-system in which the momentum p{* is
measured, see Sec. 3). The S-matrix maps the

m, (28 4 1)-dimensional spin space of the
incoming particles on the IIj%, (2s{¥ + 1)-dimen-
sional spin space of the outgoing particles, and is,
at the same time, a Lorentz-invariant generalized

function of the variables

PV =" - p) E=1,2) : 8@, p®).

From translation invariance, one derives that the
support of S is the submanifold on V*(m") &
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V*(m®) defined by
) __ < ()
v
Lorentz invariance implies
2*“ (0™, A»S<A“<A)p“’ AT (A)p®)
s(’)( (p(z) A)) S(p“), p(z)).
If we now define

T(p(l), p(z)) 64(q(1) — q(z))
= 2*“)Se V) @),

a _

(7.2)

where we subtract a §*(q ¢®) function on the
right side, if the process under consideration is an
elastic scattering, Lorentz invariance reads

( (l) (2)) T(A—l (A)p(l)’ A-I(A)p(z)).
Hence the inverse of (2) is
S6%,p™) = 8™ -

where

T(p(l), p(z)) =

¢ T, 2™, (73

ss(l) f(p(l))T(p(l) , p(2)) Ds(')(p(2))
(7.49)

gives a representation of the S-matrix as a sum of the
covariants of P!, each multiplied by an invariant
amplitude T(p", p®).

Because of ¢ — ¢
cording to (5.16),

(1)

= ¢®, we may write, ac-

T(p(l), p(2)) = Tl(q; p(l)’ p(z) ‘K(I)K(z))

X A:a(x(l))A-;i(K(z)).
(From the rigorous mathematical point of view, this
transformation would need a justification depending

on the test-function space, which is used to define
the general functions.) Lorentz invariance now reads

R 57(g, Do, 57, A)p®; k)

—_ T1(q; p(l), p(z);K(l)’ Ku))-
Choosing
A = a(g)p®,
we get
P(q: A) = P(Z): A_l(A)q = (M: 0) = G

and therefore
(2), (1) (2)
P ;% , XK )

= Tl(q1c; P, ]1, “(1), K(z)) =

m(g; o“
‘i‘(M, p; K(l)x(z))’

where p = (p®) o™ and the sign = means “equal
per definition”. It is clear that

-1 (1)

MARTIN KUMMER

MG)= M) = M = (@)
Performing the transformation
(MJ; ox"

s ™)
= @7 + 1} [ do DL (DHL, 5 x Ve,
we finally get ‘“‘the generalized partial wave decom-
position”

(p(l) (2)) — —i(K(l))A-!‘( (2))
x Z (2']+ 1)*T(MJ ‘TIK ] U2K(2)) :Du'.n(p)' (7'5)

Joros
In the case n, = n, = 2, the substitution
pr = p1o(x1),
p2 = p2p(Xs),
which leads to
p — p(—xz)pp(x1)

must leave all the equations invariant. It is easily
seen that this leads to the relations

1
AR

2) (2) __ .
1 — A = 0y

(1) __
— N =0y

if n, = 2, ny > 3, only the first of these relations is
valid, if n, > 3, n. = 2, only the second one. In any

case (also in the case n, > 3, n, > 3), the summation
in (7.5) has to be carried out over those J, for which

2J =2 s =2 [s*| mod 2.

According to (5.29¢), invariance with respect to
space inversion has the consequence

T;,(a);\(z)(MJ; a’lk(l) (2))

= g7, —aa{M, J; —o, Ik,

y O2X%
2
- 0'211“( )) '

where

77(11) I";11)'11])( 1)"“)' INCD 4 [a(2) | I)(’)l—21+n+v.
All the results of this section can also be derived
using the fact that, according to group-theoretical
considerations, the S-matrix, being an operator-iso-
morphism with respect to the group P! which maps
©..m?, s) onto §,,(m®, ), must have the

representation
mVg® m®s?
(1)3'(1) (2)3'(2)

Jeeg 2 (7
X (w| 7(JM) Ivz), (7.6)
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where the C-G coeflicients

(v MJ \ ms)
grn | P
are defined in (5.54).
Indeed if we set

nonm(MT ;0% ex®)= > (v| H |67, xP)
Y1,V

X {v,| (I M) |v.Xv,| H Iaz)\m, x®),

(7.6) is in complete agreement with the relation we
obtain if we combine (7.5) and (7.2).

In an analogous way, we may define a decomposi-
tion of the S-matrix with respect to the group P
using the corresponding C-G coeflicients given in
(5.54) and (5.55).

Finally, we remark that, according to (3.23)
in the case m{” > 0, the connection between our
Te™, p®)-matrices and the D ... @ (s, 0)-
tensors (with respect to L!) of Stapp'' and Hepp'®
is given by

‘ss(d(p(l)))j‘w(p(l), p(z)) S)s(eaT(p(z))) — M(p(”, p(2))
[M(Pm; P?) = 2. @ (s, 0)-tensor].
Notes added beforé print: ‘

A. After having finished the preprint of this
paper it was learned by the author that two other
authors have written a paper on a similar subject:
P. Moussa and R. Stora, ‘“Some Remarks on the
Product of Irreducible Representations of the In-
homogeneous Lorentz Group (Preprint, edited at
Centre d’Etudes Nucléaire de Saclay, Gif-sur-Yvet-
tes, France.)

R. Stora has called to this author’s attention their
paper and their method of reducing the product rep-
resentation applied in their work: the method of
induced representations, presented in Mackey’s
book. [G. W. Mackey, The Theory of Group-
Representations (The University of Chicago Press,
Chicago, 1955)] It turned out that the method
applied in the present paper is strongly related to
Mackey’s general scheme.

I wish to thank Dr. Stora for the correspondence
concerning this point.

B, A reader looking through the present paper
without studying it in detail might get the impression
that, besides the helicity coupling scheme, no other

scheme has been treated, which wouldn’t justify the

term ‘“most general” in the title. That’s why the
author wants to emphasize that the C-G coefficients
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(5.54) are quite general and especially that it in-
cludes also the I-s coupling scheme of Joos’ and
Macfarlane.!

To show this in some detail, assume m, > 0
(Z =1 -+ n) and replace (4.44) by

ai(b) = a{b;}. B1)

Then (5.54) is formally unchanged, the only dif-
ference being that ®;.,(p) is defined with the help of

r{p} = a7 {b:}a7 (P)ou(p)) B2)

instead of
rip] = o« '[b:]a” e (ps). (B3)
In addition, we choose (v H |&’, o, x) in (5.54) to be

G.’i I vJ (), vy = (l) T c)a (B4)
i.e., the C-G coefficient of SU(2) which composes
8 o+ Sy ltod.7 =0 — D%, N;; ¢ is conveniently

chosen to be § = (812 S123.-812.-.n), WhHeTe 8;5... 18
obtained by composing s, --- s.. Because of the
relation

ri{p} = plbilr[p]

following from (B2), (B3), and (2.21), the procedure
described so far is equivalent to directly choosing

(v[ H,I?\.’, G, K
in (5.54) to be
2 DlalEN6 17 9.

n
Z Ai''rr=0
dmy

It is easy to see that this choice leads to the C-G
coefficients of Joos® and Macfarlane' in the case
n = 2. Notice that the choice (1) implies y(b:;, x) =
y(bs, x) = p(—x) [Compare (4.40}], such that in the
case n = 2:\; + A, = ¢ and therefore + = 0. For
n > 3, however, it leads to a simpler expression than
the one obtained by Macfarlane who essentially
construets the C-G coefficients for n > 3 according
to the “Dalitz-scheme” (1), (2) — (12); (12)(3) —
(123), ete. using only C-G coefficients for n = 2.
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